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Mathematizing real-world problems is a crucial skill in modern society, yet
challenging for many students. We examine variations in students’ mathematization
processes and the conditions under which they successfully formulate a mathematical
function for a real-world problem represented by data. In this experimental study, 561
upper secondary students model the decay of beer foam using one of the following data
types: self-collected experimental data, provided experimental data, or smoothed data.
Additionally, we collected students’ mathematics grades, and assessed their content
knowledge about functions. The findings suggest significant differences in students’
mathematization approaches, partially related to their content knowledge and the data
type provided. We discuss strategies to enhance this crucial skill.

INTRODUCTION

Describing real-world situations through mathematical concepts is an essential skill for
active citizenship in modern society. As data usage becomes increasingly pivotal, data-
based modelling is central to mathematics education. This study examines three key
aspects that may affect students’ ability to create a mathematical model, particularly a
function, that accurately describes the data. First, we analyse students’ approaches and
the errors they encounter when constructing such a function. Second, we explore how
the type and source of data affect this process. Third, we identify student prerequisites
that may facilitate successful mathematization. Based on our findings, we propose
strategies to enhance support for students in their modelling process.

THEORETICAL BACKGROUND
Data-based modelling as an activity

Mathematical modelling is a fundamental activity in mathematics education. This
study emphasizes data-based modelling, wherein real-world situations are represented
by data, often mathematized using a function (Mohr & Ufer, 2023; Stillman & Brown,
2021). Modelling real-world situations is frequently depicted through a modelling
cycle. Initially, the individual comprehends and structures the situation presented by
the data, subsequently creating a mathematical model to work with mathematically.
The ensuing mathematical results are then interpreted, validated, and applied to real-
world contexts (Leiss et al., 2024, Figure 1). The first critical transition from the real
world to the mathematical domain, known as mathematization, is vital for successful
modelling processes because the resulting mathematical model serves as the

1203
2026. In H. Krzywacki, M. Hahkioniemi, E. Haataja, M. Hannula & P. H&st0 (Eds.). Proceedings of the 49th
Conference of the International Group for the Psychology of Mathematics Education: Research Reports,
pp. 1203-1210. PME.



Rach, Menzel, Geisler, Kosiol

foundation for subsequent steps. We define mathematizing as the process of selecting
an appropriate mathematical representation of real-world data, which means
constructing a mathematical model based on a real-world scenario.

Figure 1: Modelling cycle adapted on Leiss et al. (2024)
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In data-based modelling (Michelsen, 2006), a function serves as a mathematical model
to represent the relationship between two numerical variables, enabling the prediction
of outcomes in specific situations. A two-step approach can be effective when
constructing a function: initially, selecting the type of function, such as linear,
quadratic, or exponential (function type selection), and subsequently determining the
function parameters (parameter specification).

Data type and personal characteristics in relation to data-based modelling

Previous studies have highlighted that students encounter significant challenges in
developing mathematical models (e.g., Frejd & Arlebéck, 2011). Jankvist and Niss
(2020, p. 487) describe mathematization as a “stumbling block”. Theoretical analyses
and qualitative research suggest that successful mathematization requires students to
possess mathematical knowledge for making assumptions about a given situation. This
also involves utilizing extra-mathematical knowledge to identify key aspects of the
situation and the relationships among these aspects (Djepaxhija et al., 2015). When
creating a mathematical model from data, students may draw upon both the situational
context and the data itself. For instance, when modelling the decay of beer foam,
students might focus on the deceleration of the decay process to choose an appropriate
mathematical function and determine its parameters, guided by the data.

There are two types of data: smoothed data, where data points align perfectly with a
mathematical function, and real data, where measurement errors cause discrepancies
between data points and plausible functions. Engel (2018) advocated for using real
data, potentially generated by students, as a foundation for modelling processes, given
that real data enhances the authenticity of the task. When handling real data, students
must integrate mathematical, contextual, and statistical approaches to account for
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variations in data that are randomly distributed (Kawakami & Minero, 2021). When
students generate the data themselves, they become familiar with the data’s origin,
which may support a more accurate understanding of the real-world context and the
mathematization process (Jankvist & Niss, 2020). In contrast to real data, because
smoothed data lacks measurement errors, all data points fit precisely to a single
function, which students then use to develop the mathematical function. Thus, we
hypothesize that students’ processes for creating mathematical models vary depending
on the type of data—smoothed or real.

Regarding student characteristics, students must apply their content knowledge when
mathematizing real-world scenarios—such as understanding the behaviour of a
function’s graph to determine which function type best suits a given situation, or
comprehending the meaning of parameters in linear or exponential functions to
appropriately adjust these parameters. The study by Mohr and Ufer (2023) in a
laboratory setting provides evidence supporting the assumed relationship between
data-based modelling skills and knowledge of functions.

