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PREFACE

The 12th annual conference of the PME is the first meeting
in the history of the International Group for the Psychei-
08Y of Mathematical Education held in an East~European so-
cialist oountry., The oonforenoe takes place in the old

episcopal oity Veszprém, fiom July 20th to July 25th, 1988,

There are a number of different ways in which partioipants
at the conference may make a coutribution: researoh roports,
poat = displays, working groups /initimted in 1984/ and
discussion groups /initiated in 1986/. One session is de-
voted to the preparation for the ICME=6 presentations of
the PME, An innovation at this conference is that following
each group of papers of similar topics a summary session
will be held to disouss and evaluate the aohievements in
the given territory., The disoussion sessions will be held
the following topics:

Algebra

Reational numbers
Early numbers
Matacognition
Toeachers' beliefs
Problem solving
Computer envirounments
Social factors

We would like to thank Thomas A, Rouwberg, Claude Comiti,
Kathleen Hart, Richard Lesh, Tommy Dreyfus and Colette
Laborde for volunteering to ohair and introduce these eval~
uation sessions.

87 rosearoh papers have been submitted to the oconference.
All of them have been evaluated by at least two reviewsers
and the final decision on the acceptance of the papers has
been done at a session of the International Progzram
Committee in Budapest, based on the reports of the re-
viewers, The members nf the International Committee of the
PME and the International Program Commlttee have served as
reviewars for the submjtted papers,

The order in which the re=earoh papers appear in these

two volumes is alphabetioc /according to the first author
of the paper/ except for the invited plenary papers that
are taken first, Therefore the order of the papers in the
volumes does not necessarily reflect the order of presen=
tation within the meeting itself, Any particular paper can
be locatod by oonsulting either the table of contents at
the beginning or the alphabetioal 1list of contributors at
the end. We would like to thanmk the International Program
Committee, the Looal Organizing Committee and the reviowers
fo their assistance in the preparation of this oonference.
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International Program Committee:

Chairman: Janos Surényi /Bungary/
Seoretary: L&szl6 Mérd /Bungary/
Members: Andréds Ambrus /Hungary/
Katalin BognAr /Rungary/
Joop van Dormolen /The Netherlands/
¥Willibald D¥rfler /Austrie/
Tomny Dreyfus /Israel/

Loocal Organiziig Committee:

President: Ferenc Genzwein - gebneral director
of 00K /Hungary/

Seorstaries: Andrea BorbAds and Maria Dax
/Bungary/

BISTORY AND AIMS OF THE PME GROUP

At oh Second International Congress on Mathematical Edu-
cation /ICME 2, Exeter, 1972/ Professor E. Fischbein of
Tel Aviv University, Israel, instituted a working group
bringing together people working in the area of the
paychology of mathematics educatlon, At ICME 3 /Karlsruhe,
1976/ this group became one of the two groups affiliated
to the International Commission for Mathematical
Instruction /ICMI/,

According to its Constitution the majoxr goals of the group
are:

1./ to promote international contacts and the exchange of
scientific information in the psychology of mathemat-
ical education,

2./ to promote and stimulate interdisciplinary research
irp the aforesaid area with the cooperation of psychol-
ogists, mathematicians and mathematics teachers,

3./ to further a deeper and more oorrect understanding
of the psychological aspeots of toachibg and learning
mathematics and the implications thereof,

MEMBLRSHIP

1./ Membership is open to persons involved in active
research in furtherance of the Group’s aims, of pro=-
fesajonally interested in the * sults of such
research,

2./ Membership is on an annual baais and deponds on
payment of the subscription for tho current year
/Jaiuary to December/

b




3./ The subscription can be paid together with the

oconference fee,

The present officers of the group are as follows:

President:
Vice-Prosident:
Secretary:
Treasurer:

Pearla Nesher /Israel/

Willibald D&rfler /Austria/

Joop van Dormolen /The Netherlands/
Carolyn K.eran /Canada/
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INTEQVENTION IN A MATHEMATICS COURSE AT
THE COLLEGE LEYEL

Linda Qattuso, Cégep du Yieux-Monlréa!
Raynaki Lacasse, Unlverské ¢'Ottawa

Foliowing an Inv ton conducted win mathophobis studerds
{Gattuso, Lacasse,1965), we formulated a set of working hypotheses for
mathemalics teaching. We briefly descrbe how we expermmented this
pedagogicat approach in a requiar class of al the ¢oliege level The
objective was to reconc ik affecive and cognhive factors.

NCE 80 NG ago, a person who aspred to a Tespectable career had to learn Lakn
and Greek (Tobias, 1980, Grabkani,1985). However today, everyone has to do some
mathematics In Quebec, atthe college level, the majorty of the students have at least one
compuisory of highly recommended mathematics course  in ther cumiculum, source of
problems for many, cause of repeated drop out for others. Moraover , upon enteting
coliege, these students bring with them at least twetve years of school mathematks This
experience i8 somelime poskive but aiso too often negative, as confimed by the failure
and drop out rate added to the fact that the students choose ther curikcula to  avold
mathematics (Blouin,1886) . Everywhere in the school envronment, mathematics are seen
as a source of problems and we observed a certain declaration of powerlessness In
regard to this question which as many facets: affective, cognitive and behaviorai

A previous study (Gatusolacasse 1986,1987), comvinced us of the
mportance ¢f the affective aspect In the lkaming of mathematks and brought us to
formulate, for the teaching of mathematics, some working hypothesis aiming at alieviating
mathophobla. However that I8 not enough, mathematks courses have substantial
conteni and students with dificulles have gaps In ther knowledge which we must
address. Lkevvise some forms of behavior are also a source of dificully in the learning
and the teaching of mathematics { Blouin:* §85,1887)
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There k& no lack of research onthe question bit  teachers coping wih all kinds of
practical constraints @0 not succeed In Integrating the concluslons of these studies inio
ther practice. Too often these deal only with one particular aspect of the probiem and In
dally pracixe rmany variables Interact To get closer bo school really, k seams important
v nave a global view of the question. Consclous of this practical dificuty, we tried to
artcutate and experiment a class Intervendon model b Improva the teaching of
mathematics. in a way, we wanted o Iink the theory andd praciice so that beachers can
easily adapt this model and integrate tsubsequently into ther own practie.

The starting point

This rronde! w2s inspred by earier resuls {3alttuso, Lacasse, 1686) where the
problann of falmonted was erdem o e pat of Gaily ife Nimer (1676), Tobsas, (1878)
arnd Giers Show e mportance of the affective domain Then, on the grounds of various
EXOUTINRTE  enie i 1n tne Nled Stes and some of our own, we put together a
SURPCtive e ranene il W reassare some cstudents wikh a npegatve background in
matheriath s e Mamophotda workshops

tn tis researcn, we wanted [0 see fthere were any changes in the participating
slude N5 alttudes and we wanted o dentfy the reasons for any such ¢changes. We hope
to find a teaching approach that wouki minimize skuations favorable to the appearance of
masphobia The results and the analysis permitted us to explore diferent factors on
whikh the teachers could intervene in a reguiar course of instruction to state some
hypothesis along those lines and to grour tnem around four dimensions,

i. Affective aspects vs adilty to communicate

2. Peerrelations vs kearning of mathematics

J Teacher vs learning of mathematics

4 Paxtinence of mathematics

In shert, in addbion to listening to the student, the teacher has to allow each
indtvidual the opportuny to express his or her own experience of mathematks. The
studenis must have the possbilky o exchange, to explore o express orally the processes
they use, in orger to generate learning Through his attkudes and his words, the teacher
sels out to destroy the myths surounding mathematics. He must atso find occasions to
superyise individual kearning He can also showy the work Inherent In any mathematical
process Some hstorical references and links wth dally experiences will place
mathematics in a more human context. To interest and stimulate the students, skuations
and concrete materials have to be developed

BEST COPV AVAILASLE
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This calis fora change of behavior on the part of the teacher and this is not easy.
he has to be motivated. Instead of being the ransmiter of knowiedge, the teacher has b
supportthe learning and the work of the students.

This brought us to foresee a second stage In this research; we fek that these kdeas
had to be tested In a reqular class.

in the same vein, Blouln (16885,1987) first developed a group lreatment for
mathophobla at the coliege level in Quebec, then studied two more easlly detectable
phenomena: anxiely and study strategles. Resuls showed that those who swceed the
most are the ones that adopt a more appropriate study behavior and there is alkso a
skynificant relation between Inadequate study behaviore and dysfunctional cognkive
reactions, particularly unrealistic bellefs that faclitate the apparkion of anxlely and
resignation.

Personal factors (cther than Intellectual apthude) playing a determinant role In
$UCCoss In mathematics were grouped according to four dimensions:

I. Realistic percepticn of the necessary conditions o succeed In mathematics

i1 Knowing and using adequate working methods

il See oneself as able to do what is needed to succeed

¥ A sufficient level of motivation (or importance allributed to professional
success)

After Kentifying these differents points, Blouin suggests paths of Intervention to
undo some efroneous beliefs and permi the development of adequate working behavlors
by means of teacher inkerventions focussing on these polnts.

inthe Unked States (Sadler ~  nbey:1885), a new experimental approach
seeks o improve thinking abiity tee -~ holistic approach giving a large place to
communication In improving global intellectual operations. & emphasize the fact that
learning is an active process and that leamers have to participate In the knowledge
acquiring process. Six principles support this approach.

1 Toach students 1o learn In an acive way.

2. The students must articutate his thougnt.

3. Promote intukive comprehension.

4.0rganize the course In a sequential way.

5. Motivate the learners

6.Establish a social climate favorable to learning.

Remarkable progress In Intellectual development, in addkion to an increase In
motivation and in knowledge, especially In mathematics, were observed

in France, Claudine Blanchard-Laville (1981), was also Interested in students'
coping with a handicap in mathematics, in the context of universly level course In
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statistics.. Time allocated for the course was doubled bo aliow the pace of the courss to be
that of the students. She used small group verk and discussions. At the end of each
sesskon, there are some discussion allowing for the verbalization of some affective aspects
of lkearning. This approach demarndis an kmportant persoral Investiment In terms of work
and participation from the student. The content is atso modified ina way to provoke active
thinking and critics, the objective being to help the student overcome his anxiely while
learning to use statistics inan avonomous and constructive way.

Although they lssue from diferent theoretical framework, these experiments
conyerge (nmany points. A fot of Importance ks given to communkation and particularty to
the affective domalin. Group work Is promoted.

With this In mind we planned three steps to reach the stated objectives.. The first
one was to be explratory to peiik a more concrete elaboration of our intervention
model. The second one, the experimentation, observation and evaluation of the model Ina
regular class. Thirdly, we wanted, foliowing the analysis of the Intervention, to draw up a
realist padagogical mode! that could be use In a reguiar teaching setting.

Reailzation

We observed the progress of 2 cotiege groups of 36 sludents each. The contents of
the course was in iine wkh the regular program bt foliowed the hypotheses of the
preceding research These studenis followed a remediation course which is offered to
those who do not have the prerequisits for collegial level courses. The non-homogenety
of the ages and acquired knoiledge of these groups complicated the skuation. Most of the
students were between 17 and 20 years okl.

Yety quickly, two major differences In regard to the: workshops appeared. First, In
addkion to mathophobia, we found a great indifference towards mathematics, and boward
karning in general. Secondly, In a regular class, the gaps 'n knowledge had a major effect
onthe subsequent performance of the students. There had % be remediation at the same

time for the absence of knowledge, the working behavlor and, in general, for sillis needed
atthe process lkevel.

Deficlent study behariors: Included fovr kevel of persisbence, and lack of working
autonomy. Students did not feel responsble for thekr lack of knowledge so they did not
assume responskbliy for thel own work. We found an extraordinary degree of passiviy.
They are experienced students and unfortunately they have been In contact with aspects
of mathematics that have no meaning for them. Work has to be done on two levels: we
have to make allowances for the affective and behavioral components, but must also
promote progress In knowledge. There was a need bo develop stimulating activhles, rich in
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content and to permt the expererve of success in mathemalics, bt T, W orercdine a
very solkily anchored apathy. A reconcliiation between the affective and the cognkive
domains nadto be provoked. These two objectires were pusued the next sesson with a
group of 25 students.

The ~owrse was organized Infour biocks The themes atiowed for an exploration of
concepls in a concrete of manipratory way, followed by actvbes aimed at the
development of technical mastery and sef confidence Using general themes offered
more potential for Qiving meaning o mathematkal activity

The inkiai stage ks Important, k has b be special So. fur the Deginning, the
actvbes amed to sensitize the students to mathematks work while coping with the
Alective aspects linked to this work We used exploration and problem sotving skuabons
presented as games. puTles and geometrical constructions The st meeling was used to
gel in towch After answering an autobigraphk questionnare and an atttude
questionnare, each persoh inroduced hrvharsell to the others and wac able to express
personal feelings on mathematis, on fears or expectahions Morecver the teacher bed
W kearn each students’ name

For the other activbies, we had to develop 1 method consistent with owr
wpatheses, for exampie feed-back (Arscussion in the class on content or the working
method), so the student Is able to discuss hre progress in aadhion to verhalizing hmsef on
the mpressions fek while working, group work, to devsiop autonomy and taking charge of
learning In a supportive envronment.

With respect to basic algebra, t was decided not te dedicate bme specally for ths
acknily because students 0o not believe 1In & Ther sense of helplessness Is very clear
yhen you ry to submk them to exerclses that have akeady falled The basic techniques
were Integrated wih others activiies so as to give meaning to these formal manipulabtions

The study of conics, for example, gives support to all kinds of manpulations and
the teacher can drawr on the fact that students’ Interest is sustained by the inherent irterest
of the forms and ther possble appikations Consequently, u,altk geomelly was our
second block. Functions and trigonometry woukd follow

Bearing tn mind the Importance of concrete material In learning, we Iried to find
supports for the activkies. We had to explore, invent and improvise For the first block, the
material used for the workshop was readily avatiable and familiar For the rest, In addition
te usual Instruments {protractor, graphkc paper, etc..) cardboard and acetates were used
for exploratory work centered on manipulation

The procedure was as follows following writen protocols the students worked In
groups ata digcovery or problem-solying activky. Explanation on the board followed and
was used to bring together the resulls In order to be retalned, learriing of a skill has to be
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reinforiad The amangement of the ciags graaually changed and the pace was that of the
students The teacher continually moved around in the class to cbserve the students’ work,
lo give support or to refocus activties where needed. This way, the student was able o
dominale the skuation and to assume responsblity for his own progress. Every task was
presented so the student could give meaning to the concepts he constructed. These
skuations provided the occaslon for the student to experience real success in mathematics
and for this, k is neceasary not to oversimplify the problems (7l have K, but k was easy..”)

The auobiographic questionnaire and the altkude questionnalre {completed 2t the
beginning and at the end of the course) gave us some information, but the main
Information was derived from the teacher's kog book and in the students’ interview. The
analysis Is Inprogress. But t is akeady possbie to say thal the experiment s encouraging
and prompts us 1 go on On the students’ part, we observed some remarkable progress
They found out what a mathematical activly could be, they succeeded In giving a
meaning to what they were doing. The importance of the answer declined, working on the
process was emphaszed Even f the questionnaire showed that the students still did not
link mathemmatics to daily occupations, they stopped asking what they were for because
they found a certain interest and sometimes even pleasure In this activity. In spke of some
stress inevikably connected with any Innovation, for example, negative reactions from the
students, pressure from the cumriculum, the teacher was able to implement this approach
which proved highly rewarding Some students came up with some new problems by
themselves, others redid homework already marked, new questions were asked. In this
context the class atmosphere was relaxed; at first glance, there coula appear o be
confusion but the activity was intense and students frequently continued on with their work
beyond the end of the end of the period.

This experiment allowed us to Implement this approach aimed at reconclling
cognlive and affective factors In order to create an enriching mathematical environment
The data analysks will permk us to see which of our cbjectives vere really reached, as
well as to reveal the problems of ransferabilky. Next, the replication of this experiment will
allow us to prodike an improved model adaptable to the regular classroom

At
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THE EDUCATICN OF TALENTED CHILDREN

Farenc Ge~zwein
National Centre for Educational
Technology/Hungary

In recent ysors we have heard more and more about the educotior
of talented children. It is usuvally soid that the talent must be given
an opportunity to develop in school, ond the tendency to equalise all
children must be changed.

Although I have not been working in a school for several yeors, 1
would like to share with you some of my expeciences from the time I
was a teacher, about the education of talented children, and mark out
some ideas and difficulties.

At one time educational statistics only listed the number of
pupils who failed at the end of the year, the good ones did not deserve
this, let alone the very best. Schools were reprimanded if failures
occured in o large number, schools and teachers who tried to foster
talents were not adequately aoppreciated. The schools which wers good
at toking care of their ‘alented pupils were followed with at least
much doubt and suspicion, lack of understanding as recognition. Here
I am thinking about schools which produced above dverage study results
for o number of years, whose students won at school competitions in
lorge numbers, and whose students were accepted to higher education
very often. These achievemonts were not highly appreciated but the
school was given the nickrome of a "racing stable". Morover they were
called “distributors of knowledge", "teachers’ school", "teaching
moterial centered", "school with an aristocratic concept of quality".
As if the distrilution of knowledge, teoching the materiol was not
the tesk of the school, but some source of trouble. This kind of
thinking cnd the resulting action is not lacking something, but it
copsiders the undoubtedly importent things unimportant, i.e. the
development of talent, skills, knowledge, systematic leorning in
general and its special methods, olthough it is evident thot without
these the school cannot reach its targets.
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Special Classes

In reaching these aims spscial wethods and specialised schools
ond classes play an important role among others, these are very
varied all over the world and in Hungary, too.

In Hungary such specialisd units were the so called "small”
special muthematics classes in secondary grammar schools which were
later reorganised as mathematics spoecialisations. The number of these
classes was fairly large, so o large number of pupils had the oppor-
tunity of learning mathematics in more hours per week than the overage.
Special mathematics classes have been organised since 1962, for pupils
with a special interest in mathematics. They have nearly 10 classes
of mathenatics per week. There are such classes in five grommar

schools, one each yeor, and pupils ore accopted to them after a
successful entrance examination.

Special units within a school, like a special class can be a
successful method in the education of children with o gift for
wothematics, as facts have proved it, ond this is not the same as the
well known "school of the excellent", much rather this is one of the
criteria of an "excellent school". These two are not only different

in their name but they ure very different in their principle. In the
excellent school excellent teachers work, and educate excellent pupils
in different organisational solutions.,

Some have an aversion to special classes in schools. They might
suppose that only extremely talented children can attend these
classes, who might becoms “one sided" mathematicians. But on the
contrary, pupils in these classes like to learn other subjects, too,
what! s more, thay do it on a higher level than the average. It is an
honour and a pleasure for the teacher if he con teach any subject in
ona of these classes. A large number of these pupils loter became vory
good doctors, economists, engineers, more rarely specioclists in the
liberal arts. They could jecome good professionals, among others
because in the secondary achool they had the opportunity to have an in-
depth knowledge in at leart one disciplinme, which is one of the
important criteria of developing talent. On the other hand it was
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also advontogeous that neither the teacher nor the pupils looked

upon any other subject as unimportant beside mathematics. In these
closses pupils not only developed their mental capacities. They
managed to resach a harmony between the wind and the soul. They were
less likely to merely fulfil instructions like those whose mentnl
capacities were poorer. They could qualify as excellent not only
because of their quick wind, but also because of their behaviour,
feeling of responsibility and their work in general. They never
stopped short bsfore the goal, i.e. they were characterised by higher
morale, more responsibility, general culture, and the ability to
penetrote deeper into the intricacies of a profession. This expsrience
proves that the education of talented children in special school groups
does not supress the formation of a monysided personality. This is
proved on the one hand by the career of pupils from these classes, and
on the other, by the experience, that gond teaching does not only
oevelop the mind, but the feelings and the will as wall. All goog
teaching is education at the same time, aond learning means education
of oneself, too. It is proved by many examples that talent and will,
talent and strong character put up with each other fairly well in a
person, even if they are not always present at the same time and to
the saome extent. Talented people are not lacking in strong will in the
mjority of cases, on the contrary they wish to be more active and
useful. Talented people can face conflicts and their capability of
resistance is better than the average.

All this might suggest, that once we have a large enough nuaber
of specialised classes, all our difficulties in developing tolent will
be over. We only want to say that specialised classes, not only the
above mentioned ones, can be one means in the realisation of the aims
of the school, in the field of educeting talented children as well.

Competitions in mothematics

One of the fislds of the realisation of tolent might be competitions
in mothematics on differant lavels.
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I do not think the opinion which can be read :n Koznevelés
/1981, 12./, o Hungarion poper on educational policy, leads us into
the desired direction: "The atmosphere of competition may have
undesirable side effects, different 1orms of co-operation may weaken,
some pupils may be left out from among those who are reworded or
reinforced.” Such on opinion urges us in an indirect way to accept
the opinion that as competition may be harmful, we should not have
any. It disregards the fact that all processes in pedagogy might be
harmful. Tha advice "Let’s not do it because it wmight be harmful®
ties our hands. The competitive spirit must be strengthened at school
the opportunity to participation must be given to the best, the middling
and the weak ones as weli. Competition may also be o means of developing
one’s talent, it may help the pupils use their abilities to the optimum.
Good competitive spirit and practice in competition may be a driving
force, Care must be taken not to do this wrongly, either. It must be
taken into consideration that fear of the competition, prohibiting
compotition may cuute difficulties right opposite to the ones mentioned
above. There is one type of feor, that the wecker ones will not receive
any recognition, but there is another one, that the very best will not
get the recognition which they would deserve in the competitions. Good
competition must be a part of the everydoy life of the school.

The Edtvs competitions have been organised in Hungary since 1894,
every autumn those who were to pass the final exam in secondary school
were given the ooportunity to show their knowledge in a competition.

The best two popers were awarded 100 and 50 gold crowns respectively,

and they Were pyblished in the paper of the Society. Many mathematicians
to become famous later had their first scholarly success here. These
competitions were trials of talent as well. Not all talented pupils

took part in the compeiition, st it was proved that those who won were
talented. The competition was trustworthly becouse it built on a
relatively small amount of mothematical knowledge, it tested rather the
way of thinking, the richness of ideas, the adaptability of the competitor.
1t is important to know that those who entered, kept prepuring for
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years for this prestigious competition. There is no lower oge limit set

for the competitors. 1t hos haoppened severul times, thot o young person

won. In the preparation wvaluable help was given by "Kozépiskolai Mo-
temotikai Lapok" /Mathematics Paper for Secondary Scheols/, storted

by Ddniel Arony in 1394, too, and the Competition Froblems in Mathematics,
which contained the problems and elegant solutions of the first 32

competitions @s well as valuable notes, from 1949 on this went on under
the name of "KUrschok Jozset pupils’ competition in mathematics".

The book "Competition Problems in Mothemotics has been reissved
several times since, it is a voluable reading for both the interested
pupil ond the teacher. The “Arony Ddniel pupils’ competition" and the
"Secondary School Competition" used all the earlier favourable experiexes.
Both attracted large numbers of pupils, already in 1962 more than three
thousand entered each. Nowadays the number is evenhigher. The Interna-
tionol Stydent Olympics in Mathematics has been organised for may years,
too, Hungarion porticipanis have had very good results. It can avident-
ly be put down to the good trotidions in this country, the preparation
is also well planned ond high standard, and the participants can be
seloacted from a wide circle. The highest lavel comwpetition is the
"Schweitzer Miklos iemorial Competition" first of all for umiversity
students, but younger people con olso take part as well, sometimes with
success.

The above mentioned Kbzépiskoloi Motemotikai Lapok widely attracts
several thousand pupils and several hundred teachers, who all read it
regulorly. There ore problems set in it for several oge groups, the
pupils send in the solutions and in the next issue the editors publish
the solution and the points earned by the pupils. The systew of giving
points provides a very good method for learning and developing pupils’
skills, and the crticles contributed by members of the Hungarian
Academy of Sciences are valuoble, too.

Tibor Szele established a very good way of education within a
school in 1950 in Debrecen. He called these "afternoons of mathematics",
and these were higher level than mathematical circles.
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Some cspects of talent developwent in educational policy and
Pedagogy

When talking about the education of talented children we have to
face both aspects of the issue: a complicated problem in social policy

ond also one of educational policy.

It is a practical problem that talent and genious are sometimes
used as synonyws, although beside the number of talented people, i.e.
those with on overaje talent the number of real geniouses is negligible.
It is o fact that there have always been geniouses. Gauss already
solved difficult mathemotical problems ot the age of three. Ampére
could also calculote at the age of four. Canova was a confectioner’s
apprentice when his talent for sculpture was already evident: he
shaped such an excellent lion of butter that he attracted the attention
of a senator in Venice and earned his patronage. Mihély Munkdcsy also
showed his talent as a painter when painting boxes and the joiner’s
apprentice became a world-famous painter. L&szlé Lovdsz already wrote
good scholarly papers in mathematics when he was in secondary school,
he was a student when he got a scholarly degree, and he was jusi about
thirty when he was elected a corresponding member of the Hungarian
Academy of Sciences,

Lipét Fejér was 31 years old in 1911 when he became a full professor
ot the university in Budapest. He was 30 when he formulated a basic
thesis in the theory of Fourier lines and thus opened the way to modern
onalysis. Rossini the famous composer was a lazy boy, so his father
apprenticed hin to a blacksmith. Dovy, ome of the pioneers in electronics
did not want to learn either.

Schools must draw no consequences from the above things. Least not

that they can or should try to educate Gausses or Darwins. They should
not think either that the way to the development of talent leads through
failure at school or onesided education. But they should not think
either that if the school misses out on something the talented pupil
will make up for it later anyway.

It is not the geniouses who give us our most trying tosks but the
36 called typicol tolents. Geniouses are rare exceptions among people,
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who might be lucky or unlucky, sometimes a blessing, sometimes a
disaster for the society. He always remains an exception, someone
extroordinary. The creative capocity of those with an average talent

is better than the averoge or it can be developed to be such. They

are able to organise their thoughts and actions better than the
overage and they are able to cover one or more fields of universal
life. Talent understood in this way con be found in the majority of
children, and the circumstances /school education first of all in our
case/ might unfold it, leave it latent, or make it waste away depending
on whether the influences are favourable or not, os teenagers are

still changing. So if we apply the adjective "*alented" to teenagers

it does not mean a state but rather better possibilities for development
than the average. That is why the education authorities keep trying

to find theoretical and practical solutions of how to educate talented
children in an institutionalised form, becouse the tosk of education

is to promote and urge this development.

Sorry to say schools have not taken into account that different
children have different inclinations and abilities, they set the same
tasks to everybody. Already at the turn of the century the practice
was that o well defined quantity of teaching material had to be taught
in previously decided steps. This has basically remained the same up
to the present time. The school does its job in a prescribed "order®,
and the personaiity of the children can manifest itself only within
this framevork. With some exaggeration we could say that the centrally
defined teaching motericl is not prepored in view of the child to be
taught, but of an age group or of @ year in a certain type of school.
The stress is laid on the tedching waterial itself, the textbaoks and
other teaching aids. There are some new measures though: the teaching
miterial is broken down to basic and additional unit:z, this and
spociclisation opens the way to changes, but petrified practices hinder
the quick changes. So for we have not been able to find the infallible
weans and methods of how to find and develop talented children, probably
they do not exist. But since school practice cannot do without
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selection and the application of different practices, it must operate
so as not to lead the pupil into a dead end, eventually causing tragedy
in a period of his life.

It has become evident also that a single rigid central "set of
orders" does not work. The most important tosk seems to be to operate

the schools in the framework of an intensification progromme as regards

the contents and quantity of the teaching material as well as the
teaching methods. I do not think obout setting up a new type of schaool
when introducing and spreading the theoretical and practical aspects of
this concept. This is a collection of modern pedagogicsl methods and
teaching materials, which have been port of earlier experiments. Drawing
the consenqyences from earlier experiences ar ! developing the methods
further we can expect higher activity and productivity in schools, that
the pupils will do more independent work, their creative obility will
grow. Beside presenting knowledge and usual explanations more room will
be freed for individval obserwation, experimentation so that the pupil
can Le mors active in acquiring knowledge. It is not the potential
intensity of abilities which is important but the frequency and method
of their utiiisotion., Talent develops through activity.

Teachers must accept the principle that disciplined school life is
not a mere conformity with rigid regulations, spirit is not the same
as pedantry without ideas, good methods must become common practice.

Those who know our schools from the inside, are awvare that although
there are o number of tasks to be done, they do their best for establishim k
themselves as creative workshops. /This seems to be proved by the foct -
olso, thot the internctionol society measuring achievements of teachers
/IEA/ when measuring such achievements in mathemotics ond the naturol
sciences in 24 countriss of the world, come to Hungary as well, it found
that in the age groups of ten, fourteen and eighteen year-olds the
Hungarian pupils were outstanding. ln many comparisons they were ohead of
their age group. If they were not the first, they were awong the best./
We should never forget that the person able to creats something great
olways worked very hard in all walks of life and found the aim and
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meaning of his life in this work. Gorky put it like this: talent is
work. We should never getstuck in the bleak practices of the usual,
but we must renew ourselves lead by stimulating dissatisfaction ad

the wish for becoming more and we must surmount pleasont repetition

with constantly seeking for whot is new ond better.
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THE DEVELOPMENT OF A MODEL FOR COMPETENCE
IN MATHEMAT ICAL PROBLEM SOLVING
B4 3ED ON SYSTEMS OF COGNITIVE REPRESENTATION

Gerald A Goldin
Center for Mathematics, Science, and Computer Education

Rutgers - The State University of New Jersey

An overview 15 provided and theoreticel progress reported on the
development of a umified model for competence in mathemati~al
problem solving The model is based on five kinds ot matu-e
internal cognitive representational systems (a) verbal/syntactic,
(b) imegistic, (c) formal notetional; (d) heuristic planning and
executive control, end (e) affective. Three stages of construction
are posited. (1) semiotic, (2) structural developmental; and

(3) autonomous New features described tn the paper include
developmental precursors of imagistic representational systems,

and interactions of affective states with heuristic ptanning con-
figurations In the present model, the mutual- and self -reference
of systems of representation provide an aiternate way to under-
stand what have been called metacognitive processes. Implica-
tions are drawn for the psychology of mathemustics education

COGNITIVE REPRESENTATIONAL SYSTEMS

In earlter work the suthor has explored the definition of a representational
system (RS), and proposed a nodel for problem solving competence based on
systems of cognitive representation Briefly, an RS consists of primitive
characters or signs somehoy embodied, together with rules for forming
permitted configurations of these, and for moving between configurations
It also includes higher level structures of various kinds Configurations or
structures in one RS can stand for or symbo/ize those in another. An RS
can admit amivguiiies which are resolved by going outside the system
through symbalizetron (Goldin, 1887, Kaput, 1983,138S, Palmer,1977)
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Cognitive RS's are constructs They provide a framework for simulating the
internsl processing which takes place when people solve mathematics
problems, playing the role of "higher level languages” in relation to the
possibility of "lower tevel” descriptions by neural networks. They are
intended to describe campelence--the capability of performance--rather
than behavior directly.

Fig. 1 illustrates & narrow, naive model entatiing only two RS's--a model
too ofien adopted in teaching mathematicel problem solving. The goal in
this model is for the student to Zrems/sle the problem directly from its
presentad fotm in words and sentences into the formal mathematical no-
tation of numerals, formulas, and equations; and then to menipulate the
symbols algorithmicelly But the educationeal objectives--competencies--
implicit in 8 model such as this, are highly inadequate. The translation
process can e achieved 1n many situations by teaching rote "key word’
recognition ("eltogether” means +, “of” means x , etc.), 8s if 8 dictionary
procedure were indicated. We regerd this as msan-rasrghl/u! problem
solving. The present model (see Fig 2) 'mcorporates @8 much more compiex
view ni what is involved. It is based on five kinds of mature internal
cognitive RS’'s' verbal/syntactic, imagistic systems, formal notational,
heuristic planning and executive control, and affective

A verpel/syntactic RS refers to capabilities for processing natural ian-
gusage on the level of words and sentences--through dictionary information,
word-word association, parsing of sentences based on grammar and syntax
information, etc /magistic systems refer to non-verbal, internal configu-
rations representing objects, attributes, relationt, and transformations.
They descrit> what might loosely be called “semantic” information, and are
needed for the meaningful interpretation of verbal probiem statements
Here dwell such interesting theoretical constructs as "phenomenolggical
primitives” {(d1Sessa, 1983). The Zarme! notetronal systems of malhemo-
tics are highly structured symbalic RS's-~numeration systems, arithmetic
elgorithms, algebraic notetion, rules for symbol manipulation, etc Rather
unfortunately, the vast majority of school mathematics today is exclusive-
1y devoted to learning their use. {n problem contexts, their structure can
be explored through state-space analysis (Goldin, 1980). The Asuristic
pracess (HP) is taken as the culminating construct in an RS of sauristic
planning end executrve contral Four dimensions of analysis have been
proposed for examining and comparing HP's advance plenning reasons for
using them, domain-specific ways of applying them, domains to which they
con be applied, and prescriptive criteria for suggesting /#af they be
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applied (Goldin and Germain, 1983) Finally, an a//eact:ve system describes
the changing states of feeling that the problem solver experiences--and
utitizes--during probiem solving

STAGES OF CONSTRUCTION

Constructivist researchers argue that knowledge 1s "constructed” by each
tndividusl, rather than "transmitted” or "communicated” (Cobb and Steffe,
1983; von Glasersfeld, 1987) This metaphaor can be given a more detailed
interpretation by regarding the cognitive RS’s in the present model as
constructed during three main stages. An Javenlive-samiallc s{age incor-
porates the development of new signs and/or configurations, and the initial
acts of synibolization 1n which these are taken to stend for aspects of a
praviously established RS (Praget, 1969). There follows 8 peried af stric-
Lursl gevelopment 1or the new RS, driven primartly by structural features
of the previous!y established system. Last, we enter an sulonoamous st8ge,
during which the new RS "separates” from the old. Alternate symbolic re-
tationships now become possible for the new system, enabling the transfer
of competencies ta new domains

DEVELOPMENT AL PRECURSGRS OF iMAGISTIC SYSTEMS

The sbove ideas sre 11lustrated by sttempting 8 unified description of the
development 1n children of imagistic RS's from their precursors. One
possible conceptualization of such development, generally consistent with
Piagetian cognitive-developmental thecry, 18 1llustrated in Figs 3 end 4
Space permits only a brief discussion here The "brain system” is to be
thought of as representing tnborn human capabilities It provides a kind of
template for sensory development, facititating the construction--through
sensory-motor feedback, ¥/¢ the sbove stages--of an RS called the "sen-
sory interpreter” This system enables the individual to process sense-
data meaningfully, representing for instance the self-other correspondence
thst makes imitation possible in the chitd It in turn serves as the main
template for construction of imagistic RS's This takes place through the
principal input and feedback channels shown, again /& the stages dis-
cussed above. The correspondence with Piaget’s broad developmental
steges is indicated This pmictyre describes what might be called the "bot-
tom up” devetopment of the imagistic systems which enter 1nto the model
of Frg 2. Later, during the autonomous stage of 1magistic cognitive RS's,
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thetr development continues by meens of verbal, formal, heuristic, and even
affective pathways--as well as through new object constructs by wey of
the channels in the diagram

AFFECTIVE PATHWAYS

The affect described in the present model 1s not Timited to giobal attitudes
or personality traits such as degree of independence (cf Mcleod, 1985).
The emphasis rather is on /acs/ affect. The changing states of feeling
expressed by solvers during mathematical probiem solving serve important
functions, for experts as well as novices. They provide useful information,
facilitate monitoring, and suggest heuristic strategies. Fig. 5 illustrates
iwo major affective pathways, one favorable and one unfavorable, together
with conjectured relationships between the affective states and useful or
counterproductive heuristic configurations

METACOGNITION VERSL/S MUTUAL- AND SELF-REFERENCE

The term metacogmtion has been used to refer to problem solvers’ know-
ledge afou¢ their own knowledge states, mon/toring of their own cognitive
processes, or belief systems about problem solving or about themselves.
While considerable importance has been ascribed to it in mathematics
education (e g Schoenfeld, 1983, 1985a,b), there remain serious
difficulties in trying to distinguish consistently between the cognitive and
the metacognitive. If we acknowledge "objects” to be cognitive constructs,
then everyday cognitions about objects are already metecognitive. Tables
and chairs, words and sentences, numbers, mathematical formulas and
equations, ideas, feelings, and heuristic plans are all commonly treated
(and manipulated) as “objects " A heuristic process such as “trial and
error” can be applied to "try” objects, numbers, or heuristic plans, and to
evaluate the outcomes of the trnals.

The present medel rejects the cognitive/metacogmitive distinction as such,
but conjectures explicitly that the seme cognmitive processes can be
applied to various domains, consisting of configurations from various RS's
Cognhitive RS's are thus mwitually rererentia/--as when equations (formal
notational configurattons} serve as "objects” and are manipulated imagis-
tically They are also se//-rererentia/--as when words and sentences
refer to words and sentences, or heuristic processes act on domains of

LZST GGrY AVAILADLE
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heuristic processes. This conceptualization allows us to avoid the infinite
regress of levels of executive control, and to describe within the model &
major complexity of human problem solving.

IMPLICATIONS FOR THE PSYCHOLOGY OF MATHEMATICS EDUCAT ION

The model suggests 8 psychological basis for establishing objectives in
teaching mathematical problem solving, and provides a unifying way to in-
terpret concept and schema development, so that these encompass rela-
tionships among the indicated cognitive RS's. It thus carries further a line
of thinking explored by Lesh (1931) and Lesh, Landau end Hamilton (1983)
Our gosdl shotlld be Lo gevelon In studemts 8l ar the Iniérnadl systems of
FERrESEMIALIon. A5 15811 88 Ihe frocessas hat enshle thase systems o
rararance themsealves and esch ather: Emphasis on formal notational
systems only may leoad to rote algorithmic learning; exclusive reliance on
verbal/syntactic processing may limit students to vocabulary learning and
rote transiation methods. We must focus explicitly on the development of
imagistic systems (including mathematical visualization, kinesthetic
encading, etc ), the executive system (including heuristic processes in sl
their aspects), and the affective system (including its productive use in
monitoring and in the evocation of heuristics). Structured clinical
interview research methods are well-suited for investigations based on the
present model, which can provide a theoretical framework from which to
aroceed in atming for replicabilhity and comparability among such stuydies
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PILOT WORK ON SECONDARY LEVEL

Miria Halmos
Hungarian National Centre for Educational Technclogy (00K)

ABSTRACT

A new mathematical educational project on primary level

was 1nitiated in Hungary in 1962 according to the
conception of Tamds Varga.A new programme based on this
project has been prepared which was implemeinted during

the seventies and early eighties. Pilot work started on
secondary level during the early seventies. The objectives
of mathematical education in the new primary programme and
1n the secondary experimental programme are essentiaily

the same. The secondary experiment is projected and guided
by the members of the Mathematical-Didactical Reseaich Croup
of 00K (Hungarian National Centre for Educational Techlogy).
The most 1mportant educational objectives of the experiment
are the following: learning should begin at a very concrete
starting point and then lead children towards ahstraction;
learn mathematics through the discovering of mathematics;
make mathematics liked by ¢ hildren.

1. TNTRODUCTION

1 could not start more adequately than by quoting Tamfs Varga
about the main motivatiyon ot the chenging of the Hungarian mathe-

matical education:

"...Any normal child is able to comprehend and learn every piece

of mathematics which 1s now taught at school, as well as a good
deal more, ta enable him to fit in with the requirements of
modern trends..."

A new mathematical educational project on primary level was
initiated in Hungary tn 1962 according to the conception of Tamés
Varga. A new programme based on this project has heen prepared whirh

was implemented during the seventies and carly eighties,
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Pilot work extending this project to the secondary leve) has started
during the early seventies., The secondary programme was based earlier on
the traditional primary programme. A secondary experiment has been started
in 1976, which is based on the new primary mathematical programme, modern
both 1 method and in content. The objectives of mathematical education
in the new primary programme and in the secondary experimental programme
are-essentially the same. Differences result from the fact that we face
a different age-group.

The sucondary experiment is projected and guided by the members
ot the Mathematical-Didactical Research Group of OOK (Hungarian
National Centre for Educational Technology).lThls research group was
directed by Professor Jdnos Surdnyi for more than two decades.

This secondary experiment will be discussed in this report.

The experiment is running in 40 classes with 10-10 classes in
the same age-group (age 14-18) at present. The experiments begin in the
tirst « iasses ot secundary school (age 14) continued in each case with
the ¢ lasses of higher grades up to maturity (age 18). Materials are
prepared both for children and teachers, and these are chinged on the

bas1s of classroom-experiences. These changes are not finalized yet,
2.EDUCATIONAL OBJECTIVES AND PRINCIPLES OF THE EXPERIMENT

a.The abstraction process

The process of abstraction is one for which considerable time must
be allowed. Childien do not abstract automatically. Mathematics is very
abstract. This is 1n fact its greatest strength, since it means, in
etfect, that it condenses 1nto itselt the essence of a great number of
concrete phenomena. In order to get this very abstract structure we have
tu begin at a very concrete starting point and then lead children towards

abstraction.
b.Discovery

"The best way tu learn anything 15 to discover it by yourself",
wrote George Polya. This is very true in mathematical learning, T'is
means that there is hardly anything more important, than leading the
children to meet mathematics 1n status nasFendl or to make them

rediscover 1t, i ')
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When teaching 1s going this way, learming 1s :calised through
problem solving., Definitions, axioms, notatiens, terminology are also
very important in mathematies. Children iearn independently to naume and

vmbuirae mathemattcal entities, These anes are dlso discoverable,

CoMetavation

learning 15 based on antrinsie rather than extrins:, motivat ion.
This simply means te try as tar as pussible tw butld on children's
tuteresty to provide Children with challenging problems which are
neither too diffricult ner teo easy ftor Lhen; to make children get used
to checking and correcting their own work (somethong 10 correct not
herguse the teacher has sald but because 1t has been checked and tound
cur. et}

Consequently, 1t 15 aimpertant to consider the tndividual differences
between children. Ths 1s, of course, 1ntimately connected with
Lne principle "to arscover by voneses ", The tiaidien Lhal ate sule
to de more will produce more, tath in quantity and quality. Another
ctonsequence 15 that nobodv should be ashamed of having committed a
mathematical error. To have - ormitted an error gives an opportunity tor
urseussion and could never Le ysed by oa tearher tar making a chald book
RHETR

The preatest intrinaic reward tor children is to get on happily
with the topre in and. That 1s conuected with the very important
abjective, to make mathemat = liked by chaldren, The mechanical tedious

training should be avorded tor that purpese,lhe training 1s to be embedded

[ R

iy terilerat o s g w!

in bearnire mathemat oo s Applicat 1on s the best Stattrig poarnt. aten
1t 18 possible 1t s worth taking preablems trom other {nonmathematical)

SHE s FE P et dhaml apel e - e sttt 1ons fine nedp o too develop

in cmildren a4 feeling for urder of magnitnde and reasonable approximat ion,

il oo st rmatton or oan rapyd rough calcutation of numerical results,
e teptare bt ourr b uit dite ol TEmev e L he P Larmentat tog
ot caniens mathematical disoiplines: arithmetics, algebra, geometry,

At tunctron are integrated in oour experimental mathemar rcal document s

inrerfacing with té‘&j uthor.,
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Many chitidren leave school without ever having Lelt the beauty ot
Tathemato=, To make chypldren cesitse the beauty Gl moticihation the (iirst
=tep 15 to renove the tear and anxiety !rom mathematics. To realise and
enjoy the beauty of mathematics children must be wiven sufficent

apportanity tor fbree, rrentive got oy ity

PXPERIMENTAT DOTTMENT -

the chiibdren usce Che tollowine bouks:
miaue tape td-1h Sasenis el owerk)

Mrscerlaneous probiems

Arathmet 1o -

Algebira 1.

Goeomertry L

bunetienas

Sigobra

. ¢ 1

Combinatorics

srade (age Ph-lo, a fessans per week)
Ouadratic taneiom
Algebra
frogonemerrs 1,
el iy
[l

Trigonometry M,

Finator o

srade (age 16170 1 lessuns per week)

Miscellaneous problems
B N B A A A N Tengai o Ui
TR
Conrinate g onet Ty
wr e ape DOGER D D sann s e week )
PE o et iers
et

Spataal o geamerny

kecapitulation




a.Miscellaneous problems

This kind of books is available for first, third and fourth grades.
These bocks contailn ditferent kinds of not too difficult, yet non-routine
problems.

They usually dc not require much more than logical thinking or
some unusual combination of simple knowledge. Also mathematical
recreational problems can be found amongst them. This kind of problems
have a role in helping children to like mathematics. Puzzles can be
excellent starting points for deep ideas in school mathematics.

The miscell-neous problems often throw light to some topics of
elementary mathematics not treated systematicaily.

They may also be simple special cases of advanced problems usually
discussed in higher mathematics.

Other miscellancous problems are destined for preparing topics

to be treated in details later on.

b.Recapitulation
This book includes concepts, theorems and their proots, problems
and their solutions selecting some topics (sets, arithmetics, algehra,

functions, combinatorics) of the 4 years.

¢. The structure of textbooks

The textbooks consist of problemseries, which allow the children
to discover the «uhject-marter, then summary of the subject, after that
further problems and interesting parts trom hooks and articles concerning

the discussed themes.

d. The guides for teadhers

The textbooks for children may be discussed according tou the order
of the listing above, but it is only one possibility. Other possibilities
are giveo in the guides for teachers,

The guides fur teachers indludes also the solutions of the problems

contalned in the textbooks and here 18 listed the problems to be used

for the gifted chlldren.(i

10 BEST COPY AVAILAGLE
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ON THE TEXTUAL AND THE SEMANTIC STRUCTURE OF MAPPING RULE
AND MULTIPLICATIVE COMPARE PROBLEMS

Guershon Harel
Nor thern {11inois Univarsity
Thomas Post
University of Minnasnta
Meriyn Behr

Narthern I1ling1s Untversity

In this paper we will (&) compars the textual and the semantic structures of
division problems in the Mapping Rule category to those in the Multiplicetive
Compare category, (b) show how different interpretations of the string
undsrlying the textual structure of Multiplicative Comparse problems -- the
phrase “as many 85" - - influence the representation of division problems as
partitive or quotitive, and (¢) suggest an instrument to answer empirically
the question of what tmplicit interpretation students givs to the phrasse “as
many as.”

In analyzing the propositional structure of multiplicetive problems, Nesher (1987)
identified and formulated threa different categories: Mapping Rule, Multipiicative Comparse, and
Cartesfan Multiplication In this paper we are interested in the textual and the ssmantic
structures of the first two categor tes.

t18p0ing Rule. Ina Mapping Rule problem thara is a mapp ng rule between the two
measure spaces from which the units are dertved. For example, In the multiplication (M)
problem:

M,. Thereare S shelves of books In Dan's room

Dean put 8 books on each shelf.
How many books ars there in his room?

This research was supported in part by the National Sclence Foundation under grant No. 44-22968.
Any opinfons, findings, and cenclusions expressed are these of the authors and do not necsssarily reflect
the views of National Scienca Foundation




~ 373 -

the phrase * 8 books on each shelf” is the mapping rule between the measure spaces "shelves” and
“"books *

Nesher characterized the two types of division probiams {n the Mapping Rule catsgory,
partitive and quotitive, as foltows. A division problem is partitive if the question is about the
string which was the mapping rule in the corresponding multiplication problem, such as in the
following division (D) problem:

D,. There were 40 books in the room, and

S shelves
How many books are there on each shelf?
A division problem is quotitive if the question is about the string which was an extstential
description in the corraesponding muitiplication problem, such as in the following division
problem.
Dz There were 40 dooks in the room

8 books on each shelf
How many shalves were there”

Multiplicative Compare A Multiplicative Compare problem tsone in which &
one-diractionsl - scaler - funciton is used to comparse between two problem yuantities. For
example, in the myitiplication problem

M4 Danhas 12 marbles

Ruth has 6 times as many marblas as Dan has

How many marblas does Ruth have?”
the pnrase “Ruth has 4 times as many marbles as Dan hes” ts the ona-directional-scalar - function
between the quantities representing Dan's sst of marhles and Ruth's set of marbles

Neshar did not characterize partitive end quotitive problems in the Multiplicstive

Compare category Howsver , actording to Greer's { 1985) extension of the typs of divisien
problems, a problem s partitive or quotitive, respectively, according to whether tha divisar Is
concsived af as the multiphier or as the multipiicand tn the corresponding multiplication problem.
If we hold that the numbers & ana 12 in Probiem M, are the divisor and the multipiicand,

rospectively, then basad on Greer's exlension, the following division problems ( Dg and Dg ) would

be partive and quotitive, respectively (As can be seen from Problems M, , D,. and Dy, Greer’s

extension agrees with Nesher's ¢charecter fzetion of Mapping Ruls division problems.)
Dy Ruthhss i 2 merbles

Ruth has 6 times &s many marbles as Dan hes.
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How many marbles doss Dan have?”
Dg. Ruth has 72 marbles.
Dan has 12 marbles.
How many times §s many as Dan doss Ruth have?

Using Nasher propesitional terminology, we get that a division problem from the
Multiplicative Compare category is partitive if the guestion is on the string which was an
existential description in the corresponding multiplication problem ( ses, for example, division
problems Dg with raspect to the multiplication problem My). similarly, a division problem is
quotitive if tha question is about tie string which was the ane- directional-scalar -function in the
corresponding multiplication prablem (see, for exemple, Problems D¢ with respect to Problem
My).

Wewi. 8 now that these definitions of partitive and quotitive Multiplicative Compare

problems are based on o specific interpretation of the phrase “as many as;" a different
interpretation of this phrase would 18ad to opposite dafinitions. Consider, for example, Problem

Dg. The phrase “Ruth has 6 times as many marbles as Den has” can be Interpreted as &

unit-rate-per -statement, 1.a., for sach marbls of Dan, there ere 6 merbles of Ruth (see Figure
1}, 0r 85 a lot-per-statement, 1.e., for Dan's set of marbles thers are 6 sats of marbles of Ruth,
aach of which s equivalent to Dan's set (see f igure 23

¢ 72 marbles

/ 7 marbles

¢ 72 tmarbles

{ 7 merbies
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If the phrass “ss many as” is interpreted as 8 unit-rate-per-statement, then Problem Dy

would be conceived of a5 a quatitive and not as a partitive as was indicated eartier. This 1s becsuss
under this interpretation, to find how many marbles Dan has, one neads to find the number of
times the set of 6 marbles goss into the set of 72 marbles (see Figure 1). On the other hand, if the
phrase “as many 8s" Is interpretad s a lot-per-stetsment, the problem situation would suggest
that (a) there fs onw set of marbles belongs to Dan, which egatnst it there are 6 sets of marbles
belong to Ruth, sach of which 1s squivaient to Dan's sst, and (b) Ruth has 72 marblss. (See Figure
2.) Thus, to find how many marbles Dan hes, one needs to find the number of marbles in each
Ruth’s set. This situstion suggssts that Probler: Dg 1s of partitive division type.

Applying the same analysis to Problem Dg, 1t will ba fornd that the problem is concelved

of as par titive or quotitive according to if ths phrase "as many as” is tnterpreted 8s a
lot-per-statement or as a unit-rate-par-statemsent, respectively.

RELATIOMSHIPS BETWEEN PROBLEM STRUCTURES

We Indicate that under the lot-per-statement-interpretation, partitive (quotitive)
Mapping Rule problems have the same textusl structure as the quotitive (partitive) Multiplicative
Compare problems ( see Figure 3): The question in a Mapping Rule par¢/tive problem and ina
Multiplicative Compare guotstive problem is about the string which was an gssociation (1.e.,
either as a mapping rule or as a one-directional scalar- function) between two measurs spacss in
the corresponding multiplication problem. similarly, the question in the Mapping Rule gwt/irve
proble.: and tn the Multiplicative Compare pert/l7ve problem s sbout the string which wes en
sxistential description in tha corresponding multiplication problem. On the other hand, undsr the
unit-rate-psr-statament inter pretation, the Mepping Rule pertitive and quotitive problems are
of the sams structure as of the Multiplicative Compare partitive and quotitive problems,
rospectively (see Figure 3).




Figure 3
ED -~ Existential Desoription Ass - Association

Mapping Rule

MultipHoation Partitive quotibire

- S shelves of books (ED) - 40 books (ED) - 40 books
- 8 books on each (Ass) -5 shelves (ED)

- How many books? (ED) -~ How many on esch (Ass)

(ED)
- 8 books on esch  (Ass)

- How many shelves (ED)

Multiptiostive Compare
(Lot~per-statement interpretation)

T

Multiptioaticn quotibive Partitive

- Danhes 12 marbles (ED) - Ruth has 72 marbles (ED) - Ruth has 72 marbles (ED)

- Ruth hag & times as many = Dan has 12 marbles  (ED) - Ruth has 6 timasas many

marbles as Dan has {ASS) - How maw times as many a5 marbles as Dan has (Ass)
- How many marbles Dan does Ruth have? (Ass) - How maty marbles
does Ruth have?  (ED) does Dan have? (ED)

Multiptioative Compare
(Unit-rate -par-statement interoretation)

Muttiphcation Partitive qmotivive

- Dan has 12 marbles (ED) - Ruth has 72 marbles (ED) - Ruth has 72 merbies (ED)
- Ruth has € times as many - Dan has 12 marbles  (ED) - Ruth has 6 times as many

marbles as Dan has (Ass) = How many times as many as marbtles as Dah has (Ass)
= How many marbles Dan does Ruth have? (Ass) - How many marbles
does Ruth have?  (ED} does Dan have? (eD)

AN EXPERIMENT

We will suggest now an experimant to answer empirically the question of whether the
phrass “ss many as* in division problems from the Multiplicative Compare category is interpreted
imp acitly by students es a unit-rate-per-statemsnt n a5 & lot-per ~statement. This experiment
is part of an instrument we heve developed 0 6556ss the inssrvice teachers' knowledge of

BEST COPY AVAILABLE 504
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multiplicative structures, which is under wey and will te reported at Post Harel and Behr (in
preparation). liems from this exper iment includs the folicwing example. We gave students two
variations of adivision problem. In the first varistion the problem quantities violate the intuitive
partitive model but conform with the intuttive quotitive mode! ( Fischbein, Dert, Nello, and
Marino, 1985). This variation can be achieved, for exemple, by taking the divisor to be &
frectional number and smaller than the dividend. The second variation 1s a problem in which the
quantities conforms with the two intuitive modals, which can be achisved, for examiple, by teking
the divisor a whole number and smaller than the dividend. Exampiles of these var iations are
Problems D and Dg, respectively.

