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Stochastic competencies are crucial in both daily lives of primary school children and
their social participation. Hence, developing stochastic competencies is a mandatory
goal in mathematics education. However, challenges are apparent in the three
subdomains of data, combinatorics, and chance. Despite their growing societal
importance, the state of research on primary school stochastic competencies and their
development remains insufficient. Accordingly, in this study, we conducted a
longitudinal analysis of the development of students’ stochastic competencies in Grade
4 by collecting data from 586 students across 42 classes in 18 schools in Germany.
The results show developments in all three subdomains as well as significant
differences both between schools and classes.

INTRODUCTION

Reading the family calendar, comparing game rules, creating a soccer plan — each of
these everyday situations is based on a stochastic context that children are confronted
with, even before they start school. On the one hand, this means that primary school
students already have some prior knowledge of probability, and on the other hand, that
it is important for their everyday lives. Looking at the state of research, we find several
studies showing the feasibility of facilitating stochastic competencies in primary school
(e.g., Falk etal., 2012; Frischemeier, 2020). However, empirical research also revealed
deficits in students' stochastic competencies as well as specific learning barriers in the
different subdomains (e.g., Fischbein et al., 1991; Frischemeier & Schnell, 2023;
Zapata-Cordona, 2018). Moreover, research on stochastic competencies in primary
school is mostly restricted to cross-sectional studies. Accordingly, in this study, we
focus on development during the fourth school year by conducting a longitudinal
assessment of the competencies of 586 students.

THEORETICAL FRAMEWORK

The following theoretical framework examines the educational content related to the
school’s topic of data and chance, as well as the current state of research on stochastic
competencies. There is currently little empirical (longitudinal) evidence available on
the current level of competence among students in all three subdomains of stochastic
(data, combinatorics, and chance). Both data literacy and probabilistic literacy are
important concepts in teaching stochastics. Ridsdale et al. (2015) define data literacy
as “the ability to collect, manage, evaluate, and apply data, in a critical manner* (p. 3).
Probability literacy is defined as understanding probabilistic contexts and questioning
random situations (Alvarez-Arroyo et al., 2024).
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In accordance with the NCTM, stochastic education should include the following:

formulat[ing] questions that can be addressed with data and collect, organize, and display
relevant data to answer them; select[ing] and us[ing] appropriate statistical methods to
analyze data; develop[ing] and evaluat[ing] inferences and predictions that are based on
data; understand[ing] and apply[ing] basic concepts of probability (NCTM, 2000, p.48).

In Germany, primary school teachers are generalists, which means that they all teach
mathematics, even if not all of them have formal qualifications. The school’s topic data
and chance is a mandatory content area in the German curriculum for primary grades
(KMK, 2022). The subdomain data covers collecting, reading, interpreting, reflecting,
and visualising data (KMK, 2022). In comparison, the NCTM emphasises the PPDAC-
cycle (Wild & Pfannkuch, 1999). Unlike the NCTM, the German curriculum includes
combinatorics as part of the school’s topic data and chance. Students learn to solve
combinatorial problems and apply heuristics; evaluating and comparing random
situations and experiments is a content in the subdomain chance (KMK, 2022). Both
the NCTM and the KMK focus on technical terms and comparing events. However,
the NCTM (2000, p. 400) adds “an event can be represented by a number from 0O to 1.”
Although the curriculum outlines detailed content, it is equally crucial to consider
empirical evidence on student competencies in these domains. In Germany, the study
TIMSS 2023 reveals that Grade 4 students score slightly below the international
average of OECD member states in the topic of data (Germany: 520, Average: 528;
von Davier et al., 2024).

Deficient statistical competencies are reported, along with difficulties in data
interpretation. Young students (aged 5 to 6) tend to focus on single data (data as case
value) rather than the entire data distribution when working with data (Leavy &
Hourigan, 2021), whereas clustering the data is typical for Grade 3 students (data as
classifier) (Frischemeier & Birk, 2024). Regarding the four levels of different
perspectives on data by Konold et al. (2025) (data as pointer (1), case value (2),
classifier (3), aggregate (4)), Grade 1 students can draw on level 2, and Grade 3
students on level 3. Furthermore, in Grade 3 context knowledge influences data
interpretation more than the data presented, so explanations based on the data
distributions provided are rarely used (Frischemeier & Birk, 2024). The authors
conclude that context knowledge is an important aspect for developing statistical
competencies. In addition, Grade 3 students already use metarepresentational
competencies and conceptual competencies when drawing diagrams (English, 2014).

Considering difficulties in the subdomain of combinatorics, Palmér & van Bommel
(2023) report that 14 of 48 Swedish preschoolers use abstract visualisations and a
systematic approach to solve combinatorial problems. The drawings are influenced by
context and may not correspond to the student’s level of abstraction (Palmér & van
Bommel, 2023). Further, there is a significant effect of the interaction between the
implicit combinatorial model (selection, distribution, partition) and combinatorial
operation (variation, permutation, combination, each with or without repetition)
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(Batanero et al., 1997). With teaching combinatorics, a distinct improvement has been
observed only in the model selection and in the operation variation (Batanero et al.,
1997). Thomas and Pohler (2025) report difficulties in formulating a word problem for

arrangement without repetition ((6f—;)l). When considering the Cartesian product,

students often struggle to combine unequal quantities (Zapata-Cardona, 2018).
Moreover, Lookwood (2014) report that post-secondary students prefer “meaningless
procedures over conceptual understanding* for solving combinatorial problems (p. 36).