RESEARCH QUESTIONS (RQ)

1. To what extent do student characteristics, such as content knowledge and prior
mathematics achievement, and the type of data predict whether students select
an exponential function to model the decay of beer foam?

2. What are the typical approaches and errors students encounter when
mathematizing the decay of beer foam?

3. To what extent do student characteristics, such as content knowledge and prior
mathematics achievement, and the type of data predict how successfully students
specify the parameters of an exponential model to mathematize the decay of beer
foam?

METHODS
Sample and modelling task

The sample consists of N =561 students in grades 10 and 11 from 27 classes in
Germany (52% female, M,,, = 16 years). This study is part of the project
Experiments to foster modelling competences and motivation in mathematics
(Ex2MoMa, Jonscher et al., 2024). In this project, students engaged in three modelling
tasks during three consecutive mathematics lessons. Each real-world situation can be
described using either a linear or an exponential function. Each class was randomly
assigned to one of three conditions, which differed only in the type of data provided
for the modelling tasks: provided smoothed data (n =186 students), self-collected
experimental data (n = 215 students), and provided real data (n = 160 students). The
function f that best fits the relationship between the height of the beer foam and the
time x in the context of smoothed data is f (x) = 23.5 - 0.74*. For provided real data,
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the function is f(x) = 22.3 - 0.78*. For self-collected experimental data, the best-
fitting function is determined based on the data gathered by the students.

Design

To address the research questions, we examined students” modelling processes during
the “beer foam decay” task in the second lesson. An exponential function is suitable
for modelling the initial phase of beer foam decay. Content knowledge was assessed
using a test, and prior achievement was indicated by students’ mathematics grades,
both administered on the first lesson.

Students worked in pairs on the modelling problems and documented their work
independently. The learning took place in a self-regulated environment, organised by
trained research assistants, and supported by a guiding manual designed to assist with
the determination of parameters of (linear and) exponential functions using multiple
data points. Due to students’ limited understanding of algorithms and statistics, least-
squares techniques were not included in the learning environment. Instead, students
could estimate the function parameters using multiple data points and could employ a
GeoGebra applet with restricted functionality to graphically optimize the function.

Instruments and analysis strategy

Content knowledge and prior achievement. The test used to assess content knowledge
comprises seven items (see Figure 2, for an item example). The items require students
to identify parameters of a linear or exponential function, given a table or a graph, and
to match a graph to a given equation (see Jonscher et al., 2024). We scaled the test
using item-response theory: WLE = .62 and z-standardized it. The mathematics grade
ranges from 1: very good to 6: insufficient (M = 2.58, SD = 1.09).

Figure 2: Item example for the content knowledge test on functions

An exponential function f is given in the value table. State the corresponding
functional equation for f.

x 0 1 2 3 _
f(x) 1 3 9 27 fx) =

Function type selection. To analyse which mathematical models students created, we
first coded the type of function each student used to describe their data. We classified
these into exponential functions, linear functions, other types of mathematical objects,
or an absence of a mathematical model. Quantitatively, we explored the impact of
student characteristics and the type of data on whether students constructed an
exponential model (RQ 1). Additionally, we qualitatively categorized some of the
approaches and errors that occurred (RQ 2).

Parameter specification. To address RQ 3, we focus on students who worked with real
data and developed an exponential model. The use of real data is crucial for data-based
modelling, and the quality of parameter specification can only be compared among
those who established an exponential model. We employed the least squares method
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to determine which exponential function best fits the data in each case. Additionally,
we used the residual sum of squares (RSS) to evaluate the quality of parameter
specification, as it measures the model’s fit. In the condition using provided real data,
the RSS of the best-fitting function is constant (RSS =9.91), whereas in the
experimental condition, the RSS of the best-fitting functions varies (Mgss = 5.25,
SDgrss = 4.78; range: 0.28-22.80). To account for this variation, we computed the
difference between the RSS of the function developed by the student and the RSS of
the best-fitting function. The lower this value, the better the function fits the data.

We employed general linear models in R (version 4.3.0) using family=binomial (RQ1)
and family = Gamma (link="log”) (RQ3). The binomial model accounts for the
dichotomous outcome in RQ1, while the log link accommodates the non-normal
distribution of the outcome variable in RQ3. In both analyses, we examined how
student characteristics—specifically content knowledge and prior achievement—and
the type of data predict model selection or parameter specification.

RESULTS
Predicting function type selection (RQ1)

Table 1 presents the number of students across the three conditions who utilized an
exponential function, a linear function, or any other type of mathematical object to
describe the decay of beer foam.