D;. Steve has 72 pizzas.

Steve has 6. 3 times as many pizzas as John.
How many pizzes does John have?
Dg Steve has 72 pizzes.

Steve has 6 times as many pizzas as John,
How many pizzas does John have?
Fischbein at al (1985) and others (Greer, 1985; Greer and Mangan, | 984, Mangan,

1986, Tirosh, Graebsr, and Glover 1986, Harel, Post, and Behr, in preparation) found that
children and teacher s as we!! select a non-correct oporation when they are presented with
problams including numbers that conflict with the rules of the primitive models; students’
performance on problems which conforms with the intuitive models is relatively high. Thus, if
the phrasa “as many 8s” {s interpreted by the students as a lot-per -statement, then, as has been
shown ear ler, the two vartations (D end Dg) would be repressnted as partitive division
problams Consequently, it would be expected that the students will perform better on the second
variation ( Problem Dg), which doss not violats the partitive modsl, than on the first varietion

(Problem D). which does violates the partitive model. On the other hand, If the problem Is

interpreted as 8 unit-rate- per - statement, than the problem (in the two var tations) would be
represented 8s 8 quotitive diviston. Consequently, it would be expected that the students’
performance woulid be equ='ly high on the two variations, since both problems do not violate the
intuitive quotitive modais
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CONCLUSIONS

From this analysis we see that the interpretation of the pnrase “as many as™ affect the
semantic structurs of Multiplicative Compare division probiems. The padegogical value of this
analysis is the' it points out the need to enrich the cultural end educat fons! exper fences which
under e children's understanding of Multipiicative Compare division problems. Studants should
be able to move from one interprstation to shother in order to construct the problem
representation thot most incorporates with thetr knowledge. Our analysis of Missing Yalus
Proportion Problems (Harel and Behi, 1988) end research by many others (e.g , Davis, 1984;
Greono, 1983; Behr, Lesh, and Post, 1986 demonstrata the importance of the use of different
problem representations during the r urse of 3 problem solution,

The types of the quantitiss, discrete or continuous, involved in the problem seem to have
an impact on the interpretation of the phrase "as many as,” and consequently on the semantic
tnterpretation of the problem as quotitive ot partitive. As was shown earlier, an “8s many es”
phrass which tnvolves discrete quantities can be Interpreted either as a unit-rate-per -statement
or 85 o lot-per -statement. On the other hand, if the quantities are conunuoﬁs, it {s more likely
that the phrase “ss many as” would be Interpreted as 3 fot-per~statement, such as in the phrass s
mountain range is 124 times as long a5 a mural of it " However, this hypothests and the anolysis
descr ibed in this paper needs further considerations.
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FORGING THE LINK BETWEEN PRACTICAL
AND FORMAL MATHEMATICS
K. M. Hert and A Sinkinson
Nuffield Secondary Mathematics

The research project ‘Children’'s Matnematical Frameworks’
monitored the transition from the use of concrete materials to the
mathematical formalisation which was the synthesis of thase
practical experiences. The data were collected from interviews
with children and classroom observetions of teachers and pupils
The children tended to say that there was little or no connection
between the two types of mathematical experience The Nuffield
project uses the same methodology as CMF but attempts to
compare results and children's opinions when a) the ‘normal’
transition {s made and b) & distinctive, different type of
sxperience {s provided to establish o 1ink between the concrete
work and formalisation.

The research project "Children’'s Mathematical Frameworks’ (CMF) was
designed to monitor the transition from the use of practical/concrete
materiel to formal/symbolic mathematics. The sample was composed of
British children eged between 8 and 13 years. For at least 20 years the
treining of teachers in Britain has been influsnced by the theories of Piaget
and more significantly by those who sought to implement these theories in
suggestions for classroom practice. Thus teachers have come to believe
that the most beneficial method of teaching mathematics to children
deemed to be al the concrete operational level of cognitive development, is
through the use af concrete materials (manipulatives) This is often
extended to ‘mathematics should be teught through practical work’ The
mothematics teught in the secondary school, however, assumes the use of
symbols and generalisations which constitute a more formatl system CHF
was only concerned with the use of materiais in a series of experiences
carefully structured by the teacher so that they culminated in @
generalisation, formula or rule. This ' formalisation’ was supposed Lo be the
stotement or symbolisation of the synthesis of Lthe experiences. For
exemple the formula for the area of a rectangle could be regarded as coming
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naturaily from many activities which invoived using tiles, counting squares,
drawing shapes 10 encompass & given number of squeres eic

The methodology of CMF invelved the interviewing of some of the children
being taught tn this way (1) before the start of teaching, (i) just before the
lesson In which the ‘formalisation was verbalised, (111) immediately after
this lesson and (1v) three months later. The ‘formalisation’ lesson(s) were
observed and tape-recorded by the researchers. The results, previousiy
reportea at PME, showed generaliy that the pupils saw no connection
between the two types of work they had experienced, to quote - 'Sums1s )
sums and bricks 1s bricks’. Additionally teachers made little effort to
describe why ihe trensition was being made nor to emphasise the :
qeneralisability of the new ‘formalisation’ They might appeas! to the time
seved by ustng the new method or Lo the inconvenience of carrying bricks in
crder 1o perform mathematical calculations but generally, slthough the
puplls were told they would understand betler if they used materials, the
hink to & fina! formuls was not stressed

in September 1987, we were funded by Nuffield for one year to continue and
extend this work. The hypothesis for the new research 15 that the gop
between the use of concrete materials and the formalisation (which is cflen
written symbolically) is very great and that cmidren would benefit from o
third type of experience, essenttally different from both but acting as e
bridge between them. This bridae activity might be discussion, child
verbahisation, diagrommatic representation, tabutation etc , but 1ts role 1s
cleariy seen as that of connecting practical work Lo more formal

malhematics

The information obtained from the observation of ciassrooms and teachers
during the CMF project, has proved to be very illumineting The CMF records
were of teachers using their own schemes of work and the methods they
suggestad as effective. These results give a different view of classroom
happenings than those reported by mathematics educatoers who are seeking
to change practice by the introduction of innovative procedures The role of
the researcher in the formalisation iessons was that of observer and
recorder and wos not concerned with intervention we have sought to extend
these dota by again observing experienced teachers, aucio-taping thetr
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words end then transcribing the tapes. The Nuffield research involves nine
secondary teachers (seven of whom &re heads of mathematics departments’
and two primery school teachers, one of whom is the head of the school.
Seven of thege eleven teachers are engaged in study for 8 masters degree in
moathematics educetion. Thelr analysis of the research experiences forms
part of the work to be assessed for the award of the degree. The teachers
have volunteered to be part of the research and are both experienced and
confident. Each is asked to teach one of the foliowing topics (already
investigated in CMF) to chiidren for whom they thought it appropriate:

(1) the formula for the area of a rectangle, (i1) the formula for the volume of
& cuboid, (ii1) the rule for generating equivalent fractions, (iv) a method for
solving algebraic equations The rule is to be the synthesis of g series of
practical experiences. The teacher chooses two matched sets of children to
teach, etther the two haives of a class or two classes which are seen as
roughly comparable in attainment. One group 1s teught using concrete
experiences leading to a formalisation and the other group has an additional
‘bridging’ experience.

The teacher gives a pre-test on the topic to each group, the test is provided
and marked by the researchers and is based on questions tried and found
informative in CMF end CSMS. For the ‘normal’ group the teacher writes a
schems of work, a copy of which is sent to the researchers for information
The "formalisation’ lesson is tape-recorded end observed by a resesrcher,
then transcribed and analysed. The teacher is provided with a post-test and
asked to interview six children in the group in order to amplify the
information gbtained from it. Some training in interview techniques is
given to each teacher and they are supplied with questions to use in the
interviews. After the teeching of Group ! 1s fimished, the teacher meets
with the rasearcher to discuss the nature of the ‘bridge’ which forms the
distinctive feature of the second teaching sequence. The ‘bridge’ is defined
as essentially different to 8) the two types of experiences already in the
scheme of work and b) whatever was used by the teacher in the
‘formalisation’ 1esson, thus if the teacher used diagrams in the
‘formalisation’ 1esson then diagrams could not Le the distinquishing feature
6f the ‘bridge’ The seCond Veaching sequits alu include pra sng poct
Vet ani int e i e b Luefone bt bas a0 st of ac v e, wehio b for

e deitye Birstig Y cesuaroners dnter sdaec ot pleen g bbb sut st e
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months later to discover whether the conscious effort of the teacher to link
two very different types of working has helped the children see a Hnk

The research 1s 1n progress (Jen88) and it is hoped that some results can be
presented at PME 12. Scrutiny of the schemes of work of five teacher and
transcripts of some of their lessons leads us to make some comments which
might be recognised as true of other teachers in other places. Firstly, the
concrete material 1s not taken serigusly by the teacher in that its essence,
be it wood or tin of particular length or weignt is often ignored or distorted
For example, one teacher asked a boy how he would show 2x + 3 = 17 using
Cuesenaire rods (these were the manipulatives) There is no rod designed to
be 17 umts n length, so the child 1s forced to pretend. The conversstion
continues thus

(T- Teacher. P.Pupil}

T (repeats), now how would | do 1t with my rods? How
would | do 11 with my rods”?
Put o . say you had blue, on the bottom
Put a blue on the bottom, what's that going to represent”
The 17
That's going to represent the whole jot, the 17.
And then say, take pink and that would represent the
three that you're taking away
That's the 3 i'm taking away
And the gap teft is the 2x

Already the bricks ere superfluous and possibiy stand in the way of
understanding si.ce thew colour and length have no relation to the numbers
they are meant to represent. The words ‘teke away which convey removal’
cannot be accurately used 1f there is no way the requisite amount of wood in
the blue rod cen be remaved. The model set up demonstrates a ‘difference’ in
length. Another teacher also used rods to introduce solution of equations
and even when the wood was no longer there, referred 1o ‘chopping’. The
child was asked lo remember haw 2x = 10 was represented.-

T. However we did have some that looked like this, where we
had 2 of the rods put together, equalled one whole rod,
remember? How did we do with those? Yas, Temsin
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Say you had one x there, we pul 2x pius you sphit it
in half

we split it 1n half, remember, we chopped It in half We
kept takling about chopping 1t in half, yes? So what dic
we write down there Christopher, can you rememper?
10..

Take away 5

Oh no, | don't think..| can see you can see it's Syes gr
back to you Temsin

10 divided by 2

10 divided by 2, cos we're chopping thet one in half,
airight? Because we've get 2 of them remember. tn your
mind, the Lwo rods side by sioe equals the ten, chopitin
half x equals 10 aver 2, x equals.

It 1s however much more sensible Lo remove or ‘teke away’ one of the '»' rods
(or 5) than 1o chop with a non-existing chopper where the e 1s already o
sphit!

Secondly, the meterial set up 1o represent the mathematics, very often
represents Onlt";_tr]‘e simplest case or perraps oniy one aspect of the rule

For example 1f m————-—= represents 2x + 3 = 3, how does one reprezent
2x - 3 = 97 Consequently, much of the Tormalisation 1s based 1tself on a
formalisation which is tied to the material. Thi= does not deter teschers
from referring {verbally) o the mampulatives although the mathematics
being discussed cannot itself be represented by them A classic example 1s
referring 1o -3, -4 as pgints on a number line when the topic unger
consideration 1s multiplication of negative numbers

It is pessible that by trying to ‘make concrete’ certain parts af
mathematics, we have confused rather then helped children [ anteachers pe
expected to sel up concrete models for many topics, 'n such 8 way that they
cover a number of situations and not just the symplest? In our research we
hope to provide evidence of ptanned ways of brisging the gap between
concrete expertences and formalisation in situations where the teacher
thought the practical aspect would be effective




THE KINDERGARTNERS' UNDERSTANDING OF THE NOTION OF RANK

Nicolas Herscovics, Concordia University
Jacques C. Bergeron, Université de Montréal

Abstract

When the natural numbers are viswed as the means to measurs
the rank of an object In an ordered set, the notien of rank can
then be considered as a pre-concept of number. This paper
reports the resuits of a study regarding the kindergartners'
understanding of rank. Our Investigation shows that three
distinct components of understanding can be found among this
aqe group. Ail 24 children tested indicated they had an intuitive
understanding as evidenced by their ability to estimate order
related concepts on the basis of visual percaption. A more
advanced teuvsl of comprehensien, that of procedursi
undserstanding, was evidenced iwhen each chitd proved able to
use procedures based on one-to-one correspondences to
construct o:dered sets subject to constraints on some
elements which had te be positioned before or after or
together with another one. R third component of
understanding, thet of abstraction, was studied throuHh
various tasks ascertaining the subjecfs' ability to percelve the
invariance of rank with respect 1o parious surface
transformations, that Is, changes In the disposition of the
ob Jects which did not affect the given rank

in thei seminal study on the emergence of number in the childs mind. Piaget and
Szeminska {1941/1967)-discriminated between the cardinal and ordinal aspects of number.
Much of their work on cardinality was an extension of earfier work involving the
conservation of liquid and mass. They approached ordination through the study of
asymmetric relations such as those implied in the seriation of objects of different lengths or
of different masses. Thirty years later, Brainerd (1973) sought to establish a possible priority
between the two complementary aspects of nu:inber also by using tasks involving length and
mass and found that "ordination emerges prior o cardination”. However his findings may be
attributed to his exprimental design for they are in sharp contrast with Piagets own
conclusions:

*Several authars (reudenthaletc.) seem to have understood that | think the
ordinal number is more primitive than the zardinal number, or the opposite. | have
nevor made such a statement and have always considered these two aspects of
finite numbers indissociable and psychologically reinforcing one another in @&
synthesis that goes beyond both the inclusion of classes and the order of
asymmetrical transitive relations® (Piaget,1973.p.82)

- We wish to thank our research assistants Anne Bergeron and Merielle Signori whose
suggestions have improved the quality of both the tasks and the questions.
- Research funded by the Quebec Ministry of Education,FCAR Grant EQ 2923
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But in fact, Freudenthal's disagrasment with Piaget runs much deeper. It is at the level of
fundamental definition. Freudenthal distinguishes between counting numbers, by which
he means the number word sequence, and numerosity numbsta which refer . “the
potency or cardinality” of a finte set (Freudenthal,1973,170-171). When chid~- ,avp the
sequential nature of the counting numbers, they become aware of ther inrinsic ordinal
natwe. According to Freudenthal, "in the genesis of the number concept the counting
number plays the frst and most pregnant role.”(p.191) and he criticizes Piaget for ignoring
it: "His indifference with regard to the counting aspect is so deeply rooted that he mostly
tacitly assumes that his test children can count and he never mentions how far they can
count™(p.193).

We tend to agree with Freudental's view that the concept of number emerges from the
appiication of the number word sequence to various enumeration activities. We also agee
with Piaget's contention that the concept of order is independent of the number concept,
witness the various seriation tasks he has suggested. However, the notion of an ordered sot
need not be restricted 1o seriation of physical quantities. In fact, & set can be ordered simply
on the basis of the position of its elements. The position of any pencil in a set of ten pencils
of different lengths can ahways be ascertained on the basis of its size. But in a row of ten
chips, if the seventh one is removed and the gap it leaves is eliminated by readjusting the
row, it will be very hard to re-insert the chip without knowing its precise rank. This example
highlights the ordinal use of number, that of measuring the rank of an object in an
ordered set. In this sense, the notion of rank can be viewed as a pre-concept of number,

In our analysis of the notion of rank, we have postulated three distinct components of the
childs understanding of this conceptual schema. A frst componentwhich can be
considered as an intuitive understanding of this concept, reflects a typs of thinking
based essentially on visual perception. At this level, a child perceives a certain order in a
sot and can decide about an object com.ng before or after or at the same time or
together with another one; whether an object is between two other ones can also be
determined from a purely visual estimation.

A more advanced leve! of operation is involved when children can use a more rational
procedure to make these judgments about rank and position with reliability and precision.
The acquisition of such procedures brings about a deeper grasp of these concepts which
can be viewed as procedural understanding. These concepis can be assessed by
using procecures bassd on ons-to-one comespondences. While stil being
non-numerical in the sense that no enumeration i involved, such procedures can be
camied out physically by the children and provide them with an assurance that mere visual
estimation cannot achieve,

Still a more advanced level of understanding is evidenced when the child's conception of
rank becomes more stable and can resist various surface transformations. The cognitive
processes which enable children to overcome the misleading information they obtain from
ther visual perceptions bring about a level of underetending which we quality ae
abstraction . [ is characterized by ther ability {0 recognize the invariance of rank under
transformations which change the disposition of the objects without changing their rank.
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T_he present paper describes the diftarent tasks we have designed t
k(ndngers' knowledge of rank-elated concepts. These tasks Sﬁav«a ge;ssz:dﬂ}:
semi-standerdized interviews with 24 chilren (average age, 5:8) coming from tives
dfferent schools in Greater Montreal. The interview dealing with rank lasted about 30
minutes and was videotaped. The same children wers interviewed on ther knowlodga of
quantity and ther responses are reported in & companion paper, The kindergariners’
undecstending of discrete quantity by J.C.Bergeron & N..{erscovics.

Intuitive understanding

At the level of intuitive understanding, one can find primitive concepts of rank based purely
on visual estimation. The child develops ideas such as before, after, at the same time
or together, between, first and last without any recourse to numeration. In arder to
assess this we dssigned the following task. Eight toy horses of different colors were placed
in the row shown below. At first, it was necessary to verify that each child knew the colors
we used. Thus the child was given the eight harses and was asked to hand them over io the
interviewer who asked for specific colors. These wera aligned as shown below:

brown orange yellow blue green black white

ta Kt tntnlnita:)
ta)

red

The questioning procaeded as follows:
(e} Look, my horses are in a race and here is the finish line.
Car you aliow me a horse thet i# before (in front of) the blue horse?
Are there other horses before (in front of} the Slus horse?
(b) Can you show me a horse which is after (behind) the yeliow horsa?
Are there other horses after {(behind) the yellow horge?
(c) Can you show me the first horse? Can you shew me the last horse?
(d) Can you show me a horse that is between the white horse and the blue
horse? s there another horse between the white horse and the blue horse?
(e) Can you show me two horses that come along at the same time (together)?

Results show thal most of the 24 subjects could hands these questions with ease. Al
children had acquired the general meaning of "before” except one child who interpreted it
as “immediately before". Similar results were obtained for the question on “after” where
three children had interpreted it as “immediately after. Nineteen of the children understood
~at the same time", while five required the expression “together”. The notion of "between®
was understood by all children who pointed out the two horses between the whits one and
the blue one. The words "frst” and "last™ were familier to all subjects.

As can be sean kom the previous lasks, the notion of order and many of its subconcepts
exist in the kmdergartner's nund  The notion of rank is somewhat more ditlicult to assess.
Vhass b chier 1o the Tnct that white the ctild 18 exposed to all kinds ol ouestions dealing with
(uiantifis aliois, Hwae deatting with pusition - an ordewed el oo suddom reised. In order to

Rl e

O




- 388 -

investigate the children's thinking about rank we thought that the notion of a parade was
quite adapted to our neads since it incorporates the idea of order which is maintained even

efter motion (which 1s not the case in a race). A major difficulty we had to overcome was at
the level of language.

Initally, i our pretests, we had used the ward place to indicate rank. This was understood
ty some children and not by others. One common misinterpretation was due to the fact that
this word is also used to describe the site where an object was, its iocation. The question
*did it chang» its place” could be interpreted in these two ways. Thus while an element
in an ordered set might inave changed its rank when the first object in the row was removed,
some children answered that "its place did not change because it did not move™. The
same kind of linguistic problems surfaced with the word "position™.

(et every child we had interviewed in our prior resesrch could use the natural numbers in
ther ordinal sense, that is in ther function as & measure of rank. Each subject we had
tested in our previous experiments (Bergeron, Herscovics & Bergeron,1386) could identify
the second, third, fourth,. .. element in a row. Quite interestingly, many children refeired to
the object's rank as "its number”™ (in French "son numéro”). Thus, we decided that in order
to avoid ambiguity, we would use this word and in case it was needed we would convey the
meaning we wanted to assign to it, that of rank. The following task was developed to
hande the objectives mentioned above.

The subject was askad:
Do you know what a parade is? Havo you ever seen a parace? In a parade

like this one, the cars follow each other.
A row of 8 littie cars, each one of a different color, was aligned in front of the child.

533G T TITI T

green white black yellow blue red brown orange

{a) Can you tell me what is the number of the little blue car?
{b) Can you show me the car which is the number seven car?
it the child did not understand the word “numére*” he or she was asked:
Can you show me the third car?
Can you show me the car which is seventh?
When | say third or seventh, that is its number.
Can you tell me the number of tha litlle blue car?
Of the 24 children tested only 10 interpreted the word “numero” spontaneously as meaning
“rank* and the other 14 were taught. This proportion is somewhat lower than expected but
then, in our earlier work, we had interviewed kindergartners five months later in ther school
year, The word “numérc* provided some minor problem too. in response to the initial
(uestion. some chiltren were picking up the biue car and looking for a number which they
expected to be inscribed, like on a racing car, but could not find any on our cars. This was
due 10 the fact that "numéro” also relers to "numeral”. However with all our subjects, the
intended meaning was easily established using the above scheme.

/apabiity of rank with respect to the quartity ol _preceding obiects
One of ow immediate question was to find how well the notion of rank was understood. To
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this effect we told the following stor

The parade 1s now stopped becauses the green car (the frst one) broke down.
The tow truck is coming to get it (removing the green car

Do you think that the red car still has the same number as before in the
paradet

We refered here specifically to the red car for the child had not ussd any number to
determine its exact rank. The subject thus needed to reason about the question without any
specific number in mind. Eighteen of the children thought that the removal of the head car
changed the rank of the red cer while six did not. We refer to this as the lack of perception of
the variability of rank with respect to the quantity of preceding objects.

Procedural urderstanding

As was the case with the notion of quantity, the procedure at stake here wae the use of
one-to-one correspondence. The tasks were designed to ascertain if these children could
use one-to-one coarespondances to establish ordered sets in which they had to use the
notions of "before®, “after”, and “at the same time". A row of 8 horses were fined up in front of
them and they were given another set of horses:

Ladiatababalnlatl

green yellow brown white red black orange biue

The children were then tcld:
| have here some horses or parade.

(2) Now, can you make a parade in which your red horse comes along at
the same lime as my black horse?

(b) Now | would like you to make another parade in which your red horse
comes bafore my black horse.

{c) Now, can you make another parade in which your red horse comes
after my black horse?

Although we hought these tasks might prove 1o e difficult, each one of our subjecls was

able 1o handie them with ease. They used the interviewer's parade as a template for ther

own and performed the necessary adustments to fulfill the constraints that were imposed.

These tasks were more difficult than the earlier ones which involved m a recognition of the

relative positions. The tasks here necessitated the actual gensration of the variously

ordered sets :
Abstraction

As mentioned earlier. abstraction refers here to the child's perception of _the invgriance of
rank with respect to surface rransformations, that is, chenges in configurations whlch do not
affect the rank Thres distinct tasks involving different tanstormations were designed.

Invaoance of rank with respect to the elongation ot arew _

The first such task assessed the child's percaption of the invariance of rank s'vuh respect to
the elongation of a row. A set of 8 ditterent colowred trucks were faid out in front of the
subject:

Lot burt, oo U
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orange browngreen red black white blue yellow

Look st another parade of trucks. Can you show me the biue truck? Lock,
the parade moves on (stretch out the row and move all trucks).

{a) Do you think that the blue truck still has the sams number as before in
the parade?

(b) Do you think that its number is bigger or smalier than befere?

The_v parade was then stretched a second time and the questions were repeated in order to
verify the stability of the answers.

The responses indicate that 19 of the 24 children, (79%), perceived the invariance of rank
with respact to elongation. Seven of these, (64%), were among the 12 children under 5:2
and 12, (92%), were among the 13 aged 5:2 or over. Thus, there seams to be a maturation
factor involved. The overall success rate hare was somewhat higher than in the comparable
task on the invariance of quantity (see companion paper) where the rate was 67%, the

goup of older subjects improving on the rank task, tha younger ones having the same
success rate on both tasks.

| { rank wit ) .
Our next task daalt vith the invariance of rank with respect fo the perception of all the units.
The row of trucks aranged in the same order as in the last question was laid out in front of
the child who was told that the parade would move on and go under & tunnel:

Look, here is a parade of trucks. Can you show me the red truck? Now the
parade must get inside a tunnel. (The parade is moved ahsad so that the first thres
trucks are under the tunnel, thus hidden from view):

i red black white blue yellow
Do you think that the red truck has kept the same number :n the parade?
Why do you think 807

The perede is then moved shead by another thrae truck and the same questions ere now
asked about the blue truck.

The results ere most interesting. Fifteen of cur 24 children, (63%), thought that the red car
had kept its rank even if the tivee cars preceding it were hidden from view. The second part
was aimed at verifying the stability of the initial response. Out of these 15 subjects, 14 stil
believed that the blue ruck had not changed its rank when it reached the entrance of the
tunnel. Thus, thea > responses can be viewed as validated. What is most striking is that
while nearly all children failed at perceiving the invariance of quantity when part of a row
was hidden, (4% or 13% depending on the task), a majority of these same subjects
perceived the inveriance of rank when part of the row was out of sight.

Conservation of rank

The following task was designed to verify if the child perceived the invariance of rank in the

presence of two rows. The test is similar to Piagets test on the censervation of quantity.

Hence we ere calling ours a test oré the conservation of rank. The interviewer aligned 9 litile
!
)




identical cars and asked the child to meke another parade right next to hers with another
identical set of 8 cars. A piece of blus cerdboard was st in Front of the two parades to
:epregznat a river and & small pisce cardboard of a different color was used to represent &
ey boat.

Look, ! have a parade of cars which go towards a river. Would you make
another parade just like mine? The parades must cross the river in a little
ferry boat. But the ferry can only cary two cars at a time, one car from sach
parade. When the czptain is ready he signals for one car from each parade to
come on the ferry. (Cross the river with one car from each parade and come back for two

€ . 9N 6. 6. . $»
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Did you understand how the parades will cross the river? Geod. I'm putting

back the four cers in the parades.(After replacing the four cars, the interviewer places
an arow on the 7th car in her parade)

Now I'm putling this lit!e arrow on tlis car.Can you put this other srrow oi
the car in your parade which has tho eame numbsr as mine?

Now look, the parades move on.(Move the child's parade a small distance but move
the interviewer's parade further so that in colncides with the fifth car in the other parade)

s ﬂﬂ&ﬂ&ﬂkﬂﬂ
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Do you think that the two cars with the srrows will cross the river at the same
time? Do you think the two cars stili have the same number?

The results to these questicns are quite striking Only two children out of 24 believed that
the two cars would cross the river at the same time. Acked for an expianation, those who
could verbalize mentioned that the cars were no longar next to each other. In order to verify
that the subjects understood the problem cleerly, they were asked to show the interviewer
how the parades were to cross the river, Each child demonstrated that he or she had
grasped the situation wel by crossing two pairs of cars. After having crossed thess two
pais of cars, each child was asked:

And now, do you think that these two cars (indicating the ones with arows) will
cross together?

With the two marked cers now in fifth position, only 4 of the children changed thek answer .
The other 18 held on to ther initial view. The children were then asked if the two cars would
aross together should the two perades get back next to each other:

If my parede get« back next to yours like before, will the two cars with the
arrows cross at the same time?

All children responded affrmatively stating that they would cross together. Ther explanation
was quite consistent; “the cars would be next to each other* These answers illustrate quite

[ ARG U
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well Piaget's dstinction betwesn reversibility and undoing (Tenvereibilité”). Qur
subjects’ thinking is not vet reversible in the sense that they cannot as yet compensate
mentally for the surface transformation they have witnessed. However, they can perfectly

well percewve the undoing of the tansformation which will bring them back to the inital
state.

In comparing the results of this task with those ot the conservation of quantity, we found that
the two children who conserved rank also conserved quantity. But there were eight others
who conserved quantity and did not conserve rank. This would imply that from a cognitive
viewpoint, tha conservation of quantity precedes the conservation of rank, at least in our

present cultire where expenences dealing with quantity are more frequent than those
dealing with rank.

By way of conclusion

As has been shown by these results, the kindergartners' understanding of rank is quite
extensive. Ther success rale here is remarkable since all our tasks involved the notion of
rank in a more abstract form than when related to seriation of physical quantities.
Nevertheless, by the age of five and a hali, nearly all childen can handle order related
concepts within the context of the position of the elements of a discrate set. Not only can
they all use visual estimation but they in fact can use procedurss based on one-to-one
corespondence to achisve accurate conclusions. Therr perception of the invariance of rank
varies with the particular ranstormations and based on ther success rate one can establish

the following hisrarcy:

' K with respect to N Percentage
elongation of a row 19 79%
visual perception of objects in a row 15 63%
comparison with transiated row (ferryboat) 2 8%
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STTIAL WESEARCH INTC THE UNDERSTANDINC GF PERCENTAGES

wina Hershxowltz and Tirza Halevi, Wejzmann Institute of Science, lsrael

viu paper Jdescribes seversl steps in  understanding student
Teaviuul in percentage ULASKS. ife data were ubtained i{rom
sueatiulibalres nod interviews with otn and Jth graders.
“esuil8 show tha' stugent responses  to types of tasks 1w ch
ceogathemat1eally similAar), are quite diffearent.
"he atrategies whicn  students used wete identified and
T RR Tl V]

ahaivsis of patterns of behaviour shows that students also
v tlaeir Strptogies within the same  tyue of task,
Covdiae e Ui nulbers tnvoived.

S A
SNTRUOUCTION
commonly  used mathematical  concepts  in
averyda,s Ltfe Acwevoer, zany students as welil as edults lack even an
St tve eetessrardesg Aand cannot use the coneepl corcectly {Hart, 1981,
pIBEnter ¢t Bl U, wiebe, 19301,
cesearch geais ffur this project are:
Analysis ot student difficulties and thought processes 1n percentage
THNMKS .,
Sevelopment o1 teaching strategles and remedial toeols ‘o overcome the
abLve 1Y cuities.
dere wu owlil ddeqoribe the cesenrch conducted to readlze the first goal.
LW mre three types of tasks in percent problems:
Lo find o quantity (A) which s pl of a given quantity (B).
whot pereent (o) cogquantity (A} is of anather guantity (B),
find the quantity (B, if we xnow that (p) percent of i1t {s equal
oA auantity TAY),

¥atheout ionis tne Above tasks e Al expresaod in the ane proportion

,i].ri . tdt o soBe dpproaches  to o teaching  percent use  different
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strategies for the above three types of task {see, for example, Smart,
1980) .

What 18 the student's "psychological approach" to the different percent
tasks?

Does it change from one type of task tc the other?

How does student reasoning differ from student to student on the same
task?

Do certain number relations encourage certain strategies whether correct
or not?

The following is a description of few steps of a study designed to find

some answers to the above questions.

II. FIRST STEP
In a prelimir -~y investigation, we administered a guestionnaire to
students in grades 7 and 8 (N=76) after they had studied percent. The
questionnaire included items of the first two types, 1n two comparative
ai.mensiong - accurate coamputation and estlmation. In addition, we
conducted unstructured interviews with a few of the students. Students
were much more successful w ' fipst type  than second Lype tasks in both

dimensiong (see Table 1).

Accurste Computation Estimation

Find 483 What percent Estimate whather Estimate whether
af 150 is 12 of 807 53T of 900 13 13 2

of

Correct (] 26 wore than 450( 60 | more than 253] &9

Incorrect but n

reasonable 18 lets than 450 Tass than 258) 2¢

Incorrect 20 2 450, 251

%9 response 8 M n re ine no response

Table 1: Distribution oi student responses (%) to sawp.e taska of the"
first twn types

in the accurate computation, moit students usend B correct algorithm for
tagks of the first type, but for those of the second type, if an
algorithm was used at all, it was usually different and incorrect.

Many of those who wrote down the correct algorithm in the first type

tagks, did not, however, show understanding of the concept.

8 }J’If
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On the other hand, we found students who showed understanding, but did

not necessarily use the standard algorithm.

I1I. SECOND STEP
In order to understand better the student's conception of percent we
decided to investigate meinly the global {(intuitive) understanding of the
percent concept in the different tasks.
We used 8 questionnaire in which the students were asked to give their
reasoning for each answer, as well a3 structured interviews.
In most of the tasks, the students were asked to estimate. We believe
that estimation reveals intultive understanding, if it exists.
In order to guarantee "real egtimation” {without computation) we used
various types of item:
i - Items depicting area or voluse without quantification,
ii - Items with "messy" numbers.

ii1- Items with a time 1limit, imposed by the interviewer or by the
aicrocomputer.

We aldministered the questionnaire to two 7th grade classes at the
beginning of the school year. The students had had sowme formal teaching
on the subject in their previous school ycar.

The answers and reasoning were analysed and followed by recorded
interviews with some of the students In the following, we first
descrite some of the students' strategivs and then various "student

behaviour".

Types of Strategy

a) Strategies without any evidince of understanding the concept.

"7 Additlive strategies level .

Here the student adds or subtra~ts the quantities presented in the task.

e admens




Ciampies: 1) nagit vin ihe interview

You haed a coullection of 140 match boxes and gave your rriend 72 o
thew. wWhal percent oi your coliection did you give to your triend’
(Lype ..

Hagit: About 6 - 70 percent

Why

Hagit: Because 14) minus 72 1~ about r.

2) Hagit (in the fguestionnaire':

Item 1: "Mark wn B 25% of the gquantity oo
{type 11,

Hagit shaded the right quantity and “explained":
"Becaguse in A there is 20%, so [ added 5%

Item 2: "The guantity in B =2

noat GEF Lht guantily o e
Hagit wrote 40 and "explaired":

"1 added whal we have au A abld B oand gut abuouet §07 . 2

Hagit added the guantitics involuvied,

she had squares, she just counted the squares in each quantity,

she did nol, she 1mag:ined them.

11) Mivision strategies lewve! !

Here the student divides the given quantities but  Again no
understanding can be wdentificd,

Example: Adi (in the questionnaire}: "h8% of 150 {lype 1), is about
3% of 150 because 48 goes into 190 about § times". ..

Strategies which pay reflect gome undoprecanding.

strategies level 2.

the student perferes some: adhitiee aanipulation with  the
quantities presented, and relates it aidditively to a "different
system” which is somehow suppnsed to “transform” the result into

percentages.

Example: Michal {inh the inteprvioew)
You had a collection of 1% matchbures aud you gave your little
gister 120 of them. What percent did you gover her?  {type 2)

Michal: 80%

1 : How?

Michal: I subtracted 120 from 140 and got 20 and then | subtracted it

from 100 and got 80%.
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Answers that one can gct by using this strategy are ‘“reasoneble" for an
interval of numbers, 1.e. when B is "close" to 100 and A < B {(when B =
100 we get the right answer). In some cases we had the impression that
the studert had some global intuitive judgement when (s)he gave quite a
reasonable answer, and then when we asked him/her to explain it (s}he
created the above algorithm.

ii) Division strategies level ¢

A

Thege strategies are usually used In type & tasks.
In the first one the student checks how many times the smaller quantity
goes into the large guantity (B : A).

Example: Naama (in the interview):

I : You had 140 shekel and paid 72 shekel for shoes. Estimate the
percent you paid.

Naama: 2% and & little more because 140 : 72 ... 72 goes into 140 about

twice...

1 : And if you paid 35 shenel, what percent of 140 shekel would that be?

Naama : about 9%

I : When did you pay more, in the firast or in the second case?

Naama : In the first, because 72 is more than 5.

1 : when did you pay u greater percent of your money?

Naama : (after some hesitation) When I paid 35 shekel ... 1 think

Naama did not feel any conflict in the above situatiun. Bul utlher

students used this satrategy (B : A) as 8 first step to the right

answer.Example:

Dan : "3% of 140? ... 140 divided by 35 is 4 I think, so it is 25%".

- In the second strategy the student use the fnverted division {4 : B),

Example: Miri (in the interview): 1 : Fstimate what percent 72 shekel ig
of 140 shekel?

Miri: 1/2% 1 : Why?

Miri : Because 72 is about half of 140.

1 : Half and 1/2% are the same? Miri: VYes

Miri understands percentages as "part of", bhLut she does not know that it
is proportional to 100.

1) Gleobal guantitive judgement.
Here the student uses some wheolistic judgement to estimate the

relative gices of the quanti{ties in the glven task. It oight be that

7 ()
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some students use this strategy to check the result obtained by ather
strategias. But some of them, 1like Adit in the following example,
use only this.

Adit (in the questionnaire): “The
quantity in B ig about 25% of the
quantity 1n A because in B there 1is

almost nothing and in A there is almost
all".

11) Halving (doubling) and guartering (see Hart 1981).

Examples:

1) Gal (in the interview): "260 Of 367 is about 65%, because the
diffaerence between 367 and 260 is about 100, so 260 in more than half,
therefore it is about 65%". Lot ) ]

2) Orly (in the questionnaire): : l
Itew: "Put in B 25% of the quantity in A",
Orly shaded an area in B and explained.
"In A we have 50% (she relates the shaded
"area" in A to the whole of A), 80 we must
shade half of it to get 25%"

Vered (in the questionnaire):

Item: “The quantity in B is aebout ....% of 3éﬁ
the quantity in A". Vered wrote 25% and //
A

explained: 4 * 25% = 100%
B

Hart {1981) notes that: "Doubling and halving are the easiest aspects of
ratio, when presented in either problem form or drawing". It is clear

that this strategy can Lte used in only a very limited number of

situationg. We found that in these situations many students do use it.

i11) Proportional Strategies

Examples: Michal {in the questionnaire);
Item: "Put 75% of the quantity in A
into B". Michal shaded the right

area and explained: 4Zf éb

35 * i
x
¥
Item: "The quantity in B ia ,...¥ of the
quantity 1n A", Michal wrote 60U% and
explained: In A we have 5 rows, in B 3 rows:

k] 60
5= Tom 7 60%




The above examples are of course evidence of true understanding of the
concept.

In the above section we tried to categorise student strategies in first
and the gsecond type of tasks, in the hope that it will bring us closer to

the understanding of students' percent concept image.

Individual Student Behaviour in Percentage Tasks

Like Hart (1981} in the study on Ratio and proportion, we found that,
although some children sre very systematic, "most children on interview
(and questionnaire) changed the method they used continuously”. The
change in behavieur seems to be dus to the type of task and the numbers
involved. Many strategies have some "numerical limitations”. Some of
these limitations lead (or may lead) to change in student behaviour.
Examples:

1) Gai, in finding what percent A is of B, when A 13 close to a guarter
or half of B, wuses halving or quartering, and when the numbers are more
“difficult” uses some "difference algorithm" plus quantitative judgement.
2) Miri is ugually very systematic. In finding what percent A is of B,
she divided A by B when the result is a unit traction or nearly so; {i.e.

10 of 100 1s 1/10%, 51 of 100 is about 1/2%, 35 of 140 ig gbout 1/4%
etc.... But for 98 of 100 she claimed that she does not know.

- The problem i3 how to get some overview of students' patterns of
behaviour. We have started to use graphical analysis of individual
behaviour in order to discern a general pattern. (Wilkening 1979 used it
to describe and compare group behavicur).

In type 2 tasks, if one plots a student's answers as a function of the
quantity A, with a curve for each value of B, then:

i} If the student uses proportional strategy we will get a proportional

graphical mcdel:- The set of curves foro a diverging fan of atraight

lines, tho slope of each line 1s B/100 (see figure la).

i 1f the student uses additive strategy we will get an additive
graphical model: The set of curves form & —~arallel fan of straight

l1ines (sae figures 1b and 1c}.
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Figure 1: Graphical mndels ~f the different strategies:
‘a} proportional ih) additive (B-A) (¢} additive 100 - (B=A).

it 18 clear that strategles lLike inverse division (A + B} and halving
a130 yieid the proport:onal medel, Strategies like global intuitive
judgement can be eilther proportional ‘a) or additive second level (c}
wWe used these models as touls in the graphical analys:s of gingle
student behavicur. Examples, In Fig. 2u we sve that Hagit for B-i40,
nas cnanged her strategy from B-A (for A=35, 80) to global judgewent
{for A=100), and to 100 B-A) . (fer A=120). For B=100 she
systematically uses B-A,

Michal uses atrategies which lesd more or less o the (correct’
preportional answer for B=60, 100, 400, But for B=140 (which was the
first to be usked) she uses different st:ategies which are usually

wrong. when A ig ahout 0% ¢f B she ig very systematic, halving each

time
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The above are few steps towards the understanding of individual
behaviour in percent tasks. There is m. = to be done in studying the
individual and in studying group behaviour and 1its quantitative
description. By this study, we hope to be able tu contribute to the

1mprovement of the teaching and lesruing the subject.
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STRUCTURING AND DESTRUCTURING A SOLUTION:
AN EXAMPLE OF PROBLEN SOLVING WORX WITH THE COMPUTER!

J.Hillel, Concordia University, Hontreal
J.-L. Gurtner, Université de Fribourxg
C. Kieran, Université du Québec & Hontréal

In this paper we axnalyze a programaing solution to

a geometric task in which the goal figure is
constrained by several conditions.

Qur analysis points to an overwhelning tendency on
the part of the aolvers to proceed by operating on
the figure appearing on the screen, rather than on
the problem's conditions. Consequently, asuch
problems may end up being 'solved' graphically
wvithout an understanding of their embedded relations.

lany types of mathematical problems including numerical,
geometric and deductive ones are now given to children to be solved
as a computer activity There are persusaive arguments that the use
of computers in problem solving renders it more active, inter-active
and engaging.

Certainly, the use of computer encoursges an experimentel,
empirical approach to problem solving. Consequently, children
vorking in a computer environment develop belief systems about what
constitutes successtul problem solving. Gurtner (1987) discusses
some of these beliefs when the problems vorked on are of a geometric
type. He suggests that one component of the belief system is that
success is completely identified with correct-looking screen
productions Thus, 'success' may be achieved even though the
iatrinsic aspects of the problem are completely circumvented.

It 1s this last puint mentioned sbove which 19 the object ot our
analysis W¥e reconsider a particular problem solving activity,

' Resgarch supported by the Quibiec Mirstry of Educelion, FCAR Grant #£Q3004
Dr J-L Gurtner wea visiting Cancordhe Universiiy on a Swias Government FNRS Grant
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already analyzed from a metacognitive perspective by Gurtner. in
terns of the relation between the process of solution and the
process of understanding.

4-TEE TASK:
The task was given to six twelve-year olds during Session #4.
They were presented with a comrputer printout

-

A

and wvere asked to write the (Logo) program that would produce the
above figure.

The children had at their disposal three Turtle commands for
producing the figure. These were.

BASELINE :¥X 1in which the turtle 'draws’' a horizontal line to its
right, X units long, and returns to its initial position.

A
o

X

TEE :X in vhich the turtle 'draws’ the figure Tee and returns to
its initial position.

ab = cd = X units

MOVE X 1in vhich the turtle moves horizontaily X units (to the
right it X > 0. to the lett 1t X < 0).without leaving a trace

-------a
X




¥ith taese commands. the goal figure was vieved as four Tees
placed on a baseline

¥hen the figure was presented to the children, some of 1its
features vere described as explicit conditions, namely
(i) the amall and large Tees were aligned on each side
(11) the large Tees were contiguous {"nc overlap and no gap")
Finally, a constraint on the order of the production of the
figure wvas added:
{ii1) the Baseline had to be constructed first (1.e¢ the program had
to begin vith the command BASELINE)

Tnsk Analysls

An exact solution of the task requires that the geometric
ronditions (i) end (1i) above be reinterpreted as numerical
relations which govern the choice of inputs to the coamands
BASELINE. TEE and MOVE Thus. labelling parts of the figure as
follows

FIG 1

and letting t and T correspond to the inputs for the small and large
Tees, ve have the folloving length relations

AC = DB=1/2t

T = 2t (alignment condition)

T =CD (contiguity condition)

These relations establish an implicit relation between the length
AB (vhich is the input to BASELINE, the first command in the
progran) and the length t (which is the input to TEE, the second
comsand in the program). Finding the actual relation between t and
AB is non-trivial and its derivation rejuires several algebraic
substitutions, i.e.

AB = AC + CD + DB m 1/2 ¢ + T + /2 t m 1/2 t + 26 + 172 t = 3t |
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Now. without our imposstion of condition (iii). it would not lave
been a very difficult task for these children. They would have, in
all likelihood, constructed the four Tees first ard then fitted the
Baseline by & sequence of visually-based trial and error
adjustuaents, 1.e.

iy

—_—b

By adding the constreint that the Baseline had to be chosen
first, ve greatly increased the complexity of the task. It meant
that, having arrived at an incorrect solution. the children would
have to (1) identify the appropriate input to be adjusted. (ii}
having change this input, and (iii) to reestablish all the relations
vith the other inputs. In particular, trial and adjustment strategy
could not proceed by isolating and modifying & single input

Two aspects of the children's solution interest us here.
(8) Understanding the problem and, in particular. the realization
that, once having chosen o fixed Baseline, all the other inputs wvere
determined. ¥e did not expect that the children would be able to
link t to AB (the unobvious relation t = 1/3 AB merely assured us
that the problem would not be solved surreptitiously) W¥e did expect
that the children would eventually realize that t was the only input
which they could freely modity. if they head opted for a trial and
adjustment strategy
{b) The choice of inputs and specifically, vhether the inputs
satisfy one or several explicitly derived relations

¥e proceed by analyzing the solution process of one child. vhich
was rather typical.

RO2A'S SOLUTION:

Rosa had elready spent most of the previous session (session #4)
on the 4-TEE task. In seasion #5 she restarted it, without loovking
back at her previous attempt




Rosa's initial progrsm, which was similer in nature to the one
she had produced in the previous session, was strongly influenced by
the symmetry of the figure - whatever was done on the left side of
the Baseline bad to be done om the right side as well. Her progran
had the following structure:

BASELINE AB

TEE T

HOVE CB

TEE t

HOYE BD right side
TEE T

TEE t
MOVE AC left sade

Her inputs were AB = 130, t = 20, T = 40, 2 = 0D = {0 and CB =
120

Ve note that bher initial attempt was very controlled. The choice
of inputs was done with care, and the relations T = 2t, AC = 1/2 ¢
ang CB = AD - AC were all satisfied. At this point there was no
particular linking of t to AB, except in that AB was quite large
compared to t and T. This night have been a deliberate strategy on
her part so as to allow her more manocuvrability; in the previous
session, she had consistently chossn £ as 1/2 AB vhich resulted in =
large overlap of the big Tees

Qutput 1

T i

Rosa's spontaneous reaction to the output was to 'shrink' the
Baseline. AB was decreased from 130 to 90 but none of the other
inputs was touched. Her expectation was that this action would have
on 'accordion’ effect of bringing the Tees on the left and right
closer together. as if she were desling with a rigid figure.




T

The output gave Rosa & clear indication of what else had to be
modified She then reestablished the relation CB = AB - AC by
decreasing CB fros 120 to 80.

oytput 3

T

The output indicated that the the goal figure was nov within
reach. The large Tees were much closer to each other than before and
this suggested an obvious action for closing the gap, namely, to
operate on those Tees This is, in fact, what Rosa did. She started
to close the gap by a sequence of stretches of these Tees. Thus the
input T, 1nitially 40. undervent six cautious increases, each of
vhich was folloved by an output on the screen. ¥hen T was set at 63,
no gep appeared in the output which led Rose to conclude that the
large Tees were nov contiguous

Rosa's actions were the start of the 'destructurelization' of the
solution. In her effort to close the gap. she forgot that T and t
vere linked by the relation T = 2t and that T should not be changed
on 1ts ovn She was 30 preoccupied with closing the gap that she
didn’'t even notice in the outputs that the small and large Tees vere
no longer aligned.

Furthermore. 1in contrast to her vay of choosing inputs earlier.
the nev velues of T vere not based on any explicit relations (such
as T = CD) Rather she adopted what we have termed the
‘qualitative’ approach of 'meking bigger’ (see Kieran et al. ,61987)
In fact, the large Tees wvere nov overlapping, something that was not
discernabls by looking at the output. Rosa had, in fact, replaced a
gap by an overlap and lost the alignment condition in the process

i . .
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Resa expected the output to indicate a successful solution.
However, now she did notice that the small Tees were too small and
not aliqned vwith the large Tees. She continued the
destructuralization of her initial solution by ignoring the
relations T = 2t and AC = 1/2 t and proceeded vith a single stretch,
changing the input t from 20 to 28, leaving all other inputs in the
program unchanged Her Tees now were neither aligned. nor
contiguous nor correctly placed on the Baseline.

Qutput §

T

Fosa realized that she was not getting any closer to a aclution
and gave up on the task.

DISCUSSION-

There are certain features of the attempted solution by Rosa
vhich vere quate prototypical of the wvay most of the other children
solved his and similar problems. Her initial solution., planned awvey
from the computer. respects most of the relations governing the
lengths of the different components of the figure. However., as the
solution process progresses, the screen output becomes the relevant
‘data’. There is no longer any attempt to either satisfy already
established relations or derive nev ones from the given conditions
Qualitative and local solution strategies become doainant. an
initially atructured solution becomes progressively more
destructured and ad hoc

This soiution behaviour wes prevalent even smong children who
snded with a 'auccessaful’' sclution (in the sense that the output on

& ¢
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the screen seemed to satisfy the required conditions) They might
have persisted longer with ‘patching up' the different outputs or,
eventually, adjusted the Baseline to fit the Tees, thus ignoring one
of the explicit constraints. In either case, they vere no closer to
really understanding the nature of the problea.
lost research into problem soclving has pointed to a fraquent

alterpation, while solving a problem, between the solution phase and
the understanding phase Tc quote Simon (1978), "The solving process
appears to exercise overall control in the sense that it begins to
run as soon as enough information has been ¢generated akout the
prublem space to permit 1t to do anything. ¥hep it runs out of
things to do. it calls the understanding process back to generate
more specifications of the problem space® {(our emphasis) To the
extent that the above typifies problem solving behaviour, the
behaviour that we have described seems rather anomalous. ¥e put
forvard the folloving explanation for this: Using a computer 1s an
action-oriented activity. once g solution phase ia started one
eldom out ¢f thipgs to dg. Consequently, the process ot
understanding may siaply not have an occasion to be called upon
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METACOGNITION: THE ROLE OF THE "INNER TEACHER"(3)

Ichiei HIRABAYASH! and Kejichi SHIGEMATSU
(NARA University of Education, Japan)

ABSTRACT

The nature of metacognition and its implication to
mathematics education is our ultimate concern to investigate
through a series of our researches. We argued in the last
iwo papers that metacognition is given by another self or ego
which is a substitute of one's teacher and we referred to it
as  "inner teacher”. In this paper we will show a more
concrete description of pupils' metacognition through
teacher's responses of the questionnaire. Especially we will
prove that there 1is a close correlation between pupils’
metacognition and teacher's utterances in class sessions.

AIMES AND THEORETICAL FRAMEWORK OF THE RESEARCH

The wultimate aim of our research is to have the clear conceptions
about the nature of metacognition and to apply this knowledge to improve
the method of teaching mathematlics. This paper is the report on the
preparatory works for this aim.

In our former papers presenied to PME annual conferences, we have
argued that metacognition would b2 formed through teachers' behaviors
snd utterances in the ciassroom lessons. If we may use a metaphor,
teacher enters i1n the pupil’s m;n? through the lesson and becomes
another self of the pup:sl, monitoring, evaluating the original gelf's
activities. So we have referred to this ancther self as :/mer teachker
because it plays the same ruvle as the actual teacher in the teaching-
learning situation.

The favor of this metaphor 18 that we could have the practical

methodology tr investigate the nature of metacogn:tion; that is, we may

only collect many variteties of teachers' behaviors and utterances in the
lesson and carefully examine and classify them from some psychoiogicral
view-points.

Foliowing tv thisa research scheme, we have done two worksa:

1) we have coltected teachers' utterances through the lesson
observation and make the list of the questionnaire t 'h to teachers
and students to Know which items are Lhe musl used during |essona
by teachers. Then, we have compared the two Kkind of these

responses, one 1A from teachers and the other s {10m atudents,
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We think that the items common to the both responses would be
suggest the essential components of metacognition. We should add
to say that the data from students were from university students of
mathematics course for eiementary school teacher and nonmathematics
courge for the same, and the contrast of these two kind of students
seemed to suggest some important things about the nature of
metacogni tion.

2) we have classified the said list of teachers' utterances for
the lesson of the problem-solving situation. As we will show later
this situation is the most promising to investigate metacognition
and we had alsoc here some Interesting results suggeative to our
future direction of the research.

METHODOLOGY OF THE RESEARCH

1. Teacher's Utterances in Class Sessions

(1) Making the list of questionnaire
We have gathered teachers’ utterances from the recorded
teaching-learning processes. On these records, we made the 1list of
questionnaire. We cilassified these items of questionnalre into 4
classes according to the types of teachers’ behaviors in the lesson:
1) explanation 2) question 3) indication 4) evaluation

From each category, scwme jtems are shown in the fojloving;

1) explanation
“1f you can draw a figure, you may solve probiem."
"1(teacher) myself used to make a mistake."
2) question
"Can you use this strategy at any place?®”
"Can you explain the reason for it?"
3) indication
"Read the problem carefulty.”
"Please give me an example for that. '
4) evajuation
"Good "

“You could have grasped the i1moportant point.*”

(7) Data collection
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We sent the queslionnaire to teachers in ail levels of schuol and
had responses from them, numbers of which were as follows:

1) Elementary school teacher 38

2) Junior high school teacher 24

3) High schoo! teacher 16

2. Students’ [mpressions about Teachers' Ltterances

we have used the same questicnnaire tu analysc¢ university
-gtudents’ mpression of their teachers' utterances in their scheol!
days. This is because, as we argued, teachers' utterances would have
became the important components of students' metacognition.