With regard to the subdomain chance, students must be familiar with technical terms
to express themselves adequately when comparing random events or reasoning about
probability situations. Fischbein et al. (1991) report linguistic difficulties with the
terms certain, possible, and impossible. According to Martignon (2014), only 11% of
Grade 4 students can reason why they would move the more successful token in Ludo
to minimise the loss of a token. Nevertheless, five- to eight-year-olds are developing
their first initial ideas about probability; active and playful learning environments can
help to reinforce and deepen these ideas (Paparistodemou, 2014). Hence, four- to six-
year-olds already demonstrate a strong conceptual understanding of more likely than
and equally likely in the subdomain of chance (Jaeger, 2024).

However, studies report that it is possible to facilitate stochastic competencies from
primary school onwards (Falk et al., 2012; Frischemeier, 2020). Moreover, early
stochastic education promotes the long-term development of competencies in
secondary education (English, 2014) and thus is the basis for probability literacy
(Nikiforidou, 2018). Given the increasing availability of diverse data in everyday life,
it is essential that students acquire the competencies to interpret and handle such
information correctly from an early age (English, 2014). This underscores the
importance of developing relevant competencies already in primary school. In this
context, the stochastic opportunities to learn vary considerably. Looking at textbooks
as indicator of opportunities given in class, Wunsch et al. (2025) point out that Grades
3 and 4 offer the most opportunities to learn. Further, the topics combinatorics and
probability tend to be underrepresented (Wunsch et al., 2025). Moreover, significant
differences can be observed both between and within textbook series.

RESEARCH QUESTIONS

However, the theoretical framework shows that there are rarely empirical findings that
relate to stochastic competency development across all subdomains using a large data
set. The question of how stochastic competencies develop remains blurry. Therefore,
curriculum requirements and the relevance for societal participation form the starting
point for the following research questions:

RQ1: What competencies do students achieve in data and chance in Grade 4, and how
do the subdomains relate to each other?

RQ2: Do these competencies differ at school or class level?
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RQ3: How do these competencies develop in Grade 4?
METHODOLOGY

To address the research questions, first, a paper-and-pencil test was developed,
including 32 items: Part | with 11 items (data), Part Il with 10 items (combinatorics),
and Part 111 with 11 items (chance). In part I, the students interpret data presented in
tables and bar charts and change the representation. The second part involves solving
combinatorial problems and choosing a matching visualisation to determine
combinations and frequencies. In part Il1l, making judgments and writing reasons is
demanded to qualify random experiments. Students choose the matching term certain,
possible, and impossible to evaluate probabilities, and identify the more successful
random generator. The test has both open and closed response formats. Most items are
coded dichotomously, while nine items are coded using partial credit. Figure 1 shows
translated item examples of each part, respectively.

Figure 1. Example items from Part | — data (right), Part Il — combinatorics (bottom
left), and Part |11 — chance (top left)

A lunch box ™ ) falls onto the floor. How might the box (™ ) loand? In classes 2a. and. 2b, the children were asked. about their favourite

Tick boxes. colours.

certain | possible tmpossmble' [ e [ ) ] green ‘ purple ]

H 5 g - dassza | JHfI I W

wezo | W M1 M

| O O O
J How many students say red in class 2a2

How many students are in class 2b2
Bags of sweets are being packed. There are three flavors M o
strawberry, lemon, and chocolate. Each bag contains 2 sweets. /= " How many students do not say purple?
You can choose each flavor twice ( {
In how many different ways could you combine 2 sweets N/ Which colour is the most popular?

The instrument was tested twice in pilot studies before data collection, with two classes
at the end of Grade 3 and Grade 4, respectively, to develop suitable items for the
longitudinal survey over the period of Grade 4. A total of 69 students participated in
the first pilot study (May/June 2023), and 53 students in the second pilot study (June
2024). For the subsequent main analysis, we collected student data over one year
(2024/2025) at two measurement points: at the beginning and at the end of Grade 4. A
total of 42 classes from 18 primary schools in Northern Germany participated (N = 586
students). All classes were tested in the second or third week of school (T1) and again
in the last month of the school year (T2). The polytomous items of the pretest (T1)
were completely double-coded, with a good interrater reliability (76 < x <.98).