Table 1: Relation between the function type and data type

Function type Self-generated Provided Smoothed data
experimental data experimental data
Exponential 183 135 173
Linear 10 9
Other 1 4
No answer 21 12

In terms of student variables, content knowledge significantly predicts model selection
(Estimate =0.58, p<.01). This finding suggests that the odds for selecting an
exponential model increase by 1.79 for students with content knowledge one standard
deviation above the mean, controlling for data type and grade. Descriptively, working
with real data appears to reduce the likelihood of selecting an exponential model,
regardless of whether the data was self-generated (Estimate =-0.70, p=.12) or
provided (Estimate = -0.84, p = .07) when compared to modelling with smoothed data.
However, these results do not reach statistical significance. Additionally, we cannot
show that the last grade predicts the selection of the function type significantly
(Estimate = -0.24, p = .15, last grade with 1 best, and 6 worst grade).
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Approaches and errors when creating a mathematical model (RQ2)

Figure 3 illustrates two typical student responses that were classified as “other”
because the students neither utilized an exponential nor a linear function with a non-
zero slope. The first example, provided by a student in the given experimental
condition, likely intended to establish an exponential function but instead documented
a null function (Figure 3). In the second example, from the smoothed condition, a
variable is missing. The third example, originating from the real-data condition,
reflects a solution that failed to account for the gradual disappearance of beer foam
over time (Figure 4). The fourth example (Figure 4) exemplifies a common error:
students correctly identified the function type but miscalculated the parameter as 0.86.
This error frequently occurred because data were collected at 0.5 intervals, and
multiple students failed to adjust the decay factor to account for this interval.

Figure 4. Examples of commonly misfitting mathematical models (category:
exponential)

=4 3.5 0,24

Figure 3: Examples of commonly misfitting mathematical models (category: other)
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Predicting parameter specification (RQ3)

To mitigate the impact of outliers in our dataset, we applied the interquartile range
(IQR) method (Barbato et al., 2011) and excluded students who formulated a linear
function or other objects from the subsequent analysis. The analysis was thus
conducted on 163 students in the experimental condition and 115 students in the
provided real data condition. Our findings indicated that no predictor accounted for the
difference between the residual sum of squares (RSS) of the student model and the
best-fitting model. Neither content knowledge (Estimate = 0.03, p = .73), nor the last
grade (Estimate =0.07, p=.41), nor the type of data (Estimate =0.00, p =1.00)
significantly predicted the accuracy of parameter specification.

DISCUSSION

This study investigated the mathematical functions students choose to model a real-
world situation, specifically the decay of beer foam. The findings indicate that many
students correctly identified the appropriate function type to model the data, with those
working with smoothed data exhibiting greater success in selecting a suitable function
type. Additionally, factors were identified that impede students’ ability to adequately
mathematize real-world scenarios: insufficient conceptual knowledge of variables and
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functions, as well as calculation problems (Jankvist & Niss, 2020). Common errors
arise in the use of variables and equations (see Figure 3) and in the selection of function
parameters (see Figure 4). The latter error may stem from misrepresentation of the
situation, a lack of understanding regarding the parameter’s meaning within the
equation, or calculation errors. Notably, a higher proportion of students in the
experimental data condition, compared to those working with smoothed data, failed to
provide any function. This might result from increased demand arising from the
additional experiment or from the absence of similar tasks in mathematics lessons.

Content knowledge plays a dual role in the modelling process. While it appears crucial
for selecting an appropriate function type, it is less critical for specifying parameters,
partially corroborating the findings of Mohr and Ufer (2023). This outcome can be
explained by the observations of Jankvist and Niss (2020), who argue that students
often lack a complete understanding of the situation and fail to make appropriate
assumptions, thereby hindering the mathematization process. Consequently, even
when students possess adequate content knowledge, they may struggle to apply it
effectively (see also Djepaxhija et al., 2015).

This research has certain limitations related to the data collection process and the
selection of specific student characteristics. Since the edited manual was collected after
students completed the entire task, students had the opportunity to modify their
functions through a validation process. Unlike the approach taken by Hankeln and
Greefrath (2021), we assessed students’ modelling skills holistically, considering their
work on a complete modelling problem (see Cevikbas et al., 2022). This method aligns
more closely with the natural learning process in mathematics. Furthermore, our study
only considered cognitive prerequisites, excluding affective factors (see Kaiser &
Schukajlow et al., 2022).

Future research could examine the processes students engage in when mathematizing
real-world problems, examining the strategies they use to formulate functions, such as
the use of a GeoGebra applet (Hankeln & Greefrath, 2021). This line of inquiry could
also explore why content knowledge does not seem to significantly influence parameter
specification. This research highlights that students can work with real data and select
an appropriate function type, but they need support to specify function parameters.

Funding: This study is funded by the German federal ministry of education and
research under grant No. 16MF1028A.
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