¥e collected the data not only from students in mathematics major,
but also in non-mathematics major. The numbers of each were ag fo!lows:

1) Student of mathematics major 29

”

Z2) Student of non-mathematics major 44

3. Metacognitive Framework of Problem-solving

A clas:rcom lesson inciudes varieties of activities of sludents
and among them we notice the so-called problem solving activities are
the most preferable phenomena to think over the nature of metacogn:t:on,

becausv there we may observe many features of this complicated concept.

Thus, we exclusively concerned with these learning situations in our

research of metacognition.

At first we introduce the riass.fication framewnrk of teachers’
utterances, which has two dimensions: one may be referred as the
problem soluing stages and the other as metaknowledge categortes, and so
we have 24 sections tn all as is ghown in the following figure, The
former dimension is suggested from that of Schoenf{eld and the second
from that of Flavell and both of them were a fittie medified by us.

tFigure 1) Metacognitive framework in problem solving

1. GFNFRAD STAuk

11) environment 12 task 14) melf 14) atrategy
2. ANALYSIS STAGE
21) environment 22) task 23 self 24) strategy

50
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. DESIGN STAGE
31) environment 32) task 33) self 34) strategy
. EXPLORATION STAGE
41) environment 42} task 43) self 44) strategy
INPLEMENTATION STAGE
51) eavironment 52) task 533 self 54} strategy
. YERIFICATION STAGE

61 environment 62 task 63 self 64} strategy

Some comments will be nceded about this framework.

To the Schoenfeld's stages we add the 'general stage' in  the
beginning, because we think that there are some metacoghitions which can
not belong to the specific stage of him but have influences tu ai
stages; for instance,

"Don't be afraid of mistake, you may do mistake."

would be made 1n any stage of studente activitlies,

RESULTS AND DISCUSSION

\

1. Categer:zatiorn of items

Contrasting responses fium teachers and students, wr  fasaified
them into three categnries according tc the frequency of coincidence, as
fotiows;

1) Category
In thls category each item is responded by above 50X of the
teachers and above 50X of the atudents. Same examples are as follows:
"Do you have any question?"
"Try to figure t out by yvurseives.”
"Yes, sure!"
2) Category [1I

In th;s category each item is responded by above 50X of the
teachers but by only a few students. Some examples are as follows:

"You &lready cxperience in solving problem similar to this."
“What 18 the given conditton?”

“!f you can solve prublem by a strategy, try to solve it by
another strategy.”

"It Is an interesting strategy."




3) Category 111
In this calegory each 1tem i3 responded by only a few teachers but
above 50X of the students. Some examples are as follows:
“This is a good problen”
"How can you describe it in the expression?

2. Sume different utterances according to the schoo! level

There are some difference in the number of responses accerding to
the school level.
1) Elementary school teacher
“What is the given condition?”
"Solve the problem 1n any way you like."
"You are bright.”
2) Junior secondary schouol teacher
"I{f you can draw the figure, you can solve the problem.”
"¥hen yuu neve {inisned, please check the problem and your
answer once more."
3) Senior secondary achonl teacher
"Have you finighed?"
"lf you lost your way in solving the problem, please read
und analyse the problem once more.”

3. Teacher's Utterances in the Problem Solving

Here we mention some interesting utterances that might have some
tnnnections with the formation of metaknowledges 1n each stage of
problem s0lving situation. Some 1tems are as foljows:

1) general stage
11) "You may make mistakes."
12) "This is the first time far you to so.ve thia tvpe of problem.”
13) "Solve the problem carefully.”
14) "Soive the problem by yourselves withuut other’s help if
possible.”
2) analysis stage

22) "You have already 'he experience i1n soiving probiem simijar to
thig.”

i
24) "If you can drav the figure, you can solve the problem."
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3) Jdesign stage
34) "This problem may not be solved by computation only."”
4) exploration stage
44) "Try to reduce the problem to a easier, and similar probies."
5) implementation stage
52) "This problem may be slightly difficult from the previous ones.”
53) "Don't do too many things at a time, or you may mistake.”
54) "How can you describe it in the expression?"
6) verification stage
62) "This problem is interesting.”
63) "1f you can't understand the problem and don't know the answer,
you must review it once more."
64) "Can you use that strategy at any time needed?”
In some sections of this framework, we can't find teacher's
utterances from this questionnaire.

CONCLUSTON

1Y In the classification of teacher's utterances, we can cleariy
notice that teachers speak very often for ‘indication’ to children. This
may mean that in our country teachers are apt to assume an att}tude to
‘teach’ not to meke pupila learn of their own accords.

29 In the framework of problem-solving ({figure 1), we see that
few utterances belong to sections 12), 14), 44) and 63). This may show
that teachers often emphasize the strategy of solving exclusively,
taking less care of other important features of solving activities.

3) In the comparison between data of teachers' and students’, we
can guess that teachers speak not sa much in the stage of 'design’ and
‘exploration’, but students have received much i1mpression from teachers’
utterances of these stages,

4) The comparison between students of mathematics major and
non-mathematics major in univarsity shows that the former may have much
metaknowledges concerning to the positive attitude toward problem-
sniving, while the latter neems to stick too hard to stages of analysis
and implementatnn.

5 Teachers' utterances are different according to the kind of
schanl  levei: Elementary schuol teachers' ulterances cover all of
stages of problem solving, but teachers of higher levels incline only to

SRS
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speak more in the particular stages of problem-solving especially of
‘analysis’' and ‘'strategy’.

tn this report we think that we could have clarified in sone
degree the close ieiation which the teachers' utterances has to the
formation of metacognition of the students, but we are still very far
from analysing the mechanism of the formation. Through we perscnally
believe that there would be the critical period of this formation in
around 3rd grade in the elementary school, the verification of this fact
must be left to our future researches,

Finally we s8hould thank to Prof. F.K.Lester,Jr. and Prof.
J.Garofalo for having much instructions from their #orks. We think our
research is different from theirs in the next two points:

(i} They seem to have their data through the individual teaching

and interviews, but our data originates fiom the daily classroom
lessons.
(2) Their data seem to come mainly from high schools, while ours

cover all levels of scheools.
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FORMALISING INTUITIVE DESCRIPTIONS
IN A PARALLELOGRAM LOGO MICROWORLD

Celia Hoyles & Richard Ness
Institute ot Education, Umiversity of London

Abstract: This paper reports a follow-up study to that presented in Montreal at
PMEXI, (Hoyles & Noss 1987) in which we reported on an investigation of
rupily interactions in a Logo-based parallelogram microworld. In this study,
we take account of pupils imbal and final conceptions, and present findings on
how understandings developed in the computer context were synthesised with
those deveioped within other domains.

The framework within which this study was located consists of four
dsnamically related components of mathemarical understanding: the use.
discrinunanion, generalisauion, and syithesis of mathematical notions (UDGS).
Such 2 model of learning presupposes an environment which allows pupils
actively to construct their own understandings on the basis of informative
feedbick. An interactive computer environment can (under appropriate
experimental conditions) fulfill such a role.

in this earlier study we noted some confusions between turtle tum and angle.
We also found that pupils frequently constructed procedures with more than
one variable (input). and used them without making the relationship between the
vanablcs explicit within the program -- these we referred to as implicit, action-
bascd generalisations -- and we noted that an awareness of the relationship at a
conscious level would be unlikely to occur without intervention. The study also
wlentified different levels of discrimination: discrimination of the features of
the figure without regard to its available symbolic representation, and
Jiseriniination within the symbolic representation without regard to its visual
outcome. Finally, we observed how the symbolic representation of a computer
program acted as a form of scaffolding, (Hoyles and Noss. 1988) allowing the
pupils to sketch out their global structuring of the problem before turning their
atrention to local detail. An overall conclusion concerned the impaortance of
pupils’ coming to synthesise the symbolic description with the geometrical
1mage.

Subsequent to the study we noted the need to investigate the following points:-

+ pupily conceptions of the relevant mathematical notions prior to the
¢xpenmental phase;

+ :f and how understandings developed in the computer context were
synthestsea with those developed within other domains,

a0
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We had also hoped to probe pupils’ classification of squares or rectangles in
terms of the set/subset relationship to parallelograms, but in the event were
unable to do so. These three issues constituted the objectives of the present
research.

Methodology

We undertook a study with six 13-year old Logo-experienced pupils. Our
experimental methodology consisted of the following research instruments all
of which were piloted and appropriately modified prior to the main study:-

» a pre-test consisting of an audio-recorded semi-structured interview,
including some written responses, to probe pupils' conceptions of
parailelograms, rectangles and squares:

+ a structured set of Logo based tasks, some to be attempted on the
computer and some off the computer;

*+ a post-test, again consisting of an audio-recorded semi-structured
interview, including written responses, to investigate what pupils had taken
away from the experimental work, and in particular whether there were any
changes in their conception of parallelograms, squares, rectangles etc.

The pre-test, which was administered on the day preceding the structured tasks,
sought to imvestigate:-

» how pupils spontaneously described a parallelogram; how they would
draw one and write down a definition;

» whether pupils were able to recognise correctly instances and non-
instances of parallelograms in a set of 13 shapes (including rectangles,
rhombuses and squares, as well as irregular quadrilaterals), and how they
would justify their decisions -- including convincing another pupil;

» whether pupils would be able to construct a procedural description of a
parallelogram in a ‘real-world’ context (of walking around a path) and in the
form of a Logo program;

The structured tasks followed a similar pattemn to those in our previous work --
with specific questions to be answered on and off the computer -- but with some
modifications. The pupils were given a Logo procedure for a parallelogram,
SHAPE, with the turns of the parallelogram (rather than the fengths of the sides
as previously) parameterised as follows:-
TO SHAPE -ANGLE] :ANGLE2
FD 200 RT :ANGLE1 FD 100 RT ‘ANGLFE2
FD 200 RT .ANGLE!L FD () RT ANGLE2
END

They were then asked to:

+ predict the screen outcome of typing SHAPE 30 150;

» construct a tiling pattern on the computer using SHAPE;

+ draw seven different parallelograms (all with sides 200 and 100) in
different oriemtations (including rectangles and squares) using their SHAPE

J1L
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procedure -- rather than leaving, as we had previously done, the choice of
construction method to the pupil;

» modify the SHAPE procedure to a procedure with one angle input only
(called NEWSHAPE). This aimed to see if they were aware of any necessary
relationship between ANGLE1 and ANGLE?2, (i.e. that their sum must equal
180°) and. if they were. whether they could make the relationship explicit in the
procedure;

« construct a procedurzs which would draw any parallelogram, no matter
what size or shape {called SUPERSHAPE). Such a procedure would in fact
need three inputs. In order for the pupils to reflect upon the generality of their
SUPERSHAPE procedure. we built in a communication aspect to the task: each
pupil was asked to draw any parallelogram he or she liked, label its sides and
angles, and give it to another pupil who would then try to draw the
paralleiogram with his or her version of SUPERSHAPE: the final outcome to
be discussed by the two pupils.

The structured tasks were undertaken during a whole-day session in the
University computing laboratory. Data was obtained using 'dribble files’ of the
pupils' work, the researchers’ notes, and the written work of the pupils.

The post-test was administered immediately following the structured tasks and
was designed to probe pupils' conceptions of the Logo procedures for
parallelograms they had constructed, whether the understandings they had
developed during the tasks had affected their view of the nature of
parallelograms and, in particular, their (possibly new) classification of
rectangles, squares and rhombuses with respect to the set/subset relationship
with parallelograms. The pupils were given the following procedure:

TO SUPERSHAPE :SIDE! :SIDE2 :ANGLE

FD :SIDE! RT :ANGLE FD :SIDE2 RT 180 - :ANGLE

E\'ll):D :SIDE1 RT :ANGLE FD :SIDE2 RT 180 - :ANGLE
They were:-

» asked to describe what shapes SUPERSHAPE would draw with different
inputs, justify their descriptions and draw, in particular, what SUPERSHAPE
100 240 would produce;

o asked if and how SUPERSHAPE could draw rectangles, squares and
rhombuses;

« given exactly the same recognition task as in the pre-test; that is, asked to
pick out instances and non-instances of parallelograms in a set of 13 shapes,
giving reasons for their choices:

» finally, asked whethe afl  the instances of parallelograms in the
recognition task could be drawn with SUPERSHAPE. and whether tnev could
use SUPFRSHAPE to draw shapes that were not parallelograms.




Findings

We concentrate on three areas of interest which emerged from analysis of the
data: the ways in which the pupils defined a parallelogram and how this
definition interacted with their activity, the reiationship between visuai and
svmbolic representations, and the pupils' initial and final conceptions of the
relationship between set and subset.

Pupils’ definitions of rallelogiam

In the questions on the pre-test designed to investigate spontaneous descriptions
ot a parallelogram, all the pupils drew what can be termed a prototype
parallelogram; that is, a parallelogram with a pair of horizontal sides usually
leaning to the nght. Their definitions ot a parallelogram were all declarative,
based on the equality of sides and angles. There was, however, an assumption
that a parallelogram had to be slanted’. This was enther stated explicitly in the
definition of a parallelogram. for example Gail wrote ‘The opposit (sic) sides
and angles are equal. It is slanting’. Altematively, it emerged later during the
recognition task. when a rectangle was rejected as an instance of a
parallelogram: for example, Lyndsey stated The angles are not meant to be 90
-- a parallelogram is u twisted square or rectangle....it's meant to be squashe.’.

Ihis throws light on pupils' perception of definitions and their ability to use
them -- and in particular, the frequent mismatch between pupils’ formal
defimtions and their mtuitions. Thus Lyndsey's formal definition was ‘all sides
are equal, opposite angles are equal’, yet her intuitive detinition was "it's either
a rectangie or a square squashed’. Simularly, Adam knew at a formal level that
parallelograms have two equal and opposite sides and angles, but excluded
rectangles and squares which had sides which were horizontal/vertical. He
decided however, that the square that was tited over was a parallelogram,
presumably because it displayed ‘slantiness’. Matthew was more aware of this
confusion and refused to answer whether squares and rectangles were
parallelograms -- saving “They're not parallelograms because of the right
angles. But I'm not sure (it looks like one;j!”.

The relationship between visual and symbolic representations

a) Concerning explicit geometric attributes: When asked to draw the
figure (away from the computer) that would be produced for SHAPE 30 150,
al] the pupils drew a parallelogram, although there was some confusion in the
labelling of the angles (similar to that reported in the previous study) and in the
orientation of the shape. In justifying why a | .:allelogram was the outcome, the
answers made general references to a parallelogram’s properties (for example
opposite - «des being equal) without any explicit reference to the features of the
cade relating to these geometric propertics. Thus there was, at this stage. little
evidence of synthesis of the visual and symbolic. For example, Gail drew and
labelled her paralleiogram correctiy. but when asked to write a procedure

9
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which wouid produce a given shape, she inserted the inputs the wrong v 1y
round.

We noted 1in the post-test a tendency towards a more precise definition of
refationships, for example. while pretest definitions tended to involve 'slanting’
or 'squa. ~ed’ squares, post-test responses focused rather more on the features of
the parallelogram which had been explicitly discriminated during the activity
isuch as the equahty of alternate tums in SUPERSHAPE). We noted an
mreased readiness to discriminate at the symbolic level. rather than only the
visual, For example. on the post-test (but not on the pretest), Lyndsey and
Simon both pointed to the code to justity their responses.

iy Concerming imphicit seometric relanonships. Despite the confusions
exhibited in the pretest over whether rectangles were parallelograms or not, all
the pupiis found no problem in using SHAPE correctly to draw rectangles (i.e.
by using 90 90 as inputs).  Additionally, all the pupils were successful in
drawing the seven parallelograms with appropriate inputs to SHAPE (i.e. inputs
whose sum was 180). However, when subsequently they were asked to
construct NEWSHAPE with only one angle input, their lack of awareness of the
relattonship was very apparent. L.yndsey, for example, was completely baffled:
when challenged to explain how she had obrained the correct inputs in the
presious question, she replied- "I took the angle and doubled it subtracted from
3601, and haived it to vet the other input”. She could not convert her complicated
pracedure tor calculation mnte s formal retatonship which could be used in
NEWSHAPE. In contrast, Gl used the same calculating procedure bhut did
manage (o formalise it by writing on paper, RT (360 - (ANGLE * 2%2 which
she then tidied up to RT 180 - tANGELE on the computer

In tuct both these girls and a third -- Emma -- used two pieces of information
About paratielograms which they considered as flowing from their definition
s the sum of the angles was 360. and opposite angles were equal). They were
0 busy doing these catculations -- which worked, of course -- that they did not
reflect on the values ot the two inputs or see the simple relationship between
them. An intervention was required at this stage, merely to provoke the pupils
to nake anothar look:
Rewcarcher:"Can you see any connection hetween the inputs t SHAPE?”
Lyndsevs rimmeditely)y "Oh L they add up to 180,
However, the understanding generated by this intervention tumed out to be only
transttory . Lvndsev subsequently wrote:
TEOONENASHIAPE ANGLE
FD 206 RT ANGLE FD 100 RT CANGLE - 180
ED 200 RTOANGLE FD 00 RT ANGLE - 180
L
‘Thus she made a common crror in vonverung they add up to 130" nto
mithematical language, However, when she tried out NEWSHAPE on the
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computer, it did not produce a parallelogram. She then debugged her
procedure visually -- i.e. she saw that she should type LT rather than RT after

the FD 100 command, and produced the following workable procedure:
TO NEWSHAPE :ANGLE
FD 200 RT :ANGLE FD 100 LT :ANGLE - 180
FD 200 RT :ANGLE FD 100 LT :ANGLE - 180

Thus there was no ultimate synthesis between the ordinary language to describe
the relationship between the two inputs, the Logo code and the visual cutcome --
on this cccasion the computer allowed her to circumvent an explicit symbolic
generalisation. Lyndsey had not really grasped the geometric relationship, as
was evident in her post-test where she again used her previous calculation to
find the second turn. Similarly Gail, despite deriving the relationship correctly
within NEWSHAPE, seemed to lose sight of it when she came to use
NEWSHAPE in subsequent work -- trying inputs of 70 and then 120 to create a
parallelogram whose first internal angle was 70°. This data throws light on the
cyclical nature of the UDGS model we have proposed elsewhere (Hoyles & Noss
1988) conceming the way in which, during the use of a procedure which has
first been constructed, attention shifts away from the symbolic and towards the
visual. Thus the symbolic relationship was made explicit during the
construction of NEWSHAPE, but when the procedure became a tool, the
consequences of this relationship were ignored.

The work of these three girls contrasted with Adam. The girls all worked in
direct mode on the computer, stamping the procedure on the screen, typing ar
interface and stamping another procedure. Adam (and the other two boys)
worked all the time in the editor. He constructed NEWSHAPE correctly, but
chose the wrong size of input for the shapes required -- he always chose the
complemer ry input in NEWSHAPE -- e.g. 30 when NEWSHAPE 150 was
required. Thus he focussed on the symbolic code of his programme, and had
not integrated its components and sequence with effects on visual outcome. This
highlights a further difficulty in switching from the computer to pencil-and-
paper -- the latter really had no real payoff for the pupil.

Overall, there was therefore evidence of synthesis between the visual and
symbolic representations at the level of definition of a paralielogram -- that is,
how the geometric attributes of the parallelogram in terms of equality of
opposite sides and angles were reflected in the Logo code; but not at the level of
geometric relationships inherent within the construction of the parallelosram,

One way in which we were able to gain insight into the way in which the idea of
parallelogram.was conceived, was by probing the extent to which pupils viewed
special cases such as rhombuses, rectangles and squares (in various
orientations).
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a) Rectangles and squares: As we mentioned above, all the pupils in the
pre-test were confused as to whether or not rectangles and squares were
parallelograms. Despite this, none of them found any problem with
immediately using SHAPE for producing rectangles. Thus they were prepared
to see that the general procedure SHAPE would produce rectangles as special
cases (when the inputs were both 90), even though they did not acknowledge
rectangles as instances of parallelograms. After the experimental phase, five
out of the six pupils were willing to see rectangles as parallelograms i.e. they
were willing to reject -- albeit tentatively -- their intuitive ideas and those
features of their prototype parallelegram which were not necessary

For example, with reference to a rectangle, Lyndsey said: "It is because
opposite angles are the same and opposite sides are the same, and that is what a
parallelogram is. Before I said a parallelogram is not a square or a rectangle. I
still see that is sort of right, but now I see it doesn't have to be squashed."” Simon
would not commit himself: "Well it can but -- I can't -- I don't -- I don't actually
think it's a parallelogram. It can be if -- working it out the way that you do on
the computer. It's like er... I'll put in various angles for the SUPERSHAPE -- so
it can make one of those (i.e. a rectangle) out of a parallelogram....But I don't
actually think it's a parallelogram....I think it's a rectangle.”

b) Rhombuses: In the pre-test recognition task au the pupils identified the

rhombus as an instance of a parallelogram. In the experimental phase they drew

rhombuses correctly, but in the post-test five of them gave 90 as the only
possibility for the angle input to SUPERSHAPE (while the inputs to the two
sides were correctly given equal values). [t was apparent that they were unclear
as to the variants and invariants of the rhombus's geometric attributes.
Interestingly enough, it seemed that they thought rhombuses had turns of 907,
yet did not refuse to designate a rhombus as a parallelogram -- which
contrasted with their professed intuitive definitions (which explicitly excluded
right angles). We conjecture that the focus here was on the lengths, not the
angles. Adam we< the only exception: he had a precise definition of a thombus
which related it specifically to a parallelogram as well as a square: "A rhombus
is a square parallelogram”.

Comnclusions

We are able to conclude that the mismatch between the pupils' fuzzy and
intuitive ideas of a parallelogram and their formalised definitions identified in
the pretest, was at least partially resolved as a result of participation in the
experiment: we conjecture that using the formal code helped to discriminate the
significant features of a parallelogram. As far as the relationship between the
turns is concerned, the pupils were able to make it explicit when requested, but
it is far from clear how far they saw the functionality of the generalisation thus
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gained. or were able to keep the relationship in mind when the procedure was
used as a module in a larger project.

A related aspect is the clarification of the set/subset relationship. There was

some evidence that the experience of confronting the relationship between

parallelogram and rectangles (by using and generalising the given procedures)

- did have the effect of introducing uncertainty into some of the pupils’

: conceptions, We hypothesise that the initial confusion displayed by the pupils

might arise trom the fact that pupils intuitively know that {apples} is a subset of

vfritd, This s different from the situation involving rectangles and

paraileiograms a <hightly detormed rectangle is very much like a rectangle --

and not tar oft being a tvpical parallelogram. The important relationshipy

chuange from those between the angles to the size of the angle. As far as

rhombuses were concerned, pupils initially saw them as tilted squares and )

. defined them as parallelograms in contrast to honizontally oriented squares, B

- which were excluded. We conjecture that in this case, the essential intuitive N .

: teature ot parallelograms -- their ‘slantiness’ - was crucial. This initial

conception of rhombuses persisted in the post-test.

L

We conclude by making three turther points. tirstly, we tound that our
interpretations were handicapped by not having the backup of longitudinal
data. and indeed not having a close relationship with the children (this situation
was quite Jitferent from that inoour earlier work), Secondly. we noticed tha the
rather directed nature of the tasks resulted in: i. some differences in approach
from ather studtes we bave undertaken, (for example, we noted very few
instances of puptls using the computer as scaffolding presumably because
insutficient soope was allowed for experimentation) and ii. the danger that
pupils almost inevitably produce a result, but without necessanly understanding .
how their actions led to this result. Thirdly, /6 pupils 111 the post-test, in
answenng o question m which they are asked to pick a shape which they know s
a parallelogram and write down a Logo procedure tor it wrote u procedure m
direet mode We interpret this finding as suggesting thar the 1dea of
SUPERSHAPE was not a4 functtonal tool tor them. Althouzh they were |
prepared toae ihe procedure when they were asked to do so exphioitly by the
sesearchers, thes reverad to direct dnive at the earhiest opportumity. Foally, we
noted v passing that the two boys in the study “vere completely prepared to
conore the tiner pomnts of the visual outcome of their procedures - a tinding

o contras et stronzly owath that of the arrls,

welerenmees :
oW Nees iR HTORKG Chgidren workimg an g structured Logo environment trom doing

. -, R, -

Ao KO da o Seeiny what maiters dgecaoping an understanatny of tne

Calaeanagram b g a Logo mucrowernd Progy of PAENT Mongrgal
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one mathemetics teacher

Carbara cawurshi -~ Upen university

Nature and purpose of the study

This in-depth study of ane teacher is part of a wider stody
ot & number of teschers which aims to explore their
mathematics teaching in all of {ts facaets., including:

their beliefs about mathematics. cognition, teaching and
iearning:

their ways of interacting with pupils in the classrcom;
their devising and presentation of accivities for pupils;
their ciassroum organisartion and management;

thneir assessment and evoluation of pupiis mathematical
iearning:

their assessment and evaluatiorm of thelr own work.

Its purpouse is to fird ouct more about what mathematics
teacning imoiies and involves, and perhaps about how
teracning can e more (losely related to the learning of the
cupils. 1 present oniy one teacher., Clare. in this report
beoa e iY welld be Impossible to do Justioe Lo more than
¢cne in the space and time available, ana because an
underetanding of the <tudy as A whole depends upon an

Appraeciation of the nature and depth nf the Aata coilected.

AT S T I TR T LT N RSP o g7}

Clare was fawvolved 10 the socond phase of the projdect. The
metrodelog, Yere o vubstantially that of lase study form of
3 =un~rantiail,; ethnograrhlc nature with participent
ind owome intervicwing as Jdiscussed in 3tenhuuse
“1r st phase had been one of exploring what might be
roin epth research intc teachers' classroom
in rathematics and ot evuiving a methodology. Ywo
sttt Loyl Tne Jdeveaooing methodology was then
At antter twn Feachers in the -erohd phase.

inen .ad me, Lhie reseAar her, in:

Discus3inn with the teacher abryt her lesson i{ntentions.
Farticlieant ubservatian ot o Llessnn ard recording by
Mot arirten flein notes,
3 LY ore o ording of Aaspeets of certain
idelw rdooriding of aspecte of certain 2
rgEeion with *Re toachey attopr A lecson about what nad
rre Rk awn o peroartiong of i 4nd Rey comments on
et operieutions of it
Ay itten comments From the teachier abgutl audlo
ide material from her ' averenm, and Laleing with
e ooty ¥ tmis material .
1S with the teacher abnut mathematics teaching
teratiy, about issues with which she was concernead and
avoul ner own stuaents and their learning.
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Conversations with some of the teacher's students.
Eliciting students' attitudes and opinions through
interviews and questiocnnairss.

Talking with the tescher and her coileagues about their
teaching, sometimos with video recordings of certain of
thelr classrooms as & stimulus.

Qualitative data was obtained in various forms: fleld notes;
audic and video recordings from the classroom end transcripts
of thess: audio recordings and transcripts of conversatlons
baetween teacher and researcher; audio recordings and
transeripts of pupil interviews; questionnaires from pupiuis:
video recordings and transcriots of teacher group discussion.

Circumstances particular to research with Clare

Clare, who had been teaching for about seven years, was a
competentt{eacher who was recognised conventionally as being
successful. She taught mathematlcs in a comprehensive school
of 12-18 year old pupils. Most observation and discussion
concerned one mixed ability class of 24 fourth-year pupils
(agsd 15) who remained in this class for all of their lessons.
Another of Clare's classes was also observed and discussed and
all of her classes completed a prepared questicnaire.
Classroom observations occurred once or twice per week over
two and a half terms. Discussions were fitted in before and
after lessons and at specially arranged times outside school
hours. As a result of all of this I built up a mental picture
of Clare as s mathematics teacher which I have tried to
exprass and defend with reference to the data which

collected.

Belisfs behind end implications of this methodoiogy

It is not possible to know obdectively either what occurs {n
a lesson or the reasons for it as all observation involves
interpretation. To speak rationally about what occurred and
why, the researcher neoeds not only to observe the event but
to get as close as possible to understasnding the teacher's
perception of the event. This involves a dilemma:

In understdnding the teacher's perceptfon, the researcher
needs to act as distancer, helping the teacher to sepsarate
her reflective self from her active self (Schon {2])) in an
effort to analyse better her actions and thinking fn the
classroom. This analysis requires self-awareness,
self-honesty and analytical persistence on the part of the
teacher, and the researcher can encourage these by asking
appropriate questions, urging further considsration and
offering support and encouragement. The act of distencing
is best possible when the agent is separate from involvement
in the action and thinking:; thus the teacher, being
intimately involved, finds it hard to be the distancing
agent for herself. The researchesr begins the act in this
separated position, but the very nature of her intention in
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undertaking the act., which is to get closer to the thinking
of the teacher, draws her into the web and reduces her
distancing capabilities.

Thus the researcher has to be careful with interprecations
which are based on the teacher's perceived perceptions. From
a distance she may be misinterpreting the teacher's words,
but as she becomes closer in undserstanding to the teacher
she may lose the ability to encourage the teacher to
question her own interpretations. The analysis which follows
must be viewed in the light of these remarks.

Analysis

It needs to be said that .he form of this analysis was not
obvious and the doing of it was not easy. I wanted firstly
to characterise Clare as a mathematics tegosher, and secondly
to produce a characterisation that was in somes sense
generalisable. I wrote down many attributes and many
dascriptive categories. I tried to substantiate my
descriptions with events and quotations. 1 found my
categorisations indistinct and elusive.

For example when working at the board on some aspect of
fractions, Clare said to the class, "Anyone who's ahead of
this, try to think how to explain the repetition in 1/7".
In one respect this is classroom management. Discussion was
on points of difficulty which some students were
exporiencing while others seemed to understand and were
possibly getting bored. This comment enabled them to make
progress while Clare gave her attention to the others. In
another respect it shows the level of challenge in her
instructions to students - "try to think how to explain'" was
typical Clare-speak, and it was to her credit that students
seemed not to be worrisd by such complex instructions.

One brief comment being so rich in interpretation
illustrates the complaxity of the task. I decided that I was
trying to distinguish too finesly and that what 1 nesded in
the first instance was a much broader brush soc I settled on
broader categorles which seemed to encapsulats Clare's
qualities., Due to limitations of spasce I haves chosen to
concentrate on Just three of these which have smerged
strongly from my observations of and discussions with her. 1
was influenced by the reporting and analysis of data in
Fenshem et al (31].

1. Classroom manapement and menagement of learning

Clare is strongly, sven forcefully. !n charge of what
happens in her classroom. Her expectations are both expliocit
and implicit in what ocours. Students respond favourably to
this, reocognising its value while ruefully admitting that
they might choose it to be otherwiss. She is most concerned
with encouraging students to think about what they are doing
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and why they arr doing it amd to organise their own work ang
thinking.
Some quotations from her instructions ir the clessroom:

“"Today we'll work on KMP (their matb. o hemer. WwWe'll have
twog lessons on this, so plan your work.”

"How many people have caiculators? Jt's & gnnn ilea to
bring them to all leszons”

“Think! - no, 1 mean a hands-dowr ttiabk."

"In order to get this off the ground, car we have Just one

persan speaking at a time. Because ;f vou thirk that ahat

you have to say is valuable then it is probably going %o bhe
valuable to everyone."

A boy complains, rather asgressively, tnet he dnecn’t know
what to do. Referring to the task set, he says "I've done
this before." Clare replies, "1 don't ask you to waste you:
time - don't treat it like that".

At the end of A cless prodect on ‘pentominescs’ the tyld the
class that they should nand {n their written report after
the next maths 'ersson. "S56,", she sald, "this Is the lesson
to see me and ask me abhopuyt it". She went on, "But if you
want a8 solution, I'm not going %2 give you one. Tihere's
nothing wrong with handing in + nrodect where you ha.en't
tfound an AnPswer. If I teii you, then vuu wun't et that
kick from having founu a1t yourseat'

In many of tne lessons which | observed, students chose
where to sit and with whom, but occasivnaily Clarve direrted
them into ocpecific positions or groups. '"Jerome, come ang
sit here please. 1 want y0u to work on yocur own today,
'cause I want to find out what you think about ....".
Daisy, will you work witr Jotn and Stephen todsy piease,
because 1 think you're all thinking along *he same [ines
.."., She disagreed strungly wilith one ot her culleayins who
claimed that friendship groups were the best form of
organjisation as they provided a secure and supporting
environment in which students could work. Clare believed
that students needed to work in diffarent situatior.: and
with dlfferent people for stimulation ana t j39im 8 variety
of experlences rather than aslways relying tn a (rotective
situation., [ cuserved tnat relationships wiithin Lhe clauss
ware mostly good and that students aid noet in general seem
to mind with whom they worked.

In ovne prodect where students were gatheris o, dr Fonomat for
about population Aistricatiors =ne suidg, "wil groues .
pool what you've found ang decide what auestions vou want
ask next"., And on another occasiti:, agalr to the who:e
class, "In abuut 3 mirnutes 1 want some fecdbhack fram you.
Just thinw about what you're goimg !¢ way."
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2. Sensitivity to students and their individual needs

Although her decisiveness and personality occasionally
verged on the formidable, Clare was also caring and
sensitive to students' individual needs and characteristics,
She was never unapproachable, and students tended to treat
her with a familier respect. She meintained an informal and
oftan Jocular relationship with them.

She wrote for me on one accasion, 'The students and 1 know
each other welil, There is trust and humaur on 8!l sides and
they understard that in the Joyful melee of mixed-ability
teaching, 1 will sometimes be lost for words, {n a muddle,
badly tuned, or Just plain wrong.'

Much of our recorded dialogue consists of her comments on
particular studeants: Daisy and Naomi who are vright but
stuck {n a rut and need to be stimulated; Jducques, who is
bright but in trying to cut corners does not do full Justice
to his thinking: John who has 'maverick ldeas' but has
difficuity in following them up;: Annstte who is totally
lack!ng in confidence and needs to experfence some SUcCCessS;
Frances who has such overwhelming difficulties that Clare
despalirs of ever being asble tu help ter: Jerome who s lazy
and will rarely make any effort, 1 have pages and pagas of
notes on these and others, and feel that I know them well
myself through Clare's descriptlons. After a particular
interview which I had with two students. Clare reported one
of tnam as asking in a wondering tone, “How does she know <0
mucty about us?"

1t {s typical of Clare to get excited about or to agonise
o er particular students at lungth., For example she said cn
one occasion, "1 hsve a student in the foundation year whoe
has a slightly embarrassing stutter and really can't read,
or write, very well. She is one of the brightest, most
~reative, mathematicians {n that graup. Wwhen I said
tbrightest, that's probably not what you could measure in n
test, jt'a not like that sort nt brigtt, tyt she's one that,
I can rely on to make the c.assroom come alive, and work
.yes, in an illumineting sense. Arnd she comes up with
ideas - the sort uf person who will invent things. [ mean,
she lnvented this morning the prime factor rectangle and the
tactor prime rectangle. She said, 'ls it alright far me to
invent . prime fartor rectangle?' anad I said. 'If you can
tell mp wnat it is. ves.' You know she's just so scurt of
apen and creative about the subldect.

In our discussion after one lesson, 1 had gsked Clare if she
had nnticerd a girl, virginia, sitting with her hand up for
auite some time. She replifed. ‘‘Yes, she did. It was auite a
gund lerssorn for Virginia because she doesn't always take any
pwart at all. and she was actually working very well this
mornifg." When (lare later listened to the sudia recording
of the le<sun and the discussion, she wrote as a comment: 'I
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sidestepped Barbara's comment about V's hand up by saying
she was working well. If she was waiting for me with her
hand up she wasn't working, and it was my fault! Guiltl!
hadn't really been on the lookout for hands up during the
lesson., I hope 1 haven't let Virginia down.!

3. Challenging the students mathematically

Clars expressed on many occasions her struggle with helping
students to develop their own mathematical ideas and
concepts rather than Just accepting mathematics from her.

"Naomi .. she's very bright.. but she couldnft divide 6 by
45, 1 wasn't going to tell her! But I couldn't think of
how to tell her how to divide fractions.,”

wWhen Frances and Joanne had come up with different results,
Clare said to each of them in turn, "You try to convince
Frances that you're right. You try to convince Joanne that
you're right.

In response to a coniecture made by a pair of girls she
ssked, 'What are you goihg to do to find out if that's
*rue?"

Many of Ciare's lessons involved prodect work in which
students were asked to investigate some given situtation. In
che example they explored the under and over patterns in a
plece of string when it was dropped onto the table., and
whether, by pulling both ends it was possible to form a
knot. Clare was very aware of her propensity to 'push ana
prod' and felt that when she had particular ideas or result:
in her head, she was llkely consciously or unconsciously to
push students towards them. She sald after one lesson on
Knots, "The way I work with thase things is that if I know
too much ebout where it's going, given that I do prod and
guide, I may well prod and guide people into directions
which may not be most fruitful ones, may not be the most
interesting ones to them.' In trying to expand on this and
Justify her thinking and motivation she later wrote, "It
sounds as if 'anything goes', but I only feel 'anything
within certain limits goes'. I will know the limits when I
reach them."

We watched a plece of video together of Clare working with
one studsnt, Annette, on a workcerd on ares. The sound was
particularly poor and Clare stopped the tape at one point to
explain, "This is a lovely conversation - it's all about
chopping up. It's an L shape. chopped into two rectangles,
and she actually realises why she has to chop it into two
rectangles. At one point she told me why to chop it into
two rectangles to get the figure, and then when I ask her to
do it, she does {(t totally differently. Instead of having
the L-shape chopped inﬁf tﬂ? rectangles, she actually makes
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it into a bigger rectangle. So I think, Oh Hell, but we'll
take her through this, and she get's there! She can't tell
me what she i{s going to do, but then she does it exactly
right - {t's ever so excitingl"”

Triangulation - students comments

There has often been a considerapbie period of time between
the collection of the data and analysis of {t. Very often
in the analysis questions arise where it would have been
nice to obtain students' comments. For example, regarding
the lesson where Virginis had her hand up for a period of
time without Clare noticing, it may have been helpful tc
have asked Virginia about her feelings and reactions to
being ignored. However. apart from occasional conversations
with students which happened spontaneously, all data from
students came from arranged interviews and questionaires at
the end of my period of work with Clare.

Some of the interviews produced unsolicited comments about
Clare's way of working which very strangly supported what 1
was seeing and what Clare claimed to be her purpose. For
example in response to the question: "wWhat do you think
about the way Clare runs lessons? About the organisation
and the things she expects vou to do or not do?", one boy
replied:

"Well she's basicelly very strict. It's a funny sort of
strictness because {t's not slt down and quietness ard this,
because she aliows & cartain amount of leeway. So I mean
she will lat you sit with veur friends when you start off,
and chat. but sooner or later she decides, you know, if it's
goad for you. I think that Clare wants you to get the best
of your cepabilities, that she is continually pushing you.
in some ways - in most ways it's good, but I have found once
or twice that it tends to worry you. you know you haven't
daone enough, or you are not dolng enough, and vou have all
the other sublects to worry about."

Another student said, "She seems to be pushing you 8alang,
you know, because I think she sees your capabilities more
than you do."

At anather time. in reply to a question about similarities
and differences between maths and other subidects a student
sajd, "I think in Maths, especlally with Clere people do
more woirk in the class as a whole. She is a much stricter
teacher and she really pushas you forward, to get your goel,
to the height of your ability. So I think a lot of people
are doing quite well in maths because she is always there to
give you that extra push and makes you go further.

Again on the subjdect of how maths is different, one student

sald, "1 think maths is different because everybody sort of
works ... with people talking I find {t much harder to
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work." I then asked, "Is that something to do with the way

Clare runs the lessons, or is it Just because Lt's maths?",

and the reply was, "vYes, I think it is because of Clare, you
wnow, if they talk they get into trouble., or get moved.

Conclusions

Care needs to be taken in gensralising from interpretations
of qualitative data of this sort (Stemhouse [1] : Cohen &
Manion (4}1). However, when [ have appllied the same level of
analysis to the second teacher of this phase of my study I
hope to bs able to make links between the findings on the
two teachers and possibly link back to the two teachers in
the tirst phase. I should like to explore whether the
differing emphases of the teachars correscond to differences
in their classrooms. whether ccimon bellefs or strategies
correspond to similer effects, whether there is any
agreement that particular ways of working promote
'successful mathematical learning' and how that is seen to
be defined, whether the ways the teachers see themsslves
developling have any cemmon features. I hope to foyrm some
condectures and quectlons which I can tske {nto the third
phasg faor testing. Ultimately I should like %o be able to
make some general statements related to the fucets listed an
page one.

I expect the third ohase of the study to be different to the
first twc in the folluwliig respects:

1) I wish to enter the third phase with well definud
questions which I want to pursue.

2y I hope to modify my methodology to improve on
deficlencies in the second phase. Ffor example I hope to
interview students closer to the event to ellow more
student input at the fine level of data collection.
I wish to explore how my own beliefs affect the
teacher's responses and actjons. Both of the teachers in
the second phase have {ndiceted words or opinions of
mine which have {nfluenced their thinking and 1 should
like to pursue this more overtly.
Related to (3). The relatfonship bctween teacher and
researcher has been fruitful according to teachers in
the second phase. I should like to look deeper into the
implications of this relstionship.

References

(1} stenhouse L. Case study & Case study records, British
Fiucational Resesrch Journal 4¢(2) 1978

{2) Schon 0. The Reflective Practitioner. Temple Smith,
London 1983
“ensham P.. Power C., Triep D., Kemmis S, Allenation
trom Schoeling Routledge & Kegan Paul, Lundun 1926%
Cohen 1. & Manion L Perspectives or. (lassrooms and
Sechools, Holt Rinehsrt & Winston, 19R]

105




- b33

LEARNING THE STRUCTURE OF ALGEBRAIC EXPRESSIONS AND EQUATIONS

Carolyn Kieran
Université du Québec a Montrea’

Abgtract. Thie= theoretical paper begins with a pbrief
discussion of the meaning of “structure®, within the
context of the early part of the high school algebra
course, Students’ diffliculties with learning the
structural aspects of algebra are shown by examples from
geveral cognitively-oriented, research studies. The paper
concludes with some guggestions for algebra instcuction.

ihe teaching of high school algebra usualiy beging with the topics:
variables, simplification of algebraic expresgsions, equations in one
unknown, and equation Solving. Students’ difficulties with these toplcs
hpave been found to center on (a) the meaning of letters, (b) the shift to a
get of conventions different from those used in arlthmetic, and (c) the
recognition and use of structure. Slnce the first two of these
difficultles have already been wel) documented in the research |lterature
(e.g., Booth, 1981, 1984; Kuchemann, 1981i; Matz, 1979), this paper reviews
gome of the research literature related to the third one--recognition and
use of structure. Because of space constraints, it Is not posgible to
review (n this paper all of the pertinent )iterature: a more complete
degcription can be found (n Kieran ¢ln presa b).

Structure

The term *structure” is used (n many different contexts throughout
thig paper. in a general sense, we refer to "acithmetic/algebrale
atructure® as a system comprising a set of numbera/nuinerical variables,
gome operation(s), and the properties of the operation(s). However, we
aigo reter In this paper to particular aspects of atructure, such as the
gtructure of expressions and the structure of equations.

“Structure® 18 defined by Webster to mean “"the arrangement of the
parts in a whole. the aggregate of elements of an entity in their
relationsh:ps to each other.* The former deails with arrangement or
dispogition; the latter with relationshipa. When we speak of the structure
of an algebraic or arithmetic expression, we mean both (a) the ayrface
atructure, which reters to the given form or disposition of the terms and
operations, subject when digposed sequentially to the constraints of the
order of operations; and atso (b) the aystemig structure (aystemic in the
sense of reiating to the mathematical system from which it i1nherits
propert.es), which refers to the properties of the operations such as
commutativ,ty and assoclativity, and the relationship®m between the
operations such 48 distributivity. The gystemic structure of algebraic
expressions permits ug to expreos, for example, 3(x + 2> + §
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equivaleatly as 5 + 3(x + 2) or as 3% + 11 and so on. Thus, the
structure of the expregsion 3(x + 2) + § comprises the surtace
gtructure, that is, the given ensemble of terms and operations--in this
case, the multiplication of 3 by x + 2, followed by the addition of 5-
along with the gystemic structure, that is, the equivalent forms of the
expression according to the properties of the given operations.

The structure of an equatlion incorporates the charactecistics of the
structure of expressions, for an equation relates two expressions. Thus,
the surface structure of an equation comprises the given terms and
operations of the left- and right-hand expressions, as well as the equal
gign denoting the equality of the two expressions. Similarly, the systemic
structure of an equation includes the equivalent forms of the two giver
expreasions. For examp!e, the squatton 3(x + 2) + § = 4x"2 - 7 can
be re-expressed as 3x + 11 = 2x - 7, wherein each expreasi(on 18
Independently transformed (1.e., simplified). GDecause of the equality
relationship Inherent in an equatlion, the left-hand expression contlnues to
be equivaient to the right-hand expregsion after Such systemic
transfornations of one or both expressions. The resulting equation 13 also
equivalent to the given equation., However, the systemic structure of an
equation compriges much more than the ayatemic structure of expressions.
Becauge of the equality relationship and system properties such as the
addition property of equallty ("If equals are added to equals, the sums are
equal*), the equation ag a whole can be transformed into equivalent
equations without necessarily replacing one or both expreasions by
equivalent ones. For example, the equation 3y + 11 = 2x - 7 13
equivaient to the equation 3x + 1} + 7 = 2x - 7 + 7, even though the
left-hand expression 3x + 1} is not equivalent to 3x + Ll + 7, nor s
the right-hand expression 2x - 7 equivalent to 2x - 7 + 7. Simitarly,
the equatlon 5x + 6 = 10 19 equivalent to Sx = 10 - 6, according to
the properties of our arithmeticsalgebraic system, wherein an addition can
be expregses as a subtraction. The sygtem properties of equaiity can be
used to generate an infinlte set of equations, in fact, a ciass of
equlvalent equations. 1t 18 thigs particular aspect of the systemic
structure of equations--that Is, the potential of generating equivalent
equations by means of propertiesa related to (a) performing the same
operation on both Sides of an equation. and (b) the alternate ways ot
expressing additiong and muitiplications 1n terms of subtractions and
divigiong~--that 18 9¢ crucial o the prccess of solving equations,

Variabies

High achoo: aigepra usua'ly starts with :nstruction 1n the czncept of
variable--a prerequis!te to understanding the gystemic structure of
algebralc expressions and equations. In elementary school, children have
alteady seen placenoliders in "open sentences" (scmetimes ca'lea miaa.ng
addend problems), and have used letters in formulas such ag the area of a
rectangie. However, their past experiences cannot eastliy be related to the
many uses of variable to which they are exposed |0 high Schoa. aigepra. .r
a large-scale atudy of some of the vari(ous ways tn which high school
students uge algebralc letters, carried out by Kuchemann (1978, 1981), It
wag found that most students couid not cope consistentiy with questions
that reguivel the use ot a letter as a specitic unknown. The fingings vt o
follow-up study, the Strategies and Errors in Seconcary Mathemetics (SESM)
project, reportea by Dooth 41?1?19 aygoest that some of the aifficulty

{




- U435 o

which students have in interpreting letters as representing generalized
numbers may be related to a "cognitlve readiness” factor: The iower

abi ity mathematlcal groups were unable to evolve In their interpretation
of letters as did the middle and top ablllty groups. Another findlng of
the SESM study was that, even though beglnning algebra students are
Initlally unreceptlve to the ldea of unclosed, non-numerlical answers (such
ag x + 3), instruction can bs quite effective in changing their thirking in
this regard.

Algebralc Expregsions

After being introduced to the notion of using letters to represent
numbers, the next topic in the algebra programme s usuaily operating with
these letters In the context of slmpilfylng algebraic expressions (e.g.,

@€x + 3x). Chalouh and Herscovics (in press) carried out 2 teaching
experlment (six children, 12 to 13 years of age) ln which they investigated
the cognitive obstacles invoived In constructlng meaning for algebraic
expregsions when using & gecmetrlc approach. In designing their teachlng
experiment, they took Into conslderatlon the work of Collis (1974) and of
Davis <1975) concerning the incongruencles between arlthmestic and algebra,
the consequent inabllity of novice algebra students to regard algebraic
expressions ag legitimate answere, and the difficultles they sxperience
with algebralc concatenatlion. Chalouh and Herscovica used an instructlonal
sequence that Included arrays of dots, line segnents, and areas of
rectangles., The lessons permitted the chiidren to develop meanlng for
expressions such as 23 + Sa, but most of the children were not able

to interpret thls expresslion as 7a, Thim study showed that

construct lng meaning for algebralc expresalons does not necessarlly lead to
spontanecus development of meanlng for the slmpilficatlon of algebraic
expresslons. wamn e

while the above study emphasized chlldren’s constructlion of meaning
for the form of algebraic expressions, other studles (e.g., Greeno, 1982)
have lnvestligated chlldren’s structural knowledge of these expreusions as
evidenced by the processes they use to slmpllfy them. Greeno (1980) has
suggested that the process of solving problems involves apprehending the
structure of relations In the problem. To test this !dea, he carrled out a
gtudy with beglnning algebra students on tagks Involving aigebraic
expressions (Greeno, 1982). He found that thelr performance appeared to be
qulte haphazard, for a while at least. Thelr procedures seemed to be
fraught with unsystematic errors, thus Indlcating an absence of knowledge
of the structural features of aigebra. Their confuslon was evident In the
way that they partitloned algebraic expressions Into component parts.
According to Greeno, beginning aigebra students are not consistent In their
approach to testing condltlons before performing some operatlon, nor with
the process of performing the operations. For example, they might simplify
4(63 - 3y) + 5x am 4(6x - 3y + 5x) on one occasion, but
do something else on another occaglon.

Algebralc Equatlons and Equation Solving

Students’ difficulties with apprehending the structure of algebraic
expregsiong carry over Into thelr work with the next toplc of the
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programme, algebraic equations (e.g., 2x + 3 = 7)., One of the findings
of the Algebra Learning Project (Wagner, Rachiin, & Jensen, {984) wae that
algebra students have troubie deaiing with multiterm expreasions as a
single unlt: Students appeared not to perceive that the baslc gurface
structure of, for example, 4(2£ + 1) + 7 = 35, was the sane as for

4x + 7 = 35.

A recent study with a teaching component (Thompson & Thompaon, 1987)
hag shown that lInsgtruction can improve studenta’ ability to recognize the
form or surface astructure of an algebraic equation. These researchers
designed a teaching experiment involving two instructional formats:
algebraic equation notation ana expression treeg di:splayec on a computer
screen. After instructton, thetr eight 7th-grade subyects (12-year-oids)
did not overgeneralize rules, nor did they fail to adhere to the structure
ot expreasions. They also developed a general notlon of variable ag a
placeholder within a structure and the view that the variable could be
replaced by anything: a numbec, another letter, or an expreasion.

A teaching experiment carried out by Herscovics and Kieran (1980}
emphagized ancther aspect of the structure of an algebralc equation: the
equivaience of left- and right-hand expressiong. In a gsries of indiviaual
gessiona, gix 7th-grade and 8th-grade children were guided in constructing
meaning for equations in which each expresaion did not contain 3:mply a
aumerical term ¢j.e., tor equationg with the surtace structure
ax t b = cx t d). The 1nstructional sequence pegan with an extension
of the notlion of arithmetic equality to Include equalities with more than
one numérical term on the right gide and then went on to hiding the numbers
of these "arithmetic identities.* Thls approach was found to be accessible
to these aigebra novices and etfective (n expanaing their view of the equai
sign from a *do something signal" (Behr, Eriwanger, & Nicholw, 1976) to
that of a symbol relating the value of the left-hand expression with that
of the right-hand expreasion (Kieran, 1781).

Many studies have focugsed on students’ knowiedge of parging ¢(i.e.,
recognition of the surface structure of an expression or equat.on). Davis
(197%), Davis, Jocwuoch, and McKnlght (1978), Matz (1979), Greero (i982),
and othera have all shown that beainning a'genbra students have enarmoud
difficuities in imposing structure on expressions i1nvoivihg various
combinationa of operationg, numericai termg. and !iteral terms. Parging
errors, such ag sumpllitying 39 - 4 tc 35x, have bern Ancumented in
geveral stugies. These game errors have been found to persigt among
col lege students (e.qg., Carry, Lewis, & Becnara, 1vHu»,

Another facet of arithmeticsalgebraic structure concerns the
relationship between the operations of addition and subtraction {ana
petween multiplication and division) and the equivalent exprea=m;nna of
these relationshipg (e.g.. 3 ¢« 4 - 7 and i!{2 egu vaient eiplession
3 =7 - 4). Knowing these relatjonships and their written forms cou'd
cohceivably enable a atudent to see that x + 4 = 7 and x = 7 - 4 are
eauivalent and that they have the same soiutirn. However, Such may not be
the cage: A group of s8ix twelve-year-otd begirning algebra students showea
congiderable confusion over equations invoiving the aadition-subtraction
relationship (Kieran, 1984). This was seen with two of their errore: the
Redistribution error and the Switching Addends error. In the Switching
Addends error, x ¢ a = b was considered to have the same sclution ag
X ® a+ b in the Redistribution error, x ¢+ a = b was congidered to have
the same sclution as x ¢t a - ¢ a b + ¢. In this last equation, the

10V




~ b37 .«

gubtraction of ¢ on the left was balanced by the addition of c on ‘he
right.

another aspect of structural knowledge considered to be lsportant in
equatlion solving involves knowledge of equlvalence constraints. Greeno
(1982> has pointed out that algebra novices lack knowledge of the
congtraints which determine whether traneformatlions are permissibie. For
example, they do not know how to show that an lncorrect solution is wrong,
except to re-solve the given equation. They do not seem to be aware that
an lncorrect solution, when subst)tuted Into an Incorrectly transformed
equatlon will yield differant values for the left and right sides of the
equatlon. Nor do they reallze that It is only the correct solution which
will yleld equivalent values for the two expresslions in any equatlon of the
equatlon-golving chain.