The longitudinal polytomous data set was analysed using Item Response Theory (IRT)
and Partial Credit Model (PCM) as 2PL Model in RStudio, including measurements at
T1 and T2. Person ability parameters were estimated via Weighted Likelihood
Estimation (WLE). Both a unidimensional model for the overall test (EAP reliability
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= .78) and a three-dimensional model were fitted (Part | — data, EAP reliability = .57,
Part Il — combinatorics, EAP reliability = .69; Part Il — chance, EAP reliability = .70).
Model comparisons using information criteria indicated that the three-dimensional
model provided substantially better fit than the unidimensional model (AIC: 28922 vs.
29125; BIC: 29160 vs. 29348; CAIC: 29207 vs. 29392). The chi-square test indicated
that the three-dimensional model fit the data significantly better than the one-
dimensional model (¥3(3) = 208.89, p < .001), providing strong evidence for a
multidimensional structure. A two-way repeated-measures ANOVA and a one-way
ANOVA were used to analyse whether development differed between dimensions and
between schools and classes.

FINDINGS

Table 1 shows the mean values and the standard deviation from the WLE PCM for
both the unidimensional model and the three-dimensional model.

Table 1: Mean (standard deviation) of WLE estimates from the PCM models

Unidimensional Model Three-dimensional Model
data combinatorics chance
T1 -.27 (.93) -.52 (1.07) -.31(1.31) -.30 (1.07)
T2 22 (.97) -.15 (.98) 17 (1.33) .20 (1.04)

The paired t-test of the unidimensional model shows a significant increase from T1 to
T2 (t(585) = 13.69, p < .001, d = .57), with a medium effect size. All three test parts
show significant increases from T1 to T2, with small to medium effect sizes: Part | —
data (t(584) = 7.51, p <.001, d = .31), Part Il — combinatorics (t(583) = 8.26, p <.001,
d =.34), and Part I1l — chance (t(585) = 11.91, p <.001, d = .49).

The two-way repeated-measures ANOVA indicates a significant main effect of time,
such that values increased from T1 to T2 (8 = .38, SE = .05, 1(2922) = 6.94, p < .001).
There was also a significant main effect of dimension: Part 11 — combinatorics was
higher than Part | — data (5 = .21, SE = .05, t(2922) = 3.79, p <.001) as was Part Ill —
chance (8 = .23, SE = .05, t(2922) = 4.19, p <.001). However, the interaction between
time and dimension was not significant for either Part Il — combinatorics (8 = .11, SE
=.08, t(2922) = 1.45, p =.15), or Part Il — chance (# = .12, SE = .08, 1(2922) = 1.50,
p =.13). Random intercepts for participants account for individual differences, with a
standard deviation of .66, while the residual standard deviation was .93. In addition,
differences between 18 schools and 42 classes were analysed. The one-way ANOVA
shows significant differences between schools (Table 2) and classes (Table 3).
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Table 2: ANOVA between schools

T1 T2
data F(17,567) =4.39, p <.001 F(17,568) =2.51, p <.001
combinatorics F(17, 566) =2.79, p <.001 F(17,568) =2.52, p <.001
chance F(17, 568) = 3.65, p < .001 F(17,568) =3.81, p <.001

Table 3: ANOVA between classes

T1 T2
data F(41, 543) = 2.35, p < .001 F(41, 544) = 2.06, p < .001
combinatorics F(41, 542) =1.85, p =.001 F(41,544)=1.77, p =.003
chance F(41, 544) = 2.35, p < .001 F(41, 544) = 2.38, p <.001

Furthermore, the one-way ANOVA between classes taught by mathematics teachers
(MT) and non-specialist teachers (NT) shows varying results across T1 and T2. At T1,
significant differences were observed in Part | — data and Part || — combinatorics, with
MT outperforming NT. At T2, a significant difference emerged in Part 11l — chance,
with MT outperforming NT. In the other subtests, lower values were also recorded in
classes taught by NT.

DISCUSSION

This study investigated stochastic competencies of Grade 4 students and their
development over time, as well as differences between schools and classes. To answer
RQ1, the mean WLE estimates were higher at T2 than at T1 across all dimensions. The
strongest increases occur in Part Il — chance, whereas Part | — data and Part 1l —
combinatorics show a smaller increase. However, the non-significant interaction
between time and dimensions suggests that the improvement from T1 to T2 is similar
across all dimensions, indicating a general developmental trend rather than dimension-
specific growth patterns. With regard to RQ2, significant differences between schools
and classes point to an influence of mathematics instruction on students’ performance.
Furthermore, the observed differences between MT and NT suggest that teachers’
qualifications may play a role in students’ mathematical development. Finally,
concerning RQ3, all three test parts show significant increases from T1to T2 (.31 <d
<.49), indicating small to medium effects.

Missing data may have influenced the results. At both T1 and T2, some students did
not respond to all items in the paper-and-pencil test, resulting in missing responses at
the item level. Since no significant differences between MT and NT were consistently
observed across all six measurements, the results suggest that professional knowledge
that goes beyond a dichotomous distinction between MT and NT should be taken into
account. Hence, interviews were conducted with participating teachers to get deeper
insights about teacher knowledge and lesson planning. In addition, an analysis of the
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mathematics textbooks used was performed to assess the content and range of possible
stochastics instruction in Grade 4. Aiming for long-term development of stochastic
competencies, the results can help optimise the teaching and learning of stochastics in
primary schools and create conditions for a successful transition to secondary
education.
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