Students’ understanding of wvquatlon structure, as reiated to the
solution of an equation, was aigo investigated in the Kleran study (1984).
The six novices were presented with palrs of equations and were asked
whether or not the equationg had the same golution, without actually
solving the equations., The method the students used was to compare the two
equations, attemptling to plck out what did not match and, on the basis of
their arlthmetical knowledge, to determine whether the migmatches wece
legal or not. 1In scanning the equatlon-pairs for similarities and
dlfferences, the novices followed a left-to-right search pattern and rarely
seemed to be abie to take In all of the differences between the equations.
Thia inabliity of beginning algebra students to discriminate the essentlal
features of equaiions has Important consequences for learning theory.

Another large body of research exists in which the focus has been on
the procedures used by novices In the solving of equations. Some of these
studles have i1ncluded different *concrete® modellng techniques as a methoa
of helping students construct meaning for certaln forms of equatliong and
for the operat:ons carrled out on these equations. One such study was
carrled out by O’Brlen (1980) who worked with two groups of twenty-three
3rd-year hlgh school students. One group was taught meaning for equations
and for the manipulations performed on equations by means of concrete
materlals (bundies of counters and coilored cut.es). The manipulations
Involved removing objects from both aldes or adding objects to both sides
of the concretely-modeled equation. The gsecond group was taught meanlng
for manipulations using a generalization of the part-vhole strategy (l.e.,
the rejationship between additlon ana supbtractlion--2 + 3 = 5 compared with
2 =5- 3), often callied the *Change Side'-"Change Sign® rule. 0’Brien
found that the second group became more proficlent equation solvers than
the concrete materliais group.

Concrete models have aiso been used tn teaching experiments by Fifioy
and Rojano (1985a, 1985b) In studies almed at helping students create
meaning for equations of the type Ax + B = Cx and for the algebraic
operations used In goilving these equationa., Their main approach was a
geometric one, although they also used the balance model In some of thelr
gtudlies. Teaching Interviews with three clagses of 12~ and 13-year-oids
who already knew how to solve equations of the types x + A = B and
Ax t B = C showed that the use of these two concrete models (the balance
and the area models) did not significantly increase most students’ ability
to operate at the symbollc jevel with equatlons having two occurrences of
the unknown. The well known equatlon-solving écrror of combining constants
and coefficients was aiso seen in this study, in particular with the use of
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the geometric mode!. Students tended to fixate on the model and seemed
unable to apply previous equatlon-solving knowledge to the simplifled
equaklons of the instructlonal sequence.

A final study to be dlscussed In thls sectlon on equatlon soiving Is
one which dld not use concrete models but rather drew on the numerical
approach used In an earller teachlng experiment by Herscovice and Kleran
(1980)., At the outuwet of the study, Lieran (in preas a) pretested six
average-ablilty 12-ysar-olds who had not had any previous algebra
Instructlion. She found that the students showed two dlfferent
equatlon-solving preferences, both based on thelr elementary school
experlence with *open szntences.® Some preferred to solve the simplec
equatlons of the pretest by means of arlthmetlc methods such as
substltutlon and known number facts; others preferred lnversing, that ls,
solving 2x + 5 = {3 by subtracting 5§ and then dividing by 2 Cand In fact
geemed unaware of the potentlal of substltutlon as an equatlon-solving
procecure). Thoge who preferred substltutlon viewed the letter Iln an
equatlon as representing a number ln a balanced equallty relatlonshlp;
thoge who preferred lnversing viewed the letter aa havirg no meanlng unti]
its value was found by means of certain transposing operatlons. (See
Kleran, 1983, for more detalls on these students’ views of algebralc
letters.) In the teachlng experiment on equatlon solving whlich followed,
the procedure of performlng the sape operatlon on both sldes of an
algebralc equation was carrled out first on arlthmetic equalltles (e.g.,
{0 + 7 = 17), and then on the algebralc equatlons bullt from these
arithmetlc equalities (e.g., x + 7 = 17):

10 + 7 = 17 X+ 7=17

'
[
1
1
i

10 + 7 -~ 7= 17 -7 X+ 7-7=17 -7,
Kleran found that those students who had initlally preferred lnversing
(l.e., transposlng) were In general unable to make sense of the solving
procedure belng taught, that ls, performing the same operation on both
sides of an algesbralc equatlon. Thls suggests that, although lnversing Is
considered by many mathematlcs educators to be a shortened verslon of the
procedure of performlng the same operatlon on both sides, these two
procedures may be perceived quite differently by beginning algebra
students. The procedure of performing the same operation on both sldes ot
an equatlon emphasizes the symmetry of equations; thls emphasis 18 qulte
absent In the use of the procedure of Inversing. Although thls
Investligation involved only slx case studles of beginning algebra learners,
the findlngs suggest that there may not be Just one path which Is followed
Iln the learning of algebra, Some learners focus initlally on the given
surface operations and on the relationshlp of equallity between left- and
right-hand expressions of an equatlon; they may be more open to the solving
procedure of performlng the gsame operatlon on both sides. Other learners
focus Immedlately on transposing and on the lnverses of the glven surface
operations; they may prefer to solve equations, not by the
same-operat lon-to-both-sldes method, but by extendlng thelr transposing
method,

b os 1_ Concluding Remarks

The early learning of algebra Involves grappling with the topics of
varlabies, algebralc expressions, equatlions, and equation soiving. The
research discussed in this paper has shown that students have difflculty
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with recognizing and using the structure of introductory algebra. It has
been found that scme aspects of thils difflculty are amenable to
instructlon; others less so, One particulariy troublesome area concerns
the understanding of a partlcular feature of algebraic structure--the
equallty relatlonship between left- and rlght-hand expressions of
equations. Thls relationshlp 18 a cornerstone of much of the algebra
instructlon currently taking place. It is the basis of many of the
concrete models used to represent equations and equatlon solving; Lt is
also an Integral part of the symmetric procedure of performing the sane
operation on both sldes of the equatlon. However, it has been found that
for aome students, teaching methods based on thls aspect of the structure
of equations often do not succeed. For these students, who tend to view
the right side of an equation as the answer and who prefer to solve
equationg by transposing, the equatlon I3 slmply not Seen as a balance
between right and left sides, nor as a structure that {s operated on
symmetrically. That understanding geems clearly to be absent. These same
students also appear to have dlfficulty in formallzing even such simpie
relationships as the equivalent forms of addltlon and subtraction. Another
finding of many of the studles dlscussed in thls paper concerns the
tnabiiity of beginning algebra students to "gee® the surface structure of
algebrajc expressions which contaln varlous combinations of operations and
literal terms. This difficulty seems to continue throughout the algebra
career of many students, as evidenced by errors such as reducing

(a+ B+ g)a+th)toc, aeen among col lege students. In

conclusion, many high school students appear to be experiencing Secious
obstacies in their ability to recognize and use the structure cf school
algebra, The challenge to regearchers is to devise studles that wi!l push
forward our knowledge of how students can come to understand the structure
of elementary algebra and of algebralc methsds.
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THE INFLUENCE OF TEACHING ON CHILDREN'S STRATEGIES
FOR SOLVING PROPORTIONAL AND IMVERSELY
PRGPORTIONAL WORD PROBLEMS
Wilfried Kurth, Universitat Osnabriick, W.-Germany

Prior ta the teaching unit, children are left to strategies of
their own, when they try to solve proportional and inversely
proportional word problems. With the help of a test, several
succesful and error strategies were found. During the teaching
unit, children have lsarnt to relate word problems with the
concepts "croportion" and "inversely proportion" and to solve
them by using characteristic peculiarities of these types of
function.

In this way., the children become more succesful 1n general,
but the different types of error decrease ta a different
extent, some don't decrease. One type af error - to take an
inverselvy proportional problem for a proportional ons ~ even
increases distinctly. The results of the i1nvestigation are
presented and then are tried to be 1nterpreted.

The solution of proporticonal and inversely proportional word problems is
mainiy taught in the seventh grade in schools of all types 1n the F.R.G.
{age of the pupils about 12 years), The aims of the corresponding teaching
unit are
- the abi1lit, to gather from the text whether the function 1s proportianal
ar 1nversaly proportignal {or neither)
tne ability to soive the probiem by applying & procedure that corresponds
to the respective function. This procedure (e 5. the rule of three, the
methad of fraction operators. fractional equations; 1s usually introduced
as a schematlic procedure. 1. e the "ules applied are presented 1n a

particula- optical fashion

A typical kinc of problem 19 the missing value-problem which requires the

calculatiun of » forth value an the basis of three given ones
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The cnildren already know the arithmetical operations (multiplication and
division of rational numbers) for solving proportional and inversely
proportional problems. The question is, how far this knowledge will help
pupils to succeed in working out a strategy referring to the situation
presented in the text of the sncercise.

Within our investigations wo are mainly engaged in finding out which
strategios and types of error are produced by the pupils before and after

tho teaching unit and how these changes can be explained.

The investigations are composed of a oreliminary test {before the teaching
unit), teaching observations in some classes, and a follow-up test 1denti-
cal to the first one {about 6 weeks after the teaching unit). Additionally,
we interviewed some pupils 1n order to get more information on their pro-
blem-solving-process. 217 pupils from 11 classes of the "Realschule" (the
secondary school within the tripartite school system of the FRG) were

1nvelved 1n the investigation outlined here.

The test consists of 10 missing-value-problems (5 proportional and 5§
inversely proportional). Previous investigations (Hart 1981, Karplus et al.
1983, Kurth 1987, Noelting 1980) showed that pupils adjust their strate-
gies very much to the chosen ratios, i. e. possible calculation diffi-
culties i1nfluenced the extraction of the operations from the taxt of the
exercise., If the three given values a, b, ¢ and the unknown “"x" are arran-

ged 1n a table (My, Mo are the two measure spaces)

My M2

the five following combinations of ratios are inciuded {(a, b, c, x 1nteger}:

1) ¢ .8 and b:a both i1nteger
2) c:a integer, b:a not intepmr

d) c:a not 1nteger, b:a integer
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4) c:a = 3:2, b:a ¢ 2:2, b<a
5) c:a, b:a both not integer, both not equal 3:2, c<a, b<a.

Each of the five combinations refers to one proportional problem (no. of
svaluation: 1-5) and one inversely proportional problem (no. of evaluation:
8-10) occuring in the test in a mixed order:

Test exarcises according to the order of evaluation:

1. Out of 7 liters of milk, you can make 42 grams of butter. How many grams
of butter would you get from 21 liters?

Within 5 days, a potato-chip factory uses 6 truck loads of potatoes. How
many truck loads of potatoes would the factory use within 30 days?

In 12 goconds, a water pump can fill 38 liters of water into a pool. How
many liters of water can the same pump fill into the pool in 9 sec.?

There are 10 eggs to 8 table-spoons of milk in a pancake recipe. How
many table—~spoons of milk are there to 15 eggs?

In 20 seconds, a computer printer prints 15 linas. How many lines does
it print in 8 seconds?

4 identical pumps empty a swimming pool in 40 hours. How long would it
take 20 pumps to do so?

5 idsntical lorries remove a heap of r .ble sach by driving 12 times.
How many would each of 15 lorries have to drive to remove the same heap?

A water supply lasts for 68 days {f you daily take 18 liters. How many
liters may be taken daily, if the water supply is to last for 4 days?

For 8 sheep, a feed supply lasts 15 days. How long would the same feed
supply last for 12 sheep?

. A cortain amount of potatoes is filled into 15 kilogram-bags. 8 bags
are filled. How many 6 kilogram-bags could have been filled using the
same amount of potatoes?

According to preliminary examinations and to i1nvestigations by Ljybeck
(1978), Karplus (1983), Noelting (1980), Vergnaud (1983), pupils’ success-
ful strategies can roughly be claasified into the two fallowing forms,
called the "A-Form"™ and "B-Form” by Lybeck:

A-Form: The children try to first establish a multiplicative relation

between a and b (according to the proportional and the inversely
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proportional coefficient respectiveiy) and then transfer 1t 1o tne
pair (¢, x).

(This strategy 1s called "Within strategy™ by Noelting . and
"Function" by Vergnaud ).

The children try to first sstablish a multipiicative relation
between a and c (according to & scalar operator) and then transfer
1t~or else the reciprocal operator with 1nversely proportuions-to
the pair (b, x).

(This strategy 1s called "Between-sirategy"” by Ncelting , and
"Scalar” by Yergnaud ).

Remarkable types of errors are:

Additive strategies (add) The pupils try tc establish a relation betweer a
and ¢ (similar to the B-Form) but chose an additional operator and transfer
it to the pair (b, x).

Davidend and divisor exchanged tciv) The pupils exchange a.vidend ang
divisor where & division 18 required.

Wrong type of function (wf): The pupils take a pruportional problem for an
inversely proportianal one and vice vorsa.

No attempt made (na). No attempt 13 made to solve tre problem.

Results of the preliminary (p) and of the follow-up test (f, (data shown in

percentage referring to the total number of pupils (N = 217).

Proportions-

No. of evalustion

Success rate

A-form
B-form

JES GRS WU WIS

ad
div
wf
na

————— -4




Preliminary test:

On the one hand., 1t becomes clear that with i1ncreasing "unfavourable” ratios
the guccess rate in solving the problem 1s decreasing and the application of
additive strategles as well as not attempting the problem 1s rising.

Mu. 2 and 3 show clearly that the childien look for integral ratios when
chosing their strategies No. i shows that given an 1nteger A- and 8-ratio,
pupils prefer the B-strategy.

Most of the B-strategies 1n excercise 4 (21 X} also show that pupils are
inclined to use correct additive strategies: The ratio c:a = 3.2 allowa the
application of the special strategy f(c) = fiatas2) = f(a)+f(a)/2 = b+b’'2
whien utilizes tne additavity of the proportional function f

The 1nterviews have shown that the successful application of the B-form 1n
no. ] and 2. too, 1s based on the concept of multiplication as a short form
of writing an addition. The children try to find out, how many times the
magnitude 3 goes into b, got the scalar operator, and transpose it 1n My,

or they even add a+a+... until they get to b. then count the number of

times they have added a and so add ctct

If this concept 1s no longer applicable, pupils switch to the wrong strateyy
“add", which only reflects the monotonous character of the proportionality.
Difficulties occur when pupils try to apply the A-form 1n no 4 and 5. here,
too., a confined concent of multiplication and division becomes clea:
manifesting itself according to the fcllowing rule :hich was valid during
elementary school education: “"You can only divige the larger number by the
smaiier onhe™.

Fischbein (1985) showed, that 1t 1s difficult for pupils to detach

themselves from these "Implicit Primitive Models”.

Follow-up test

The still high percentage of "div'-mistakes 1n no ¢ and 5 is due to puptls’
failure who learnt a procedure based on the A-strategy. "Implicit Models"” of
division could not be raduced 1n this case

The tvpe of error “add"” hardly occurs because the cupils rarely did any

addition or subtracticn during the teaching unit.
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Results of the preliminary (p) an? of the follow-up test {f).

Inversely proportions:

No. of evaluation

Success rate

A-forr
B-form

ad
div
wf
n s

Preliminary test:

There 1s no tendency towards a decrease in the success rate with 1ncreasing
"unfavourable" ratios of numbers. This was not expected anyway because the
A-strategy - in this case beginning with a multiplication which is followed
by a division with an integer result - is always a strategy that avoids
fractional numbers. Yet, pupils like to use the B-strategy even with an
integer B-ratio (no. 6,7). "Correct" additive strategies as used in
proportions (f(x+x+...+x) = f{x)+f(x)+...f(x)) do not occur in inversely
proportions. The fact that pupils still try to use them, partly explains why
the percentage of "wi"-mistakes with 1nversely proportions 1s higher than
with proportions. To what extent the problems for pupils are 1nfluenced by
the ratios, 1s 1ndicated by the extremely high percentage of the
“wf"-mistake in no. 8, for, here, the i1ntege A-ratio (b.a = 18:6) provokes
a proportional A-strategy. In order to exclude the possibility that other
factors = 6. g. text variables - caused the mistake, the texts of no. 8 and
10 were exchanged by kseping the numbers in another investigation. The

results were similar.

In no. 9, the high percentage of "add"-mistakes with low percentage of
A-strategies at the samo time, is caused by the presented situation. The

intermediate result a‘b bslongi-.; to the A-strategy 1s more difficult to

iy




1nterpret 1n this problem than in the othor four 1inversely proportional
problems. Switching to a B-strategy - with “unfavourable” ratios of numbers

given - leads to the "add"-mistake.

Follow-up test-
The most remarkable result of this test 1s the distinct 1ncrease in
"wf"-mistakes when compared to the preliminary test. Based or the inter-
views, we are able to name an important factor for this result: In the
preliminary test, no pupil has as yet determined a pattern to solve ihe
problems but each new problem requires pupils to find a way to solve 1t,
1. e. the pupiri hzs to form hypotheses for his solving process from the
concrete context of the problem, to calculate and 1nterpret partial results
thus, to test his hypotheses and thereby to solve the problem sequentially
and within close analysis of the concrete context.
This s:ttuation differs considerably from the one in the follow-up test: The
pupil has learnt to relate the excercises with the concepts "proportion" and
“invarsely proportion” After having cacided on the type of function he 1is
now capab.e of using the respective procedure mechanically like a computer
programme. His 1nput, 1. e. his analysis of the context of tho problem, 1s
confined to the decision on the type of tunction. Especiaily here lies the
danger .
Let us have a loock at no. 8 for example:
A water supply lasts for 6 days 1f you daily take 18 1i1ters. How many
liters may be taken daily. 1f the water supply 1s to last for 4 days?
In many 1nterviews, the type of function was determined wrongly: "The more
days. the more water will be used. That 1s: proportional™”
There 1s, 1ndeed, a proportional relation - as just mentioned - 1n the first
clause of many inversely proportional problems. Pupils chose their procedure
on the basis of this relation. The procedure then runs without further text
ana'ysis and often, too, without applying the final result to the content
once again. Thus, there 1s no protection against a wrongly determined type
of function.
The previous explantations have shown possible dangers of automating the

solving of word problems to & large estent.
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Tnat part of tne scliution which cannot Se 2utomaied 43 FEIuiES Wi i,
Thi1s 19 a correct and possible way to solve word-problems, tut

children, 1t 1s a new and unfamiliar way tc work with conceptls like

"function", “proportions”, “inversely proportions” and to scive oroblems by

arplying procadures which are based on characteristics of these types of
function.

Obviously, teaching does not take this aspect into account sufficiently.
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CONSTRUCTING BRIDGES
FROM INTRINSIC TO CARTESIAN GEOMETRY

Chronis Kynigos
institute of Education Umiversaty of London

Abstract, Turtle geometry, apart from being defined as intrinsic, has a special
characteristic, it invites children to identify with the turtle and thus form a body
syntonic thinking “schema”, to drive it on the screen to make figures and shapes.
This is a report of on - going case study research, whose aim is to investigate the
potennal usc of this "schema” by young childven in order to develop understandings
of Cartesian geometry. Three pairs of 11 -12 year old children with 50 -60 hours of
experience with turtle geometry participated in the study.The results presented here
fughlight the children’s conflicts ansing from their attempts to use a coordinate
method to control the turtle. A model of a synthesis of their insights into coordinate
notons 1s proposed, together with a model of the schema they seem to have built
Junng their expenence with turtle geometry prior to the study. Some examples are
then given of the children's dissociations from their "intrinsic schema” and their
subnequent understandings of specific coordinate notions.

The theorencal framework of the study is based on the role of Logo and turtle geomeay witkin a
specitic view of mathemancs education; 1.e. leaming mathemancs is seen as an on - going.re -
organissuon of personal expenernice, rather than an effort to describe some ontological reality. The
child learns mathetatics by building with eiements which it can find in its own expenence (Von
Glaserfeld. 1984) Papen (1972) uses words like "doing™ and "owming” mathematics to stress the
dynami and active mnvolvement of the child. Hoyles and Noss (1987} use the notion of "functional
mathemancal activity”, r.e. the child using mathematical ideas and concepts as tools to solve
probiems in situations which are personally meaningful. Logo 1s seen by more and more educators
as a powerful ool for creaing educational environments in accordance with the above perspective.
Turde geometry, a very important part of Logo. has a particular characteristic; when children "do"
urtle geometry, they can 1dentify with the turtle, and therefore use personal experience of bodily
motion to think about the shapes and figures they want to make (Papert 1980, Lawler 1985).

My approach to tus dunking “schema” which the chldren seem 10 adopt for doing turtle geometry
(called “intrinsic thinking” by Papert and Lawler), does poi pre - assume the nature of the
geometrical notions used when the schema is employed to drive the turtle on the screen. It is
«nfomed. rather, by research into the structuning of intuitive geometncal knowledge, i.¢. the way
chiidren link very simple sets or "units” of such knowledge to the turtle’s actions. They acquire
these “units” from very early personal experience of movement in space. DiSessa might call these
units "phenomenological pnmitives”, although his study was in the context of physics (diSessa

1982). Lawler puts forward the \:=tion of a "microview" to talk about domain specific fragments of

personal expericnce. He contends that the personal geometry “mucroview” is “angestral” to the
ntrinsic geomewy "mucroview”,
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However, the nature of the geomeu:cal nottons underlying turtle geometry is characterised by
Papent as intrinsic, i.e. that turtle geometry belongs to the family of the differential geometrical
systems where growth is described by what happens at the growing tip (Papert 1980). This
geometry is contrasted to the "logical” euclidean geometry of theorems and proofs and to the
"analytical” cartesian geometry where changes of state are caused by location descriptions. Papert
discusses the different nature of these geometrical systems and argues that it is mathematically
important for childrea to understand the relations between them. As part of a wider issue of the
potential of intrinsic thinking for the learning of geometry (Kynigos 1987a), this study addresses
the problem of whether it is possible for children to use this powerful thinking tool which they
adopt naturally from doing turtle geometry. to develop an understanding of the cartesian
geometncal system and its relatonship with the intrinsic. For convenience this thinking schema will
be refered to as the "inmnsic schema”™

QBIECTIVES,
The aim of the study was to investigate in detai different aspects of the same problem 1.¢. the extent
to which it s possible for children to use their intrinsic schema for developing an understanding of
coordinate grometry. The method employed involved the ecouraging of the development of three
separate iearming paths, each employing a differcnt conceptual base for descnbing the plane (fig.1),
thus building a different "bridge” from intrinsic to cartesian geometry. All the paths consisted of
three categories of activites (fiz. 1) widh the aim of:

Category 1) illuminating the process by which the children developed an understanding of a
systematic description of the plane (fig. | - A.B.C).

Catggory 2) illummating the nature of children's understandings of the absolute coordinate and
heading systems, while using a non - intrinsic method to change the turtle state in the coordinate
plane (fig. 1 - D, E).

Category J) investigating if and how they used their inmnnsic schema to relate intrinsic and
coordinate notions while choosing a method of changing the turtle state 1n order to make
measurements on the coordinate plane ("T.C.P." microworld. fig. 1, F).

METHOD,
Three pairs of 12 year - old children participated in the swudy. one for each path (fig. 1). Prior to the
study the children had had around 60 hours of experience with turtle gecometry (they did pot know
about the SET- commands) in an informal, investigation - type classroom setting as members of a
Logo club of 20 children in total. The research was carried out during school hours in a small
“research room” and each pair of children participated in three 90 to 120 minute sessions, one for
each category of activities, in a total period of no more than a week for each pair. Soft and hard
capies were produced of everything that the children said and typed. The researcher also kept what

123

il i




£

TN

i ) 1Y IVAY AdDD 157

'SIATON Jo A1082182 YOBI UL PIAJOAY SHSEL 3} PUR Aprus 3y jo aronas au jo uresdeip y T

0L-0L)

) (06 0Z')

(sureu) FLRIM

(Puren) SAYYMOL HLAS
(Pww) $04.1.35

(3n[ea) 2135
(onfea) X.LHS
(an[ea) HITS

(Surou) NOLLOTMIQ LY
(wreu) IONVLSIA Q4
(aurew) NOLLOFHIA ¥d
(owsu) IONVLSIQ ¥d

ad ‘nd
(fiwenb) 11
(fmuenb) g
(Amuwenb) 1y

‘SPUBLLIUOD 3[qE[TRAY

(0¥ 00D
X

ad ‘'nd
(aureu) ginim

(oure) SAUVYMOL HLAS
(urew) SOLLIS

!SPUETLILIO) J[qR[IRAY

0o o9 X
—

(3umu) LLRIM

(MEA) £13S

(ones) x.14g

(sures) H13s
ISpUeUIIOI J[qe[reAr

ad 'nd-

(Anwenb) 37°'Ly
(Amuenb) yg, qd
(Suren) NOLLOZYIA ¥d
(oweu) IINVLSIA ¥d
(ouren) 3 SO4

‘SPUBILUILON J[GR[TRAR

)

<

—

VisFon oy

ad'nd

(Amwenb) 17'1y
(Anuenb) g 'qy
(3weu) NOLLOTIA L3
(surev) IINVLSIG Q4
(auwBy) NOLLO™I] ¥d
(aumu) FINVLSIA ud

‘SPUBUNUCO J[qR[TRAR

(poseid azom Loy topro
A wr siutod suof)

®, 1004
@ 4 (nqunu) 4 ¥ 3oV

{SPUBLLOD J]qETTRAR

1\ 2]

(krpwenb) g aaﬁauﬁugﬁ&—n .

e 1

sat103m8)




- b2 -

they wrote on paper, prxiuced graphics screen - dumps, and took notes on anything of imponanc
which would escape the rest of the data,

A rather detailed analysis of the data was requtred in order to unders.and the children’s thinking
processes, especially at times of conflict created by environrrents which embedded notions which
wers "dissonant” to their hitherto experience. A substantial component of the anaivss therefore 1s
in the form of "significant” episodes during the children’s activiti2s illustrating the nature of their
insights or confusions related to the research issues.

RESULTS,
The 1esults presented here concentrate on the activities of the children dunng the category 2 tasks
which invoived 1aking the turtle to specific points on the coordinate plane (shown on the screen by
a cross sign) with the only available means being the coordinate (SET) commands (fig. §, D). For
the categary 2 and 3 acaviues ifig. 1 D, E, F), the researcher imposed posiuon changes dependent
on the turtle's heading, i.e the turtle could only mnve towards where it was heading.

As aresult of the analysis ot the data, a model of a “coordinate schema” is being developed, which
synthesises the children’s insights into the notions invelved in the coordinate conwrolling of the
turtle. The model consists of heading and position change schemas, which the children seemed +>
be in the procsss of building as a result of dissociating from intrinsic nonons, This process of
dissociating from the intrinsic schema and developing another. scemed to throw light on specific
noucns the children had aparenty buiit for conroliing the turtle during their 15 - month ‘experience
with turtle geomeay, thus clarifving components of the intrinsic schema itself, a model of which is
also proposed in the study.

During an carlier part of the analysis (Kynigos 1987, b), examples were given of one pair of
children (pair 3. fig.1) dissociating from a turtle "action - quantity” schema (e.g. "move steps. turn
degrees") while having insights into important factors for changing the heading and the position in
the coordinate plane. This report presents examples of how the other two pairs of children seemed
o make dissocialions frum “action - yuantity” and sequenttaiity notions i “inmnsic” heading and
position changes in order to solve the tasks. The presentation concentrates on the children's
understandings of a turtle state - change caused by describing the gpd state (e.g. the meaning of the
command SETH 180), rather than a "sequential” change from the present to the end state (e g. the

meaning of RT 180). The children’s abandonning of their "action - quantity” schema is also
illustrated in favour of state changes caused by descriptions of absolute directions and locations.

The following episode illustrates Maria and Korina's first insight 1nto the coordinate method of

changing the turtle's heading which seemed to involve a dissociation from their familiar “action -
AYE
b
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yuanuly” cchema and the use of an absolute direction system to describe the new heading. The first
discussion conceming the method of changing the turtle’s heading arose in the context of a raistake
during the task to take the turtle at point 80 -60, i.c. Maria's aparent unclear distinction between the
two states and the nature of their metric systems (degrees and length units), resulting in her typing
in SETH and then counting on the x - axis for an 80 input to SETH (point at 80 -60). The process
of discussing the meanming of the SETH command and its input in order to understand the turtle's
resulting heading of 80, sezmed to favour the development of an awareness of an external direction
as the determinant of heading change. The following extract illustrates the aparent carry - over of
this awareness to the next task (turtle at -90 0, heading 270, point at -90 -40), fig. 2):

(discussion on how 1o take the turtle from heading (1) w heading (20

M: "SETH..."
K: "To show where it's
looking, yes..." (meaming of SETH)
M: “SETH.."
K: "How much...waii...
1o look downwards...” {meaning of the input)
M: "SETH 180."

Howcver, it seems that this insight in dissociating heading change from action - quantity, did not
incorpurate a dissociation of what has been referred to as the "sequentiality schema”, 1.¢. the notion
the children seem to have built from their turtie geometry experience, that a heading change is ”
caused by a turtle action from its previous heading to the new one.This can be illustrated by the
children s attempt to take the turtle on the - 100 90 point (fig. 3). a task in which the axes were
hidden. Heving passed the point by typing SETY 100, the children were trying to make the trtle
face downwards. i.e. change its heading from ) 1o 180 Although Mana's verbal expression of her
plan scemed to indicate an understanding of relating heading change to an absolute direction
(" this 18 0 now, 1f we tum and we say SETH 180..."}, she had not really seen the absolvt=
direction as the only necessary determinant of the change. This became aparent in her attempt to
make the turtle face downwards from a heading of -20 (she had typed SETH -20 confusing degrees
with turite wteps - fig 3)

(Discussing how to change the wrie’s heading from (1) to (2))

M: “So we shouid tell it to go to 180. X
Therctore, 200, Let's see...” (she types SETH 200)
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it is suggested that Maria's mind focussed on the rotational "distance” from -20 degrees to 180,

imposing an igput which was dependent on the previous heading. This sequentiality schema

seemed to have a very strong resistance to change in the children's mind; after discussing the

outcome and trying out different inputs to SETH, Maria did seem to have an insight into the

absolute nature of this method of heading change:

M: "Le. however much it is, let's say 5 degrees further, it's not relevant, let’s say we mustn't add
itto..."

K: "We should put it normally (she means just the end heading) whatever itis.”
M: "Good. Now let's tell her... 10 distance.”

Inspite of the different context (change of position) it was seen as important to include the last
phrase of this dialogue, which seems to indicate that although Maria had just had an insight into the
notion of end direction being the important factor in changing the heading, she did not carry that
notion to the change of the turtle’s position from (0 100) to (0 90), focussing on wie distance from
100 10 90. In fact, the children had already discussed changing the position before turning the -
turtle, imposing a distance notion in their plan (fig. 4): o

(Discussing how to take the turtle from position (1) to position (2))

X

1

M: "No, it's too much."”

K: "Yes... a bit less.”

M: "Em... minus 10. Minus 20, therefore 80."
K: "Yes, I said 80 at the beginning too.”

M: "OK., -20 then.”

M. and K.: Changing the tuple’s position

The children seemed to be talking about the turtle steps from the 100 to the 80 point, i.c. the ‘
distance from the present position to the position of change. They also seemed to impose 2 "reverse  SE
action” notion, of "undoing” an aparent forward 100 action by subtracting the distance. '

The strength of this “relative distance” (as opposed to distance from the origin) schema is illustrated

by the children's persistence to use it in their subsequent activities: at first they typed in -20, |8 .
forgetting about the SETY command. After discussing the error message from the SETY -20
commard, which led 1o a turning of the turtle to face downwards, and although Maria had had an
insight into the notion of the end direction being the important factor in changing the heading (fig.

2), she did not carry that notion to the change of the turtle's position from (0 100) to (0 90). .
Focussing on the distance from 100 to 90, she typed in SETY 10, and after the result on the screen; -
SETY -10, aparently thinking she had failed to include a “reverse action” element.

127




1111

From the resulting 0 -10 position, the children turned the turtle to face upwards again and took it to
(0 80), saying forward 80 and typing SETY 80. Only then, did one of them (Korina) show some
indication of dissociating from the relative distance notion, expressing an opposition to a proposed
SETY 10 command in the attsmpt to move from 0 80 to 0 90:

M: "Now. SET...Y... 10."
K: "107 I say, let's do... 90."

However, the children did not explicitly use the notion of position change caused by giving the end
position as an input, in any of the subsequent tasks in this session

Natassa and loanna, however, were more explicit in their attempts to make sense of position
changes. They met their first difficulties in trying to move the wrile from a -100 0t0a -1100
position in order to decide whether the value of 100 for the x coordinate was the correct one (the
axes were invisible, the point was at -100 90, fig. 5). In their efforts to explain why their first
attempt (SETX -10) did not work while their second (SETX -120) did, the children constructed a
"theory" for the meaning of the number of the x value.

(explaining why SETH - 110 worked while SETH - 10 did not,
in taking the ture from position (1) to position (2))

(-100 90}

I: "...we did it again trom Q till 110 X
and it came out.”
N: “...we can't do 10 because we've
done 100 already. Plus 10 we wan
to do... 110." (‘2)

I. "She doesn't gn... because we've %-o—o-
passed 10." (1)

Eigure 5 .
N, and L: Changing the turtle’s position

Joanna seemed to suggest two ways of interpreting the meaning of the x value: firstly, the value
represents the distance trom the origin, and 1herefore the SETX vommand operates in such
distanc=s. and secondly it represents a name for a place ("...we've past - the place - 10."). Natassa
seemed to take on board the “distance from the origin” theory. Notice how she used a specific way
to talk about a number when it represented an x value (by using the word "do" in front of such
numbers), and seemed to implicitly contrast it to the normal meaning of number ("... plus 10, we
want to do... 110).




In their atternpts to control the turtle, the children seemed to dissociate from their inminsic schema
and develop new schemas for heading and position changes. Not surprisingly, this development
was not uniform across pairs, or across children individually. The children seemed o have
“insights” into parts of the coordinate method at vanous times during the activities but no child
seerned 1o expiicitly synthesise the notions into a concise method of state change. The model for
the "coordinate schema” which 1s being developed, therefore, is only a synthesis of the chiidren's
nsights into the notions involved in controlling the turtle in the coordinate plane

The study provides a description of the process by which the children aparenty began to build a
mental scherma with dynamie characteristics, 1.e. one which would enable thern to make controlied
changes in the coordinate plane. The schema seemed to emerge in the children’s munds from 1t's
antithests to the innsic schema, caused by the coordinate nature of the category 2 tasks (fig. 1). It
iy Interesting te consider the relatonship between these two schemas and in particular that they both
seemed 1o emerge (at different times) in the children’s minds as mental wols for making changes in
particular environments. Although this does not come as a surprise n a turtle geometric
environment. it s tot & self  evident characiensuc of the leaming of coordinate geometry. In the
calcpaly o aciivilies, for example, where the children could choose the method for controlling the
turtle (fig 1), they seemed to use the necessary coordinate notions (¢.g. locating and naming
methods cither oy employiny their intrinsic schema (e.g. FD DISTANCE 70 -70: "go forward the
distanee tron where you are ty point 70 -70"), gi their coordinaie schema (e.g. SETPOS 70 -70:

“put rounelf o poipt 70 70"). 1i scems therefore interesting o consider the potental of the
“T C P." microworld of the category 3 activities (fig. 1) in providing the children with the
eppurtumr: of a dynamic interplay between the two geometncal systems by means of the option 10
employ a method to make changes, based on concepts belonging to erther system.
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CONCER TS i SECGNDARY MATHEMATICY I BOTIwARA
Hilda Lea
University of Botswana

Abatract

ne

Four tests from "Concepts in Secondary Mathematics and Science”
teste were used on 3 sample of secondary schooi pupils n
ntswana. The aims were to dscertain the levels of
reerstanding of pupils in Forms 2, 2 and 4 and to 1dentaity
i Jirties; to compare performances of hoys and girls in
tswana, ana to attempt to make some comparison with avaitable
suits tar some questions on the same tests carriec out in
naland. [t was found that many pupils were still at the
wancrete sperations staqge in secondary schoal, that there was
J difference between performance of girls and boys, with
taveur of hoyt; and that chere wag some relatronship
tne serformance of pupils in Dotswana and England.

%
-
[nl

Mmoot O G w
T O

INTRODGCT N

Tne (PMy o teste sere very carefully constructed, witr questions chosen to
AL e, ot Coneenby o an gnfamriadr setiing, w0 thdt nmierarcnies
eroundarzlunding L ouid be estabbished, and an anvestigatian of children's

Sfficaities made. T s Tnolld glve Ynsiqht inta tne way children learn
Bt R Tal VRN AL R cevels of guestions Vinned to Filajet's stage
theudy, wel @ shed o d tramewdrk fo descrbe puoil’s anderstanding.,  Feour

levels were 1aentitied, lLevel 1 shows an understanding of basic concepts.

Lot 0 chogws mhe application of these concents.  “evel 1 shows the
et ey of Gt trg fiun, Level § ytes dbstract reasoning as well as the

Ltoreniedye To e solution of problesma.  In Piagetian terms it
e said that jtems at Levels 1 o:d ? require early concrete

o . o

Pl ot Lot e et e ety farmgd

o <}
[SER RV

ris And buys
In Brtowarg, Jiris constiture €. uf tne junicr seoundary scnool population,
form 4 s seloctive and g1rls constitute 40% of the senior secondary school
enraITert. ey cuggests that boys are alread, snuWing greater ability.

2oys perform hetter in 0 Tevei mathematics and more boys achieve higher
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placings in the junicr and seniur maths contests. Rahn {1381) showed that
in Botswana, educational achievement due to sex difference is not
significant at primary level but 1is more pronounced at Farm 3, and that
boys perform better than girls in all subjects except Setswana.

In Britain, APY (1980) showed that even though all girls do mathematics up
tc 16 years, they are not as successful as boys, and onty 3Y% of the top
10% in 0 level were girls. Boys were shown tc be ahead in descriptive
geometry. In USA, NAEP (1980) found that at 14 years of age boys and gqirls
did equally well, but at 17 years fewer girls siudy maths and those wno do
have a lower achievement, Fennema (1978) found tnat boys were better at
spatial visualisation. The generalisation of many studies in Russia also
showed more math.matical apility for boys. Schildkemp-Kundiger (1982) on
an anternational maths study, feound some sex related differences 1n maths

achievement in a wide range of countries of gifferent economic levels.

Comparison Of Results In Botswana And England

As mathematics 16 Mare culture freg than most sublests, 1t snogid be
possitie to make some  compar:sons. It should be borne in mind that in
Botswana, the medium of instruction from “tarard & 0n grirdary soroad s
Engtish, in Botswana the JC examination 15 taken at the end of year 3,
whereas yn England Lhere 35 no natignal examination till the end of year 5;
and in both ~oyntries 0 Jevel 15 taken by the most abie, avproximateiy il-

e

in Botswana and 23: in England.

ME TS

sample

Tan schonls were cnosen ot randuft, aind 15 Luys aid
at rarcdom from eacn Farm goel, At tre time of tre tes st TH of the
primary schoos) populatiun went on tu secundary scnuol and appresimate.y 11

of the primary 1ntake procecded *a Ferm d, In Ingla

taxen from Zomprerercove L kil wtd

each year group was used, the sample being representative of the normal
distribution of [J 1n the Britisk child population. The poupulation of
tngland to Botswana is n the ratio 53 . 1, and thounn the sample 1n Enqland
15 larger, the B0tiwdrd 32npie Coverad a mulh greater percentage of the

school population,
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Procedure

Forms 2, 3 and 4 tock the same tests in October each year. Papers were
returned to the University for marking and analysis. Answers were coded, i
for correct answers, 0 for completely wrong or missing answers, and 2-9
depending on the type of mistake made. The marking system was that shown
in Hart and Johnson {1980).

Tasle t

Summary of results showing the percantage of puptls giving correct answers.

Botswana Englang

Form2 Form3 Fformd Form 2 form

5

Measuremert  level 1 " 85 86
< 13 A& 76
41 42 48

16 16

n 160 126

Reflection  Level ! 58.2 66,
4 Rotation 2 58.1 59,
3 29.6
4 39.0
5 17.7

105

Algebra 92.5 . 86. 32.
69.7 . 51, 65,
33.9 . 26. 43,
10.8 . 7. 14,

n eel 1128 961

Level | . 78.1 67.3 63.
2 . 59.1 17.0 18.
3 . 68.0 21.6 19.

459 755




Tanle 2

Results of giris and boys e borms [, 3 and 4 chaowing the peetent. ge of
pupils giving cu~rect responses,

Test 3 form ¢

Measyrement ! 34

ae

Kerjecsran

% Hotat-aon

il icatit ot Lub Teved

when the < e EwWE JD, 1 tenn

level of d4ref Gty Nt otne

was an ndication o

answering 3 of 331

constdered to have reachad tha' Tevel of
seem that 1n gereral 1n geccndlry acnanig
responses wlassified a3 edariy fwormal, 0

concratey n Farm 3, dbn Jove resoanien o

Tate concrete and 35- early con.rete, n Fner

13




Classitred as late formal, 2%, early forma’ and 4° late concrete. [n most
cases torn i oresults werce better *ran Form 7. Ir the graohs test Ferm £
resutts were zetter, Lrobably due ‘3 the fact trat cnas topre pad juct been
tumpieted 0 otpe syijaous.  From aole ¢, ufe Ldan compare samples of girls
and nuvs. Trere 15 a consistent trend in tavour of Bays, s gmifocant an

two cases n the Reflectron and Rotstion test in Form 2. This would support
recearch fincdings that in maths boy. perform better in general, and

eyt bomsible to make

Lreciye comparison between samples 1n Botswana and fngland thougn trends can

cooremempa o4 thot thio GLoa JUmNGTIsOn between the
o tdeen e Faermogoand o BulSwand, and the whoje
Selactive Form 4 in Kovtswina s peing compared
aitroar all abritty range 1n Erglang,
Table toenows that ar measucemert, the ~ampie Af cupile on fngland did
nericeat , better at levels T 2 oand AL T

IR TR L A YL A

the

Peot o tnes e enyirynieett Of Taly cui 15 TH pulawdnt CL freguentiy
strocoored, o Refllection end Fotatioa, pupits 0 Ena'and ard better at
sreopuntis in Burswdnd pertarmed better at levels 7, 4 and
sapt s on Betswing performed betier ot 77 Tewels. in Graphs,
croopeiter 20 ever b, rnt puedls an Botswang 4l
futiceduiy beller gt Jeveis < and 3. ire fars tret Botowang performance s
‘evel 1 but reiatively better at other levels, suggests
DuLil3 get a better foundation in mathematics at primary
ondary scnpol perfcrmace on average deteriorates, in
amiarvacn to Botswana where the opn-site seems cenerally to be true. This
s sukwOriog by tne fact that pupyl. o» Soutewdna Jid better i Algebra at
Tevel b2 wublect not done at primary Jevel. it ts nut pussitle to make a
farr ¢omparison vetween Form 4 results. COne can only say that the average
rerformance of Form 4 pupils in Botswana (117} is better than the average

perfurmance of all form & pupils in England,

fungidering tnat at Independence in 1966, very few pupils 1n Botswana
received secondary education, then 1t is clear that enormous strides have
been .\ade since then. At present 36% of the possible school population
take the Junior Certificate examination at the end of year 3, with over 70%
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pass rate. In 0 level, results have consistently improved siwe 1979 with a
pass rate of 55%, to a present pass rate of over 80%, The overall improve-
ment in results is probably due to two main factors - that there are many
more good Batswana mathematics teachers in the schools, and that the text
pooks widely used were written for Botswana, Lesotho and Swaziland by local
teachers and mathematics educators. Qverall, evidence suggests that, in
Botswana, many pupils have difficulty with formal reasoning we'l into

Junior secondary school. The implication for teaching is that, if pupils
can only function effectively at the concrete operations stage, materials
must be presented in a way which is directly related to everyday situations,
otherwise they may be reduced to tearning algorithms with 1ittle under-
standing. ™any senior secondary pupils do not function consistently at the
level of formal reasoning, so it is important to relate some of that work
aiso to everyday situations.

In a mixed ability class pupils will be at different stages in making the
transition from concrete to formal operations, so weaker pupils may not yet
be able to do questions with very abstract reasoning, yet mare difficult
questions must be given to the better pipiis if they are to reach their full
potential. Resuits suggest that brys do perform better than girls in
mathematics. That this should ULe s. 1n Bot.wana is 'nteresting, because in
a country as new as this there is not likely to be a tradition of stereotyping - .
related to role or to subject. Social and cultural factors could play some
part. There are also possible explanations in terms of brain laterality,
genetic or hormonal influences. One aspect of the research was tc ascertain
whether pupils in Botswana performed very differently from those in England.
[t was found that on the whole they did not. They made the same types of
errors 4and levels of cognition measured by the achievement of the pupils,
was comparable. It would be interesting to compare results in CSMS tests
with those from other countries.
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A DEVELOPMENTAL MODEL OF A FIRST LEYEL QF COMPETENCY IN PROCEDURAL THINKING IN
LOOC " May be we're nol expert, but we're compelent”

TAMARA LEMERISE
UNIYERSITE DU QUEBEC A MONTREAL

Abstract The present paper eddresses the problem of the kind of competence a child
between 9 and !! can develop ih procedural thinking epphied to structural
programming in Logo. A present trend in the literature tends to demonstrate that
children of this age can not mester structural programming. There 13 some truth to
that, but nontheless we can stfil find 8 body of evidence showing that they do
ecquired a certein competence 1n the domein  We propose here a mode) describing e
first level of compelency  that can be scquired by children of this ege  The
proposed model tries to capture the path followed by these children in their
progressive yse and conceptualisation of five of the main carecteristics of the Logo
procedure The following goals may be served in presenting our mode!  1llustrate
children's habilety to develop some competence even if they do not become expert,
propose some guidelines to teachers or researchers interested in the promotion of
such competency, end finally argue that it {s possible to obtain evidence of
children’s competency in this domain at ege levels younger that of secondary school
children

Dans le domawne des recherches et applications Logo on observe présentement une dérive de
I'intéret vers le nivesu secondatre ( 12 ans et plus) Durent les sept derméres années de le
décennie 80, Logo s'est laborieusement teilé une place au nivesu primaire (6 512 ans)
Piusteurs chercheurs et enseignants ant déployé de grands efforts pour introduire philosophie e!
langage Logo dans les clesses du 2 eme cycle du primare (4-5-6 iéme ennée) et méme, 8
1'occasion, dans celles du premier cycle (1-2-3 1éme année) Nombre d'études ont tenté soit
d'enalyser {'impact du travail en Logo sur e développement des enfants, soit d'en décrire les
conditions idéales d'apphication Aujourdhui, c'est 1I'implantation et Véveluation du Logo su
secondaire qu1 semble le plus retenir 1'1ntérét des chercheurs et des professeurs.

(51 COPY AVAILASLL i
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A oriori, o8 phéncmene est éconfertant et dans 1a logique méme de3 avenemenia. Lo effal, suite ;
4 la fascinante période de la diffusion du Logo dans les clesses tu primewre e moment est =
venu, 31 1'on vaut s'sssurer du maint .en et du dévaloppement de Logo dans le systame éducatif, de
poursuivre les efforts dimnplantation eux nivesux scolaires pius avanceés |y acertes eu de tous
temps des chercheurs et pédagogues gui ont oeuvré en Logo su secondatre (A fitre d'exemples
I'tquipe de C Hoyleset R Nossen Angleterre, celledeJ Olive aux Etats- Ums, ou encore celle de
A Rouchigr en Frencaj, is mouvement nest donc pas nouvesu Bn o1, meie seulement plus
acosntué aujourd hui. 1} faut toutefois souhaiter que 1intérét accru pour ies nivesux d'dge plus
avancés { 12 ans et pius) ne soit paes associé & un désintéressement ou & une “évalarisation” des
compétences susceptibles d'étre acguises en Logo per les enfants du primaire

Gue ces enfents pieces ders un environnement Logo deveioppent toutes sortes de petites
compétences (apprentissege d'un ‘engege infor matique, perception nouvelle oe Yerreur, vision
dmgmigue du concept d'engle. ralcul et mise en relgtion de dimensions, ect ) est sujourdhu
genéralament confirme et accepld . Toutefois, ralativemant sux graads canans de Logo, tels 18 -=
maitrise de la programmation structurée, 18 compréhension de la notion de variable ou la
manrtpuletion de le récursion, les progrés observés chez cette populetion se sont svérés plutdt
minces comperativement sux sttentes (Kur'and et @) 1987, 8louin, Lemayne 1987, Hillel
1984)  En effet, exception faite de i récursion  généreiement reconnue difficile decces,
certains espoirs ont ét¢ entretenus reigtivement a s compétance des 9- 11 ans & maitriser lo
rrogrammation structurée nt @ mantpuier i@ var igble dans certeines situations peu complexes
Or rares sont les enfants de nivesu primaire qu1, MEme BPTES teux ennées de travall avec Logo,
uaviannant heutement competants dans | un ou V'autra da ces domaines

Les facteurs explicatiis ies plus fréquemment amenes & |'appu de ces "pauvres performances’
observées chez ces enfants sont hies tantdt aux limites 1mposées aux conditions de traven! (une
heure ou deux /semane pour CesS periodes de /, 15 au 30 semaines /année ), ‘antdt & Ja neture
1u contexte pédegogique { approche projets Hibres” neceasiterait un grand laps de temps evant
que suit assuré un apprentissace réel et stable, t'approche “projets dirigés” s'avére sauvent trop B
limitée pour essurer un apprentissage complet et authentique d'une habrlgté spécifique souvent
dépangente de la meitr13a d'habiletes connexes |}  Un troisiame fecteur, plus rarement évoqud,
e3t celut des obstacles  eépistemolugiques or ees per e type el le mvesuy des habiletes requises
pour 'areuss'te e I tAche  S: 1es nabiietés reqyises sord fort complexes, i'enfant d'un certain
NIvesy C 80 1Aura meme oas (e Dage develoDpemental necessaire pour ouvarir travailler ales
acquerir
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L& Moodie que nous voulons présenter o) se retiache & ce trovsieme fecteur . pour le moment,
1 @ couvre U & skuie probiematique Gu Bvelaopemant o /3 COmIelency 60 programmetiy
e structuree L ergument principal que nous voulons 10 promouvorr 8 trevers 1a présentstion
de ce modéle est que la “non-compétence” observée chez les enfants de 9- 11 ans, dens le domaine
% 1s programmation structurée, est ainst dfinie 8 cause du modele de reférence utilisé pour
Uevaluer Lorsque ce mooals o reférence est un modsle d'expart, inutilement trop sophistigué, 1
meaque ou devalorise toute une serie de compétences locales effectivement acquises par les
enfants dens leur cémerche progressive menant vers la maitrise g i3 programmation
structurée  Ce gont ces compétences “pré-experies” ou “prérequises” que nous voulons ict
dévailées, afin de gromouvcir une evaluation positive des progres des enfents dans le domane de
ia programmation structuree { maigre ie fmt qu 11s ne sont point encore experts), et de proposer
aux chercheurs et enseignants un mogdle décrivant certaines étapes importantes & franchir sur
le chemin de la maitrise céfinitive  Les données utilisées & 1'spput de ce modéle proviennent
June part des donnees c€)a repporiéss par certains suteurs (Noss 1985, Hillel et Semurcay,
1985}, mais suss ot surtout de notre propre bangue de donnees recuellies oy cours de trors
annees conseculves o travay! gvec une clesse multidge (4-5-61éme) d'une vingtane Tenfants

Al SEuit _Df LA PENSEE PROCEDURALE Jn_modele du deveicppement gdes compeiences
ore-raQuises 418 programmstion structuree

Dans un premier teinps sers piesentée une descripticn sormaire Tyne 9érie ¢'habiletés en
pLnsée procedurale, 100ees 1C) prerequises 8 1g mattrise ge 1a programmation structurée. Suivra
une schematisation 28 'a trajectoire develpppementale de ces habyletés telle qu'observee chez des
sujets ages de 9 @ !' ans  Enfin queiques bréves recommandstions sont d8gegées pour la mise
sur pied 3 un Sohiexit Je irsveni favorisant te deveigppement harmonieux, of oeu(—_éfre moins
tabor ieux , de |a pensée procédurale en progremmation structurég

i -Description des habi'etes

tn Logo, ' hapiete 3 nrogram % fagor: structuree ‘it 2npel & deux grands types d'habiletés
spécifigues T'habilele 3 iy, des procedures et 'hablete 8 manipu/er tes procédures

FLSTCOrY mmpos
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L'habileté & gErinir des procédures référe debord aux compélences du programmeur 8
sélectionner et & organiser les ections Logo jugées utiles pour reproduire une forme, un effet ou
un projet donnd. Le mise en procédure c'est sussy V'habileté & regrouper la série d'ections
chaisies pour la représenter  sous un seul vocable  Ainsi, la mise en procédure ne nécessite
point, du moins dans un premier temps, 1'élégance ou I'économie des ections choisies, mats elle
requiert qu'un hen d'équivalence procédurale soit éteblt entre le nom de e procédure et 1a hste
ordonnée des achions qu Ye composent. Qua CARRE sot géfime avec un répéte ou par une série
d'actions & 1o queue leu leu wmporte peu dans 1a mesure ou le programmeur peut se représanter
la série d'actions cheque fols évoquée par sa procédure spécifigue  Aussitdt définie, une
procédure est eussitot eppelée a étre men:pulée, aing1 Vhabyleté & déhmir des procedures
appelle 'habilete 6 mampuler des procedures

Lhabiiele o mwrpyier vy procedures  tn Logo, | habilete a mampuler une procédure se
manifests habituellement sous 1'une des quetre formes suiventes 1) habileté @ modifier une
procédure , 2) habileté & transformer une procédure, 3) hebileté & arganiser entre elles plus
d'une procégures, et 4) habileté a exporter une procédure

1) L'hebileté & modifier une procddure référe aux mitiatives des programmeurs pour soit
ajouter une commande, la modifier ou la retrancher dans une procédure déjé défime Souvent,
par exemple, les enfants vont sjouter de la couleur ( un FCC ou un FFO) dans leur procédure, ou
encore ils modifient une longueur , meux adeptée & feur besoin du moment, ou plus simplement
encore, 11s corrigent, suite & un résultat inattendu, une ou des erreurs de copie  Plus tard,
certoing géfintront directement leur procédure dans 1'éditeur, sachant fort bien qu'tls peuvent la
modifier s1 le résultat ne cancorde pas & leur attente L'hebileté & modifier une procédure
souligne e carectére hautement plastique de V'entité procédursle

2) L'hobilete & transformer une procédure consiste & créer une nouvelle procédure & partir
d'une procédure céjd existente La nouvelle procédure se différencie souvent de la procédure
mére par des variations mineures de commendes Per exemple, les procédures CARRE!,
CARREZ ne sont que des reprisss egrandies ou rapstissees dun CARRE précédemment définy

Dans d'autres cas, c'est un besain de symétrie qu: est & l'origine d'une transformation telles
ces procédures miroirs qui demendent dedepter 1orientation dun méme angle (OEIL,
OEILDROIT, OCTOOONE, OCTOOONEGAUCHE) La transformation d'une procédure se différencie
donc de te modification d'une procédure en ce qu'elle cénére ung seconde procédure .  Une
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transformation de procédures augmente ainst 1e nombre de procédures qu'un sujet 8 & son actif.
Toutefois, il n'est point rere que 18 transformation donne ey & des modificgtions de
procédures ( au nivesu des noms des procédures une certsine réorganisstion est souvent
appliquée . CARRE 1, CARRE2, CARRES , OEILD, OEILG; des Tongueurs sont modifiées pour gue les
oeux procédures puissent étre pairées & I'écran  OCTOD, OCTOO ) Plus encore, une
transformation initiale révéie & plus d'un epprenti-programmeur le jeu ettrayant de is
transformstion "3 le cheine” ; d'abord spphqué & un premier ensemble (OCTO -- OCTOD,
OCTOB -- PETTITOCTOD, GRANDOCTOD, PETITOCTOG, BRANDOCTOG), ce jeu peut rapidement e
généraliser  (CERCLE -- CERCLED, CERCLEQG, DEMI CERCLED, DEMICERCLEQG, ou encore
BRASGAUCHE , BRASDROIT, OE1LGAUCHE, OEILDROIT, JAMBEGAUCHE , JAMBEDROITE, ect.. ).

3) Uhabileté a orgamser des procédures evec dautres procédures est 'habileté 1a plus souvent
a3suciée 8 Ja programmstion structurée en Logo  Plusieurs auteurs définissent en effet,
imphcitement ou explicitement, 18 progammation structurée comme une habilet a créer des
progremmes ou procédures st sous-procedures sont logiguement et économiquemant emboitées.
Certes des nivesux #levés de sophistication peuvent #tre otteints dans ce domaine, mais
noncbstant ces niveaux, Vhablleté & orgeniser des procédures réfere toujours 8 la capacite
d'utiliser des touts (des procédures) comme des éléments et & les organiser entre eux pour
produire un nouvel "output™. Un jeuna programmeur qui crée FLEUR en utilisant & répétition
%0n CARRE , un progremme OCT0 qui appeite OCTOO puis CCTOD, ou encore une TETE, un CORPS,
des BRAS et des JAMBES réunis sous  BONHOMME sont eutent exemples différents
dorganisation procédurale. L'orgenisstion procédursle est en quelque sorte une répétition, 8 un
deuxiéme niveau, de la définition de procédure, & 18 différence prés que les entités alors
sélectionnées et orgenisées ne sont plus uniquement des actions simples (primitives), mais
8USs1 des series d'actions regroupées (procédures)

4) L'habileté @ exporter des procédures référe pour sa part & Futihsation répétée et varide
d'une méme procédure dans plus d'un projet  La procégure sinst exportee peut avoir 618 défime
isolément ou dans le cadre d'un projet particulier Les formes géométriques, per exemple, sont
a 'occasion creges 1solément, puis ultérieurement elles sont réutilisées dens plus d'un projet
(FLEUR, POISSON, BIKE, ect )} Tnd'eutrss occasions, une procédura créée pour un projat bien
spécifique est empruntée pour un autre projet {un SOLEIL, un DISEAU , un effet FIASH )

L'exportation d'une procedure n'est pes toujours faissble (souvent & cause de la présence te
commandes spécifiques de déplacement) mas cele n'empéche pes pour eutant les enfents
d'exercer la dite hebilelé a défeut de la procédure elle-méme, 1is transporteront dens un
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premier temps I'idée et le mode de construction (emprunt g'une formule de répste ou cople
dune série de commandes présentes dans |a procédur e convoiige

Les nahtlelés précédemment decrites traduisent tout comple fait cing proprigtés fondemendales
Oe 13 procédure Logo la procedure est une emve gerinisss0Ie. MOagfisbie, 'ransiarmabie.
argarisabie et sxparteb/e Ainst un premier palier d'eguiibre en programmetion structureée st
attemnt lorsque le programmeur peul voir e procédure comme 1a somme de ces propriéles )
n'est ceries pas encore expert pour autant dans 1a gestion de toutes ces coractéristiques, mas 1}
connait, par expérience directe et construction progressive, 18 polyvalence ge 18 procédure
Le présent modéle tente de décrire les étapes suivies par nos enfants pour apprivaiser chacune
de ces carectéristiques, et pour les intégrer progressivement A Vinslar de d'autres modéles
développementaux, 11 respecte |a double dimension du passage du concret o | abstrait (de 1'action
su concept) et du simple au complexe (de une & plusieurs caractéristiques) La compétence de
Venfant est d'abord expérientielle et distincte pour devemir progressivement notionnelle et
integree

Dans une premiére phase, les enfants g exercent & défimr gdes procédures, puis tantdt ils les
mocdifient, tantdt 1ls traverllent sow & les transformer, soit & les orgamiser A dsutres
occasions, 1ls apprivovsent 1'idée d'exporter des procedures Reqgle générala | ces différentes
ections sont, & ce niveay, exercées séparément (dans le cadre de ur gjels différents ) ou de
proche en proche (san3 anticipation préalable et non nécessairement répétees Mans le projet
suivant}

A une seconde etape, cer taines habiletes sont delibérément pairdes pou; |8 réalhisation poncluelle
d'un projet. Les trois regraupements les plus fréquemment observés sont  8) “finir et
trensformer, b) deéfinir et orgamser, ¢) exporter (au 1teu de géfinir ) et organiser A noter que
| habtleté 8 modifier une procédura est 1C1 parcus comme un cuti) applicable & toute procédure
simple (sans sous-procédure) L action procédur ale est donc, 8 ce niveau, plus camplexe, plus
intégrée ( référant & plus d'une propriétés & s fois) qu'au niveau précédent. Un exercice repéte
de ces combinaisons simnles parmettra sux enfants de se représenter 1a procédure comme ayant
plus d'une fonctions
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A la troisitme phese, la procédure est  concue comme gorentigllement  modifighie,
transformable, orgamsabie ou exporteble Les planificstions et Jes ections du programmeur
traduisant le carectére polyvslent désormans sttribue 8 la procedure [, 11 ans, annonce qu'y!
va fawre un projet letires “Je vais rapetisser mon CERCLE pour faire mon 3, et je vais Futrtheer
pour b, d, p, § en leur rajautant une queue; puis je vais prendre juste une pertie du o
(DEMI CERCLE) pour faire c,m,n ... ect Avec toutes mes lettres je vais me feire un AB.C et
avec les lettres de mon AB C je vars écrire le nom de mes amis ™ ELF mit quetre semarnes, &
raison d'une heure/semane, pour réaliser son projel . une super procédure AB C contenant
vingt 91x procégures, souvent parentes entre elles, et quetre sutres super-procéaures
reproguisent les noms gamis  Cette vision multifonctionnelle de la procédure ne reégle pas
autometiguement, pour autant, certsins prablemes concrets de gestion procédurele ( problemes
dnterfaces entre sutres), ni plus qu'elle assure d'une mantrise de tous les 1nstants de la logique
ge 18 pensée procedurale  Mais & nolre avis, les expériences et connaissances acquises
constituent 1a base des compeétences en programmation structurée et elles outitient bien le sujet
pour avorder ta prochaing phese développenentale, celle de ) apprentissages das mecanismes et
i018 de gestions des propriétes de a procedure

Awnsi le projet d'animaux en formes peometrigues de R ylustre bien le chemin encore 8 faire,
mais auss) les compstences deé)a ecquises pour feire fece aux fulurs epprentissages. Pour
géfimir ses differents types danimaux, R exporte, transforme, organise sans aucun probieme
9es Tormes geomelriques cete definies dans un prajet anterieur ge benque de formes, Mais voild
que R expérimente toute une série de difficuttés dens V'organisation et Vexporiatwon de
sous-procegures (overt. nez ) définies cette fois su fur et & mesure o ses besowns  lgs
nouvelles procédures incluent souvenl des déplacements et saverent plus dfficilement
exporiabies, orgamssbles; la position de le tortue différe selon que c'est 1oeil du poisson au
celuy de la chemlle gu est & tracer et cels entreine frustration ou modification des plans de
travel! procédurast, ect Les obstacies rencontrés n'empéche toutefois pas R de réunir ses
trois snimaux compiétés dans une noyvelle super~procédure (1 y a donc encore des inélégances,
ges solutions parfots élémentatres, mais ia pluralité fonctionnelle ge g procédure est désormals
connue, expérimentée et appréciee par le programmeur, Vattention et les énergies peuvent
desormais étre portees sur V'enelyse des canditions NECcesssIres pour que 1es procegures defines.
soient en tous temps et toules circonstances madifiabies, (ransformadies, orgemisables et
Erpariales

Le description du present modele éisbore a partir dobservetions denfents de 9-11 ans
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trevaillent & long terme dens un envirgnement Logo visait deux cbjectifs principaux. Un
premier objectif étsit de souligner le daveloppement effectif des compétences procédurales
méma si le nivesu de performance atteint, pour les ages 1ci étudiés, n'est pas toujours eelui dun
expert.  Un second objectif était de dégeger certaines idéss de trevall pour quicongue veut
favoriser le développement et 1'apprentissage de la pensée procédurale en programmation
structurée. Le présent modéle suggere guelgues ignes de force & nclure dans un  plan
d'intervention Logo. La présentetion de petites mises en situstion ol les enfants Lugo sont
appelés & définir des procédures pour tantdt pouvoir les modifier, tantét les transformer , tantGt
les orgeniser ou les exporter pecmet I'identification et Vexpérimentation de différentes
fonctions procédurales, et ce dens le cadre de situations simples et simulantes. De méme, la
préssntation subsaguente de mises en situations demandant de combiner deux ou trois de ces
actions habilite déja le jeune programmeur 4 anticiper le carectére myltifonctionnel de la
procédure et . afronter certeins problémes simples de gestion procédurale  Amnst outilié,
'enfant peut per la suile faire appel & V'enseinble des propriélés procégurales pour la
réalisation de projets, libres ou suggérés, plus variés et plus complexes. Compte tenu du
nivesu dec compétence maintenant atteint, l'apprenti-progremmeur pourra  désormats
spontenément s'attaguer & différents problémes de gestion procédurale ( étant donné les
différentes perties dun projet quel est V'ordre préférentiel des élapes de travail, comment
dot~on procader si 1'on vaut définir des procéduraes utilisables dens plus d'un projets; ect.. ).

BLOUIN, P., LEMOYNE, G. Does the logo environment allows young children to construct
programming &nd methematicsl knowledge  Proocedings of the hird internationat
confaerence, Ltogo Math ion. 1987, pp. 139-147.

KURLAND M., CLEMENT, C., MAWBY, R, PEA, R., Meppings the cognitive demands of learning to
program. (n R. Pea, M. Sheingold (eds). Mirors of Minds Alex Publishing, 1987
HILLEL, J. Mathematical and programming concepts ecquired by children eged 8-9 in 8
restricted logo environment . Repport ds recherche, Université Concordia, 1984
HILLEL, J, SAMURCAY, R. , Anclysis of & Logo environment for lesrning the concept of

procegures with varisbles. Rapport de recherche, Unfveristé Concordta, 1985

NOSS, R, Creating & mathemetical environment through progremming: a study of young

children learming Logo. Docloral thesis. University of London 1985




THE NAIVE CONCERT OF SETS IN ELEMENTARY TEAGHERS

Liora Lihchewskl ang Shlomo Vinner
Israel Science Teaching Center
Hebrew Unlversiiy Jerusalem

ADstract

Four aspects ~f Lhe concept of sel were examined in 309 elementary
teachers ano stugent teacners by Means Of & questionnaire baseg on  some
1nterviews. The aspecis were the following: 1. The set as an arbitrary
collection of obiects. 2. Tne singleton 3s a set. 3. The set a5 an
element c¢f ancther set. a. The orger aof elements 1n 8 set and the
p-oblem of repeating elements. It was foun® tnat the nalve concent of
sets 1n  these teachers differs from the mathematical concept. The
majority Of these teachers belleves that the elements of a given set
snould have & common orGpecty, that a set cannot be an  element oOf
another set anc that either repeating elements or Lhe orager Of cliements
1N @ Sff 90 Couny. Apoul a hall of them belit/es that a singleton 1S

naT & ses

The naive cocrcept Gf ser seems O uUS baoth i1nteresting and 1mgarLant.
Everypody who Leacnes the contept ©f set at a higher level of
Mathematics, whetner th1S 1s 8 high school level or a college level,
TP dwa”tv Of INe COmmon L iews auout the coroedt Since the word
arpears wvery 2ftern 1n everygay langusge, 1t 15 OnNly natural to
45Sume tLhat glmDSt everybody wlll nave definite views aboult 1t which are

Jifferent f{rom the mathematiclans' views,
HLs 3100, we LNOGEe SPveTdl aspe. TS of 1ne mainematiral  concept

~{ GEls o010 examined wnetrner elementary teacners are aware of them and

f Nnot what Are thelr Cconieptlons. Tne reasnans we chose e.emantary

teacthers were the rallowing:
we De.leve tnat S 1MLO7LaNT Lu kNOw ablul the Mathematlcal
LhnceDts nf  elemertary Leachens wnether pr not  Lthese particuiar
COrTEDTS Are Laudht D1restiy 1n sTnocl
CER fglve o TRLUE 0D elementasy teathesce are probatly Quite  close
Taaat o _ohcent 0ot eoct eoycated Decple with Limiteg
e Mgt hemat o reuE it o1f possible Lre 3sRumeE that
TETIST D@ stoudents or pven coilege  Students,  wnen
SLudy  &buut  sels, Nave sS1mi1ar COnCeDts. Th:s
howewvar , neegds expérimental verification.
Al cole W LT sl o wete 31 nRd) D, Fregaental { 196Y9a,
.232-342) 3ng vadghan (1973). Botn of them pointed out
trat the digactical aoproacth Lo tne concepl of set, as presented (N many
toxtounes, 1T DMEt e (Glufhisbefil wa Ll Loneept

iy Can DE & LduSE 100 misconseptions.




G.ESLLIONS gre the [Jl.wwlng.
Lo elwimentary teacners (nink that ali members cof a given set must
~3@ve 3 Co™Oen SPGEETLy T In otner worgs, ungder wnat congitions 1€ a3
sollecnian Qt obhjects .J.onslgered as a set Dy elementary Leacners
SLne 15sue was ra3l1seq 1n Fraugental, 1969n).
SOo0ildifnig Lhd s ONE ElEMENT . JUNRSILEred d95 a
Oy elementgry teachers’
teachers ungerstana tnat one set can ce an element
AN od - PO L
LRy dwara cf tnre auirecence
el I
“edlilv rCeurwsents

£ the Leacners' crileria Lo getermire wnetner Ltwo sets are
egual ang how are  tnese criterlia relateg Tto the mathem3atical

criterion? Note that the mathematical acefinition for et equality

HE e T llwL g S5 LT udae ful oevery  @iement « xta if ana

NUITE S A G Thus. rep2atirg elamenty 10 j1Sts, tables or
Jiadgt amg  Jes(rining 3@Le 3rCuln DR o Cangigered 4% One element «ana
Sfothe giemenrts an such llat s NOL ampoirtant,
nameiy. 115tS wltr Lne Same ejements but with aifferent oraer
ABSCriDe Lhe Same Sel.
Me Lt nn g

cargi e

Gur  sample consisted of 237 elementdry Leacrers (aill of them teach

m3themat. 5 b The s StLpnr g ey Ton “er

Loauener s Lwihy were

oreparing Lnemse i ves Lo  teach matnematlos gmany ther  subiechsy in

~BruSaiem Inowne 237 rescrers w8 Zialirgulsned Tetwee r Lwo sublyf Suls

he fiese Qre includgey 54 Matrematics conriicatirs, Trese are

glementary tedcners whg are nterested in teaching Marhematics

S I . .
CTal diad unde

ELB IR AR wei LSLMS LT et o a0,

matremdt i2a. Cdckgrournd 1s tetter, Lo certain 2xtent. tnan wne other 183
wii, COngisted the secord gooun In the recult secticn we will

thlgs Second group as Lhe Leacher roud.

In order Lo form DUr QUESLIDNNALIFE Wwe (Nterviecws] 21 teanners Wi

ThAM SRVEraL aBeT oy and me s ro T Lo et ) A a9
CIoLbis iateraction we moaifies the interview QUeSL1IDNS and Came

Wb wiltho the foilowing QHFSEJOﬂ”BI’E

e
‘ L’
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whiCh Cf tne fOllowing Collections
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tro rhe moon

L IAR R ol oA oS T
Tre concent of se
Teal’ 2 dbeer} e wlyJdents LD JIVe aIN Beami L

The STuTenLs wrote: My sel nas tnhree elements:

*me oset o f 31l tre evan yntegers petween 2 anc 100.
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Figure 1§

arg

furm 1! any. seoms Lo

thesn Lels

1S @ SEL? Eanialn your answer

ere are equal
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Faplayr
Tre re.aanc o cgn o easily fing which ttem of which  question
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AR e s ul ts
1. JThe set as an _arpiltrare callection

1N Mactnematics any coiiection ot oDjects Larpitrary or not, uniIess
yOQu are 1n 3 hignly sopnisticated sSituation) 1s a set. However, 97X of
the student teachers, 89X of the teachers ang 60X of tne Math.
COOrg1Nators 4ia NGt consider as sets collections whose elements Si:Q not
ndave Ssometnihg 1n  common (nOte that a “‘teacher’™ 1r this section 15 &
teacher wheo 1s not a Math., cocrotnator) A collection of lements 1s
regargeq as a sel orly 1f tres2 elemerts “a.e 4 IJTMCN ICToPCLY Mary
respongents  g1Q not gccept 1tbl 8% 3 ser explaining at.  (or  instance,

1 S ST preperi, . 20 0 2&8nTr thirk of d @M@ JEsSTilitg  fre
eNLlTe TodleTuion 3 There 3re |e3st [wO SPLs here, nuwncers  and
oD, eLtS.

The lasi arguments i1s RSpeC:dlly lnteresting sinCe 1L 1mplies that

8 o Gl Twd) 9= 15 G0l TeCesEal ily @ 520, 3 Clalm which conLraglicls

ore Ot Lhe funagarental principies of 2L "Theory Among the arguments

not accepting 1¢;: as a set we found: 1 A pox 1S 3-gi1mensional contrary
L0 the other [, jures 2. Ong of tre elemenls does dt have 4 commen
property .

cn tne Ltrar ngnd (hNerg wereg scne raspondents wng accepted 1Lo) or
35  92.§ Ty i PR F AT TV R A N Blemenns
gef.neg a5 9 st 2ven ' irey Cu NOL ave sdalient conmon Lioperty.

IS AN arSiLracty 38t. SHMe SesKCreents wrho acIected
L. Brocally (N3 1s @ Lrlon 20 ever numzens ang Sof
fre peller tnal 3 unien Sf sels 15 also & 3t 15 e»presisd Tontrary 4
acove) . =4 This 1§ 4 S8t of numcers. ‘nere 1s 3 common
37TLAT 1S TATTERTGNld. vy IITTACLT UTe erpidnation

I SNG4 (il

wOTrREP LI e S A ANt 1an thg ; : 4 Matn coordinaters
TeTS (7 3Rt

SET NOLALIon whfe m1351nQ
SPL CRIEuSE 1N wab roh whlt
~ight, but  formal nolation was Mot JuUr Sontertn 17 tNis  questionnagire.
For  tre Qeclisive macr.ty »f nus sarmple "ris «a6 not g proplem at gl
whyle 23% ot tre warte Ty mimanors, X% of tne teacrers gng SX Qf wne
stugert teaimers agmitilead Lmat 3 $o% Can e an 3~bhiftran, Crlieutd

o6, 8Cty, . Lhe  tonsbtroaztion tges’ tGuestion G100 almgst evervhbedy

mertioned sets wlhr CummLn prooertly This ShCaS "OwW wedk 15 the .Cead of

1 4 (
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arpitrary sets (1f 1t exists at all) 10 these teachers’ thought. it 1s
natura. $to expect examplies wilh common properties when you askx for one,
twQ Or three examples, Dut when you ask for five examples ang the
respongents 3are aware of the concept of arpbitrary sets and 1ts
importance to stugents they should give at least one aroitrary ser. The
typical answers were: 1. Shirts 2. Tre stugents Of the first grace 3.
The girls 1n the class 4., (1,2,3,4.5,....7. It was 1nteresting to
examine the answers to Guestion 3. T was not acceptead 35 3 set by all
the teachers, 311 the student teachers and 9% of the Math.

coorginators

In tni1s 1tem there w~ere Lwl pOtENntial arguments for the rejection.
firsy OnNe was the coMMcn property anc the second cne was the clawmm
a4 set canhnot De an element Of angther set. It turned out that 1n
case the second argument was domlnar (S6% of the teachers, 70% of
stucdents teachers ang “EX of the Math, cgorginatorsl. The above
1information 1s presented 1n Tables 1 and 2 with some aadltional

1nfarmacion.

Tablae 1: ©Oistripution of rsspondeanta to Question 1

Stugent Math,
Jeachers }(TeacnersiCooradinators
IN = 183)(N = 72) Nz _Sa)

The elements of 2 set should 89% - -97% 60%
nave a _common grooerty

A colilection of arbitrary 9% 3% 23%
elements £3n pe 3 set

The elements should be given
1n parentneses otherwlse
they do not for a3 set

Table 2: Distributicn of responcents to Question 3

Stugent Math.
Teachers |TeachersjCoorainators
(N = 183)1](N 2 721 (N _=_54)

It 15 not 3 set because there aax 30% 19%
1§ FC _common oroperty

It 15 not a3 set because one
set cannot be an element of B66%
r_set

gther ox

2. sipgleton

Thia agpect of Sets was e:amineq Dy i1tem ((T). The resuits

shown 1N Table 3.

(-
(.




-

- W76 -

Tabie 3 - Distribution of respondents to Gueation 1tg)

TazTrers
N2 18331
&%l gue element cannot rorm d8% ST 3%
4. 527 —
A ST, = e.ement odn (oim & set 5% GDA o
Typ1731 erplanatlons to 1/0) were:
* Ao, 3 JG Mane Thgn ong elemes
L 2l is o 920 wiln pne element
3oea 5 oSer Wyt T oalpmants
hHASS LTt T ANGwaT 3 Uw 1rability L0 aC cTL d =Bl wltt frigy wre
BLOMErT (01 YR CRSRAr tert v ke soeceanp et coptall e 6 ocre 7 mpar
7 [ pecame 4 et af 3e.en alements. unfortunately, we CGuig not
Inwgne nra resporIgnt L0 sas BBEC ST RIM whelner Lhe NuwTBEr et [orm &
sef
3 “ta 58l 3§ arn A pmory cof angirarn et ang tre ’ED"ESE""»B_;A‘Q"kSr"‘_OE_K_E'f_T\

of a union of Lwo gers

TeSE sle Le werw oramyoed By Juastiound 4 301 0 &T.=2 ¢ aiready
R P et o f ot Thomg owrt, 1oes
- BieMEnL 1N gngliver sel. il cantot De claimed
, S oreally mrpress Lne ThInR WNa

Gelieve =gt 3 53AL TArNCL 08 3N »pement .n gng

or e {aat that e respongents Suestlon.

Mdny 2f trem ghose the argument v w8 I rIt wNTw what

Ler_entsge ot ttoem, 10 Asked @D, 1.300 7 90 ..l TG LhnLe wollo

ST e RLIAC TER 10Rd o 3TE AR e 30 Boement g ottor gt

Tres. we Geileve that tra percentages 27 NOG2 N3 feEcLed the 1c0ea of

33 an o oement 2f 3roormar gar gre s ones Ty T 5B iy 3t e 1"

<.
ag Lo ThE  ROTASENlaliln ol the adon ! T LR aaestlio 4l
MG tra3r 3 taLr profere £ mo 2 Yo toge 20608 L tre tegorerg
a4’ of the Stydert TLACNErSs Arg S0% §f She cLardlralorsd 4Annoraing to
the mat-eralical caonvertico, Filjure 2 reprass™ti a St whise @olaments

Are tFro twd ari1jinal eets. we are sure that LNl / Tha intentlon

Af rhe o RsrORTAntE (Mmoo st S Ramm 30 R e - r id0a f

< T . SEare Let nel

o
€.

an eiement of ancuiner set) HCwa'wBr, they 30 "ol noataice wnatl @ carcle

arpund a li1st of eiements makes 1t & sel  acloralng tc  the  common
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2oN/=Nti0N  3ang Lhefelore, atl the context ot Figure 2, they got 3 set

v

whnnNse elements Aare TtThe twd gqlven serg The reason wiy 50

respondents prefer Flg.@ 0 F19.3 mignt e that n Fig.2 hErEe 1S  an
1731.°4T150 NDw LAe unlan S8 was constructen from jts components.

4. gquallty Oof sets, tne oroblem Oof repeating eiemarts arg arder

wuesticn 3 putent:at L examlne thrge das0€ula  of tre
concert  of ey T f1rst one Can Ce described a8t the 1ntention-
extent1on ascect c.Lel in vélr loud wdyS, sedh of Lham
Lre elaments, wWren Ui Der prog Lhe
like LhRat,  shoeuid we pay 3tiention Lo the praogertias o]

Tularting trat owe ge3l owith gitferent sets  Croignore the
orapecties an0 pay Jttention anly to tne elemenis andg thus arsi1dlng tnat
*Ae Sets are equai”?  In otner worgs, when comparing beiween sets, shoulc
we consider the i1ntention or the extentlon? For instance. the set of all
aven primes and the set nf &ail the whole numbers less tnan 3 and greater

tnean 1 have the s—me extentlion Dut Jifferent 1ntention. In Mathematics,

nrly tre extensinn 15 SArsilerel when el mining enullities  of Iers

Trus. .’%;-‘38;3.:):‘:;%:3):u.g,?,s.a)‘

Several resporgerts Tonsiaered the last twh Sets as Jiffte ent sers.  ore

IOT LV Tt Nt A 2Ine It Tk mguge nf S ancf GG ITOrRgs;on
Tre, SIMELy  U1d NOL Bother Lo Carry oot the SLmb.tariers at
5100 This mighi Ge Lrue o0 =Gme of the Cases. In otfer casés

WCLLTEN  @xfiafadtldNg Shuwd 1h4l Whe I:133inct ol

L2LwWEEN L@ Lal
wdb ‘Made Cecaduse of conceptual considerations.

Tatbile 4. Disiributioan of answers to question S, The
princigles used 1n ordger to determine the
equallity of sets

stugent Mazn,
Teachers|Coorginatcrs
(N : 721 N = 54)

The Tattemratical Jefinition 1

The order and the intention dc
rot matter Sot repeating
olrment s g da Jlffecence

The order rioes nol matter butl
tne 1ntention Makes a
dyfterence

Tne order gces NGt matter but
intention and regeatirg
elements mawe a difference

O Qer repeatiry and jntentiun
each of them m3ues 3
Gifforence

Otner




478 -

The Jther two aspects which were 1nvolved 1n Guestion S were the
repeating 2iements and the ordar. The respongents answering Question S
could 31l 1n each on of the abcve aspecis 1f{ Lhey geviatea from the
mathematical criterion for equality of sets. ''Mis 1S shown 1n Table 4.
Discussion

gur results show several conflicts between concept 1mages ang

concept Qefinitions (VvVinner, 1983) in the case of sets. Qur sample
consisted of elementary teachers but every population wilth the Same
mathematical bpackgrouna wlll probadly have Simllar views. It 1s
1nteresting 1O compare oetween tne subgroubs of our samples (teachers,
Math. coorginators and student teacrers). There are some 1tems were the
Math. CoOrginators oia petter ang even much better than tne rest of the
sample (see Tables 1.3 ang 4]. In Question 4 there was not notlceable
gifference DbDetween the teachers and the Math. conrdinstors. on the
otner nand 1in Table 2 the rejection Of 3 set as an element in another
set seems nigner 1n the Math. coorgdinators. Thls impression, however,
might ©be wrong. It mignt be the result of the fact that Math,
cocrainatars g0 NoL aeny 3 collection from peing 3 set on the grouno of
not having a common property. For certain percentage of the rest of the
sample this 15 stlll a good reason.

The fact that the Math. ccordiraters showed better conceptual
ungerstanding 15 enougn ground for hope that teaching can overcome Somé
StugentsS’ DrIMary views. But teacning can be much more efficient 1f 1t
relates tO the Drimary views which were gescribed here anag does no%
1gnore them as 1t does 1N mMany cases. Cur recommengation 1s that
studies 1l1ke¢ this one should be presented to student teachers 1n  an
appropriate way wnhen they are taught about sets. This will helo them to
overcome the mlsconcepti1ons Lhey already have oOFf those that mignt

gevelop if certain steps of caution are not taken anead of time.
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CONCRETE_INTRODUCTION TO PROGRAMMING L.ANGUAGES
AND OBSERVATION OF PIAGETIAN STAGES.
— CLINICAL. INTERVIEWS -
F. Lowenthal

Université de 1'Etar a Mons.

we introduced, i a  concrete  fashion, a simplified
plogrammeuy language o very young children. The device
we used can be used to train young children (6-year olds)
in a very specific task, but also tu observe trained and
untrained children during clinical interviews, The training
does not seem to have any immediate influence on purely
school performances ; but the clinical interviews show that
the trained children hnave acquired skilils whichi ale aot
natural fur children of that age : the ability to use and
combine two inputs to produce an output, some nutions about
recursion and programming., We wonder whether there is aay
transfer to other Jdomains such as @ Pragetian coaservation
tasks, the use of names instead of a long and complete
description, the studv of real programming with a language
such as [OGO.

FIAGET nas shown (1936, 19595) the importance of (cicrete manipulations
at an earlyv stage, He used such manipulations to observe how children
acyulle concepts such as conservation of liquids, ... FLAVELL (1977)
wrote that one of the major differences between the pre-operational
and the concrete operation stages 1s that the vounger child is centered
on one relevant element of the phenomenon he observes, while the ather
child  1s  "decentered” " can  consider  several relesant  clements
huatantuusayoin wraer Lo ocompite them and draw foritat oo tusivins.
BRiNER (1906Y describe] an experiment  where conore o manipulalrons ol
"luglealiy  organized”  abjects were used {beakers wete  placed  at
difterent places on a board dependineg on theyrr height and thickness),

He showed that suchi mamipuiations made coumitivists’ obscrvaticns edsict

but also that "what 1is nceded for the child ... 1s organtzing

experienes into 4 {oim that allows more complex langudge tu be dsed

An o toad ot onds for desorabine U Tat transforming ',
PAPIRT  (1984Y insisted on the impurtance of computer languages, and
more specifically on the manipulations of representations of objects

vid WLU, whaeh de prucederal oamd recursive, Neverthelese all thess
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cumputer languages, LOGU included, seem too abstract fsr voung children : :

1 special vocatbularv must be used, words must be written and read, and

1 kevbnard myst te used Lo communicate with tne romputer, kven 1t we

1ssume that these mincr  detarls can easily be settled, we still Jdo

ot know wether voung children are able to use d language such as OGO : -

au thev reallv ronceive whal a4 prucedure 18 ' are thev able to replace

u¥y 4 name 3 1lst ot actians, and then +u cembine such names instead E

b cembining basa bl L tier hase aty understandiug ot otne

concept recursion” C oshooid tne auseer to one or more nf these questions

e oaegative, one Migh' owentor o wherRer Chose conrepts el competences

can be taught to voung chiidren and tren wander wethet such a4 feaching

would he ggeinl

Caroatlothese reasons, we tnought that o would be more useful to let

voung children manmipulate concrete  representat: ws of  objects  which

Sugesst a Ioglcal structure herause these nbijects are 1n fact a concrete

representation -t farmal dae

Sutdataent Lo e form resen oo,

COHORG-FRESENBORG's Dynamical Mazes (1979 can be u<ed :n such a wav.

we used them (l4Yx6) with 6-vear olds i1first graders' and notieed g

transfer from the traming we gave them to their performaaces in readirg

activaties, we then tricd 4nother material with simitar <ralldren, This

materi il has bevo uescribea bv SARRENS (lYR4) who wanted to use 1l o

!

anglyvse sentences while we deseribed bow to use 1r oay hasis trrog

programming language (LOWOINTHAL, 19&5:,

The device 1tselt o

s13ts of 3 white plast.o board tarnisted with hnles,

oo theae noles i can put coloared plastic aoiis, or pees, The negs

are detined b T varasvics otherr 2. lour and tne snape o! the head,

inere are 'i:c wolours ¢ ovelb

w, ®Wi€eir, ted, arange, blue [ the heads

ran e =quares srootriangles, We usel short sequences of pegs @ each

T vl 0 et feLTeaen el Ty gty alar

g thrs delinttioin was

nidedd on the jert ot the board @ our wrfort sequence became thus a

rrocedure. A short sequence ol triangular pegs placed 1n the centre

oy

viatu represented a programme @ a list of procedures which had

! Pa e gt

‘re end pruduct was then placed on the right and could

voeantayn sqqiTe peps Tiuc. ke had o perfoamo4 bear, tirive o

net, o N DASEe actions ', e pnrradoeod ) e i

BUE Toreoteool gy s
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veliow triangle which was onlv used in this context.

ine most relevant feature nt this device, when used o5 hasis tor a
Lrograsming  language, 8 that ot constitytes A procedural  languawe
yrecedures can he combuned and reterred to. Another relevant feature
uf tnis languege 13 that 4 procedure can call anuther one (the name
st the other cne has been 1nserted 1n the definition of the procedure).

srocedule can thus cali atself provoking an infinite recursion, Finally

some kind ol tufiie-irke urilentaricn can e nbroduced,

We uysed this setting tn ask three kinds ot questions, Firstiv, we xave
~he procedures and the programme and we asked Lhe subject tu produce

1100y Seguenm e ot aquaie pegs Ly replacing each triangular peg bv o 1ts

"weurang ‘3.0, the subject had to execute the programme). Secondly,

we gave tne procedures and the end product, and we asked the subject
to 1rropouse,using triangular pegs, : programme which could have been used
t rrednee rro o end aradart wyth these procedures. Thirdly, we gave
tiae  programme, the end product and the names of the procedures, and

we asked the subject to discover definitions which could have been used

for these procedures {i.e. produce a sequence of "things" for each of

the piven tridnguelar per). In each c~ase, the ¢hild had tn solve a
probtsm : he had to produce an output taking simultanecusly accsunt

ol two inputs ot different kinds,

fhe use ot sucti 3 materlal as cbservation and/or teaching device suggests
a great number of questions. When comparing children who were trained
to o use this gevice with untrained subjecis, can one show that the first
nes
4) nave herter «chool resuits, as far as c(lassical "school problems arw
cancerned, when thev are evaluated by means of rlassical t -ty or
Sy the teadhwers' wrades
) have transferred the compelence acquired in a pseudo~-computer language
'noreading e tlis, as mentjonned  for o the Dyvnamical Mazos, or te
veeabnlary or other skills involving the semictic tunction ;
Dave a better apprencnyivh vf spalial cuobeepts
verhalbtre more eaqi v oand dare more able to oxplain what they did
aind why

tee et D e they start reagl DO
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One can also wonder whether clinical observations realised while using
this material as "testing device", give informations concerning the
type of cognitive strategy a child uses and the type of cognitive
processes which are involved for him (COHORS-FRESENBORG, 1984 ; SCHWANK,
1986).

Finally we will show that such cobservations can be used to specify which
Piagetian stage, {or part of a stage) has been mastered by the subject,
Moreover we will show that some higher concepts are teachable to younger
children although we do not yet know whether the result of our teaching
15 limited to the use of this material or can be transferred to other

domains.

1. EXPERIMENTAL SETTING.

We worked with 76 6-year ulds (first graders). We used a pre-test to
split the group in two equivalent subgroups : an experimental group
and a control gioup. The pre-test contained thrvee part- : a) a reduced
version of the BD 1n corder to measure the general intelligence of the
subject (in VAN WAYENBERG), b) PORTHEUS 'mazes in order to measure the

subject's capacity to make plans and teo foresee, and ¢} Similitudes,

frer

ttems extracted from the WI'PSI (WECHSLEK, 1972).

The "experimental” subjects worked during 6, 7 or ¥ i0-minutes sessions

with the pegboard. They worked by groups of two. The "Luntrul™ subiects
alsc worked Uy groups of two on typically placebu actaivities (play games,

draw, Siig, «.«.i. (018 activity lasted from January to Mav.
y )

At the end of this activity, all children were submitted to o jonst-test

containing four parts : a) a reduced version of the BD, b) [aMBLIN's

“test de la goutte” fin VAN WAYIMBLRG ), simiiar to the KbY tigure test,

but simpler : 1t measurcs the level of structuration of the perceptive
activaty  comperence, o the heversal (FIFRLDE, 1970) which measutes
the level of spatial organmisation and Jateralisation and 4) a test of
mathematical knowledge (CLEFMPORL-HOTYAL  concerping only the kind i
mathemat:ics which ahould Lo taught in a tust grade, O guaths later,
in January again, we interviewed the 11 children who got the best stares
at the post-test, 1u each grouvp. The procedure nacd for these clinical

IMtetviews w1ll he presented fater 1o this parer,

150
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2. STATISTICAL RESULTS.

As far as typical and <classical school activities, problems,

mathematical activities are concerned, our testing shows NO significant
difference between the experimental and the control group, the teachers'
evaluations of reading abilities were also taken into consideration
(but this is not a standardized test) : these evaluations do not show
any significant difference between both groups. Neither did we observe
a difference in the test which was used to measure the subjects’

apprehension of spatial concepts.

3. CLINICAL INTERVIEWS.

We oprepared for these interviews a video tape showing an adult hand

solving 6 exercises on the pegboard :

a) production of the end product ;

b) discovery of the programme used ;

c¢) definition of the needed procedures (the solutivn of this exercise,
as presented on the videotape contained a mistake) i

d) use of procedures calling other procedures ;

e) use of a procedure containing its own name (and thus calling itself) ;

f) use of the directional triangle.

The material was shortly presentéd to each subject when he started to

view the tape. The interviewer showed him then what the adult had done

stopping at each step iand he thus subdivided an exercise in as many

parts as requested by the child) ; he asked the subject to tell what

he had seen and to explain what had been done and whv it had been done.

Some children were also asked to predict what would happen next cnd

all the children who seemed unahle to understand what was going on got

hints from the experimenter,

In order to enalyse these clinical interviews we looked at the following

elements

a) what type of explanation does the subject use to produce or explain
a result : we consider that a subject produced a high level
explanation :{ he tock into account 2 information sources
constantly, or | source for some problems but . seurces for most
ot them : otherwise we consider that he praduced alow level explanation;
is the subject able to uge labels to represe * a collection of objects

(e.g. a chain of squares) and to manipulate thegse labels insteaq

156




of the obiects thev represent, in urder tu pertorm a reasnning

1s the suhject ahle to understand and enpla., that 3 procedure can
contaln a label {a triangle  "caiiinp" anotner procedure ;
is the subject able to understand and explain that a procedure might

Cotara tls oown ndme and thus proveoke gn A e T T

e
g

s the subject able to discover the mistake made v the atult and

to reart by correcting it iather than by modifving his own solution

5 the swbyovl abic Lo uwnavistand a@nd o eXplaln the meaning o»f the

Firectional triangle

W expelimes Lal o wbog;, sub et : L Y ceved
explandtivas, the Same sube~ts  used e noa uvseful fashian,
the other 4 schrects gave some kind of explanaticn 3 oan the coatrol
Laut o owl o iy uacd il dv.el eaglanaliuas and <
[ RS FE T T N A U Tt andgliat e ot eyt
it acoount, the ol contral  sybhaert we oy tatels correctiv,
[N LR
exjpurr menr gl
frrp e ! RIS ¥
Jens under~t o the proacess 4eer

v e

similar probless duraae the tranmiae pered o e cintrol group
e nf the mantecte grderst o et . ' Tinfinte
recursinn’,

Most by ) dren eather

verrecs rroapasil ta stick to tha grerg

piohaty gronps, bosuhaacts wderst ool rne Toar veg ol the sypeet gl

rriangle, onlv O of these 6 children had seen similar problems during

PISCUSSION AND PROPOSALS FOR FURTHER KESEARCH.

Beflections concerning the subjects of ihe experimental group.
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tAask wolth has o pelat o acth o owg gl

than T Soafter theotrayoane T t RS B ERE
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nottons or strategles thev acqu:ired

transferred these to other domains,

fase subjects ieartned to uyse labels and to manipulate

4 the <hain of nbjects thev represent

age aof 7. to manipulate svmbols 10 a

and

to rigure oul whether they

them 1instead

¢ they werc thus able at the

specific- setting., A further

experitent whill show whether they dc

more specifically whetber thev use less,

and metaphors 10 thetr asual  language

control sroeup.

These expertrental saboects 18 seem tno

settaing and ot the age of /7, twe

simultaeaualy, and . oombine rthem in

expe rament will o oshow wether

their eoncrol  counterparts  when

Conservat ton tasks reqairing the

(o e, wolth and heapnt af a glass?,

rindlls same ol these sqbpet s gy

procedrre can cantaih bhasic

arotier procedure,  Jhis o1s alsa the
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and control, are easily impressed by adults' sclutrons and de not
react positively to adults’ mistahkes.

A less expected observation 1s that the meaming of the Jdirectivnal
triangle has rot been discovered by a mgiority of subjects, although
most of them agree to sav that ""the sguares ‘ena product) do onot

lovk the same” (1.e. are nu lunger i oune linel.

We d1¢ already conducting the new experiments we mentioned and we believe
that the material we described might possibly be used 1n the future
Lo test  chitaren’ s abiitties an tutally datterest preblem solviag
situdtions. fhis devive will probably alss help as to determine which

pragetlan stage has neen reached by the subject.
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COGNITIVE and METACOGNITIVE SHIFTS

John H. Mason
P. Joy Davis
file:PMEL2

ABSTRACT
A basic mathematical question is to ask, overtiy, ‘'What is
the same about these apparently disparate and yet strikingly
similar sltuations?’', and to try to bring this to
articulation. PME X1 in Montreal provided us with numerous
apparently disparate experiences, In the form of the many
pregsentations. Yet we were struck by a common thread
running through most ui the sessions we went to, and this
paper le an attempt to articulate that sameness.

The sameness has to do with shifts in perception and
attention. One example {8 the shift indicated above, in
moving from a senee of sameness, to an articulation of that
sameness. The sense of sameneas is akin to breathing air -
a natural activity, a state of immersion in experience.
Becoming aware of sameness ags a samenesd, and trying to
bring that to articulation, is akin to becoming aware of the
fact of breathing: and trying to describe what bieathing is
like. Our intention is to go further, and to begin an
analyris of the mechanics and function of shifts, akin to
studying the mechanics and function ot breathing.

This paper mus' necessarily be brief, and hence laconic. A fuller
analysis, with more examples, with more detalled links made between
examples and mechanism, with an exegesis of the kind of theory which we
are developing, and with a justification for our epistemological
approach and our method of #tudy, must wait for another occasion.
Elements can already be found in Mason & Davis }9B8 and Mason 1986,
There are four sections:
1 The scope and range of shifts in mathematics educatinn:

Examples of sore of the fragments of disparate experiences which

the ldea of shifts embraces,

The fundamental importance of ehifts in the psycholoyy of learning

mathematics.

Significant factors in the bringing about nf shifts:

First steps towards a desctiptive vnrabulary t~ enhance noticing.

The structure of attention:

First steps towards a mechanism of shifta.

I THE SCOPE AND RANGE OF SHIFTS IN MATHEMATICS EDUCATION:

To
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Examples of som2 of the fragments of disparate exper:ences

which the ides of ehifte embraces.

By & shift, we mean a shift of attenticn, often sudden, but eometimes
aradual, in which one becomes aware that what used to be attended to wan
»nly part of a larger whcle, which ls at once, more complex. and more
simple. Frequently, ahifts etudied i{n mathematice education are from
zhjest to process, and fIom process to process-as-object. For example:
4 shift from attention to number as & sound uttered during the ‘'act
~f ccunting', to atten*ion to the act of count.ing, and then to
numhet aa iniependent of counting:
snift from raving to mentai,y caicuiate when converting, say.
temperature given in degreeg centigrade tu degrees fahtenheit, to
simply knowing (perhaps approximately), in both gystems:
ghift from root 2 as a number approximately egual t~ 1.414..., *to
root 2 as a number known only by ite property that it is poasitive,
and that i1ts squace is 2.
shift from seeing an infinite sequence as an unending process in
time, to seeing it alsoc as 8 completed act:
shift from experlencing emotions while engaged i1p mathematical
thinking, to being aware of affective factorsa in mathematical
thinking during the thinking;
shift from being immereed i{n being stuck while working on a
problem, tO being aware of being atuck, and hence freed to be Able
to do something about (ty
shift from seeiny a mathemac.cai protiem as being hard.
interesting, impcrtant, ..., to seeing 'hard', 'i{nteregting'
‘important', er~ a4 descriptive of the relat:cnship between a
pergnn, A problem, and the circumstances:
A gquetation attributed to Kant. sums Jp beautifully the essence, “he
abiaguity, and by extension, *he impcrtance of shifts: The successicn of
our parceptions does nor add up o5 a perception of rthat surcescion

THE_FUNDAMENTAL iMPORTANCE QF SHIETS

JHOTHE PSXCHULAGY QF LEARNING MATHEMATICS

"he arxamples nf shifts gliven in section 1 are intended :o be immediately

cw.orghiieanie to mathematics educators. They iliustrate asome of the aima
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and activities reported by many researchers at PME XI, some of whom were
concerned with how pupils learn specific mathematical ideas, concepta,
snd techniques: some of whom were concerned with how teacners might
intervene with pupils to facilitate learning: and some of whom were
concerned with neiping teachers to beccme aware of their own thinking

sroceeses and thus tn turn to help their own pupils.

+@ suyyest that to make contact with a mathematlical idea, to learn a
concept, to master a technique, and t» develop an awareness, all require
a shift ot perception in the pupil, indeed, cften several shifts. For
example, in the well studied domain of algebra, which is a watershed for
most people, there are at least five fundamental and essential ehifts
required:
from an expression seen as a complex entity, to being gseen both as a
rule for calcula+!on and as the result of a calculation:
attention on the result of counting, to attention on the act of
ecunting, 80 as to discern the generic aspects of the counting;
aingle right/wrong answers to the possibility of a multiplicity
of ways of expressing the same pattern;
the unknown a6 unknown, to the unknown being merely a
manipulable as-yet-unknown (Mary Boole 1909);
‘seelng' pattern, to pictures supporting that 'seeing', to
worde describing that '‘seelng’', to gsuccinct words, to symbols
which can conveniently be manipulated.
The charting »f common pupll miaconceptions can pe viewed as a charting
:f behaviour in the absence of necessary, but sadly, essential shifte o
attention. Teachers try te encourage pupils tn shift their attention,
trom focussing solely on getting correct answers, to how such answers
are obtained, and rhence to the processes of thinking mathematically.
reahcers ~ften tind themselves encouraging shift., 7f attitude, which is
concomitant with attention, among rnlleagues and parents, a2 well as
oupiim. Fducatora conducting :n-sefrvice 3@8810nE with tgachers are
1yifig O encourage teacners to shift their attentiun away, for example,
from mathematice as fact-learning and towards mathematics as engaging in
thinking and as a dieciplined form of enquiry. At a swecond level, they
<igh Lo heip r2azhers anife tneir attention awa; [tom the details &f

apecific iesaun piane and detailed tlps [or good lessons, and towards a

aenwral approach to teaching. 'E tj B
[
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What we found moet striking, in discovering the idea of a shirft of
attention lyling behind the wide varlety of research. pedagogic and
inservice activity displayed at PME XI, was that there is comparatively
little information about how such shifts of attention actually come
about. People report on thelr perception of teacher and pupil
behaviour, but tend to leave unnoted sufficient details to enable a

study of what brought about such attention shifts as do take place.

Before proceeding with our suggestions, it is extremely important to
draw attention to an enormous potential danger in the use of the
language of shifts. The English language encourages reificati~n of
processes, and mathematics often makee progress by making i»st e:ch a
shift. Shifte ¢ Ld become things which 'have to be made to happen'.
The very word shi:t, based as it is on a spacial metaphor, suggests that
it is something that you can 'do' to someone else. Tlie next stage in the
potential degeneration of {deas through excessive articulation, ie that
teachera might start to try to 'shift pupils', educators to ‘'ghift
teachers', and researchers to study all this 'shifting' activity. We
bellieve that the notion of shifre is sufficiently impcrtant and powerful
to take that risk, but we emphasise that shifts are NOT something you do
to aomeone else. You cannot shift someone else's attention. You may
attract it, you may try te focus it, you may even act in a manner which
invokes temporary shifts of perspective. But, based on our experienre,
we are certain that you cannot shift someone else’'s attention, at least

in the way in which we are using that term.

what is the use of a theory which denies the possibility of causation in
its application? We suggest that through the lanquage of shifts, it
becomes possible to notlice situations in which shifts, and Flocks to
shifts, acre significant factore, and hecause of th:is awarene s,
alternative action can be taken - for example, in not 'beating your head
against a wall', but rather setting up activities that might promote the
necessary shifts (for example, the Didactic Situations of Balacheff
1980). #Hy focussing attention away from the teacher as curriculum
delivery agent, and towards the teacher as guide and gacrdener, the
vocabulary connscted with the theory of shifts can help infiuence the

development of & more productive classroom environment. Notice that we

are here talking about a ah}ft of attitude and perepective, connected
i
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with a shift in focus, on the part of the teacher. Our theory (when

fully elaborated) speaks to lts own promulgation.

3 SIGNIFICANT FACTORS IN THE BRINGING ABOUT OF SHIFTS:

First steps towards a descriptive vocabulary to enhance noticing.

Working from experlence of ourselves, from observations of and
diecuasions with others, and reflecting on the examples proffered so
far, it seems that eshifte come about in basically four ways:
in the presence of a person, usuaily whom we esteem or in whom we
have some investment (Jfnvestment for shurt};
when present experience ts suddenly seen as an example ur partlcular
case (Examplehood for short);
when a word, expression or image which is richly associated with
past experience (often described as meaningful or substantial)
provokes a moment of noticing (Resonance fcr short):
when we suddenly, and apparently spontanenusiy nntice somerning new
or freshly (Grace for short}.
Several of those may be operatlng at the suame time. The t1eascne for
distinguishing and labelling them are that we can ejlatcrate on those
aspects of shifts which seem to fit theae patterns, and the iahels can
be used (via the mechanism of resonance) toc help nntire shit*a takinng

place, thereby permltting speclflc action tr, be chosen.

Investment
Try to recall some moment when someone whom you respected or esteemer

came for the firgt time 1o your room or nther familiar place. Otten

when thls happens, it ie as i{f you see the place freshly. perhaps even

thrrugh the other person's eyes. Sometimes there .- a cenge ! heinag
larqer than life, of being more than crdinariiy aadats .t can aiso e
dysfunctioning in that you find ynurself knoecking 'heongs nwnr sr
agtherwise rehaving awkwardly. Tearhrrs being nepes ! singted oo

report this snrt of experience.

We suggest that persunal i1nvestment describes the principal actinn
behind many metac anitive shifts, Syrh ah:ifte rfecur when attention s

elfes)  veiy spii1t by seeina ‘he world as though *hrongh the eyes of

another. The neestnent 4! =nteem Cternlly olaces part af g
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attention outside ourselves, and so produces the inner eeparation which

is one form cf shift,

Examplehood
Try to recall some gituatiorn in which you sudderly realised that what
you were attending to was an example or particular case of a general
principle. For example,

counting the number of staire in a staircase :s an example of the

‘fence-post -argument’;

realising that the experience of suddenly emerging from being stuck

on a problem by hecoming aware ~f heing atuck, 15 an examgle cf

what we mean by a shift.
The shift tc examplehocd is remarkably, and peculiarly, hard to speak
about, because the act of speaking entails that examplehood has already
occurred. Yet there are countless acts that people perform each day,
whose examplehood passes unremarked. People say 'Good morning', but
Aor't see thias as an example of ‘stioking' (Bewne i%5%3); they Lhink
abh~ut what they will dn Auyring the day, but don't sce it asg 'planning’,
anag 80 on. We are not suggesting that it wnuld bhe helpfu) to see every
act, every object. as an example of something more general. However we
do observe that In mathematics, many students act as il they have not

detected examplehood when (Lt {8 expected or intended.

Examplehood is an important part of our ctory, for it descrlbes the way

in which disparate experience is integrated intc a more smubstantial,
more meaningful net of connections and associations. Along wlth making
distinctionz, it seems to be a fundamental power «f the human brain, and
at present ' Cholugital piamative {Ladwssd 13B/; in wui

thency.

Resonance

In the midst ol a cunversalivi, sumeune uses a word whnich for you has a
techuical or emotive importance, Suddenly you both hear what they are
saying, and simyltaneously, you have an e«panded inner senge of t)e
special meaning for you. |- often happens 'hat atter your returrn fren a
holiday in annther county, ynu notice numerrya references tco that
country in travel wr.te-ups and sven in the pews, A car aalesman

observed that when you buy & new cat. you fuddeniy become aware uf ..her
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cars8 on the road of tne same model. These are exampnles of a proceas
which seems to work rather like the resonance of a musical instrument -
1f you make a sound in the right place, the instrument reverberates and
amplifies the sound., 1In terms of memory and meaning, a sight, sound or
thought can resonate with past experience, making roth specific images
and abstracted awarerness seem toO appear in attention. Workers in other
disciplines uase the language of frames, achemes and scripts to talk
about the same sort of experience. The metaphor of resonance does not

ansgwer the question of mechanism, hi't geems a ugeful way to speak about

a whole gamut of experiences, in which something becomes meaningful.

Resunance seems to lie at the heart of many cognitive and metacognitive
shifte. The sudden insight, the change in viewpoint, seem to be related
to prior experiences which, although not summoned directly, contribute
to the ehift of attention, This js the 'mechanism’ proposed in Mason,
Burton and Stacey 1982, for 'learning frrm mathematical experience' via
the use of emotional snapshots which are re-vivified fragments of recent

sianificant eaperieuce.

vrace

Every 80 often, In cur experience, we suddenly find our attention
sharpened, but tor no apparent reason. There may in fact be a chain of
subtle resonances and associat.sns, but in order t~ leave rnom €ar the
possibility of spontanecus shifts of attention, a fourth term seems
desirable. We use the word grace rather than hazard or chance, because
it often seema like a gift, A special mcment in which attention is
enhanced and ‘'tnings seem to fall iito place'. Since the act of grare
d~es geem to be haphazard, there is littie more that can be said, and

certainly it carnot be called upon or planned for!

Our current undermtanding of coanitive and meta-cognitive shifts is best
stated in terms of splitting and diffusing of attentlion, from monadic,
thtough dyadic, to triadic form. The transformation ol attention has,
wo propoge, dqualitiee analognue Lo physicel change of atate, with the

role of latent heat being taken partly by stimulation from the

it
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environment, and partly bty the self, working on automatising and
integrating awarenesses {(Gattegnc 1962, Maturana & Varela 1971).
Monadic attention ls a atate of total immersion and full concentration,
of being caught up in the doing and being blissfully unaware. Dyadic
attentlon emerges as awareness of distinction, duality, or ldentity.
ldeae suddenly fall intc place, and one becomes aware of the fact of
thinking. The focus of attentjon becomes {tself an example or generic
instance. This is typical of cngnitive shifts connected with
mathematical content. Significant metacognitive shifts arise when
attention hecomes tr.adic, scmetimes through emergence of investment in
a significant other, an internal watching bird (Rig Veda «1500BC) or an
internal monitor (Schoenfeld 1985, Mason et al 1982), and sometimes

through resonance with signiflcant key words or phrases.

The whole of the rthecory 1a summed up tor us 1n the memorable epigram of

Gattegno (1971): 'Only Awareness is Educable'.
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LEARNING MATHEMATICS COOPERATIVELY WITH CAl

Zemira Mevarech
Bar-Ilan University, ISRAEL

The purpose of the present study was to investigate the effects of
computer assisted cooperative learning on mathematics achievement and
learning . ocesses. Participants were 227 puplls in elementary school who
studied mathematics with a Computer-Assisted Instruction program called
TOAM. Results showeg that collaboration at the computer tendea to be
associated with a higher level of mathematics achievement and more
time-on-task than did the indlvidualized CA! program.The theoretical and
practical applications of the findings for the psychological aspects of
mathematics education will be discussed.

inrecent years, researchers ard teachers have started to question the
widely accepted assumption that Computer-Assisted Instruction (CAN)
works best 1n Individualized settings (Johnson, Johnson and Stanne, 1985).
Jackson, Fletcher, and itesser {1386), for example, showed that mcre than
50% of the teachers in England use CAl in pairs or small groups Jackson
and her coileagues Indicated that teachers prefer to impiement CAl
cooperatively not only because of 1imited sources, but also because of their
belief that students benefit more in cooperative than in individualized CA!
seliings  This assumption raises two important questions (a) does
Cocperative CAlL (C-CAl) factiitate learning more than Individualized CA!
(1-CAD? and (b) to what extent are learning processes different In one
setting than in the other? The present study addressed both questions by

focustng on mathematics achtevement and mental effort of elementary

school students who used CAl cooperattvely versus indivigually.




underlying cooperative learning models is the fundamental assumption
that learning together Improves knowledge-acquisition more thar
competitive and/or individualized learning (Sharan, 1980; Slavin, 198()
This assumption stemmed from cognitive and social-psychology theories.
from cognitive point of view, learning together provides ample
opportunities for students to verbalize the materfal, reorganize it in new
schema, and represent it in different ways According to Webb (1982),

these processes factlitate learning Moreover, research has shown that

both high- and low- abtlity students benefit from cooperative learning

{Stallings and Stipek, 1986) The high-ability learners achleve 2 higher
level of understanding via the process of teaching the slow learners, the
low=-abiiity learrers benefit from the instant help they recetve from other
children In the small-group These processes exist alse (n cooperative
mathematics classrooms When chitdren solve mathematics problems in
smali groups, they help each other to analyze the problem, identify the
‘given” and the “wanted”, look for appropriate algorithms, and correct
computational mistakes Thus, we hypothesized that students In cooperative
CAl settings would perform petter than students in individualized CAl
settings

From social-psychology perspective, cooperative iearning 1s presumed
to raise motivation and increase mental effort more than individualized or
competitive learning (eg, Slavin, 19680) Stallings and Stipek (1986)
argued that “indivigual competition can enhance the motivation of students
whnp nave some possibiiity of “winning”, but research shows that meny
meiaren, who begin the competition &t a gisadvantage and who expect to
fare pocrly, no matter how hard they try, eventually cease trying

iby




(Covington and Berry, 1976; Dweck and Reppuuc i, 1983) A group reward
structure may relieve motivation problems that many low-ablility students
have in Individual competitton sttuations” (p. 746) |f indeed, cooperative
learming raises motivation, there is reason to su* iose that stu “ts in
C-CAl settings would invest rnore mental effort than their counterpe. s in
i-CAl settings

while most studies of cooperative models focused on settings with no
computers (e g, Sharan, 1980; Slavin, 1980, Stallings and Stipek, 1986),
studies in the area of CAl assessed the effects of the system on students
who worked tndvvidually at the computer (e g, Kulik, Bangert and Willlams,
1983, Mevarcech, 1985, Mevarech and Rich, 1985, Mevarech and Ben-Artzi,
1987) Only two studies Investigated the effects of CAl in cooperative
settings (Johnson et al, 1985; Mevarech, Stern and Levita, 1987), but they
did not examine mathematics learning. The purpose of the present study is,
therefore, to compare the effects of C-CAl and i-CAl on mathematics

achievement and on mental effort investment

METHOD
Subjects
Participants were 227 Israel) students In third and fifth grades
Subjects studied in two elementary schools which served economically
disadvantaged families as defined by the Israelt Mintstry of Education.

CAl Program

The CAl program used In this sludy is cailed TOAM, the Hebrew

i70
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nym for Dlagnosing and Practicing with Computers. TOAM program
ers” all topics of elementary school mathematics Including four basic
ations with natural numbers, negative numbers, fractions and
imals, powers, word problems, equations, and geometry The program 15
ided into fifteen strands each includes problems of varying difficulty
At every session, probiems from all strands are presented on the screen
Students are provided with thres attempls to sclive a problem correctly
when ail three attempts are fa!led, the correct answer 13 presented on the
screen
The first ten TOAFY sesstons are devoted to diagnosing purposes Using
the “testing-tallored” technique, the ieve! of each student is determined
ingependently of hts of her age or class fevel Then, each student driils and
practices according te his or her apbility level  The computet makes

moment -to-moment decisions regarding tne matching of student abhity and

oreblem difftculty ltevels The criterion level of mastery 1s approximately

80% correct answers. At the end of a session, students recelve summary
reports indicating the number of problems provided and the number of
problems solved correctly on the first attempt Teachers and principles
receive weekly reports describing performances of al! students on every
strand and the average performance of the class in addition, teachers
recelve Infurmation about special problems students are confronted while

working on the tasks (More details about TOAM can be found 'n O31n, 1981)

Measures
Two measures were ysed in this study one focused on mathematics

achievement and the other on students menta! effurt Each was




Lg9

administered at the beginning and the end of the stuay.

TOAM's average scores overall strands were used to assess students’
mathematics achievement. The scores are constructed of two-digit
numbers. The "tenth” digit presents the "class” tevel and the "unit” digit
presents the "month™ tevel within that class. For example, a student whose
score is 54 knows that his or her performance is equivalent to the
performance expected by a student at fifth grade on the fourth month As
mentioned earlier, these scores are based only on students’ perforimances
regardiess of theiwr age or class level For example, students can be in
second grade and perform as expected by students in fifth grade and
vice-versa, students can be In fifth grade and perform as expected In
second grade. The norms were determined by the Israeli Ministry of
Education.

Students’ mental effort investment was assessed by a short
questionnaire Following Salomon (1983), students were asked Lo indicate
the extent to which they invested mental effort during the CAl sessions.
The Scale ranged from one (very little) to five (very high)

Procedure

At the beginning of the experiment students were randomly divided

Into an experimentatl and controt groups Students in the experimental group

wolked in parrs at the computer. They were asked to discuss the problems
presented on the screen, agree on the solution, 2nd then ENTER the answer
In this group, students took turns at the keyboard so that al each session
another team-mate typed the answers.

The control group continued to work at the computer as they were used




todo They learned individually -- one student at ohe computer.
Both the experimental and controt qroups useq the same tevtbooks, CAl
system, and basic teaching methods The duration of the study was

approximately three months

RESULTS AND DISCUSSION

Kesults showed that stugents in the experimental group gained higher
mathematics scores than students in the contro! group. During the time of
the study, students who worked individually at the computer gained 2 86
month equivalent grades, whereas students who worked In palrs at the
computer gained 310 months eguivalent grades  Analysis of Covariance
(ANCOVA) of mathematics achievement obtatned at the end of the study
(inrral scores served 3s covariance) indicated marginal signtficant matn
effect for the "t: eatment”

Results also showed that students who used CAl 1n patrs invested
more mentai effort than students who used the program Individuaily  ‘whiie
hanges between post and pre measures of stugents’ mental effort
nvestment 1n C-CAl settings averaged at X7 that of studerts in (-CAl

ettings remained almost the came (08, ANCOVA of mental elfort scores
tained at the ena of the study (initial scores <erved as ovariance)
dicated significant main effect for the "treatment”

Stnce this wotk s now inprogress rore details wiil be camrnunicated

the PME meeting in July

These findings shipddet teachers intuition that C-CAL fachiitates
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learning more than 1-CAl. Evidently, students coliaborating at the computer
encouraged one another to invest more effort and tended to gain a higher
level of mathematics achlevement than their counterparts learning
individually with CAl.  These findings incorporate in previous studies
showing the effects of cooperative learning on mathematics achievement
and time-on-task (e.g, Mevarech, 1985; Stailings and Stipek, 1986).
According to Satomon (1983), cognitive effects of media depends on a
number of factors Inciuding the effort Invested, depth of processing, and
special aptitudes of Indivigual learners, Future research may focus on
these factors and relate them to learning mathematics cooperatively and
indlvidually in CAl settings.
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MATHEMATICAL PATTERN-FINDING IN ELLEMENTARY SCHOOL
.- FOCUS ON PUPILS' STRATEGIES AND DIFFICULTIES IN PROBLEM-SOLVING --
Nobuhiko NOHDA,  University of Tsukuba, Japan

(Abstract)

Our study 'Problem-Solving' is the current focus on mathematics education in
Japan. The study on analyzing pupils' strategies and difficulties in problem
solving is considered indispensable to improve teaching in mathematics classrooe
activities. It seems that these strategies and difficulties are influenced
greatly by some social and cultural factors, such as languages, sysbols and daily
life-habits etc.. This study is planned in order to make exactly the effects of
social and cultural background on teacher and pupils who engage in problem solving
by means of activities and communications, particularly in reference to share
meaning and use of mathematical words and symbols involved in problea solving. We
have to become more aware of the infarmation processes which consist in the
comnunications between the teacher's explanations and pupil's understandings
about problea-solving.

Subjects of survey test in this study are selected at random one class of
first, second and third graders in the elementary school and they are living in
Tsukuba City near Tokyo. And then, we will take the second class for the problem-
solving of the teaching experiment. The second-grade class (Male; 17, Female; 18,
Total;35) we take here in this study, are composed of pupils of another
elementary school which we have carried out the above survey test, but the school
is the almost sawe conditions as the survey school in Tsukuba City.

1. Background Research

The process of problem solving becomes evident when teaching is seen as a
process of interaction bewween the teacher and learner and among the learners-in
which the tcacher attempts to provide lerners with access to mathewatical
thinking in accordance with given probiem. This teaching/learning process is
(like all processe: between learners) influenced by a number of social and
developmental aspects and factors which can be includet in problem solving, The
commnication between teacher and learner is thus not only conditioned by formal
decisions about goals, content and teaching methods, but it is also strongly

dependent on even more informal aspects in early elementary school, such as the
teacher's words and explanations to the problem-solving, and learnor's motivations
tr solve the problem and to concern with it.

We will cito an exomple as the problem solving activities between teacher and
learners (Fig.3). A briel consideration ofiso;ptsf the roles of the teacher at
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different stages of the teaching/learning process illustrates this: instructor as
Lo teach learner mathematical kaowledges and skills (Top-Down); educator as to
wake them help problem-solving (Bottom-Up); and decision making as to judge
teaching goes ahead or not, still there repeatly explaines more politely. The
teacher's explication of such roles is intgrated with his specific actions, and
serves to establish his/her background and context for the interactions betwecn
pupils' actual and inner activities in vonmection with any their subjective words.
If you grant this inherent R
subjectivity of concepts and, Teacher Instruction
therefore, of weaning , you are
immediately up against a serious T l
problem, If the meanings of Problem-Solving
words are, indeed, our own - Activities
subjective construction, how can

possibly communicate? How could
anyone be confident that the Pupils' Inner F*-
representations call up in the Activiteis {

wind of the listener are at all R O

like the representations the Neta-Learning

speaker had in mind wlen he or grreeeene Woeeeens
the uttered the paticular words? Pupils’ Experiences
This question goes to the very

heart of the problem of Fig.1 Problem-Solving Activities
commnications ahout problem-solving.

Accordingly, the communication used 'problem-solving’ as an organizing
princlple in Japanese mathematics learning calls for weta-learning under the
teacher's zupport. This communication views mathematics classroom teaching as
controlling the organisation and dynamics of the classroom for the purposes of
sharing and developing mathematical thinking.

2. Mathesatical Problem-Solving in Lower Elementary Schoo!

Our study ‘Problem-Solving' is the current focus on mathesatics education in
our world. The study on analyzing pupils' strategies and difficulties in problem
solving is considered indispensable to improve teaching in mathematics classroom
aclivities, It seems that these strategies and difficulties are influenced
greatly by some social and cultural factors, such as languages, symbols and daily
life-habits etc., This study is planned in order to make exactly the effects of
soclal and cultural background on teacher and pupils who engage in probles solving
by weans of activities and communlcations, particularly in reference to share
weaning and use of mathematical words and sysbols involved In problew solving. We

L T
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hope to become more aware of the information processes which consist in the
communications between the teacher's explanations and pupil’'s understandings
about problem-solving, i.e, pupil's hearing and writing down scme key word the
teacher says.

fere we use as non-routine problems: problem situations ( Christiansen &
Walter, 1986). We suppose the given problem by the teacher is caused for major
difficulty: How to give a suitable problem to pupils ? In actual practice, every
teacher will have to take his or her own classroom conditions into consideration.
Thus, we will define the problem being used in this paper as follows: the problem
includes both sides of wathematics and pupil/pupils, and then it is a non-routine
problea which two fundamental factors must be contained in the problem in order to
solve by themselves independentlly in mathewatics classroom ¢ Nohda, 1983, 1986).

Here we use the problem of pattern-finding. We shall focus on mathematical
pattern-finding in problem solving. One of the dominant themes of cognitive
research into problem-solving in recent years has been pattern-finding. However,
such of this research has been in non-mathesatical contexts ( Lester, 1982). We
will study pupils’ acheivement on solving-problems from views of mathematics
education, Thus,we will define the problem as follows: The problem occurs when
pupils are confronted with a task which is usually given by the teacher and there
{s no prescribed way of solving the probles. It is generally not a probles that
can be imwediately solved by the pupils.

Pupils are able to solve the problem when they find a suitabje 'pattern’ in the
problem, On the other hand, they have some feelings of difficulty in solving
their problems when not belng able to find a suitable ‘pattern’. To study
oupils'sathematical activities by means of the strategies and difficulties of
problem-solving, is to make it clear how pupils find more suitable patterns of
the problems under some interaction between the teacher and puplls, and between
pupils, what strategies they find in thelr problem-solving, and in what parts they
have difficulties in teaching and learning processss( Silver, 1979).

For the purpose of this study, first of all, we consider the mathematical
sctivities through the following two cases, The one is the underlying pattern in
the problems, that is, the nature of characterizing the problem itself. The other
is the feature of strategies in pupils' problem-soiving. The former means the
structure of problem and the rule in it etc.. The latter iy the mode of action
applied in puplils’' problem-solving. Therefore, in order that pupils aight do
better in their problem-soiving, it is necessary that pupils share the
underatandings of problems through sowe activities of communlcations between
teacher and pupils. For pupily who fail to understand the probles or feel]
difficult to solve it, the reason would be that there is no sharing the
understanding or way of solving of the task éh’ﬁPﬂ“ the interactions balwaan

L N
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tasks and pupils under the teacher's instruction.

To make clear the pupils' strategies and difficulties on problem-solving from
the above viewpoints, we will present a more difficult problem than the problems
found in the textbooks. Then, we will observe the mode of action on pupils’
problem-solving and analyze the process of problem-solving which pupils tak. to
solve the problem, and whether they arrive at the correct final answer or not. In
studying pupils’ pattern-finding behaviors, we may be able to see better how
pupils are solving the problem and examine the steps by which they arrive at their
understanding, planning, solving and checking by means of the interactions
between teacher and pupils’ communications( Polya, 1962). The interest here is to
look at the internal thinking of pupils and to cttempt to determine how their
thinkings unfold by looking at their work on papers and to act and talk with the
problem between the teacher and some pupils in the classroom by our cbservations.

3. Survey Test

Subjects in this study was selected at random ore class of first, second and
third graders in the elementary school and they were living in Tsukuba City near
Tokyo. This test was carried out May 16, 1986 and that day was ir a short time the
biginning of new school year in Japan.

Survey procedures were that let the pupils read themselves the problem after
the classroos teacher was handing the problea to pupils and then the problem out
loud for all pupils to hear, and gave them 15 minites for solving the problem.
Survey Problea Figure 2 Apple Problem

Apple problem (See Figure 2)
o .0 000
(1) How many apples are there in this figsre? OG0 O (©)
(Count the number without skipping any and 0O @) (@) O O

withoyt counting any apple more than once.)
(2) Show different ways of counting the apples.
How many different ways of counting can you
think of?
(3) Of all your ways of counting, mark the one
you think the best.
The feature of this problem's pattern is to

take those as two pairs of apples forming with
5 X § row. That is,the pattern is 2 X 5% §
here, Namely, the apples drranged with 5x 5
can be taken as those set as to pile up with
shiftings lightly. Therefore, pupils found the
same number and rule {pattern) in group of
such formations as the case of Pigure 3.

e
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Table | shows oniy the result of the survey test item (3).
Table 1, Result of Survey Probles

. Correct Grade First Grade Second Grade Third
Counting -
Male Female Total |HMale Female Total | Kale Female Total

L

Numbers 17 17 k'] 15 17 17 3
Correct 9 2 1 8 13 13 2
Mo Responce | 5 7 12 2 1 0 1

B. Ways of Counting

One By One 12(3) 102 22011y | 5(4) B 13®) |20 7(D ¢

Group of Five 10 0 200 |98 4@ 13010
1) 2D 3@ |33 3(2) 6
4@ 5 9® (0 10 1(O
1w 2@ |0 0 0

0
Group of Ten 0
Aslant 0
The Others 0

?
Pairs ¢ ’ 10 200 30 [2(2 2(2) 4
|

Note: ( ) in parentheses in the Table 1 are those pupils of correct answers

The difficulty of this problee lies in that a first glance the pupils feel it
rather difficult to count well because of seemingly complicated problem for the
pupils of the lower elesentary school, Especially, for first grade-pupils, it is
difficult for them to count well after arranginig and regrouping in the same
nusber of those or in the concept of pairs, although it is easy for pupils to
count the number of up to fifty with numeral. They gain almost the same numbers as
the correct answers, errors and no responses,

For second grade-pupils, it is easy for thes to count apples being arranged
and regrouped with the concept of pairs, group of fives and tens, and aslant.
About half pupils gain the correct answers almost using one by one counting. They
could not almost aquire the well-counting as group of fives or tens.

Por third grade pupils, pupils almost gain the correct answers and two thirds
pupils are the well-counting after the arranging and regrouping with the concept
of pairs, group of fives and tens.

Problem solving we are concerned with here, is nceded to share and develop of
mathesatical patterns as well-counting of the arranging and regrouping according
to the concept of pairs, group of fives or tens on second grale-pupils. To sludy
aur probles-solving through the teaching eprisnO we cannot take the first
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grade-pupils sharing and developing of mathematical pattern as the well-counting
in this case, and need not teach the third grade-pupils the well-counting of
apples. Thus, we will select the second grade-pupils for our study and to take the
second grade class for the teaching experiment.

3.Problen-solving in the second-grade classroom

The second-grade class (Male; 17, Female; 18, Total:35) we took here in this
study, wer composed of pupils of another elementary school which we had carried
out the above survey test, but the school was the alamost same conditions as the
survey school in Tsukuba City. This lesson was done June 6, 1986.

& classroom teacher started as follows: pupils were each given a picture of
‘apples’ which was a larger picture than usual one and put the same picture of
‘apples’ on the blackboard, and then, the teacher asked the pupils “How many
apples are there in this figure?” and explained some notinons to thez; “Counting
the number under well-consideration without leaving some out or counting doble.”
After he explained to thea the problem, he wrote the same informations about it on
the blackboard as follows:

What way of counting and how many ways of counting do you think of?

Of them i1l, encircle your way of counling as you think good and suitabie in
this probles.

Pupils wrote their answers on the served sheets for about ten minutes after
teacher explained the problem. While the teacher wcre observing aod luoking
through pupils' activities of solving the problem in details, he advised first,
some of pupil to take care ¢f counting, and next, made them respectively to think
out more ways of counting, and ther he found out their different ways of the
solutions as follows:

(1) Pupils alwost were checking and counting apples with one by one vertically
or holizontally, or with the filled numerals in the sketch of each apple. Some
pupils mistook to count apples in their processes in this case.

(2) One fifth pupils were counting apples in pairs and some pupils who counted
2, 4, 6. 8, and so on continued to add apples till fifty, and the pupils almost
gained the correct solution but a few pupils had the results in the impossibility
of calculating 2 % 25 in this case.

(3) Four pupils who counted five apples together counted accurately and
relatively quickly in this case,

(4) Nine pupils who counted ten apples together well counted correctly and
quickly in this case,

(5) A rather small nusber of the pupils used a symmetry of figure as the way
of aslant counting. In this case, adding nuabers aslant was the key.
Note: Almost all pupils made counting by wore than about one mcthod in this

o
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lesgson,

4. Pupils’ activities in the classroom

When pupils almost had finished to count and check the apples by themselves,
first, the teacher asked them whether they counted the appie correctly. This was
a beginning of a communication through the interactions betwcen the teacher and
the pupils for the sharing of the correct answer. This was an imporiant puint that
the teacher judged his teaching on ahead or not. This decision making of the
lesson was important rolles of the teacher. Then, after the teacher explained
pupils to seluct to better one commensurate with their countings, he pointed out a
representative pup:l respectively of the five cases above meptined and let them
explain of their ideac according case from {1) to (5) cases at the front place
beside the teacher of the classroom.

In the case of (1}, when a girl explained her idea. aimost all pupils nodded
to show that they agreed and understood one by one counting. There was an
existance of the correct counting between the pupils in the classroom,
Furthermore, the teacher advised a few pupils who could not count them correctiy
made Lthea to count agaia more carcful, Thus, all pupils gained the corect answer
and felt to satisfy with their needs to solve the problem. These processes of
teaching and learning activities were the important communication for t«= aims of
suiving the problem in cooperation with thi teacher and the pupils.

In ire case of (2), when a boy expiained his idea, pupils almost understood
the count of apples in pairs. There was the existance of the sharing of the
touning between the pupils. And then, the teacher advised the others pupils who
could not add them correctly, to add again more careful. Thus, ail pupils had the
feeling of satisfications, too. These processes of activities were the meaningful
commnicalion betkeen the lvachur an?! e pupils for the aime of mathematical
snlving the problem. Furthermc.o, Sume pupiis replied the case (2} wher the
teacher asked them "Which is better method of the counting appies beiween the

case (}) and (2)7". This was more advanced negotiation because of his asking to

make thair counting wWith mathematical views

In the use of (3). when the other girl exptained her idea. many pupils easily
undrrstood her explanation and appreciated it. Aad in the case (4) pupils
agprociated the good explain by an excellent boy. We were impressed what pupils
had undisitoud the mathematicai patterns could be attained through the processes
of their vommnications. Al pupils had appreciated the grouping of Tives and tens
of mathematical pattorn of the problew, ant the teacher did not nned to expalain
the sl kay. of Luanta : L. Thuy thought vutl thussejves tne best ways
of courting from their communication withowt the direction of teacher.

{a the case of (3), when o fanny boy sxpisined his ides, most pupils seemed

Loy




to reject it. For wost pupils felt it troublesose to count the nuabers and to
calculate the numbers in adding., This was another important aspect for their
comsunication, because they could find easily the ways of counting as the case (3)
and (4, and did not really conceive that 1 +3 +5 +7 +9 could be calculated
as rather easily (1 +9) +(3 +7) +5.

5. Disscussion on mathesatical problem-solving

Seen the strategies of solving here, first alwost pupils take them one by one
counting and next some pupils find the same number (pattern} in grouping of the
length-width formation and a few pupils take the slanting formation. Many pupils
find the same number and rule (pattern) in group of such formation. The dilficult
points here that in spite of the first instruction by the teacher, about half of
the pupils counted twice and forgot some numbers to count. For the purpose of
overcoming these difficulties, the mathematical ideas of grouping have developed
by the human race for a long time ago.

He have to need the communication between the teacher and the pupils as
follws: the teacher advises pupils who can not find the correct patterns, to find
the features of problem and to count again apples using the ideas of grouping
wore careful, Thus, alwost pupils understand the ways of counting from the cases
(1) to (2), or from (2) to (. or from (3) to (4) except case (5). Under the
teacher’s direction, they have the feeling of satisfications to learn new ideas
and concepts In the mathematics lessons. A series of these communications open to
the interactions betweem the teacher and the pupils for the main aims of solving
the probles,

Furthermore, In the case ¢f (3) and (4), for examples, we are impressed th. .
pupils have the real appreciations of sharing of mathematical patterns by the
processes of commnicatlons between pupils by themselves. Pecause, all pupils have
appreciated the grouping of fives or tens for counting the apples. They think out
themselves the best ways of counting the apples with their cosmunications without
the directions of teacher. This is the most advanced communications, because the
best counting of grouping which is developed mathematically by the human race, is
found by their learnings.
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THE CONSTRUCTION OF AN ALGEBRAIC CONCEPT
THROUGH CONFLICT

Alwyn Olivier
University of Stellenbosch

This paper focuses on one aspect of pupils’ interpretation of literal sym-
bols in elementary algebra (generalized arithmetic), namely that different
literal symbols necessarily represent different values. The underlying
causes for the misconceptions are investigated. A teaching experiment in-
ducing conflict and reflection to remediate the misconception is described
and analyzed.

From a constructivist point of view, students’ misconceptions are never arbitrary or al-
together unreasonable. Misconceptions are seen a- emerging from some interaction be-
tween experience and uther existing cancepts the student has (perhaps themselves
misconceptions). Misconceptions are crucially important to teaching and learning for at
least two reasons:

e misconceptions form part of the student’s conceptual structure thal will in-
fluence further learning. mostly in a negative way, because misconceptions
generate mistakes.

e misconceptions are highly persistent and resistant to change through instryc-
tion. They are maintained by their ability to distort or reject incompatible in-
formation and by the support from other concepts in the student’s conceptuat
structure,

In this puper we focus on the often-ohserved and well-documented miseonception con-
cerning the meaning of literal symbols in elementary algebra (generalized arithmetic),
namely that different literal symbols necessariiy represent different vaiues (Kuchemani,
1981; Booth, 1984a). A student’s response of “never” to the following question usually
demonstrates this misconception (Kuchemann, 1981).

When is the following true — always, never or sometimes?
L+M+N=L+P+N

The pervasiveness of this misconception is illustrated by the following data for the ques-
tion ahove: In the CSMS study (Kuchemann, 1980) 565 and in our study involving more
than 40 000 students (Olivier, 1988) 744 of 13 year olds answered “never™. The resist-
ance of this misconception to change is illustrated by the poor improvement in perfor-
mance by average studemts in the SESM project, despite a well-designed teaching




programme that was successful in ameliorating other algebraic misconceptions (Booth
j984a). Booth (1984b) attributes the persisience of this misconception to maturation-
hinked cognitive factors. 1.e. that understanding depends on the attainment of a certain
general developmental cognitive fevel. Kiichemann ( 1981) links understanding of gener-
alized number to Piaget's la e-formal stage of develop nent. However, the possibility re-
mains that certain experiences (instructional 1nterventions) may well address this
miscanception successfully, disproving the developmental hypothesis. For instance,
Sutherland (1987). in studving students’ understanding of variables in algebra in a Logo
environment, concludes that “Whether or not pupis cun make the links between vari-
able in 1.ogo and varable in algebra appears to depend more on the nature and extent
of their Logo experience than on any other tactor."(p.24 1) This promising approach
nevettheless showed limited success 1n relation 1 the misconcepton under discussion,

SOME EXPLANATIONS

Searchmng for underly:ng causes of this misconception, we cocducted intenviews with ten
students randomly chosen from the eighth grade populatton of semi-urban first-world
secondary scheols. Each interview was based on 2 subset of the following questions:

1. When is the following true —always, never or sometimes?
L+M+N=L+P+N
Ifu « 5 = 4 whatvalues of  and b will make the ventence true?
True or false: 1f 2 + 3b = 20.thenua = dandd = 4isa solutivn of the equation.

Solve for - and y: rtry =0

vy =V
Construct an aigebraic expression for the totil points scored by a team 1 a rughy
match i they scored only tries (counting 4 points each) and penalties {counung 3
puints each). Use the expression to find the total points if a team scores

t) S ines and 2 penalties thy 3 tres and X penadtios

The following is a summary of the indings of the interviews and a situational analysis.
Al tudents interviewed demansirated the misconception in questions | and 2.

For four studenis answering “never™ n guestion i, e hiteted symbols did not represent
uumbery, but nimes of objects like apples and hananas or abbreviatiom for names of ob-
tects (e.g. < stands for apple) or as an object 10 its own night (letters of the alphabet).
These students are simply continuing therr arinhimetic tramework of knowledge (Bouth,
[9Rdh) where literal sembais are otten used s anbrevigtions for units (e g 4 ). Also,
saroducting algebra, teachy s s often do nev gistinguish between svimbals and their refer-
e o e objeas (apples and baaanas) as reterents sinstead of numbers to facilitute
mevhafical tiampuiation and inhibn compmm e + h = ah)




A turther four students viewed the literal symbois 1 question | as representing uhigue.
unknown values, from which it then follows that different svmbols necessarily represent
different values. This mind set may be established through the early emphasis on linear
equatio:s in the curriculum. Tris also the outcome of experience. One student mentioned
that he had “never, ever” seen different literal symbols stand for the same number (he
wis Teterring to substitution exercises of the type

“Ifa = 2and b = 3 evaluate (1)ab (2)a + 2betc”).
Despite their handling literal symbols as objects or unique unknowns in guestion 1, atl
ten students accepted more than one replacement of values in guestion 2, although no
student admitteda = 2and b = 2, evenon being prompted on the possibility. They were
all quite adamant about that. Two reasons were identitied.

One reason 15 that pumis, despite working with numbers, do not seem to work with num-
hersin an abstract sense, but, to give meamng fo the situation, inttoduce their own con-
crete referents for the literal symbols (e.g. “things” or apples and bananas) by reversing
the modelling process. The following extract illustrates the point:

{Interviewer 1, Frieda F explaining why a = b in question 3)

£ 1 do not know in what circumstances the equation was asked 8ut 1 the a is the
abbrevialion fur the appies and the b of the bananas. they must have ditferent sym
bols.

So e and b are abbraviations for the apples and bananas.
No, | would rather say t's a symbol tor the apples snd bananas
A symboi tor the apples?

Yes, that you use to indicate what each number is {f you say a Is equat to 4. then
you know that if a is the symbol for apples. then you will immediately know that a
stands for the apptes and that 4 apples were bought

Friedu's conceptualization should allow her to buy an equal number of apples und bana-
nas, but her verbalizing “apples” insteud of “number ot apples”™ means that in the end
the meaning degenerdtes to “apples™ and “bananas ™, vbjects which should te difterent.

The second underlying mecnanism tor not ullowing u =k = 2 as g solution o yuesiion 2,
and in general not aflowing different fiueral swvmbols to tdke equal vaiues, stems trom a
cambination of ather valid knowledge and students’ faulty Jogical inferences. Students
are very much aware of the convention that the same literal symbol in the sume express-
ion must tuke the same value, eg. inx + 2t. From this they infer that the converse, or
even the inverse aiso holds,

» Propovtion the same letter stands tor the sume number
® L onmven: the same number stands for the same letter.
»inerse “Notthe samg teticr stand. tor “not the ~ame number”,

The toilowing twn eatracts iHustrate tile converse reasoning to yuestions | and 2respe-
HATRNY




“It they (M and P) wera the samse, you could just as wall have used L + P Instead
of L + M. if P and M were the same number, then you canrot have P and M. be-
cause M and P represent different numbers, but if thay (P and M) were the sarme
number, it Is the same letter that is used.”

"2 plus...no it cannot be.. .otherwise it would be x + x = 4. (sllence). 2 plus 2 Is
4, then you cannot have 2 plus 2, because it is the same numbers and it must be
different numbers.”

Another interesting phenomenon is that all students demonstrated the misconception in
questions 1 and 2, while all students supplied carrect responses to questions 4 and 5. Also
of interest is that no student noticed any contradiction in their responses to the different
contexts.

Lawler’s (1981) theary of microworlds (cognitive structures) may offer an explanation.
Students are operating in different distinct and separate microworlds when solving the
two classes of problems. Lawler views the microworlds as actively competing with each
other, working in parallel to solve a problem. Which microworld provides an answer to
a problem depends on how the problem is posed and the particular knowledge the dif-
ferent microworlds embody. The competition of microworlds usually leads to the domin-
ance of one and the suppression of others. To Lawler, resolving the misconception
requires the cooperation, interaction and integration of microworlds whereby confusion
between related competing microworlds is suppressed by a new control structure.

Davis (1984) alsu suggests that separate, conflicting “frames” may be created. A frame
acquired early and developed well may prove to be extremely persistent, so much so that
it may sometimes continue to be retrieved inappropriately long after one has become
fully cognizant of the conditions under which it is or is not used. Put differently: a new
appropriate fraine may be available, but the old frame continues to exist. The source of
such misconceptions lies in retrieving the wrong frame and not recognizing the retrieval
error. As for remediating the misconception, Davis advocates making sure that pupils
are aware of both frames, and of the likelihood of incorrect choice.

From our analysis of the data it is clear that most pupils possess two apparently separate
schemas for literal symbols. One is the letter-as-object schema, which stresses the dif-
ference of different letters and which is appropriately used to make routine maniputa-
tion of symbols automatic (Skemp, 1971). The other is the letter-as-generalized-number
schema, which should include the possibility that different literal symbols can take the
same value. The essence of the observed misconception lies in the fact that the letter-as-
ohject schema is inappropriately invoked in cases were it docs not apply. As such the let-
ter-as-object schema bas become an obstacle to further learning, inhibiting the
letter-as-generalized-number schema.

A TEACHING EXPERIMENT

For the purposes ot a teaching expenment the format of the interviews was changed, by
confronting students with the contradictions in their responses (yuestions | and 2 versus
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questions 4 and 5), in an effort to induce cognitive conflict and to help students to reflect
on their own conicepts and mental processes. The objectives of the further investigation
were:

e to determine the strength and stability of students’ beliefs concerning the mis-
conception, and

¢ to determine the success of cognitive conflict as a teaching strategy to remedi-
ate the observed misconception.

An additional 30 students were interviewed. Of these, 22 demonstrated the misconcep-
tion in questions 1 and 2, with correct responses to questions 4 and/or S, before being
confronted with the anomaly in their responses. After these confrontations the students
were evenly split between

o persistence in the misconception
o total confusion
o successful remediation.

In the first category of students, the belief in the misconception was so strong that, on
being confronted with the discrepancy in their responses, they chose to alter their initial
correct responses by also excluding equal values in questions 3, 4 and 5, or reconciled
the discrepancy by inventing al! kinds of conditions for equal values in questions 3, 4 and
5, in preference to modifying the misconception and allowing equal values in questions
1 and 2. For example, Jacques, on comparing his response to question 4 (x = y = 3) with
his response in question 2 (where he insisted a = b):

“You can say that x = y, because you proved that x = y See, you have proved

thatx =y But here (question 2} nothing Is proved yet, so you cannot saythata =

b
Similarly, students defended equal values in question 3 and 5(b) “because they say so”,
but excluded @ = b in question 2.

The second group of pupils typically obtained equal values in questions 3,4 and 5. Then,
when their attention was drawn to the fact that they would not allow equal values in ques-
tions 1 and 2, they altered their responses to questions 3, 4 and 5, only to be convinced
again that equal values were common sense in 5(b), yet they would not accept equal
values in 1 and 2, At that stage they were totally bewildered and confused.

Consider Thys as an example. After successfully completing 5(b), his expression was
4a + 3b, he was asked why he did not allow equal values in question 2.
T. Oh not Yes. .t cannot be the same' (referring to 5(b)) 1t cannat be the same |

thought .I'm atrald |, |. (sllenca).

What was a?

a . awas3

What was b?

Also 3




Can they be?

No!

But we just did a problem were they can'

Yes, hut, but then that shoutd have been an a (points a1 b}

What does b stand for?

The penalties

And a stards for the

W's the tries

Can we score three tnes”

Yes

Then 415 37

Yes

Can we score three penalties”

Yes

Then b is 37

Er No.tmustbeana

Can the expression that we must write for the team’s total. can it be 4a + 3g?

Yes.

What does the a stand for?

It is the tnes

And what about the penalties?

It must also be @ oh no' (sllence) |m atrax! | must now be totally con

fused (silence) No.|dont know
The third group of students successfully altered their misconcephion responses for ques-
tions Tand 2. They were all able ta te-imterpret the letters in these questions as letters
with added semantic meaning (Rosnick, 1982), i.c. fetters that mean more than a wum-
her - they mean 4 number of thinge Curl tor cvonple, etier e pleing “ib) and being
confronted with the discrepant meamings: “Oh, so a can be the number of tries and b can
he the numher of penalties and i team could have scored 4 umes™ (question 2.

DISCUSSION

In summuny, one-thitg of the students imtervicwad Jdid not experience conflict hetween
their discrepant meamngs of literal symbols, A ther vie-third of the students experi-
enced the conflictquite emotiviglly, and aithe. «ihev were confused and unable to re-
soive the conflict, 1t is passible that thev may do o with more experience and/or
reflect v Although the other onethird of the ceadeniowere suceesstul i the interview
stuation, itis of course not daimedd that the anged perspective wis perrmanent frwas
ot pussibie (o foitow up any of the cases,




The relative ease with which the successful group seemed to correct their misconception
would suggest that the cognitive structure; necessary for such assimilation were a'ready
available to the students. It is suggested that the main factors distinguishing successful
students are the absence of the converse-flaw and avoidance of the letter-as-object trap.
The teaching experiment did not address the converse-flaw. It is suggested that situations
involving sen..'ntically laden letters have a constructive role to play in resolving the mis-
conception, because they render equal values for different lettets intelligible and help
to form a bridge between the meaning of letters in language and its meaning in mathe-
matics. The complexity of the pitfalls in language when viewing letters as objects is de-
picted in Fig. 1 (compare the extracts for Thys and Frieda). Fig 2 shows the simplicity
of a correct interpretation of semantically laden letters. Students who view letters as ob-
jects must negotiate more transformations and make more errors. It was observed that
unsuccessful students introduced ubjects even in abstract numerical problems.

Letters
Lottery

Nymbet of
Numbets objects

Figure 1 Figure 2
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GENDER AND MATHEMATICS: THE PREDICTION OF CHOICE AND ACHIEVEMENT

WILMA OTITEN & HANS KUYPER

RION: INSTITUTE FOR EDUCATIONAL RESEARCH
UNIVERSITY OF GRONINGEN

2BS.RACT

This paper deals with gender differences in the prediction
of 1) the choice of math as an examination subject, and 2)
the achievement in math. Predictors were gender. attitude
towards math, whether favored vocational training requires
math and optionally achievement and choice. The attitude
was assessed by two approaches: scale-construction and the
Fishbein model. Multiple regression analysis showed that
more than 70% of the variance in math choice could be
predicted against 50% in achievement. Cender differences
were profound in the prediction of math choice. These
differences could he attributed to gender differences in
favored vocational trainings.

INTRODUCTION

Orie examination subject has the special attention of the Dutch

guvernment, namely: mathematics. Mathematics is considered to be

important. It is re-ired for most vocational trainings and the

consequential professions generally are less struck by unemployment
than those which don't require math. Based upon these facts the
government has started a national propaganda campaign "Choose exact
sciences™. Another reason was glven by the fact that generally more
bnys than girls choose mathematics. So girls are likely to decrease
their chance of finding jobs due to their choice of examination
subjects.
In this paper the choice of mathematics as an examination subject is

the main topic. Which are the main predictors of the decision to

choose mathematics as an examination subject and do boys differ from
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girls in this respect? This question raises five variables of
interest: the sex of the pupil (SEX), the choice of mathematics as an
ex» ination swbject (CHOICE), whether mathematics is required for the
favored vocztional training (REQUIRE), the aclhievemenbt in mathematics
fACHIEV) and the attitude towards mathematics (ATTITUDE). This
attitude consists of several sets of items, which will be discussed in
the method section., We assume that SEX, REQUIRE, ACHIEV and ATTITUDE
influence the math choice, and are therefore predictors of CHOICE. The
uext question 15 whether the relation between REQUIRE, ACHIEV,
ATTITUDE and CHOICE Jdiffers between the sexes. We acknowiedge the
existence of interrelations between the variables, but they are not
our main jnterest., The second topic of this paper concentrates upon
the prediction of achievement in mathematics., Specifically, which are
vhe main predictors of the achievement in mathematics and do boys

differ from girls in this respect?

METHGD

'n May ana June of 198b the research was undertaxen in general
tormative secordary schools of all thiee levels of difficulty. In this
paper we copcentrate on the resuits of the intermediate difficulty
ievel. This kind of secondary school takes five years. In the third
vear the examination subjects are chosen. Therefore, in this paper we
seport mainly *he resusts concerning pupiis in the third year (aqge:
4, 15 years). The toral number of puplls was 1354; 210 girls and 144
zcys. The pupils fillied out questionnaicres during a subject hour at
~heir schoclis. The dguasstionnaire contained a largea number of
variabies, in-luding *he variables of our interest:

JHTITE: "Are vou yning to chonse mathematics?" Answer possibilities:
‘artainly act (2}, do not anow yet (};, piubably
certa.niy (5);

IFE! Ihe puplis werm askerd *o state their favored voca*tional

*raining. Ilf any, they indicated whether mathematics is a reguirement

fui entering 1t: 1_;! 3
ti
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ACHIEV: The pupils were asked to give the mathematics marks on their

last two school-reports., The mean of both marks was used as achievement-

10

index. The Dutch rating-system raanges from 1 (very poor) to

{excellent);

zttitude

ATTITUDE: We adopted two ditferent appioaches Lo assass the
towards mathematics;

AIT I

this approach three main attitude domains were distinguished:

Ttem analysis and scasle construction.

In

a. Pupils’' personal attitudes (23 items: 4 subscales)

L. Pupils’'percaption of math teacher's behavior (16 items; 3 subscales).

c. Perceived sex-role ideas ot the math teacher (10 items):
1980).

ATT 1I: The Fishbein model (Ajzen & Fishbein,

The model distinguishes two components that influence the intention to

perform (a) behavior: the 'attitude’ towards the behavior and the

'subjective norm' about the behavior. The attitude-component consists

i.e. expected consequences of the behavioi, and

of behavioral beliefs,
evaluations of these beliefs. The subjective norm-component consists

perception of the degree to which important
the degree

of normative beliefs, i.e.

others favor the behavior, and motivastions to comply, i.e.

to which these perceptions are complied to.
after multiplication of the prolability ratings (-J=certainly not,

lzcertainly) by the importance ratings (i=very unlimportant, Ssvery

important) of the behavioral beliefs twelve ‘attitude’-components

resulted:

qualifying fur an education which requires math qualifying for a profession which

requires math, not being able to choose anothe' examination subject, increase of

srofessicnai possibilities, the time spant on math home-work, passing the examination at
T fregt o try reed of pddivicnal lessong, sncrease 9fF grade point average, kind of teacher
. Qunsfriendiy), xind of classmates ({un)friandly}, (fosterjparents’' satisfaction.

f£ight subjective norm-components resulted after multiplication of the

probability ratings (that other person favored the math choice:
-s=certainly wot, Jscertainly) by the cumpiiance ratings (l=no

compliance, S=much complicance):

‘fosterifather, (foster;mother, wlder brother. alder sister. triend, math teacher,

Llavy mentor, schooicounsetlor
For more details on thia method, see Kuyper & Otten, 1988.
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RESULTS

The variables of interest showed the following results, Of the boys,

81% intended to choose math (category 4+5 vs 1+2) versus 43% of the

girls; 63% of the boys favored a vocational training which requires

math, versus 21% of the girls. The mean math mark for the boys is 6.1
(sd=1.2) versus 5.9 for the girls' (sda=l.2).

The item analysis and scale construction approach consisted of
principal component analysis followed by varimax rotation, and
assessing Cronbach's alpha for items belonging to one factor (absolute
loading 3.50). Finally a scale-value resulted by calculating the mean
of the scale items. Analyses of the items within each attitude domain
resulted in the following eight scales:

‘pleasure in math' (6 items, a=0.90); ‘difficulty of math' (12 items, a<0.86);
‘sax~specifity of math' (3 i1tems, a«0.65; @.9. "girls don't need math"); ‘usefulness
of math’ {2 items, a«0.71; e.g9. “math is useful for society"); ‘percerved knowledge
transfer by teacher' (B items, a=0.86; ¢.¢. "encourages asking questions");

‘perceived relevance transfer by teacher (4 items, a=(.74; e.g. "tries to convince
the pupils of the relevance of math for later life”); 'percerved sex-specific behaviar
of teacher' (4 items, a=).66; e.g “asks girls qasier questions than boys");
‘parceived sex-role ideas of teacher' (10 items, a=).87; e.g. "math is a subject for
males®).

To answer the two main questions of this paper we used the technique

of multiple regression analysis. The inclusion of predi .tors in the
equations was determined by stepwise selection (torward and backward
elimination). Missing data were handled by the SPSS-X opticn pairwise
deletion. In addition to an 'overall' analysis, seperate analysas for
boys and girls were perfoimed.
1 Predictjon of the math chojce.-
The predictors are SEX, REQUIRE, ACHIEV and ATT I. Of courSe SEX is
excluded from the boys' and girls’' analysis. Another regression
analysis was performed analogous to the frnrmer except f0r replacing
ATT I by ATT II.

The overall analysis, jacluding ATT I, yields an R nf .84 (70% of
the variance in CHOICE accounted for). In the girls' analysis 67% of
the variance is accounted for, in the boys' analysis 61v. The

B-weights are ai indication of the relative importance of the
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predictors, Table 1 displays the B-weights of the predictors included

in the equations.

Table 1: Multiple reyression models for the prediction of CHOICE using as SEX,
REQUIRE, ACHIEV and (ATT 1) as predictors: R® and B-weights.

overatt girls boys

R2 .10 .67 61

SEX .08

REQUIRE R .40

ACHIEY 15

ATY I:

pleasure 7

usefulness 1R

difficulty -.22 -
knowledge transfer

The main predictors are REQUIRE and difficulty. The negative B-weight
of difficulty indicatas that the more difficult math is, the less math
is chosen. The negative B of knowledge transfer seems surprising,
because it indicates the more knowledge transfer, the less math is
chosen. However, this effect is due to the removal of the covariance
between CHOICE and it's former predictors from the initial correlation
between CHOICE and knowledge transfer (rz.13), resulting in a negative
partial correlation coefficient (r=-.07). SFX is included in the
overall equation indicating that, despite the contribution of the
other predictors, SEX contributes to the prediction of CHOICE in such
a way that more boys choose math. The differences between the girls’
and boys' solution are the following. First, the boys' equation
accounts for less variance in CHOICE than the girls' equation. Second,

the boys' equation is more ‘'economic': only two predictors versus five
q b4 )2

girls' predictors. Third, the large influence of REQUIRE om the boys'

choice is striking. Lastly, the girls slso include the predictors
pleasure and usefulness.

The overall equation, including ATT 1I, accounts for 76% of the
variance in CHOICR. The girls' equation accounts for 72% and the boys'
accounts for 64N, Table 2 shows the B-weights of the -.3dictors

included in the resulting models.
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20 MY tiple regression models for the pradiction of CHGICE using SEX
REJUIRE, AUWIEV and 1ATT LIV as predrctars RE and f-weights,

overall girls

.16 12

REQUIRE TR
ACHTEY .09 a
aTT

education

no other subject

future possitidotres

pass 2t farst try

extra lessong

xind of teacher

parente’ <at gfaction

mother

friend

math teacher

The main predictors are REQUIRE, pass at first try and ACHIEV. Ia this
analysis SEX is not includea in the equation, The Aifferences between
the boys' and girls’ nquations are similar to the differences noted
ahove. First, the boys' equation accounts for less variance in CHOICE
and is more ‘'economic': four predicters versus ten girls' predictors.
Second. the large influénce of REQUIRE on the boys' choice is striking
again. Third, the girls' modei shows the inclusion of 'other person®
predictors: friend, math teacher, parents’ satisfaction and kind of
teacher. The negative B-weight of the last predictor originates from a
negative initial- and partial correlation coefficient (initjal p=-.03;
partial ¢--.10}, indicating the negative influerce of the cttitude-
component kind of teacher on the math choice.

11 Prediction of the math achievement.

The criterion is ACHIEV and the predictors are StX, CheICE, REQUIRF
and ATT 1. SEX is exciuded fiom the boys' and gqiris’ soiu’.on. The

results are shown in Taple 3,




Tacle ¥ Muitiple regresstan models to- the preaictior of AGHIEV uwsing SIX,
REQUIRE, CHOICE ard (ATT 1, as pradictors K- ang B-weignts

averal) girls boys

a

R 47 .52

LEX

W CE
ArT 1,
Avfficclny

sev-rcle idna

The cverall enalvsis yields an R of (72 (52% of the varjance 1n AUCKIRY

accounted for). In the girls' analysis 47% of the variance is
accounted far, in the boys' analysis 58% is accounted for.

The main predictors are difficulty and CHOICE. The negative 8 of
dilliculty indirares *pe mnre Aifficoult math, the lower achievement,
The initial curreiation between ACRIEV and SEX is .05, which could be
expected considering the mean math marks ¢f the sexes (boys: m.o.l,
girls: m:5.9). Huwever, partialing out the covariance b:tween ACHIEV
ard it's tormer predictors results in a partial correlation
coefficient reotween SEX and ACHITV of -.17. which explains the
negative B-weiaht of GEX. Surprising is the inclusizsn of

sex role idea of math teacher, indirating that the more
sex-stereotyped opinions are attributed to the teacher, the lower the
achievements ate, Tnere are no Striking differences petween the girls’

and boys' models,

DIATUSATON

Restwrning v bl fipat o, prediction +f the maty chosre ard sex
dif{ereuces n tirs raspect, we may conciude the [olluwing. Firat, it
y

appodrad trnat the (noree ot rabth oceuid e predicly Lo o largn owtenr

In Loil anaiyaes (ATT 1710) rore than 793 of the variaoes in math chasice

could L piedyered, Secand, the achievement in mawn, the attitude
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towards math and whether the favored vocational training requires matn
are significant predictors of the math choice. Third, sex proved to be
a significant predictor for choice of math using the scales as
predictor set. However, sex was not included in the regression
equation when using the Fishbein predictor set. When the effects of
these predictors were partialled out, sex was not significantly
related with choice of math. Therefore it seems plausible that
sex-effects can be explained by means of these predictors. The results
of analyses, separately carried out for boys and girls, supports the
above conclusion even more.

First, it seems that boys' choices are predominantly influenced by
pragmatic factors such as Qifficulty of math, achievement in math,
passing the examination at first try and especially whether the
favored vocationsl training requires math, whereas girls' choices are
also influenced by other persoas and pleasure in math., It seems that
whether or n>t the favored vocational training requires math
determines the boys' ~hoice of math shove all. Girls' choice behavior
is less prescribed by the conditions of the favored profession.
Second, girls favor less vocational trainings requiring math. Third,
no significant differencesin math achievement between the sexes was
observed. Therefore we may conclude that the boys®' preference for
vocational trainings requiring math regulates their cholice behavior in
achieving this goal, whereas girls' preference for vocational
trainlngs not requiring math allows their math choice to be influenced
by other factors such as pleasure in math. This implies a more central
role of the favored vocational tralnings in further research after
gender e{fects or. math choice.

The second topic, prediction of math achievement and sex differences
in this respect, leads to the following conclusions, Math achievement
could not be predicted as well as math choice (about 50N of the
variance accounted for). The choice of math and the difficulty of math
appeared to be the significant predictors. interesting is the sbsance
of whether the favored vocational training requires math as predictor.

Apparently this factor doesn't influence the math achievement, whereas

it influences the math choice for a great deal. The low predictabllity

of math achievement might be due to the absence of predictors like

intelligence, mathematical ability. motivation and invested effort.

15y
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These predictors might also explain the inclusion of sex as a

predictor, despite the absence of sex differences in achiavement.
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TEACHING AMD LEARNING HETHODS FOR PROBLEN-SOLYING @ 3SOMNE
THEORETICAL ISSUES AND PSYCHOLOGICAL HYPOTHESES.

Janine Rogalaki. CKRS
Aline Robert, Université Paris VI

Abatyect

Hany researches have recently emphasized the role of
netacognition in problem-solving. This paper focuses on
nethods as part of this field. Does it exist methods in
problem-solving in a given mathematical field (geomotry
for instance)? ¥hat are the relationships betwveen
methods and classes of problems? Is it possible to teach
nethods? Can such & training be sfficient for mamging
and/or acquiring conceptual knovledge? ¥hat problems and
vhat didactical enviromments are good “candidates" fox
such a training? Does it exist an optimal moment in the
process of knowiedge acquisition for teaching methods?
Ve insert these questions in a constructivist viev ot
knovledge acquisition, and propose 1in this framework
some psychological and didactical hypotheses based upon
empirical studies.

Introduction

Hetacognition has been studied from several points of view.
Research on metacognitive development became an important element in
cognitive psychology. how does “knovledge about knowledge” arise in
child development. what role does it play in operational knovledge?
This concerns a variety of cognitive activities. only a part of them
being linked to problem-solving (Flavell, 1977) ¥e want to underline
the attempt presented by Pinard to develop a post-piagetian amalysis
ot the origine of netacognitive knowledge and self-regulatory
processes (Pirard. 1986). His study extends the question to e
li1fe-span perspective. 1t allows to take into account the problem of
complex acquisitions such as wathematics amd scientific or
ptofessional knowledge. lore specific research wvas engaged 1n
nsychology of mathematical educstion. concerning problem-solving
Tast of them emphbasized the positive role of metacognition in
sathematical performance, through a theoretical analysis (Garofalo
and Lester 1985) amd/or by anelysing students strategies in
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problem-solving (Galbraith, 1985. Garefalo, Kroll and Lester, 1987).
lgme of thess studles are directly comcerned with the question of
tesching compstences for problen-solving {Schoenfeld. 1986; Garofelo
and al.. 1987). Otherwvise. near questions arised in the field of
artificial 1intelligence and education: how to integrate “reasoned
explapations® and “reasoning on reasoning” is a crucial point in
designing intslligent tutoring systems (Vivet. 1987). (1).

Our o¥n present purpose is to specify some questions dealing
vith a specific area of =metacognition : methods in mathematical
nproblea-solving Ffirst. we will precise vhat we mean by “methods” (by
respect to students’ heuristics or strategies and by respect to
sathematical algorithms). Ve express some central theoretical issues
concerning the status of wmethods in & given conceptual field-
relationships between "local® acquisitions (knowing and knowing-how)
and “global® organisatior of problem-solving. relationships between a
method and the “activation® of asoon acquired knowledge. Secondly we
present cognitive and didactical hypotheses: hov and vher to teach
nethods, what are the erpected effects on knowledge acquisiiion and
on knovledge “management” These bhypotheses are based upon a
theoretical amlysis and upon empirical results in cognitive studies
on decision-making and planning. on studies about teaching methods in
other scientific or professional domains, and on detailed amalysis of
the role of teaching methods 1n geometry problem-solving with
advanced level students.

Uethods in problem-solving

A method 1s related to & class of problems. It expresses the
commun points in efficient problem-solving in a field. It does not
describe students' bebavior Roughly speaking. a method describes or
sven prescribes efficient ways in aolving a given class of problems.
il can be Jefined 1n terms of the functions fulfilled by respect to
‘ask requirements A method can be considered as an invarient in
ntoblem-solving procedures linked to an invariant related to the
class of problems (Robert. Rogalski. Samurcay, 1987. Rogealski. 1987).

Consequently. the specification of a method is related to the
*1tend of the considered class 4 method defining an organisation of
phases in problem-solving as “problem understanding®, “orientation®.
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“organization“, "oxecution®, “control” is clid for vhatever type of
problems. It mey precise a lot of °"whmt® to do, but a few on "Qoy" to
perfora it: hov te analyse the problem, how to define the involved
knovledge field, how to identify the possible strategies.. At the
opposite the algorithm defining how to proceso with binonial
equations has a very limitad walidity £ield. Hencetorward, when
speeking of methods, we will exclude pure algorithns and consider
asthods as presenting two majin purposes: helping an user in the
approach of a problem and in the organisation of the process leading
to a solution (including control of solulion velidity and/or
optimization) (2). As & class of problems may be embedded In a
broeder class, there exist embedded levels for methods, increasing
the field of walidity. and decreasing specifications about hov to
apply the aethod. On the othser side, a given method may define
sub-problems, tor which it can precise xethods of “lower® level
{Rogalski M. . 1987},

Hethods for proplem-solving in teaching and learning processes

One can constrast wmethods in problem-solving according to the
following poles: methods vwhich are strongly linked to conceptual
invariants, and methods vhich are mainly devoted to organize. manage
and control the use of scon acquired knowledge. An exaaple of the
first pole is given by prograsming methods for the construction of
loops invariants in writing iterative programs. At the second pole
one can find the methods implicit in heuristics management in expert
systems. An example will be detailed below, which can be seen as an
elicitation of expert's knovledge in the study of numerical
sequences

It appears a plausible hypothesis that metbods play different
roles in the teaching and learning process depending on their
position by respect to these poles. Ais an exanple, we will now
present "a priori amalysis®" of two methods. deaigned for scientific
advanced 1level students The first one deals with geometrical
problem-solving. the second cne with convergence of mmerical real
sequences.

The purpose in elaborating a method for complex geometrical
problem solving was to teach them to students. so that they becane




able to conceive solutions to problems of the relatively large field
covered by the curriculum in the scientific classes &t the end of ths
secondary school (i7-i8 years old students). Requirements in writing
proofs were out of this actual eaim (Robert and al.). Schematically
the method is organized in three parts: 1) & rough glasaification of
types of geometrical problems (6 or 7 types), 2) a list of fools
(such as: cartesian coordipnates. transformations as symnelries,
translations, rotations.., use of scalar product, barycenters..) with
a specification of the setting in vhich they can be used (affins,
vector or euclidian space. mmerical setting..) and 3) & list of
basic conticurationa (they are relatively simple configurations which
appear very frequently in more complex figures, and vhose properties
are well known). This method was taught to students from the very
begimning of the curse. according to the following scemario. Defore
any problem-solving situation, the teacher presented some of the
above elements of the method. A completion of the initial state of
the classification and the 1lists of tools amd configurations was
engaged by the students, depending of their activities in geometrical
problem-solving. A great part ot these activities was devoted to
research in small groups (3 or 4 students) on problems requiring the
use of the wmethod: problems were given without any indications,
several ways were possible to find & sclution. Ths teacher intervensd
both on geometrical content and on methods. What was expected from
the atudents was the following: asking questions sbout the type of
problems, making suggestions about possible adapted tools, trying
strategies and changing points of view, rlrameworks or strategies it
unsuccessful. At the end of the work. the teacher presented a point
on the various specific strategies uses in the difterent groups, end
the geomstrical concepts underlying the solution to the problea.
¥riting a method for the study of numsrical real sequences wes
done in & quite different perspective (Rogalski M., 1987). The method
was not directly taught to students (in the teaching process) but was
proposed to them after the curse (Studemts are scientific students,
in the &irst year of the university). The purpose was to express a
gensral, complete msthod for studying couvergence for sequences
frequently encountered in mathematics at this universitery level. The
method was organized with strategies (norgl.pm nethods for reaching




sub-goals). 1) ¢lapsification strategy. 2) sirategy for research of
bypotheses (as. existence. possible value of the limit..). 3) proof
strategy. Some of these strategies involve tactics (classify the
problem, define priorities, siwplify. wodify for simplication,
classify the sequence..), tactics themselves use technics (graphical
representation, numerical tests. . ). Moreover a process was expressed
for control. correction. “recovery® for dealing with unsuccessful
strategies At last, three types of requited knowledge were
presented. which have to be always available by students (consisting
of pain theorems, classical results and “standard® numerical
functions). Tvo technics are joined as general useful tools. "using
inequalities® and “reasoning by induction®. This presentation was
based upon students’ previous Kknovledge and centered on the
organization of the process of problem-solving. It clearly
exanplities a method as a tool in managing svon acquired “local”
knovledge (about specific sequences. typical problems such as
convergence of sequences defined by induction )

Sope hypotheses end yresults about cognitive acquisition and
dadactical procesges

Our hypotheses about the productive role of learning methods are
based upon three types of considerations First a constructivist
conception of knowledge acquisition leads to the fundamental
assumption that “problem solving is source and criterion of
knovledge“ (Vergnaud, 1982) Then, learning xethods for problem
solving should be strongly linked to knowledge development. Secondly.
epistemological as empirical studies show that metacognition is an
intrinsic pert in the whole process of knowledge acquisition
{Schoenfeld, 1985, 1987) Thirdly. studies in vork psychology have
shown strong evidence that goal setting (that is specitying gecals to
be reached 1n performing s task) has positive effect on the
performance. (Locke. Shaw, Seari. Lathan 1981) Now  wmethods
organize research activity 4in problem-solving both by setting
specific goals and relating sub-goals and tools therefore they must
lead to beaser perforsance

¥e can specify briefly two hypotheses about the process by which
learning and using methods may 1msprove knowledge acquisition These
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hypothesesare based upon two theoretical concepts First we detined
the notion of "precursor”: precursors for & new conceptual field are
notions, operations and/or representations in & near field that can
aake nev problems end notions meaningful Second we defined twp
states for student's knowledge gvaileble and liberable An avalaible
knowledge can be used without any ezplicit cue in the problem. and
without reference toc this knavledge, at the opposite a liberable
knovledge requires an explicit call to this knowiedge. apecific goal
directing attention to 1t. or specific cue in the text of the problem
(such as are imdications on the way by wizich solving a problem; Our
hypothesis 1s that for mcst of the students existence of precursors
13 a strong requirement 1n acquiring new krowledge. and that
knowledge has to become available in order to be really efficient in
probler-solving (3)

Two hypotheses about teaching and learning methods are related
to these concepts of precursors and states of knovledge a) learning
a method 1n a given conceptusl tield 1s more efficient (or even
perhapa only posaible) 1f there exist precursors for the involved
conceptusl notions and 1t some knowledge 18 present 1in “"libersble”
3tete D) learning and using a method in problem-sclving 13 a mean
tor a change 1n knowledge state. from "liberable" to "available”,
because of two facts calling out knowledge eliritation of goals and
explicit proposals of tools Working in small groups way stress this
productive role played by the elicitation procecses

A twofolds question arises st this point: what are the
conditions for students'acquiaiticic of methods? what are the
conditions for teaching methods” The acquisition may follov an
explicit presentstion by the teacher (as in our tfirst preceeding
example on  geometry) of 1t waY proceed tfrom elicitating
students stiategies 1n problem-solving. the teacher expressing the
inverisnt:  defining the  wmethod The empirical results 1in
profez2innnal  cogtivities 33 in teaching lead not to retain the
Lypathe:i: *hat zthwdents can cosntrict themselves the 1nvariants in
efi1c1ent  problem-solving 1t coocetns probably e small part of

studentz and 1t aemms fto u3 necesssrv to research pedsgogical
atrateqies tor the others

Deperdding on our preceediny paychological analysis we assume
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that 1) the possibility for students for acquiring a taught method
depends on the content and on the actusl state of knovledge by
students.; 2) didactical intervention is more efficient if methods are
presented during problem-solving sessions, where students work in
smll groups and when the problems are “open® (no intermediate
indications, and several ways for solution). The analysis of students
working in small groups confirms the place devoted to elicitation,
and its evolution along the successive .sessions (Harilier, Robert,
Tenaud, 1987).

concluaion

Theoretical eanalysis, results in the field of cognitive
psychology and data observed in didactical experiments converge to
the conclusion i)that one can design methods related to a specific
conceptual field. 2)that such methods can be taught to students, as
soon as they have some available knovledge and the ability te
explicit metacognitive activities in a precise way, and to take them
as objet for thought., and 3)that students benefit from such a
teaching. Didactical situations which appear as good “candidates” for
supporting such a methodological teaching involve: work in small
groups, open and sufficiently complex problems and a didactical
enviromment giving & large place to students' metacognitive
activities such as discussion ebout knowledge and heuristics, ard
elicitation of metacogntive representations on mathematics,
problem-solving, on learning and teaching maths (4). Tvo open
questions concern to what axtend such conclusions may be wvalid for
teaching younger and less advanced level atudents, and what are the
good ways for evaluating such a teaching and learning process?

Hoteo

(1) We don't try to be exbaustive. but to give some representative

sxamples of different types of research in the field of metacognition

in problem-solving (The first one devoted to mathematical

problem-solving being Polya (Polya, 1962-64).

{(2) The field of programming presents quite a wide range of

"programning methods® one can anslyse as methods for problem-solving

(Rogalski, Semurcay, Hoc, 1987).

(3) From our theoretical point of viev, these notions of precursors

and liberable knovledge ares related to VYygotski's concept of

"proximal zons of developaent”.

(4) The “beliefs” in Schga p]jn'a classification (Schoenteld, 1967).
At
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STUDENT-SENSITIVE TEACHING AT THE TERTIARY LEVEL A CASE STUDY!
Pat Rogers
York University

Abstract

Perceptions college students have of mathematics as a
difficult and almost impossible subject can operate as a
barrier preventing them from developing their full potential
This paper 1s about one department's success in changing those
perceptions and creating a learning environment "in which
concern for the students development overrides any concern
about covering the curriculum. This approach succeeds in
motivating students and encouraging them to high achievement
in advanced level mathematics, at the same time fostering m‘gh
self-esteem and confidence in their mathematical abilities, the
ability to work independently and skill at proving theorems and
reading mathematics. This study is the beginning of an attempt
to describe conditions which favour the learning of muore
advanced and abstract concepts in mathematics

‘Proper currtcuium 1s the heart of a mathematical sciences program,
but there are many non-academic aspects that also must be considered”
(CUPM, 1981) While this 1dea is a clich- .. "he elementary and secondary
level, 1t has still had littie impact a post-secondary level  What
research has been done into effective leai...., environments at the tertiary
level has focussed on students who have previously nad difficulty with
mathematics (see for example Lochhead, 1983), rather than on
mathematically able students.  This paper is about one undergraduate
department’'s success 1n balancing thelr concern for curricuium with a
concern for developing each student to her fullest potential In my study of
this department | am attempting to describe conditions which favour the
learning of more complicated and abstract concepts in mathematics.

In a 1981 report, the Committee on the Undergraduate Program In
Mathemalics (CUPM) of the Mathematical Association of America (MAA)
Cites examples of programs 't has found Lo be successful in "attracting a

"This project 1s supported by a grant from the Social Sciences and
Humanities Research Counci! of Canada under the women and Work Thematic
Proyram
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large number of students into a program that develops rigorous
mathematical thinking and also offers a spectrum of (well taugnt) courses
0 pure and applied mathematics.” The State University of New York (SUNY)
at Potsdam College 15 one of those mentioned According to an MAA survey
(Albers at al, 1987) for the period 1980-85, while overall undergraduate
enrclments in the United States remained relatively stable, there was an
increase In the number of undergraduate mathematics degrees of 45%, the
corresponding figure for Potsdam was 152%. Last year, just under one
quarter of Potsdam's graduates had a major In mathematics and, of those
who graduated with an overall average of at ieast 3.5 on a 4 point scale,
over 40% were mathematicc majors

Al most post-secondary nstitutions, complaints about the difficulty
of attracting ‘good students, the low quallty and inadequate preparation of
the students they do have, and thelr fnability to write a rigorous
mathematical proof are common-place People who make such complaints
usually expect and find hign drop-out rates in introductory courses and !arge
numbers of students doing poorly on tests. One freguently also encounters
the attitude amongst faculty that 1f too many students are successful in a
course, then it canrot have been chailenging enough  The main message of
the CUPM Report is that rather than spend time complaining about students
there 1s much to learn from the few departments cited where students are
successful and qualtty and standards are maintatnegd.

According to Poland (1987) the basis for the success of the Potsdam
mathematics programme is that they "instili seif-confidence and a sense of
achtevement through the creation of an open, caring environment = Students
he talked to sald they felt the faculty cared for each one of them and he
observed that this was reflected in a high degree of confidence in their own
mathematical abilitv  "The faculty win the students over to enjoy and do
mathematics 1t 15 simply the transforming power of love, love through
encouragement, caring and the fustering of a supportive environment "

'n October 1987, | began a study of the programme at Potsdam in
order to 1gentify and describe the programme’s determiming characteristics
and to answer a number of questions raised by the Poland paper

! what precisely s the nature of the caring attitude the facuity
at Potsdam display towards their students?

2 what specific teaching behaviours arise from this attitude
towards students? (innis paper, Poland discounts teaching techniques as an
explanation of thelr success )
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3 what are the specific aspects of their approach which are
especlally successful with their female students? (604% of~ the
mathematics degrees awarded in 1983 went to women compared with 43 8%
nationally. Degrees awarded to women in that year at Pot2dam comprised
SS% of the total number of degress warded compared witi %1% nationally.)

4 wha. do the students think about the programme?

In ths paper | shall confine my comments to summarising findings
which relate to the first of these questions

METHOD

This |5 ar. exploratory study using qualltative techniques to gather
and analyze a variety of data At the time of writing the first (data-
gathering) stage of the investigatiorn 1s complete and | have begun coding
and anaiysing the data

The data Includes: all departmental printed material which 1s
distributed to students, statistics relating to undergraduate enroiments,
high school averages, and SAT scores for the last ten years, taped
Interviews with 40 students currently n the prograinme and with Or
Clarence Stephens, Chairperson of the department at Potsdam for eighteen
years untit his retirement last year [n addition, ! have made extensive field
notes of my observations nCluding interviews with faculty members,
counselling and admissions personnet, office consultations between faculty
and students, and classrcom sesstons of almost all faculty members

My final report will be presented te the facuity and students to check
whether my findings match the expertence of the participants while most
of what 1s reported here has been validated by one or two key informants,
nevertheless, since this 15 @ report of work in progress, the conclusions |
have reached are tentative at this stage

THE PARTICIPANTS

Potsdam College is a small undergraduate institution serving about
4000 students and 15 situated in the north east corner of New York State
close to the Canadian/US border, a rural area known as the North Country
From 1ts early beginnings in 1816 the college has been involved primarily In
teacher education until it became the State University College of Arts and
Science at Potsdam In 1962

The mathematics gepartment comprises 15 faculty members only
one of whom 15 female and five of whom have |oined the department within
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the last five years, all but one faculty member has a coctoral degree In
mathematics. The teaching load varles between 9 and 11 hours each
semester but in addition faculty may have one or more students doing
independent study.

According to admissions personnel, the college draws from a wide
area of New York State, attracting stugents primarlly from lower middie
class backgrounds, often from farming communities and small villages.
Students are invarizdly the first in their family to attend college and with
no tradition of post-secondary education to support them, poor self-concept
and low self-esteem is often a problem

1AJOR THEMES IN THE DATA AND DISCUSSION

The most striking feature of the programme at Potsdam tis the
learning environment. This has been created by establishing a balance
between what the former chairperson would call a proper, rather than an
excesstve, concern for the curriculum and the standards of the department
{Poland, 1987) and a concern for the development of their students. The
faculty are highly sensitive to students belleving that, "while the subject
matter is wnportant, the student is more so "

The predominant characteristic of this environment 1s its culture of
success Students at Potsdam are more concerned about whether they will
do well enough to achieve high honours in a course rather than whether they
will fa1) it. They expect to do well and they do. The faculty belteve that 1t
Is their "job to teach the students they have, not the students they wish
they had " Instead of complaining about the poor quality of their students,
they work with the students at their level of understanding and develop
them to thelr full potential. There IS a strong beltef In the students’ abllity
to master cdifficult tdeas in mathematics and this 15 communicated to the
students who in turn come to beiteve in themselves

what 1s the source of this belief In students? | think it owes its
genesis to the experiences of the former chatrperson, Dr Stephers, when he
taught in a black southern college and learned that “tne percept.on students
have about mathematics as an aimost impossible subject has v be changed
in order to teach them mathematics.” toowing this when he came to
Potsdam, Stephens made it his primary focus to set about changing students’
oerceptions about the difficulty of higher level work tn matnematics and
whether they were capable of doing it

A key strategy in Stephens’ approach was to create roie modeis He
did this by identifying students in their first year at the college who had
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demonstrated high promise In their course-work, and chaltenging them to do
agvanced leve! work in mathematics At that time Lnhe department nad no
gracduate programme and so he was faced with a dilemma  how couid he
motivate these students to "go very deeply intc semething wher 1f they
played around, after four years and they did less work” they would still get
the same degree? for this reascn, the department created the BA/MA doubie
deygree whereby students could get their underqraduate and graduate degrees
concurrently 1n four years This 1s an extremely demanding programme and
over the years, 1ess than <% of the.m mathemalics majors have graduated
with the BA/MA degree, but s role in challenging the prignter stugents ana
providing examples to encourage and motivate ili-prepared students has
been tnvaludbie

The spirit In which these role models have beer used 15 als0
npertant  They are not ne'g up as examples of excellence, as a means of
reward.ng the migh achievers Rather they are presented as examples of
what can be achteved by any student who 1S prepared to put 1n the time and
etfort  The message received 1S "Look at what these students have done
Theyre just ke you Youcan do it too” It 15 interesting to note that many
C7 these earty 1Qle rodris were women, one possible redson for the
department's success in attracting female students

Another way n wnicn perceptions about the drffrcu’ty of upper ievel
Courses in mathematics a1 o rreated 1s the tendency «any  deligm trments have
o give ower level (oyrses to untenured facyity  part-tina tarylty,
qraduate students or facuity with no docforal quattficatinne and th reserve
the upper level, ‘'more interesting courses, for <enior facyity  Such 3
Dractice Can convey ' STLTENtS the hingen message that upre” ‘evel couises
are 30 difficult that -ty the best, or the most experienced, or the few can
tealh therm Well reay the stydept worder whether, by imphication, oply the
very brightest witi Le aple to pass it in 3 ¢edpartment which 13 sensitive to
the (mrr»ec‘rlo"-'-‘ ne
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Encouragement 15 an essentia! skill for bullding & students’
confidence and self-esteem and the ways in which the raculty at Potsdam
encourage thefr students are many and complex. One of these ways has
already been ¢iscussed above the deliberate creatton of a rich tradition of
role models and stories which place the student 1n 2 climate of success.
Another way to encourage students is by recognising their efforts and
accomplishments tn much the same way that sports fans spur oh thelr
favourite team. Perhaps the most impressive way the Potsdam department
does this 1s through thelr annual newsletter. Last year the newsletter was
distributed te aimost 2000 former students, high schoels and graduates In
it were printed detalis of the new Clarence F. Stephens Mathematics Schotar
award, the department's way of thanking and honouring its chairperson on
his retfrement The award 15 to be given annually to "the non-graduating
mathematics major whe, by his or her achievement in mathematics, best
personifies ©. F Stephens' vision of the mathamatics student who 1s
becoming all he/she 1s capable of being~ The measage 1s clear You den't
nave to be Lhe best, but you should strive to be your best Competitfon 15
encourageq, but the competition IS with oneself and the effort ts recognised
as well as the achievement

Students are also encouraged by being challenged, but the challenges
sheula be realistic  Instead of watering down the content and lowering
standards as so often happens when faculty are concerned about giving their

students success, the facultv at Potsdam believe that confidence comes
from grapphing with diffrcuit wdeas anc concepts and being successful  And
they are quite explicit about it, as one teacher told his students on the first
day of class. "Frustration is a natural part of our game My job is to keep
you at the edge where you're frustrated enough to keep working but not toe
rustrated to quit™ And they are prepared to provide the resources tn terms
of time and encouragement to support thelr students efforts

Other encouraging behaviours which i rave observed are closely iinkeg
to their approach to teaching mathematics  This will be the subject of
another paper sc | will give only a briet sketch here First and foremost the
aim 15 to teach the student to think mathemat!cally, to write a rigorous
mathematical proc! and te read a matnemat!ics textbook It 1s important noi
te race through the course In an attempt to cover a set syllabus - a student
who has learned how to learn can cover the remaining course content by
herseif  Consequently, very few teachers at Potsdam adopt the traditional
lecture formal of teaching Indeed some are aquite vehement in their
0pDOS 10N Tr tre metnog  "SupposSe a person has a pile of sticks and they
WAaNnT teostart  fire o Gney TIng two nice arv stones and they begin to rut
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them together. Then | walk in and pour a bucket of water over them. That's
what a lecture is likel®

Instead a wide variety of teaching techniques are used which are
relatively uncommon at this level of the educational system. Metaphors for
describing this approach to teaching abound in the department but there Is a
common theme In all of them which agrees with what | have also observed
in the classroom. There is the acknowledgement that becoming a
mathematician, like becoming an athlete, takes time, practice and lots of
encouragement and support. The teacher at Potsdam {8 a coach.

To summarize, some of the techniques | have observed are: actlive
student participation and group work in class and outside of class; ‘coming
to the blackboard’; learning by helping others informally and more formally
in the student run Math Lab; observing seatwork, an approach to grading
tests and homework that construes them as articles of learning rather than
measures of ability; a flexible grading scheme which allows for the student
who blossoms late in the course; explicit teaching In how to read a
mathematics text with understanding; and most importantly constructivist
approaches to developing the subject matter.

CONCLUSION

The learning environment at Potsdam has been created by chailenging
perceptions students have about the difficult nature of mathematics which
inhibit their ability to succeed at it. In creating this environment, facuity
have been motivated by a concern or caring for students which is directed
towards helping them become the best they are capable of being’ The
facuity believe that developing a student requires time, encouragement and
chalienge and that the best way to do this, as Stephens would say, Is to ‘go
fast slowly’. In other words teachers who are sensitive to the needs and
level of understanding of their students will sequence instruction at a pace
at which students can learn. This Is the essence of a student-sensitive
approach to teaching because concern for the individual student's
development overrides any concerns about covering the curriculum,

One consequence of this student-sensitive approach is tnat, as news
about the department’s success with students has reached the high schools,
they now attract better prepired students. Presently one of the most
selective of the SUNY colleges, Potsdam attributes part of its success In
attracting good students to the excellence of the mathematics department.
Over one quarter of the Incominsg freshmen at Potsdam were In the top ten of
thelr high school classes and the cotlege’s freshmen scoré the highest
mathematics SAT scores in the whole SUNY system.
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Given the iarge numbers of majors they teach and the nature of their
approach to teaching mathematics, It 1s natural to ask what compromises In
curriculum have been made. No compromise in standards has been made, in
fact the opposite is true. But certain economies have been made In order to
keep class size down to the level (40) the department insists upon. The
mathematics major s a minimal degree requirfng 30 credit hours (10 one-
semester courses) {n a3 very traditional, pure mathematics sequence with a
limited range of options.

The experience of graduates of the program who have gone on to
jobs with compantes like 1BM, Kodak, and Hewlett-Packard suggests that
students leave Potsdam with excellent work skills: the ability to think
independently, read and write technical reports, work cooperatively with
other people, present and defend their work, and aiso offer criticism to
olhers without annihliating them. Students who have gone on to graduate
school, at places like Cornell, 111inots, Michigan and Wisconsin, report that
while their mathematical preparation may not be as broad perhaps as other
students, their learning skilis enable them to bridge any gaps for
themseives and that they are well prepared for independent work at the
graduate level

Graduates of Potsdam College are very loyal to the mathematics
department Many of tnem have mentoring relationships with a facuity

member and keep in touch for years after they leave. Some fsturn to speak
at MME (their honorary mathematics society) functions, pi-wicing rote
maodels for current students and living proof of the value of a pure
mathematics education that taught them more than a collection
mathematical facts

Bibllography

Albers, D. J, Anderson, R. . and Loftsgaarden, D O. (1987). “Undergraduate
brograms in the Mathematical and Computer Sciences. the 1985-86
Survey.” MAA Notes, Number 7.

CUPM Report (1981). °“Recommendations for a General Mathematical

~ Sclences Program.” Mathemat ical Association of America.

Dinkmeyer, Don and McKay, Gary. (1976) “Systematic Training for Effective
arenting.” American Guidance Service, Inc., Circie Pinés, Minn.
Lochhead, Jack. (1983) "Copstructivist Approaches to Teaching Mathematics
and Sclence at the College Level”. Proceedings of the rifth Annual

Meeting of PME-NA Montreal, 2, 74-80.

Poland, John.” "A Modern Falry Tale? The American Mathematical Monthly,

94 (3), 291-295.




2TRATEGCY CTHODICE IN SCLVING ADDITIONS. HEWORY OR
NDERSTANDING OF NUMERICAL RELATIONS?*

Analdcia Dias Schiitemann
'ntvereidade Federal! de Pernambuco, Recife, Bras:.

Siegier 's atrategy choice model wae Lested for
4aditions >f t“wo addends ranging from 1 to 29,
nn  a sampie of 20 Braziiian street vendors, very
akilled :n mental computation. The model provea
-0 be adequate for addends no larger than 10,
far larger addenda, properties cof the decimai
3Jysten, more than memorization, geems to better
credict Lhe strategy used.

Data on everyday wathematics (Carraher, <JCarraher 4
Schliremann, 1985, 1987} have shown Lhat, when computing the
~egulte of s tthmet cai  oper ations, most of the time
chtldren yse oral procedures. One of the moat common of

“hiege procedures 18 the decomposition strategy. UWhen using

iecompostition tc catculate, for example, the result of 95 +

57, one might add 90 (from the first addena) aud 50 (from
*he second), cbtaining 140, which 18 than added to 12, the
~eguit of 7 + 5, yieiding 102. Such a strategy, as already
demonstrated by Carraher 4 Schiiemann (1988, 'n préas)
ceveals a ciear understanding of the decimal system and of
.he properties of the additive composition ot numbers.

How these strategieeg develop and how they relate to
nemorizat;on ot Madrrien tacts =4 LA JnkboWwn.
ixperimentg by si1egler & kubinson (1982)  and by Siegler 3
rcnrager (1985) analyzed the gtrategies used by 4- and 5-

ear-o0:ds Lo Buive odditions oi two addends witn vaiues from

Lz . or trom ol Lo 11, witlh 3ume 1w rarger  thnan  1c.
‘regier -1386i oroposea ihat tne choice of a sgtrategy among
:Lnera wouia ne determined by the strength of the
.880C1! a%. 1ona hetueer the paitre »f numbere

.o Le added. ‘hig

‘#@0Ciat ton Jas 1etermired :n a zeparate experiment where %
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indé S-year-olds were asked to say what they thougnt were the

r1ght angwer tor the aadition of each pair of numberas,

without putt:ing up fingers or counting The amount of

correct and 1ncorrect answers thus cbtained ‘or each pair of
numbers was used Lo Jdetermine lhe strength of the
asgoc.ationg between theseé numbers. Fhis distribution of
ass80clatlons model, tested i1n different types of tasks,
proved to bLe adequate to predict the strategres used 1n
thege gimple odditions. The s8strategires found ranged from
overt pehavior strateqies if[inger c¢ounting, finger dispiay
with ne  apparent c<ounting, verbal counting) to memory
¢Lr,eva) Wwnere nu overt penavior wag observea. Solutiaon
. mes8, degree of overt benavior displayed and ef:crency in
s0ivINg Lhe additions, were all highiy correlated (around
301 with rhe degree of agsociation found between the pairs
'f numbers invoived i1n the additions.

«hat wouid4 nhappen, however, with additions involving
»arger numbers, ailowing use of other more soffiegticated
areredures 3uch as decompos:tion strategiles? Would the same
atrateqy choice model apply? Siegler (1986) proposes Lhat
~i5  mczel would hold Ffor addit.ons, subtractions and
muit.piications. However, Hope & Sherrili (13987), 1n their
study on the characteri1stics or g8killed and unskilled wmental
cai cnratops agve Z0wWn that perfourmance on mental
multip:icat.on  of large numbers had a low positive

orre.at.on Wit generai mudtipitcatiun fact cecail
~ar  een  ghown  that  oral addition of numbers
requentiy . .voive decomposition strategres. These
Mraregies Lvusu either te determined by the addition tacts
ceral.ed By §ae dudject or by a general unuersatanding uf LJhe
e Ima;, ovgTem. in the first case, ~8 predicted by
Legiler o oncaei, tae jecampegdition sbrateqgy should be used
Eonnmbera oot L ecx .l ad vy othe  subect anda ! he wind ot
erompodt oan gped  shouild be  rejarted to rne addition facts
Cney wneou o nowever , understanding of the relations
involvad 1y Loe decimal system 0 a more prominenht factor
than memor . Zatiun or additron tacrve, eaven (or pairs

anemoitged by a rRubject . dercompos:'tioh stiategies would of ten
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be used and the way number s are decomposed would not
related to the memorized addition facts but most often
the decimal system properties.

This study aims to find out the relative importance
memorization versus understanding of the decimal system
the choice of different strategtes for salving additions.

METHOD

Subjects: Twenty 9- to 13-year-old Brazilian children,
who worked as street vendors partictipated 1n the study.
Their schoo! experience was irregular and they attended, or
had attended, at most, the 3rd grade. At work, when selling
candies, lollipops, 1ce-cream, frutits or sandwichs, they
were used to mentally compute the results of additions,
gubtracticng and multiplications.

Materi1al and Procedure: Subjects were asked to orally

solve a sgeries of 216 two-addend additions. Ir the first
phase of the study they were instructed to answer each of
the 21b paira of numbers to be added, ae quickly as possibie
and, when two seconds were elapsed, i1f no answer was given,
another pair was presented. In the second phase they were

agked to orally solve, 'n a different order, the same 216

problems, using whatever methods they want and explaining

how they reached eacn result. Of the 216 additions, 45
involved the addition of two numbers from 2 to 10 with the
larger addend preceding the sgraller crne; 17t invoived the
addition of a number between 21 and 29 with another in the
intervai of 2 to <cO. These 7?16 additione could be
clasasifiuvd according to the numbers 1nvolved, inte five
groups, &8 shown in Table 1.
Table 1

Clasgification of the 16 additions presented tu the
gubjectes 1n the first and the second phases

Values of Addends
Firat Addend Second Addena Problems

to 9 to 36
10 to 10 9
o9 to 72
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RESULTS

The percentage of meﬁorlzed pairs, for weach type of
addition--That 18, those correctly answered in lese than two
seconds--18 shown in Table 2. Memorization was at tas
highest for group 1 problems (10 plus a number from 1 to 10’
where 86.1% of problems were sclved. Group 1 (1 to 2 plue 1
to 9) and group 4 (21 to 29 pius 10 or 20) followed with
59.6% and 46.7% of correct answers, respectively. The most
difficult additione were those in groups 3 (21 to 29 plus 1
to 9) and 5 (21 to 29 plus 11 to 19) which were solved in
only 31.9% and 9.0% of the cases, respectively.

Ferformance 1n the second phase was neariy errcorless:
only 22 errors were found among the total of 4320 problens
presented to the 20 subjects. The prefered strategy to
solve type 1 and type 2 additions was memory retrieval,
For types 3, 4 and 5, decompecsition was the strategy most
oftenly uged. Counting strategies appeared 1n a few
probiems, eijther n 18olation or combined with
decomposition. This general analysis seems to show that the
data obtained sgupport Siegler 8 model: for the additions
solved 1n the firet phase, more memory reirieval was found
tn Lthe second: for those not soived, other strategies were
chosen. However, f a wmore specific analys:is '3 performed 2
ditferent picture may appear.

Table 2
Percentage of problems solved i1n the first phase and

percentage of problems soived through memory ratrieval,
decumposition and counting strategies in the eecond phase.

Solved 1n Strategy in 2nd phase
18t phase Menm,

b4 .
a6. 32.
31, 23,

Table 3 shows, [or probiems that were solved 1n the
first phase, the percentage of those where the answer in the

second phase was gliven through each one of the strategies.
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The sz2me data are a:s. shown for probiemsg nouw scived 1r the
first phasge. Stegler a mode! leadas to the prediction that,
o; paire of numbers with a strong associaticn--1n this
gtudy tnhoge 8clveu in  the {aregt Nhaga - memsr, reblr.ova,
should be the choser strategy n  Lho fecund  whade. For
thoae pa.ra  not goived b Lhe Firdl plhase, wlher glrategres
gucn ag decomposition or  counting would  be  choager more
frequentiy in the &econd aae. inapection  of

reveals that this precd. nOApRL L

prnbliems For these de E n mode .,

merncry ietr:eval wag much common for ths vrob.ens
enlved :n the first phiase than tor the unenivec ones. ype
2 vroplemg  ahow 2 ver. high  percent ane of  dge of penory
retrieval for golved problems, but th:is aleo happens {or the

ONse_ i L ungr, ved For t.pes ALoa, and R

rensariisgs ol
the reauits In the firstl phase, there was a ciear preference
for v rateg 1 es ~ther thar Mmamor v rRlt s eva oy tores

decamn it lon strateqgy.

Table 2
Mean and percertane nf golved S) and uns lved (U prablamg
tn the first phase and percentage »f USe 0f  mamor v
Pt s AwoSmrea@ st e e NS ang M YeT BT TaLegior o
Lhe second phese  for coriesponain:. orar,

Probiem 8t pnug« St ategeg «<nd phase

type Mean Mem . Lk Toan. Mix.

Or oag
Grouyp
Group
ST oup
Group

4 Tt ml eEm e
bt vant, TR e

I PO

The mode! algo leads to the ;redicticn ¢ . fiinner
cf problemr scived in tne firagt phase thou! highly
torreiated with  the number of theas same prob.emg socived

Lhi vugh uwiumposition f)n‘the gecond pname A a.  the number
LN
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of unsojvea problems snouid be highiy .orrelated with the

number of these Bame problems soived through atrategies
other than memory retrieval. Tabie 4 ahowse, for each
addit ol type, the correiation coefiicients wbtained for this
analysis. For types 1 and 2 problems, the simpler ones,
invo{ving addendg no iarqger than 0. use of memory retrieval
w23 i facl highly cerrelatea with cumbher of golved probiem.
1 the first phage. However, this correlaticn was alsc very
high and wignificant. for the unsolved probleme. For types
%, 4, and 5, probleme with at least one addend larger than
v, the correlat.ons go clearly againat the model: use of
decomposition was aiwayd highly correialed w:th number of
8olved but not with number of unsolved problens, Only
counting strategies, for Qi problem types, showa
significant. although not very higr correlatione w:th number
of unswived probleme, as pred.cted by the mode!l.
Table 4
Kendal! '8 tau correlation coeflficientg for number of soived

(51 and unsclved problema ¢U! tn the first phase with numper
cf these probiems solved through each strategy 1n the second

robiem Firat phase Strateqv I1n second phasge
f e . Yean o and ¥ Couri.  Mix

Croun

o

Group

D

- "
Crwup

Wb O

Gr ooy

-,
Lypes 3 and 5 protlems the deccmposition
consie! ed > most  of the cages 1n separating, for
fros the unite The tens and the

arnz the Ltwo resulls
tre endg i the proredure Yariatione within thisg
ener .. Approact were related  te St e, Lor UNL LA Lo he
AdAdec e o mebr b ] near 1y ALwan e farger Qne wae
Iret., and the order the tens and unite were

2y,
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taken (there was a general tendency to add the tens first).
Unen the eum of the untita2 wag larger than 10, and was
obtalned before the sum of the tens, a second step in the
procedure could appear which consisted in decomposing the
result of the sum of the units into ten plus units, add the
ten toc the original tens, joining the units that were left
at the end.

For problem types 1, 3, and 5, ancther kind of
decompogition, usad with different. frequenciea by 19 of the
20 subjects, appeared 1in a8 total of 746 problems. This
constiated itn adding, to one of the addends or to its units,
part of the unite of the other addend so that 10, 5, or a
muitipie of 10 or 5 was obtained. In types 3 and 5, when 10

3

o & was obtained, 1t was Joined to the original tens, '~
there were any, and the part of the units was aggregate .t
the end to the round number obtained (multtple of 10) or to
the multiple of S, .if thia was the case. in most of the
cases where 10 or a multiple of 10 was searched, the units
of one of the addends were of value 8 or 9. Examples of
this strategy are the following answers:

9 + 37 12, 1 added 1 to 9, there was 2 left; |
added 2 to 10."

137”28 plus 13, let me 396 (pause) 28 pius 13
(pause) 40 (pause) 47. This one | took 10
from 19 and put 1t ~n 28. Then | took 2
from 9, and | had 40. There was 7 left, 1t
makes 47."

Among Lhe problems solved through this sort  of
compusition, more than one third i1nvolved the additions of
'0 units that were sgolved 1n the first phage (in type 1
oblems) . Correlation coeficients for number of type 1
ditions solved 1in the first phase with use of thie second
rt. of aecomposition strategy 1n each problem type tended

be negative but were all very low and non-significant

CONCLUSIONS
The choice of strategies to solve addition probiems,
although influenced by memorization of addition facte, reems

to be alsoc strongly determined by the understanding of :.

characteristics of the decimal systenm, by the saituation
(L, v .
fo i)
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where the problems are golved, and by the kind of numbers to
be added. Thue, Siegler's strategy choice model, although
adequate to explain the choice of simpler strategies to
solve addition of small numbers by young children, who often
rely on counting strategies, does not seem to fit the case
of more complicate additions solved by skilled mental
calculators, who use different sorts of decomposition
strategies. Of course one can always argue that the
decomposition strategies themselves are deterrmined by the
stronger association that exists for 10 and multiples of 10
with numbers smaller than 10, But this association only
holde 1f an understanding of the decimal =aystem as a
generative system pre-exists. For numbers larger than 10,
when the child understands the relations involved i1n the
system, the role of memory gkills 18 reduced. Understanding
the decimal system allows the child to find out, whenever
needed, the resulte of additions, making school training or

memorization of addition facte irrelevant.
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' FPRESENTATIONS CF FUNCTIONS AND ANALCCILS
faruch Schwarz & Maxim Bruckheilmer

weizmann Institute of Science, Israel

. sajor daflficeaty an Lhe leamang of {fuhctiund .s_the Lranster or
wnowiedge and methods betwsen representations. The computerized
anvironment T.R.M. was created to alleviate this difficulty.
.eries of studies on learning processes with T. k.M. was undertaken.
This paper reports on an .investigation of students' use of
ialogies in transferring knowliedge between representatlons.

AEPRESENTATIONS AND ANALOGIES

ilthough the concept Lt function and its subconcepts are not
‘necreticaily linked o a pArticular repregentarion, rhe ~urriulum of
recesgity tranglates these :oncepts 1nto saeveral representations. The

“relmage-:DALe | nk, Tor gaampie, may De represented slgebraically in the
‘orm vy, af(x,}. graphicaiiy by a ooint, or by a pair of date in & table.
Similariy, cther notions have t0 de based on one or more representations
Trpically. three or four representations are used in the 1inatial study of
“uwnctivns.,  The passage between *~hese representations 18 difficult  see
:.g Markovits et al., 1986}, The properties of a function are often
understood in their representational context only and no abstraction of
rhege opropertilss 1= made y uyexzinning students .nor, often, by wore

dvane pe Thes) .

such @ tendency Lo cumpartmentailze knowledge nas been noticed 1n

severas 0mains., Schoenfeid 1%36), in genmetry . ahowed Now students who

«<quired <nuwizdge in one context kept it separate from “nowledge

«<guired in sther contexts. Kaput {i382) obtained similar results in

< gebra. Sreeno (1983, on -ne >tner nand, .nd.cated how analogies can

iClislute the conatruction 9f relationships between units of knowledge:

7Y rhe domaine are represented by entities that have relations that

e simiiarc, “he wnaldky mway ne  found  easiiy,  osut if the

cepresentation of ~ither domain iacks these entities, the analogy may

e ;'.upossxbxe Lo rina Consequentiy, Aan anaio@y an oe used in

aCii.tatlag Ne acquisltion of representational Xnowledge 1n a
womAain. " p.228)

tationn.  lomains of A Tunction  are composed of quite

and the metheds «hichk are used :n nach representation

Yro@ each cLher, For exampie, =ne soluticn of ar

form !U/x)ra can te obtained by algebraic asethods
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(axrracting routs, simpiifications ...i or by constructing and reading
( g 14

.he graph of the runction. The need to establish these repregentational
scmaind and the relationships between them .ed ue ©0 construct A
~omputerired environment, the Triple Hepresentational Model T.R.M.j,
whose principal characteristics are:

* T.R.M. facil:tates cransfer of function c¢oncepts between three
~epresentations: algebraic. graphical and rabular. The technical
rasks are executed automatically: the student has to organize and to
~nlare results linked with one tepresentation in order to use them
.0 atners,
xork owitnin aach repregsentation 15 Lperationel, e organized in
“arms of operationsg that the student has to carry out.

.53 -he cooputerizeu core ol u complete Grpde 9 function
surriculum pased on problem solving and expcses the student to a
Treat variety of tunctions.

Tse ennstruction of T.R.M, .3 intended to provide a gond ontology ot
iomaLns whichn Jaci1iitatag analogies Detween representations.

Leretuie, racions aval.able in the (nree representations were

e
-~apsen ‘o %e conceptual entities whoge utilization 18 9lmilar,

Tarr feldg,,=d Jdescriptlon willi be gaven i the [oliowing.
3RIEF DESCRIFPTION 2F T.A

‘hrae rypiloal operations will be described tu counvey the character of

r Searan” ialgebraic}, 'Compute” {ulgebraic) and "Draw"
srapaical’

‘Search” =nables =he user 'o solve (in‘equalities involving the function

CSECRI TR .deration. e gwrunture of this ocperation 15 shown in

s1ng 'his operaticn “he student can searcn, {or example, tor

2 a funct:on, for the subdomains in which the function is

o)

fix+D.01) by 2

Vel

intgnsive computation
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Figl, The Search operation

ngnt - back €sc - Qquit

1 fefine f2-Computs Fl-Search fe Pagang ¢ 7-Readl FR-ReacG F10-Ena

Fig.2. Search for subdamain

in which f(x) is 1ncreasing

"Coupute” enables the student to compute automatically the value of a
function for any desired element of the domain.

"Draw" enables the student to draw the graph of a function, to zoom on
subdowaing or to stretch the graph in one direction. This operation not
only removes the technical fatigue but adds a dynamic aspect to the
graphical representation.

In addition to the fact that T.R.M. enables the uyser to move or to
read information between representations, 1its operations diminish the
conceptual distances between the representations by stressing operational
parallels. Two general prncedures in the T.K.M. are directly parallel in
the graphical and algebraic representation:

1) Convergence, by whick the student "homes in” on the desired result.

It is realized in the graphical representation by 8 well judgad

sequence of zoomings and in the aigebralc representat.un by
intelligent use of the "Seirch" operation.
2) Accuracy of the required result, which uses the same operations as

convergen:e but iy supported by other strategic coneiderations.
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We focused on these two procedures because the operations of T.R.M.
facilitate analogies Dbetween the graphical and the nigebraic
representation with these procedures.

AN EXPERIMENT WITH T.R.M.

The T.R.M. curriculum has been taught experimentally in two §-th grade
classes in junior high schools. In this paper we report on one aspect of
this experigent, the procedural analogy between the graphical and the
algebraic representation. The treatment of the two classes differed only
in the order of the learning process. One claess (Cl) was introduced to

functions through the graphical representation, whereas the other class

"(C2) «as introduced via the algebraic representation., At thias stage Cl

was given the computer-based task CIN1 (CINs computerized interview) and
C2 was given CINZ2 (see below). In the second stage each group was
introduced to the other representaticn and given the other task. Some
students performed the tasks in a classroom setting and some were
interviewed individually. CIN! was essentially graphical in form and
CINZ mlgebraic:
CINl: The computer chooses an undisclosed function f and displays a
rectangle on the screen., The student is asked to decide by
interrogating the cooputer whather the graph of the function passesg

through the rectangle. The hidden graphs took one of the following
four foras:




and the student could only use the Compute aperation to sQtve the
task.
"Find an x which gatisf{es f{x)!=a to an accuracy of

student could use the Compute and Search operations.

Collection ¢of data: A prograp was writtan to record student behavicur on

the tasks. For example, in nne of the CIN! tasks the given rectangle was
as shown 1in Fig.3 and the student's trials (using the Compute operation)

are shown numbered. The student concluded that

the grapnh passes through
the rectangle, which, in *hiy case, 1s false (see Fig. 'y,

Poenriita

INT

The order in which the student <alculates the points ¢ i3 about the

Ftudent s ouse and undevrstanding o the

NI e vedbire . We  oalse
agiced students express  tnelr confideroe 0 thoeg o conetaainn ar 0 e
tuliowing A1y - TEL anderstanding
Nl otne wetarp ey

Uertaln
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An exampie of a CIN2 task was to solve x’-3x¢'¢-5, for which the correct
answer 1s x=1.879. Fig.5 shows the various trials of one atudent, who

used the Compute operation for the first three trials and then the Search

operation for the next two and finaily returned to the compute for

final three. Since she wrote the condition for Search operation in
fore "IF [ix)s5" her search was "fruitless”. However. either on
tagsls of the fix; values in the Search or the computed values in
firs* three trials,she completed the task successfully.

Name verss Vs XL wo,

TULLan : 5L LRt AppreciAtes the Convergenre
ot i : iracy  as shown by her SeAarch
Domputu. O ohe

Sealon cundlTion to

SUanLength

ANG LD ING

BLAL
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For CIN1, 8 three level categorization scheme was found to be,

appropriate:

1) The student computes irrelevant images outside the bounds of the
rectangle. Decisions are based on linear interpclation only and
confidence is low.

2) The student coﬁputes relevant images and his gsearch i3 systematic.
The computations are managed by linear interpolat.on and confidence is
high.

3) The student manasges the computations by interpolation and continuity,
confidence is high, and welil-founded in discussion.

For CIN2 a similar categorization was found to be appropriate:

1} The studant works randomly with the Compute operation until a
direction is found for the search. Efficient use of the Search
operation operation is not made; the number of trials is large.

2) The student's analysis process converges almost from the beginning
and intelligent use of previocus computations is made. Not much use of
the Search operation is made and then always with equalities rather
than inequalities.

3) The student integrates Compute -ud Search uperat.ons in an efficient

converging solution.

From the behaviours observed with CIN1 and CIN2, we arrived at the
fcllowing sketch of general cognitive levels of functional thinking.
1) The numerical level: The functional link between preimages and images
is not well understood. The search for the result is not systematic.
2) The functional reasoning level: The functional (ink between preimages
and iwmages 1s understood. The search for results 1s systematic but
does not use a logical sequence of computaticns.
3) The dynamic functional reascn:ng level: The student understands the
richneas of the concept of funcrion ana can search for a result by an

efficlent converging sequence of computations.

The analysis of the data showed that Cl (which started with the graphical
representation) had results in CIN1 similar to those of C2, and much

hetter results in CIN2. This would seem *o ‘~dicate that learning the
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graphical representation first leads to a higher level of functional
reasoning. We also found that accuracy and convergence procedures
transfer from the graphical to the algebraic representation but not in
the opposite direction. However, as Gick and Holyoak (1983) noticed, if
two prior analogs are given, students can derive an underlying principle
as an Incidental product of describing the similarities of the ansalogs.
Consequently, a theoretically based function curriculum which integrates
the various representations at an early stage, vay well have advantages
over either system used in this experiment.
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ts tacitly asgumed that by tha help of structural dedinitions the processes
hecome salf-evident, and that only a little training is needad to ensure,
that they wiil ©be correctly executed whenever necessary, In the light of
our former clajims, eore direct treatment of algorithms can greatly improve
the learning. if the operational conception is indead the necessary first
step in an sccquisition of & new eathematicai idewa, we can probably make
the lparning more effective by communicating with the student in tha
Suitable "operational” language, and by fostering the pupil’'s understanding
cf nrocesses setore translating tne operational descriptions into
structural cefinitions. All  this can oboe done by incorporating computer
wrogramaing .ntc  aathematics Courkes. While writing the g@rcgrams the

student would 3et a profound insight into the algorithas undarlying a

e
aathematica; corcept., 7his should daespen the understanding of the concepts

themselves and -rpate 3 sound tasis for "he transition 4rom operational to
structural conception. [ Formation of the struciural conception of basic
nathesatical .geas seeas o be essential for furthe® learning - for
~CQuisttion ot ~ore advanced concepts. ¥ so, the structural conception
should be promcted 1n oenalf of those pupils who are able and willing to
continue their mathematica. msducation atter matriculation. ]

in the wexperimental study, which will now be described in detail, we
tried to r~ompare the weéfectivness of *he "structural” iconventional) and
the “"operaticral” (the one proposed here) pethods of teaching., Mathematical
‘nguction has Seen chosen s a perfect subject for this kind of investi-
wation, Firstiv, the topic can be easily presented in two wave, both
struc~ turaliy and operationally. Secondly, while being one of the nost
cnpor tant mathematical :deas taught in (Israell) seconoary school, it 1e
Als0 tonsideresd 0 e particularly difficult for the learner. As such, it
as alreagy nspirea quite rconsiderable amount o4 poth theoretical and

zxperimental educational stuoies tli,, 12), {3}, {(5D.
TRUCTURAL APFRCACH "0 MATHEMATICAL INDUCTION

e way ‘atnematical induction in Zaught 1n  Jsraeli sentor
<ecordar--scnoc. L ray e veqgarded 2 typical :aplementation af the
structural sethoc, Agcording o the currituium, 20 teaching hours shculd
e davoted to the subject in sleventh or twelfth grade. Let us describe naw
The main  stages of the learning, and at the same time indicate &nd analvse
the difficulties which may be encountered by the iearner at sach of thes.

‘o_verurginn, T heotn with, (he stucent is graagreed with the idea

N ~34
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of s=ouence. It is ascuned that the pupil is already well acquainted with
the concept of function (in its structural versiont), so the sequence can
be considered nothing more than a particular case of the familiar sathema~
tical construct. The recursive representation of a sequence (see Box 1(a)),
however, is a new idea, which is explained by help of appropriate mxamples
and exorcises. Since the saquence is presented as a static entity (composed
of infinitely many parts}), the rule of recursion can only be perceived as a
constant relation betwaen its adjacent components.

Here, a serious gifficulty may stem 4érom a quite unusual role played
by the variable n. To ¢ind a rule of recursion for a given sequence {(such
as finj=n=), the student has to begin with the substitution of n+§
instead of n into the formula which defines the sequence. Until now, the
varfables such as n were used only {n their structural, static senses any
latter denoted an unknown magnitude, which was assumed to remajn constant
throughout the entire process of solving a given problen. Now, for the
first time, the students must cope with an additional, dynanic meaning of a
variable. HWhile substituting n+! instead of n, thay have to be aware that
the letter n serves both as a "given number® (n+i is its successor), and as
a "cell” for storing changing wmagnitudes. This double role of n may be
quite confusing for unprepared learners. The bewildered student would make
such classic mistakes like adding 1 to f(n) while looking for §(n+}),

2._The principle of mathesatical induction is introduced in its

formal axiomatic version, as presented in Box {(b).

1t seens pretty obvious that the +ully dsveloped structural
conception of the notion of infinite set is indispensable for understanding
the underlying Ides of ecuality between K and N. The way the two sets are
conpared say be an inexhaustible source of additional difficulties,
Everyday classroom experience clearly shows that sany students cannot get
along with the statements of the fore ¥n [P(n) =»> P(n+¢1}]), which constitute
the very heart of an inductive proof.

To gqet a deeper insight into the problen, we asked 16 students who
had just finished the reqular twenty-hour course on induction to describe
the sain stages of inductive proof (see Test 2 in Box 2). Only four angwers

could be regarded as correct. The remaining twelve responses clearly
indicated some serious problees with quantification. More often than not,
the stateaent ¥n {P(n) =) P(n+1)] was transforned into [VYn P(n)) => P(n+}).

Indesd, seven students wrot®i “We have to show that if f(n)wgtn) for
every 'n, then fin+ef)mgineg)® or "Let us assune that the

functions arfd'jecual , and then show that fin+llimginel)”,
oV ‘
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Box 1v Structural vs.operational approach to math. induction

Structural Operational z
Representation |(a) (€} vi=0j
of recursively £(0)=0 ns=0y
defined finel)mf(n)+2n+1 .? while ndne
sEuUence (recursion rule begin
yiny+2n+l3 {(recursion rule)
ns=n+ly
end}
The principle |(b) IF KcN and {4 (d} IF two sequences, ¢ and g,
of induction “a., Q€K a, have the same initial
. for every n€N value
i n€EK b. can be computed by the
then n+1€kK sam@ recursion rule
THEN""K=N THEN f(nj=g(n) for every n.

The same misplacement of quantificators might be responsible for another

conmon answer (3 cases)t “We have to oprove that if $(0)wg(0}, then

fin+i)=gin+l)™, 1t seens quite Jikely that the students skipped the

inductive assusption wimply because they felt that the “"premise" they were

going to use was identical with the proposition which had to be proved.
This kind of mistake can be easily explained on the grounds of our

tormer study, devoted to the notion of function [4]. According to our

findings - and contriry to the expectations of the designers of - b

secondary-school curricula =~ the pajority of pupils do not conceive

function as "an aggregate of (infinitely many) ordered pairs”, Rather, they g <
identify 1t wWith a certain computational formula. For these students, two

functions are eaual only tf one of the appropriate formulas can be obtained

from the other by certain algebraic mranjpulation. I4 so, the auantificators

have no significance whatgoever, and the equaticn “$(ni=g(n)* is equivalent

to the statement “¢ and g are egual”
Finally let me remark that the students who do manage to put the

guantificators in the right places, may still have some problenm with the

general logical structure of the axion. If an induction is a'method for

proving the propocsitions beginning with the words "For every néN...", the

question can rightly be asked, why not use this verv method inside

the inductive proof, while dealing with the statement ¥n [ P(n) => P(n+1) ],

Since it seems that the method should be uced {recursively!) over ang over

r3ain, the student may feel entangled into a vicious circle,

3. Proving by induction. The principle of induction is applied in a

saries of proofs dealing with various properties of numerical sequences, *:u
The probleas 2 and 3 presented in Box 2 (Yest 3) are two typical sxamples

of exercises apearing in the conventional textbooks.
RN

fl b
o
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OPERATIONAL APPROACH TO MATHEMATICAL INDUCTION

For our experiment, new teaching material on induction was prepared.
This time the subject was presented in an operations! menner, While
describing the main stages of learning we shali arque now, that within our
special approach most of the previously described difééiculties can be
either easily overcome or avoided altogethar.

1. Recursion. dccording to our program, at the 4first staqe of
iearning tho_ oupils get acouainted with many kinde ot recursive calcula-
tions, On the Qrounds of our previous experimental! <findings ((4)) we
assume, that the wmajority of students conceive function (seguence) as &
computational process. rather than as & static construct. Accordirgly, a
rule of recursion is prezerted as a prescription for some special kind of
computation. The student’s task 1is not only to understand and to execute
recurgive cperations representecd by the suitable algebreic expressions),
but also te forsulate iterative algorithmg ¢or recursively detined
tunctions in & sisple programming Jlanguage (see Box 1{c)). This additional,
operaticnal representation 18 an effective tool for dealing with 2 new,
dynamical role of & variable n, Inoeeo, 1in a programming lanquage, &
variaple stands for a cell in & computar's mescry, 8C (%6 dyramical Feaning
is self-evident. After some experience with operational rapresentations,
the student should nc Jonge~ bpe confuseo pv thne doubie roie 2 varlable
plays 1n algebraic representations.

2, The principle of aathematicai inductiof 1s presenten 1n “opera-

ticnal® terrs (se» Bor {{g)i, While gtressing the comnutational aspects of

the concepl of Junciion, we cen  spesk  about wouivaien.e of algorithms
of

ingteaz dealing with eguality of tnfinitz wets, [ Althocug: the present
versior may seen gcmewshat restrictes in cospariscr to tre forme- cne, jt s
in fact equally general. Indeed, any statement ¢ the fora “Pin} $0r evary
nEN" can be transtorees intc & proposition  on dunctione: “Tne charac-
teristic function c- F 1% eaus. tc f, whije ¢(rixt "TRIET 4or gogc, néN L

The coeraticnal prese~tatior i 4ree from all the npreviously
merticoned didactila. Cisacvaitages of the atr. wia. version, Firstiv, tns
confusing proposition vr (PR «) Pine]} ] praztica’l, disappesrs here under
the coves of Jesc foompl but bv ne mears less wxait: statcsert "4 oand g
can be com- puted bv the mame recursion rule’ This statemert tan be
®asily translateo into aopropriate actions., For instance. 1§ ¢ 15 the
functicn presented {n Boy |, and if gi{n)en®, then the student has crly to

ahow Lhat  gintil  Lah be wulaihes From yegain: Dy Lhe Bem@ recursion ruie

iy,
hdu‘
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v¢2nr{, which - when applied tc vef(n} - wmould vield fin+is. Since the
confuning eaqualitaes ¢inimgin) ano €(n+l)i=gin+y; are not mentioned at all
(the algebraic transforecation v+2n+! has to be appliec to only one function
4t & tme), *here 18 no room here for the 1ncorrect quantifications.
Seccndly, this time there i1s alsost no danger of apparent vicjous circle.
The srinciple c¢f 1nduction has been phrased here as 2 meta-mathematical
rule rather than as a mathematical axiom. Indeed, 1nstead of dealing with
4 method of proving an squality of two infinite sets, we speak about a may
ot showing that finoleqgingi  fcr  any given no. Thus, 1n our version
the general quantificator has beern transferred tc the meta-langurge, and
after thie the induitive proots would invelve in fact onlv lismited

quantifications (Vn(na.....
3.Proving by 1nduction, In our teachinc wunit the pranciple of
fnduction ie used only {for proving waualities of tunctions leorivalence of
algorithme;, CGtner oproperties of numerical secuences (like those mentioned
ir sroblems | and 3 in Box Y. Test 3, sre not explicitiv dealt with, Hence.
our coversage of the subject i1s not as broad as reaquired bv the curriculum,
The entire unit, however, s Reant for not mora than &-B teaching hours
iprovides tne  students  hRapve  some pPrevcous experience with programming
1t can be incorporated 1ntc a regular tourse or induction as

1rLrosustory Chapter.

COMPAPAT {, L EYPERIMENTAL

Qur erperimenrtal nvessigatine ] the gftruilurdl ang cseratisna,
methods ¢4 teaching 1e still ungder  we.. Tcre e ’ative (oncClusions
however, car be ai"e3dy drawn tror thp rpsu.te of the rnilct s*udv. whict
wWil. POm B oprecertier 17 womE detanr.,

The ercerir@i-tal Material or prducticn hag kprn btaunhe te deur Qroups
(06 stuge~te s the lettre 4o Pre-acanevir btudies at the  HMedrtea
Lriversit . Adter trie mly=fous  irt-ogduttory LOurse. the pupils had to

retala”  matheratiCce < lasnes. wORrE the

structeral  ménnec.  The experitenta!l

LERRT 1 § o E Cowmialh anduttion

tradytyens . mmtsang thie IoAzarien errer

Sidrecen : . uer” aPbiies (Box Z . Berause ¢f technica.: reasons,
®aih tegy - be a7iriste-pr crly to @ part o4 the crrern?

Tume.c Tre rrovler whit® wac orecpeter -

uotte urusual 1A eompaTison te all tte questions on retureion
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BOX 23 The resulis of the experiment

TEST 13 Recuriion
PROBLEM: Given £(0)«c0, F(AFITEF(NI¥N, and g(nimt(n)+fln+l)
- find a recursion rule for g(n),

RESULTS: Experinental group Control group

N 19 19
no. of corract answers 13 (68.4%) 3 (7.4%)

TEST 2t Yhe principle of induction
BGUESTION: a. What arw the main stages of an inguctive proof for
a clatmt "£(n} = g{n) for all natural n" (f and g are
functions froa N to NI?
b, How can you be cartain that f(n) = g{n) for any given
n, if the zquali-y of the two sequences has bean shown
by induction?

RESULTSt

I Exp. group Contr. group

N 18 16
-correct answer 18 (100%) 4 (25%)
Tt de e :,.:.?ma;‘ 5 ( 28%) 12 (75%)

obtained from §(0)=g(0)
by the same operations.* 12 (670) 3 e

TEST 31 Proving by induction
PROBLEMS: 1. Prove that 1f ¥(IJ¥2Z ang FOAFITETTN) 42" then the last
digit of £(400) is 6.
2. I 401)=1 and f(n+1)=f(n}+(n+2)/3, and if
g(n)=trn+l) (n+2) /6, what is the truth set of the
eauation §(n) = gin)? Prove this.
3. Prove that mod(4~,3)el for all n.

PROBLEM 1 PROBLEM 2 | PROBLEM 3
C €

RESULTS:

no. of s's who participated 14 13
no, of 5's who chose the problem [} 8
Average score (out of 10) 5.1 8.3
no. ot s’ who got maximal score --- ]

heu mat before. The fiqures in the table show, that 1in splte of the non-
standard sequence definition, the experimental group was cutte successful
in finding the apprropriate recursion rule (gin+i)mgin)+2n+i), In contrast,
the pajority of the control group failed in the task, It was quite clesr
that for the traditienally-instructed students, finding the recursion rule
usually meant nothing more than writing a n y formula for gint}). Indeed,
many students wrotet “"The recursion rule of ¢ is gi(n+l)e=2¢(n)+3n+1". Those
who discovered (by help of numeric examples) the explicit formula g(n)=n2
claimed that the rule is g(n+l)=(n+1)12,

Test 21 The principle of induction. The results obtained on this test

in the control group have been re.orted above. According to our expecta-
tions, the answers qgiven by the experinental group were nuch more satisfac-
tory, Literally all the participants of the edperisent could restate the

{1
w3
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principle of mathematical \induction (in its oparational version), and most
of thea were able to explain it in quite convincting way.

Test 31 Proving by induction. The data presented here have been

collected on three different exams in mathematics. Every one of our
students participated in only one of these wxems, The pupils had to solve
four problems out of six. Only one of these problems dealt with induction.
The question on induction which appeared in the first exas (Problea §) was
quite unusual for both experimental and control groups. The one which was
given 4n the second questionnaire (Problem 2) was rather standard, although
it was put in somewhat unconventional terms (“Hhat is the truth set.."},
The preblems like the last one (Problem 3) did not appear in our
experimental teaching unit on {nduction, but they were known to all the
students from the regular course on induction. As can be seen from the
data summarized in Box 2, the experimental group achieved significantly

better results in botn standard and non-routine problems.
CONCLUSIONS

It should be opointed out that the opresented study suffered from
certain technical shortcomings. Firstly, all our comparisons were based on
rather small figures. Secondly, the experimental groupt participated in
both experimental and regular courses on induction, so they spent on the
subject slightly more hours than the control groups., Eveén kO, He have
quite good reasons to believp that the unconventional method of teaching
did contrihbute to the students’ understanding of the subject. Indeed, since
all the results indicated the same strong tendency, the general advantage
of the experimental groups seemed tc be undeniable; and since our tests
contained mainly nen-standard tasks, which reguired much more than
technical skills, it is rather unlikely that this advantage was merely the
result of the <¢ew additional hours cof training. It remains to be seen t¢
our futurg, botter controlled studies will confirm these conclusions.
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3PISTSMOLOGICAL REMAKES ON PUNCTIONS

anna Sierpifisks
lngtitute ol Mathematics, Pol.Ae,Sci.

Abstract. The paper contains a tentetive epistemo
ioglcal analysis of the notion of function both
from the pnylo- and ontogenetic points of view.
The __elysis i8 a part of a research aiming at e-
laborating didactical situaticns helping students
to overcome epistemclogical obstacles related to
‘unctions and Limits,

The paper presents a Iurther part of research briefly
reported in ths XIth PME Proceedings (Sierpifiska, '987a). The
s*egearch alms at elaporating didactical situations favouring
wne overcoming of epistemciogical obstacles related to func-
+ione and limits in 15-%7 y.o. 3tudente (cf. Sierpifiska, 1387Th,
'985a) . Onefof questions tnat such a research raises is the
nmuestion of meaning of the tnathematical concepts invoived,

"his is the question we ask in this paper: we reflect on upon
‘he epistemoiogy of the notion of function,

— " T.- 4pigtemoloyical sustacies relatet no Junciions
\® #.0. 48e 3acheiard .'S35), Brousseau (1977}, iiersifisks
‘AgfL .,

‘A nave i1i8tinguished 49veral stagea ‘n ine nistoriecal
.evelopment o1 he notim 1 function i eee Jig,

i
[

it 3eems taat the devaiopment ol the aption of surve con=

sibuted in many wave ta that of the notion of lunction; it
raovided a context in which analytical toois for describing
.8iatlonenyips could s developped. The reginnings of calculus .
ara. in {act, linked with exploration of curves, Curves -
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were described by proportiocns between some suxiliary segments
‘dismeter, axis,..) a8 in rermat (Fig.2), or by equations bet-
ween these, as iln Newten (Fig.3). The syateam of auxilliary eeg-
+&nt8 was chosen for every nmarticular surve or class of curves
separatelys coordinates were not numbers determined by a syse-
sem of coordinates cnosen beforshand, They were segments -
ieometirical nbjects, Curves were not regarded as graphs of re-
+ationships vetween theee suxiliary segments, They were itaken
Jor wnat they appeared to our eyesi geometrical objects or tra-
,ectorias of zaeving points ( 'geometrical”™ or "mechanical").
¥e shall name this approach to curves “concrete" - inse-

“ar a® Lt :3 2a8ed on direct dm¥a and contextual relations.
arhaps :kis "concrets" approach at curves was one of the most

1548 soetac.ed in tha Jdevelupment of Jalicuius. Some forma
31 this obstzcle seem to be still present ia today’s students,

l.- Jtiaente’ :onceptions oI functions

ree sroups ai !'S~'7 y.0. students were involved in the
"es@aren, ¢re we shalil refer wmajinly %o conceptions of 4 huma-
si%ies studenta: ~gnea aad iwa (17) and Darek and Gutek (15).
"ne students underwent a series of gesslons ocomposed of dif-
terent didactical situations, A didactical eituvation is cha-
mactevrized. uong cthers, ny a social context, type of teacher
iatervention® and » mathematical context. Iz our research, the

&
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mathematical context was based on the topic of properties of fi-

xed points of functions (Engel, 1979). Social contexts such as

working in small groups, communication of meaning between stu- o
dents were used., Negoetiation ef meaning, suggestion of a way i
of aearo&v dlscussion with studente are examples of our inter-
ventions.

In Poland, the notion of function is introduced te 13 y.o.
in its very elaborate abstract form. But the general dsfinitien
is so comprehensive that it says nothing to children that know
very little mathematics and even less physics. Children are gi- v
ven examples and different symbolic and iconic representations '}ﬁ
are shown to them. It is on %hie material that they build their B
meaning of the term "function® and more ofter than not this mea-
ning has nothing or very little to do with the most primitive
but fundamental cencepfion I of function (a relationship bet-
vween variable magnitudes)., A student’s conception of function
ocan be a ocomplex (in the ssnse of L.S.¥Wygotski) composed of ene
or more degenerated forms of the historical conceptions II- V. i
Thegé forma may well function parallelly without there being =
any censcious link ameng them,

We have divided the students’ conceptions of functions
into two main catiegories: "concrete™ and "abstract" (Bernstiein,
1971), In these, further distinctions are made {see Table 1), -
Conoreta conceptionsg of functions in students

- mechanical (CM-£f) := a function is a displacement of
points (in non-verbalized versions this conception correaponds :
to the hniatorical stage I); R

~synthetic geometrical (CeG-f) :s a function is a "concre-
te® cusva, 1.2, a goomeirical object, idealization of a line
on paper or a trajectumy of & moving point;

-algebraic (CA-f) t= a funetion is a forwula with "x" and

y" and equalitly signi it is a string of symbols, letters amd .
numbers;
Abstract conceptions of functions in students:

-numerical (AN-f):« a funotion is a transformation of
some thinges into ether things; these new things or their posi-
tion can be described by numbers (thes vidues of the function);

& function 18 given by a sequence cf its values. This concep~

43
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tion ressemblewy tne historical conception II but it may be va«
gue or implicit in the student’s mind} in particular, the neoe
ssity of naming the parallel sequence of arguments may not be
felt at allj

~algsbraic (AA-f) :m a function is an equation or an al
gebralic expression containing variables; by putting numbers in
place of variables one gets other numbers; the idea that the
equation deseribes a relationship beiween variables is absent
here, The conception is a degenerated form of the bistorical
conception IV (stage IV witbout stage I);

-analytic geometriocal (AaG-f) = 3 function is an %ab-
stract® curve in a system of coordirates, i.e, the curve is a
reprasentation of sowe relation; this relation may be given by
an equation and ourves are classified accoxrding to the type
of this relation (firat degree, algebraic, transcendental,..)}
it is not the relation that ie called function: it is ths ouxrve
itself, Thia cenception ie a degenerated form of the h.¢, ¥}

~pnysical (APb-f) 3= a function is a kind of relation-
ship betwean variable magnitudes} some variables are diamtin-
guished as independent, other ame assumed to be dependent eof
these| such relationships may sometimes be represented by
graphs, This is close te the h.c, VI.

The APh-1 was not observed in any ef the studsnts. We
have added it here, however, because we think that such a con-
ception is attainable by studentsa of thia level (indeed it is
implicit in their conceptions but it is not this that they
vouwld call "function") previded that apprepriate mathematical
contexta gre used to develop it. Agnds was quite close to it,
The context of atiractive fixed points of funotions, espscialld
ly if extensive use of graphical vepresentations i8 mada, pre-
ved to favour the AaG~f and seemed even to create cobstacles to
the development of the desired conception VI,

To cetter be able to analyse the students® epsech eventis
ve have constructed a "frame" for the definition of an attrac~
tive point of a funotion. The frame divides a possible definie.
tion into parta each of which anewera a particular question,
*he first queation is: "What is the domain of our investiga-
tion?", Students’ response to this Sueﬂtion allowed us to make

D ’
_. Ayal AN



inferences regarding their conceptions of Ifwiction.

A poeteriori we have established a table of studenis’an-
gwers to thess gquestions., We have soored these answaers, the
maximum score being attributed to the best of all students’en-
swers in all cases except the firet queation mentioned above.
These were scored as shown in Table 1, The scores were not u-
aed to evaluate 'ra answerse as righi or wrong. We just neoded
a tool allowing us to detect in a more eobjective vway moments
of impertant conceptual “jumps" and thus judge of the influ-
ence of particular sccial ocontexts end interventions. The s-
cores in vulgar fractions can aleo be used as zedes for an-
Bvera.

lable 2 shows the studente’ conceptions of functions as
they develeppad through diffarent social contexts. Purther re-
search coneisted in cloese analysis of moments where high con-
ceptual jumps seemed to be wade, For example, Agnds made her
great jump irn the social context of work im small groups under
the influence of criticisms ef nher group-metes. At the start,
Agnéa’concoption of function wae CM-f, While explaining ner i-

deas cof solving the probiem sne gradually developpsd toole for
analytical representiation of relationships betwesn the varying
distances of moving poinis irem the fixed peint, But she refused
equations of the form "y equals®. She prererred proportiona,
Agnéa seemed to be recapitulating the history of the notiorn of
function. later on, while working on a written communication of
the concept of Aattreciive fixed polnt to & ciasu~mate, ahe dis-
played an interest in nuuerica. aoproximetions ol terms ¢l se-
quences X, X, ¢= r(xn) tnat were included in materials she
and ner group received. She made right inferrences about the
ratio in which the pequences were i(ncreasirs or lacreasing
I1I.- Zirai remarks
1. the most funiamental conception o: tuncito
lationship betwaan variable w..nituaes.
veu repregentativus duch ae aguations apco thear
meaning =ni become {30lated on? {roE tue otner, A ueviation
from the yg~aetic line 1p mrie, Intvoducing Twelione wo young
studente by tneir a(ahorate modern dafinition is s didactical
error - an antididactical inversion (cf,rreusanthal, 1983),

-
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2. The context of attrzctive fixed polnts of functions intro-
duced with heavy use of graphical representaiiona does not
help to develop the above méention ed fundemental conceptien
of function. It 18 too geometrical-algebraic. A context ef
physical magnitudes and various relationships between them
would probably be betier. This demande a cooparation between
the mathematics and the physice teachers.
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FORMATIVE EVALUATION OF A CONSTRUCTIVIST MATHEMATICS
TEACHER INSERVICE PROGRAM
Martin A. Simon, Hount Holyoke {ollege

The Educational Leaders in Mathematics Project was
degigned to assist secondary mathematics and elementary
teachers in developing a constructivist epistemology as
the basis for mathematics instruction. The Project
provides teachers with an intenslve two-week summer
institute and a full academic year of weekly classroom
supervision. Formative evaluation, two ana a nalf years
into the Project, suggests that (1) these two components
result in significant classroom changes, (2) teachers'’
classroon implementation efforts can be described by one
of four patterns, and (3) some important training and
support needs of the teachers are not met by this
structure.

INTRODUCTION

SummerMath for Teachers’ Educational Leaders in Mathematics Project
.ELB) at Mount Holyoke College is an inservice program for elementary
eachers and secondary math teachers. The program is designed ta (1)

agsist inservice teachers in developing a constructivist approach tu

mathematics instruction (Mundy, Waxman., and Confrey 1984), and (2} to

develop teachers as vorkshop leaders to introduce their colleagues to a
construcrivist approach to mathematics 1instruc-ion. This report will
“ocus on the first of these two goals.

SROJECT DESIGN

.ollowing .a a description uf the ZLM Project. ~for the purpose of
his report, we will focus on the first three stages iout of five), the
itages which are aost airectly re.ated -o the 'nservice development of
s>articipating teachers.

ijtage One: Summer Institute Two tvo-week institutes {one for
:lamentary and one for secondary) provide ap introduction to

wEYructivist mathematics 1nstruction. “art.¢lpating teachers experience

* lork supperted by National %cience Toundation Grant #TEI-8552)91
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ihe rele ot student 1n a constructivist classroom, Constructing
mathematical concepts which are pew and challenging for them (maybe
familiar concepts, but explored in greater depth). They also focus op
children's learning of mathematics and work on their ability to ask
probing questions and to design sequences of constructivist lessons.

Stage Two: Academic Year Follow-up Teachers participate in the
follow-up program from September through May following their involvement
in the summer institute. An ELM staff member meets on a weekly basis with
each participating teacher in that teacher's classroom. During the math
=lass, -he staff member either observes the teaching of the participating
teacher or provides demonstration teacining. Following thke math class, the

and ELM staff member weet to discuss what happened during the math

leason, to informally evaluate the learning, and to discuss possible next

Each teacher chooses those aspects of the sumper's work that she
wants to work on implementing. ODuring this academic year, teachers also
meet with their ELM colleagues and Project staff in four workshops in
which further work is dohe on developing constructivist instruction, and
digcussions tzke place between teachers about implepentation successes and
J1fficulties.

Stage Three: Advanced Institute The Advanced Institute is designed
‘or teachers Lu usepen their knowledge and understanding of constructivist
24ath instruction and to further develop their teaching skills., The
institute begins. once again, with an opportunity for the teachers to
sxperience ine role of learpers of mathematics. A far greater portion of
this nstitute is spent in the development and critiquing of

constructivist iessous,
"TRENGTHS OF THE PROGRAM

‘eedback ‘tvoa partlcipating teacners has nelped up to i1dentify
.everal ustrengtns of the program:
In *he summer institute, teachers construct their own concept of
onstructivist oducation. Through retlecting on their own learning of
aathematics and rhe iearning of childres, teachers reorganize their

iaternal avdels of aathematics wpatructlon. “eachers have written:

A8 the week has progressed. ay cenceptiuns of how
“atbematics 18 learoed have changed daily. sometimes =ven
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hourly. I know that what I think and feel now is not the
total picture or a final answer.

a3 I participate in this institute and experience
firat~hand the growth of my own mathematics..., my
conceptions have had to start to change to resolve the
conflict of my previous beliefs and the techniques I have
seen work this week.

After this week, I discovered that my most meaningful
learning experience was not when I was on the correct
path, but when I was off on a tangent that led absolutely
novhere. I out of ignorance have almost consistently
prevented this type of valuable learning experience from
happening in ay classroon,

The opportunity for teachers to construct their own understandings
about mathematics learning and teaching results in teachers' personal
commitment to implex2nt their learnings and teachers' sense of control
over the changes to be made.

2. The follow-up program: Teachers have reported that they value
the moral support, the opportunity to discuss difficulties as well as
successes with ELM staff and colleagues, the modeling of demonstration
lessons in their classrooms, and the help in critiquing lessnns and
thinking about next steps. The consistency of the structure, knowing that
a staff member would be there every week, preveanted their putting
implementation efforts on the back burner. Teachers compented:

It is every week. I enjoyed the chance to reflect on what
has been going on. It provides me with a focus, a tigme tao
get aside for thinking about what I want to accomplish,
and how to determine if that happened. Without the weekly
meetings, I fear the time would be spent doing other
things.

My consultant keeps me fresh, provides alternatives when I
bave run out, puts the issues in a different perspective,
provides an excellent model for questioning gkills.

I like best the support of the consultant and the ongoing
potivation that she provides. Without the follow-up
program, I would not have had the stamina to continue.”

The-major comsitaent of consultant time and financial resources
required to carry out a follow-up program of this scope seems to be
necessary for successful implementation of constructivist principles.

3. Teachers valued tha chance to return for additional summer work
folluwing a year of classroom implementation. The most consistent comment

oy
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that we heard is that durjng the Advanced Institute, previous learnings
"really seemed to come together." Teachers wrote:

The Advanced Institute is most important because you have
one year's experience to draw upon when you arrive, and
many questions and concerns. I feel that I have
internalized many of the behaviors that I had been
approaching rather tentatively.

Learping to teach math uging a constructivist and problem
solving view is an overvhelmingly difficult and expansive
undertaking. In no way is a two-week institute adequate
in helsing us develop our understanding of how students
learn and guiding us in making the necessary changes in
how we teach. Actually, I think I would profit from
coming to the Advanced Institute any and every summer.

ASSESSMENT AND CHARACTERIZATION OF IMPLEMENTATION

Assessnent of Implementation: The Levels of Use (LoU) atructured
interview (Hall, et al 1975) was used with each of the teachers at the end
of the follow-up program to .deterrine the extent to which they had
inplemented a constructivist approach to instruction. The LoU interviews
are scored by assigning one of the following levels:

Level 0 - nonuse Level IVa - routine

Level I - orientatinon Level IVb -~ refinement

Level II - preparation Level V - integration

Level III - mechanical use Level VI - renewal

As the Project proceeded, we settled on a refinement of the LoU
scoring to better differentiate among the various implementation efforts
of our teachers; separate Lou levels were determined for teachers'
inplementation of "conatructivist teaching strategies" and for the level
of i1mplementation of a "constructivist epistemology.”

Teachers who implemented "strategies” chose to use one or more tools
of constructivist teaching because of their perceptions that these tools
would contribute to their students' learning. (Eg. "I have been asking
probing questions, because it is important that ay students think about
why things that they do work.") Teachers vwho inplemented strategies may
not have had a sense of the part that these strategies can play in

facilitating the construction of mathematical understanding. The

strategies that teachers identified and which emerged ass significant in
the program wvers the following:

S e

v
]
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~Uge of nmon-routine problems
~Use of Logo, the Geometric Supposers or other computer
tools
for exploration
-Use of manipulatives and diagrams
~Exploring alternative solutions
~Problem golving in pairs and groups
~Use of probing (non-leading) gquestions
~Providing wait time
-Asking for student paraphrasing of other's ideas
-Pursuing thought processes following right and wrong
apnswers

The teachers who were judged to have implemented a “comstructivist
epistemology" saw the strategies as serving the larger goal of
copstruction of mathematical understandings and consequently made
decisions on 1f and when to use particular strategies based on whether
this larger goal would be served. These teachers tend to be mnre
concept-oriented and more gself-sufficient in generating ideas for
1ustruction and evaluatiag the results of instruction.

Lou scores for the 1386-87 ELH teachers indicated that all
tventy-eight had i1mplemented at least one strategy at Level 117 or higher
and twenty-five at Level IVa or bigher. Twenty-one had adopted a
constructivist epiztemclogy at Level 11! ot higher, nineteen at Level 1Va
or baigher.

Characterizing Iaplementation: Combining the LoU ratings, which described
only the implepentation level ip May. with weekly observations throughout
the follow-up year, four patterns of 1splementation became clear.

1. For some teachers the combipation of their previous
experienceg/ideas and their experiences 15 the summer 1nstitute resulted
in the adoption of a constructivist episiemology from the beginbing. Such
teachers described theaselves 1o the following ways, "1 Xnew that based
oh what I saw and understood this summer that I had to completely change
av approach to teaching.”™ and "The nigh* hefore the tirst day of schonl 1
was paralyzed, I couldn't just teach the way 1 bhad in the past. I knew
what I wanted to dc, bhut I didr't kmow whcre to begin.”

Teachers 1n this group began, sometimes awkwardly, tc¢ develop lessaons
that focused on student construction ol concepts. Throughout the year.
working with an ELM staff person., they refined their efforts

2. Some teachers chose to integrate particular teaching strategies

(ag. wait time. prob*ng"qqn;tionl. group work, use of manipulatives) into
> E
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their traditicnal ways of teaching. Some of these teachers never
prcgressed further. They were pleased, sometimes excited about the
benefits that they perceived from using these strategies and continued tc
inciude these strategies as a regular part of their teaching. Others of
these teachers, through their work with ELN staff and regular analysis of
student learsing, were able move from the implementation of isolated
strategies to the development and implementation of a2 constructivist
epistemology.

). Some teachers characterized their eftorts as "doing SummerMath’
once or twice a week. At these times, they used pon-routine problems
and/or manipulatives. they acked probing questions, refusad to give the
answers to the problems, and ofter had the students working 1n groups.
They seemed to believe that these tvpes of experiences were valuable for
enrichment. However they considered 1t separate from the curriculum that
they were supposed te "cover "

ks the follow-up year progressed, gome of these teachers began to see
connec?ions between "doing SummerMaih"™ apd the curriculus. Seeing the
underatandings that were deveivpiLy 8% a result of the new strategies,
they began to see hor aspects of this work could enhance or replace the
curriculue work that they were doii;. For sogme the resul® was the
devgiopdent O a4 constructivist epistemocloyy.

4. L fev teacners deemed tc employ one or more strategles once a week
when the ELM staff person was there berause they felt that was experted ot
them. The lack of personal comsitment was generally an obstacle.

However. occasior 1ly positive responde on “he part of the atudents

persuvaded the *ea ger of the walue of one or wore of the gtrategies.

LiM{TATIONS OF THE PROGRAMN

e observing tiachers iu the ciaasroos., talking to teachers and
ceading their writter feedbac~®. & pumber of limitaticn: of th2 current
program htave bhecome clear

(1" Mans of the eieaentary teachers are [imited £y cheir nw
srderstapdic, 7 matuematical NTUDts, ane ~Y eathesatical thinking

cenera, Maiy of thes. taacters were not suzcessful as mathematics

students auu twds very ii'i'w matnesatics Those vwhe are deseloping

(edachid] s Catugles ty help stedeuwcs discove. Q1Eporlant zathemalica:




- 582 .

concepts are feeling the limitation of not understanding the concepts
further, or mot having wmore ipsight into the intercomnections of different
mathematical comcepts. Many of them express the feeling that during the
summer institutes, they had their first taste of success in mathematics
and & feeling that they could learn to understand mathematics. They
express & willingness to study more mathematics, but they are looking for
an opportunity to study mathematics taught using a constructivist
approach,

{2) Because of the greater complexity of mathematical concepts
taught in the secondary schools, secondary teachers struggle more than
elenentary teachers in designing concrete activities as a foundation.
Also, they are often unable to do the task analysis necessary to identify
subconcapts and connections with prior concepts.

{3) Both elementary and secondary teachers, wnile novices in
constructivist teaching, are being put in a situation of having to create
their own curricula. This is an overwbelming task, only somewhat mediated
by the support of the ELM staff member during follow-up. Constructivist
teaching requires a certain amount of creation on the part of the
teachers, but does not require teacherg to invent everything from scratch.
Curriculum materials consistent with constructivist teaching must be
developed, and meterials and references that are concept-based rather than
topic-based, as in conventional textbooks, eust become available.

{4) The higher the grade level, the more frustration and conflict
the teachers experience because of the weak conceptual foundations of s

their students. The constructivist teacher who spends more time listening
to students, avaluating their understanding, and creating activities which
allow ther to build on previously firm understandings, come into contact
frequently with the huge gaps in understanding that students have.

Vhereas the primary school teacher may be comfortable working on concepts s
that should have been learned a year or two before, the high school ':ﬁ
teacher, faced with students who need a course in fractions or ratio but . :.
find themselves in «n -lgebra II or trigomometry class, experience a Jreat

apount of conflict between the schools' expectations of what they should

teach and their awareness of what their students actually need.
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CONCLUSION

The ELM Project has denonstrated the power of combining a
constructivist sumper institute experience with an intensive follow-up
program. Classroon implementation ranged from the incorporation of new
and powerful teaching strategies to the construction of gathematics
programs based on constructivism. The Project's work has also highlighted
some of the upmet needs of teachers which prevent them frok functioning
more fully using a .constructivist approach. The identification of these
needs can inform and direct future efforts.

The extent to which ELM teackors were able to develop and implement a
constructivist approach varied greatly. This large variation can be
attributed to characteristics of the teachers prior to entering the
program. The relationship of teachers' characteristics (pedagogical
schema, attitudes, beliefs, and personal factors) to the development of a
constructivigt approach to inmstruction is poorly understood and needs to
be investigated.
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JONSTRUCTICN AND RECONSTRUCTIOR: THE REFLECTIVE PRACTICE
“ATHEMATICS 2DUCATION

eth Southwell
iepean College of Advanced Education

AN initial study was carvried uut to .nvestigate the
rei ationshlip between experience and reflect:on on *hat
-xperience. ‘n this study third vear teacher educat.or
itudents were asked to grepare 2 structure of meaning
tiagram using problem 3olving as the focus. Students'
!8sponsed  were encouraging, and indicat-' that they
merceived the ‘tachnique as belng valudable 1n helping
~hem -0 synthes.se 1golated understandings and prompt
sonnections not srevicusly seen.

The use of the structure of meaning technicgue has been
arther .efined .n the light or tne priot study ana
:pplied o a mere closely defined area of problem
solvang. 1t has also been appiled to other areas,
namely geometry and measurement.

This investigaticn .nto the relatiunship betwean actual
~xperisnce and reflection on that experience was
‘xtanded ro aanther technique. ~he nne chossn was *h»
~pertory grid bhy which subjects were encouraged to
xplore 1e1 T own thoughts and feelings in relation o
seit priblen golving program. T"he technique relies on
subjects agtahlishing poles it either ond of a
continuum and  comparing elements f ~he sublect with
T nese poies.

“he stindents found rhat conatrucring the grid following
1 [airly structured procedurs was a vaiuable task in
~anlf. According to their repourts the completed task
<ag even more valuable.

‘ane sttempt s nade Lo evaluate nis  and  other
sflectLve TACT1ICes 1N "he Nrocecs ot 8ATNLINOT.

e 0 tre v tica, o BSUes 1 Learning mathematics which none of
sy oL dusts seem L WYe Adequately covered s ae la.anre
nrween fecry ind oracntice ST the interplay netween  experlence
.ng acthal  scquisitioe of o reepts, "he reflectinon ,por ‘he

reintam 10:VIng roueRn L s 3 oAey lement on ca q  “hrough

ToiagM o suLving. feenniques aevised to ennance the retlecrive
“Teress need to be dpplied tu mathematical problem aniving and to
rAathematicad adqueat con roaearch.




evera. ave amphasiised the role which reflection has in learning
savhematics. Skemp . 1979, 1980) nakes a distinction Dbetween

tuitive g reflect:ve . ateliigence. “ilpatricek 984 .n ras
— .ddress to [“ME V .n Adelaide stressed its .mportance. Wittmann
-. 198S! nas develuned a theory of reflective practice. Burton

— ‘@841  and Mascn {'986) apply reflection te the problem solving

e
AEFLECTIVF CRUCESSES

- ‘sy.te  Ln2 Jenera. acceptance of the necessity for reflection
o Cears vy o oe sifective, 00t many nave attempted to Jdefine
v trscribe reflect: n or w¢ develop reflective strateglrea.

"he IO Es8Res snvolved in re-avaluating experiance are

[ L1 Yol L] _ntegraciun,  val.datien,  and appropriation. New

: tgas  need v '~ asswoiated or vunnected with what we Kaow
Caready. “han  .d90c::tions need to be inteqgrated .nto a new

= +fwle 1N an srganised way. What we have started +o 1integrate
. aust e  vaiidated or tested for such thingg as internail

M wraastency  and £or consilstency retween our new i1deas and  those
el r ~thers, ‘hen for some, thougn not altl, iearning tasks, we

’ #nd ro allow them to enter into our sense of i1dentity and become
art . our s4.ue suystem, “smmitment *o action im then possihle

- LS T YN

- ‘wrategisr - help !rarnera to reflect on their exrerience are
- ‘aried, coune iave been in use for 3 long time. though not always
T matnematioos, aich 5. mpae proreduras ag Alscuss:

.,  &eeplny
38 1 Cerwereatioc whi e raecrcrmiusd as va . Laliie, aré not orten

- .3ed ¢onsci.ougly to Asglat rhe reflective process. Teveral more
- iramat, ¢ t.rateqies have been Jeveloped at the Centre fcr the
~udy € ihunan Learnina at Brunel Unive:sitw. “ne ~f these 1is

-] e reyrruro o Meaning Technigue. e ruerrose 15 =~ help a

PATOEL refact TNy RA AT ane o Strict raindg ew tnowiedge .

L~wS  varnera "o lepiot aadyrammat ooali s owhar thay nnsider
serrant reama f meaning,

seme Leowb L hET R Mg wauld re 1 gefyl o racnnicue to

[T P [TLLnee feacharg fvabn 1@ 4 meanag iarifving  and

fodrar.e o tmelr w0 om@dge, Tut o also s o acdel for medified

Ak L% Sohcr Third éar tuderts ~F Nepean “olleae ~f advanced

- LITREY SR wip completina v aemuencn ' Lhrees - orams ' n
N e, E PPN WnLTT CEArLem o s v cud nat iemat  cal

e e T Pt KRR P Lo s I




to participate in a brief study to test out the effect of
2pplying the Structure of Meaning technique to the area of
problen solving. They were not given any warning as to when the
procesas ~nuld be applied, hence had no opportunity to 4o any
preparation.

The students were in two groups., the first of thirteen, and the
gacond of tweniy. The task was explained to them in terms of
congtructing a diagram linking critical aspects of their
understanding of the process of teaching problem solving. The
first group were given a simplified version of a Structure of
Meaning diagram with an example of how it might relate to problem
golving. The second group was given the simplified veraicn but
not a specific example. They were, however, given the suggestion
that they might find it worthwhile to list gome of the critical
aspects first before trying to put them into the diagrameetic
form. They were all asked to construct the diagram, then explain
it to their neighbour. The final part of the task was to write
down how they fr¢ * about the task, what was good about Iit, what
was not good and ow 1t helped them = if it did.

The students responded well to the task. Some found it difficult
to get started and their final products were not as sophisticated
ag they might have been, but everyone expressed their feelinyg
that it was a beneficial process. The following are some of the
reasons given:

"It was a form of revisior."
"It made ug think for ourselves.”

"The procedure was helpful in culminating thoughts .
problem solving.”

"It reveals the importance of teachlng “eing organised in a
logical sequence.”

"It shows how sgkills learnt in other arcas of the
curriculum can be used and are necemsary for prnbhlem scolving.

“It drove home the inter-relatedness of aspects of problem
solving -~ making it clearer to view problem solving as a
process in totality, rather than a number of dis. -ete
aspects.”

"This was heljful in providing the opportunity for me to
evaluate my own 1deas about what the aspects of teaching are
and the inter-relationships between these aspects. Through
reflection on my previously held knowledge about the aspects
of problam solving I am now mora sure about the needs of the
chi .dren when learning problem solving."
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The example glven by the writer appears to have influenced the
line of approach taken by a number of students in the first group
in that their diagrams included the three approaches to teaching
problem solving, namely, teaching for problem solving, teaching
about problem solving and teaching through problem solving.

The 8gecond group completed a list of ldess before putting them
into their diagram. The lists weve quite extensive, but the
diagrams were more limited than the first group. As the point of
the exercise was to give the stundents experience in a technique
which they might find helpful in their study, the "quality" of
the diagram is of little importance.

Several suggestions were made by the participants to improve the
effectiveneas of the exercise. Scme felt they were handicapped
by not having their lecture notes with them. while those who did,
felt the strategy helped them revise their notes. Odne student
felt a whole class discussion would have been helpful. Several
expressed the need for a starting peint, though at least one said
it was better not to be given much direction. The second group
reported that they had felt unsure of the task at first but when
they got going, they found it very helpful.

while the study appears to indicate that the Structure of Meaning
technique can be applied to programs in mathematics education in
pre -service courses, and does achieve positive results in that
the participants admit to belng encouraged to think because of
it, there were still one or two who wanted others to do their
rhinking for them. This can be seen in this report:

"I think it would he a gocod idea to have you wrlte what you
think the main aspects of problem svlving are on the board
in case someone has the wrong idea."

A further group of subjects were asked, not nonly if they were
willing tco participate, but alsc when they would be ready to
carry out the task involved. The task itself was only explained
briefly in the recruitment stage, but sufficient information was
given to alert the subjects to the possible need for bringing
notes and any material they wished to refer to. As it happened,
they felt that their notes were all they needed on the woccasion,
though some did exprees their wish to follow up certain elements
that arcome as a resull of the activity.

(a) Prohem Solving
The subjects who participated in the second Structure of Meaning

Activity were from two different s>urces. The first group were 2
small group of five secondary teachers who attended a five hour
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in=-service workshop on problem solving organisged by the
Matrematical Assorziation of New Seuth Wales. Lyt .ng  the
workshop, participants, twenty five in numbe:, were given the
opportunity to actually work on problems of their choice 1irn
groups, then reflect orn the processes and st:ateqies r~ney had
used 1n solvang therr problems. Input ‘*ror *threc spearers
included theuretical and pract.ca: tdeas porth for gsolving
prouleme  and toi implementing & probler solving approack ir the

classroom. Thu five wht vr untesrod s crpryibeto 3 sorenr v oy

mear.ing diagram were all secopdare teachers thouah there wor
fuw primary teachers present.

a

Agarn, comments by this smal. group endorsed those cade b
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Another group of sl.l jects tou use the strusture of meaninc

techrnique was *aker from the third year studenrts at Nepear wi
College of Advanced Fducation. These students were within a week
¥ completany tnelr sequenco of three mathemati~s  ~vrse units e
R alnd  durine  Lle last o! these Lad meer Connentrating w protler o
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Subsequently. a emall number of the subjects have indicated that
they oid in fact use the technique when preparing for their
examinations. One wused it as a means of determining her weak
areas, the others as a means of structuring content.

{2} Measurement

The task relating to measurement was structured rather
differently from the geometry task. Subjects were presented with
a series of written situations and asked to extract from them the
basic principle they would need to remember when providing
measurement activities for children. These bkasic principles
dealt with conservation, developmental levels, the importance of
"hands-on" experiences, estimation and. the use of informa:.
measures. They were then asked to draw a structure of meaning
Ai1agram using these basic principles.

The diagrams drawr indicated that the mubjects saw measurement as
a series of basically unrelated activities, and consequently the
activity proved to be a very yuod diagnostic instrument. The
insights gained hy the writer as « result of the subjects’
diagrams enabled her t¢ prepare workshep activities t> presen

some structured i1deas.

REPEATCRY GRIL TECHNIDF

The Repiertorw Grid is a means of providing sut jects with o way of
racording tpeii  understandings ahout some part of their
environmert or thinking. ‘The subject Ui this ocvasion was asked
tC name a range o! element: 1n teachirc problem solving. ‘These
elenents were then written o1 cards and the subject was presented
“ith three of them at a time and asked tc decide which nf the
three wera the most alike. Tne sur «Ct was then asked tc say why
thiev were aii<e ar<i why the third orn-ele-ted card was d.fterent.
I+ this way. poles of the construc' urder consideration  werc
actablshed. tince  tre pnles were ecta‘lished the sarect wa-
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an activity then think of a way to teach it. I don't think
1 consciously plan it the way we just did it, but i€ I think
about it, it would prchably be the best way.”

"This has certainly made me think about words and how you
can write down what you think are two very different ideas,
but when pointed out to you are gimilar. This can be of great
help when wording problema or even writing reports or
keeping records for variocus subjects. Hag made me think
abnut what I have been doing with problem solving."

These comments seem to indicate that the technique is a useful
one in providing a means of recording thoughts and feelings. The
benefit possibly comes from the neceasity of sifting carefully
through the similarities and differences involved. The drawback
is the length of time 1t takes to present the procedure
tndividually to each subject.

RETELLING

Thirty four subjects from the third year teacher education
program participated in the Retelling activity in two groups of
seventeen subjects each. A statement concerning the use of
calculators in tha primary school was introduced to the gqroups,
but, before they actually received it, they were asked to
predict, on the basis of the title alone, what it was likely to
be about. This tended to raise iwsues in their minds and enabled
them to state explicitly their existing knowledge or lack of it.
Thus it became a means of diagnosis. The subjects ware told the
purpose of the retelling, then given the psper to read. Two
purposes were suggested and the groups were told they could
choose whichever appealed to them. The two purposes werem, from
the viewpoint of a teacher, to convince the executive <f the
school to buy a set ¢® calculators for the class, and to
convince an uneducated parent about the value of wusing a
calculator {in mathematics to aevelop concepts, etc. At  this
stage, they were working in pairs or a group of three. Having
read the paper, they were then to retell orally to each other the
content and spirit of the paper, taking on the role they had
selected. Finally, they wars asked to write their arguments 1in
whatever vrole rhey had assumed, and to evaluate the process 1in
terma of its potential for assesrent and learning.
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The evaluations of the procedure indicated that the students
found it very helpful in gorting out their ideas and coming to a
position about the use of calculators in the primary achool. .8
sample of the subjects' comments follows:

"The practical activity showed that children can be
motivated to do maths and that maths can be fun.

Role playing the teacher, the executive teacher, and the
innumerate mother, gave an interesting perspective on the
use of calculators. It made us (me) think of the practical
advantages of children wusing calculators and also
necessitated a framing of my own attitude.

There {8 much more to, and more advantages of, using
calculators tharn T thought.

Role playing wae much more relevant than straight exposition
on their use. 1 had to empathise with the teacher, chilg,
mother and executive."®

“As a parent, 1 have myself questioned the usge of
calculatorg. However, the exercise we did yesterday made me
think about the potential of calculators and having seen
young children play with them, I know that they hold a great
deal of fascination for children. The exercige put me in a
situation T may well be in one day as a teacher and helped
me to order my thoughts and develop an opinion."

ACTIUN RESEARCH IR REFLECTION

This study of reflection in action calls for further reflection.
Further reflection is needed to improve the effectiveness of the
implementation of the strategy used. 1t is also needed to assess
or evaluate the effectiveness of the strategy and the reflection,
and to plan for turther stirmuli to promote reflection. In this,
reflection ceases to he a purely i1ndividual activity and hecomes
a social act.

The three techninues condidered all have a value 1n mathematics

educaticn There 15, as yet, insufficient evidence to claim that

they are all equaily valualle for all branches nf mathematics.

Many variations are possible, so it could be that they can all be
adapted tr sult the sukject matter. Thie in 1tself would be an

effectuve reflectional procedure. 1f ways of introducing these
procedure-., and others of a similar nature, could be found,

studentn at all (evels would benefit from their usge,

Copmitmoprt  to  Jctien s ore nf the outcomes of the reflective
procnases. If students of mathematics 1re encoutaged to raflect
on their experience, ri+ther 1n completi: 1 exercisea or ir solving
proiiems, jearniing =200 resaid

LIS
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CRAPHICAL LESSON PATTERNS AND THE PROCESS OF KNOWLEDGE
JBVELOPMENT IN THE MATHEMATICS CLASSROOM
{EINZ STEINBRING & RAINER BROMME
INSTITUTE FOR THE DIDACTICS OF MATHEMAT 'S (IDM)
UNIVERSITY OF BIELEFELD F.R. OF GERMANY

A method for analyzing mathematics teaching is presented
which permits to take into account the different levels of
mathematical meaning within teacher-students interactiona.
Tunceptual slructures of the development of mathematical
knuwledge are visualized by means of graphical diagrams.

i» The construction of meaning in mathematics teaching
The meaming of mathematical knowledge cannot be established in
teaching processes by formal definitions of concepts alone; meaning is
developud, negotiated, changed and agreed upon in interaction between
teacher and students. On the one hand, the joint construction of meaning
1epends on  aocio-communicative conditione of teaching processes (cf.
Bauerefeld 1982, Voigt 1984); an the other hand, the epistemological
nature of mathematical knowledge fundamentaily influences the conatruc-
tinn  of meaning. Meaning 18 not immediately “included” in the symbolic
cepresentaticons “f hknowledge: the meaning of 4 sign-system is rontained
- ate intentwne’, ite use or ii8 reference to an  Tobjective”
situation. Accordingly, the meaning of a mathematical concept is
concelved of as a relational-form which has to be established between
'sign’ and 'objecl’ 1n the epistemolugical triangle:
bject €-e—memmmmeee > Sign
/ A

> Concopt /

vef. Meilin=Cisen 1987, Ugden/Richards 1923, Otte 1384, Stewnbring 19385,
JJUHBY. Meaming as a ceiational-for., in particular, ;neans that knowledge
realizes an opjective relation between ‘sign’ and ‘'object’, a relation
nen simuitanscusty neR to oe conatructed by the learning subject und
which hsge o be agreed upon with others in nommunication.

n the Lagie of thie epistemologicas trnangle, a schema of coding

vas ronstructed for analyzing the development of mathematical knowledge

‘'n the iverhbail interaction of teaching. The novel tvpe of a graphical
cisuahization Jor the coded data icf, the diagrams A, AZ, BI, B2) in
form of an  apirtemological  cardingram (ecg)”’ shows global patterns and

fovif witacinices ol dnowianges ut'w-méﬂl?n '
i 1} tl
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2. The coding of transcribed lessons

From a sample of 26 teachers, two are chosen (teachers A and B) who
showed significant differences with regard to individual variables of
the quality of teaching in lesson observation (for further details see
Bromme/Steinbring 1987). For each of these teachere, two transcribed
lessons (in the 8th form) introducing stochastice are analyzed. Accor-
ding to the epistemological triangle, the statements of students and
teacher referring to the mathematical content have been coded in the
following way: The contributions are coded as ‘object' (abbr. 0), when
they only contain aspects of a given problem-situation; when only
aspects of the mathematical caculus or model are involved, the contribu-
tions are coded as 'sign’ (abbr. §). Statements are interpreted as
belonging to the level of ’concept!, if they simultaneously contain
elemants of 'object’ and of ’sign’' in the shape of relations, and they
are coded as ’'relation’ (abbr. R) accordingly. (A fourth category
represented statoments which could not be related to the other three,
but referred indirectly to the mathematical content; all four categories
were distinguished s&ccording to ’teacher explanation’, 'teacher ques-
tion' and ’student statement’, giving a total of 12 different cetego-
ries. h"_x the following only the three "main" categories ’object’ (0},
'relation’ (R) and ’'sign’ (S) will be discussed.)

The basis of coding was an epistemological analysie of the
mathematical tasks presented in the lessons which led to a differentia-
tion between the level of 'object’ and 'sign/model' with regard to the
particular lesson. Two external coders performed the technical coding of
the transcribed statements independently. The tranacripts were divided
into time intervals of 2 minutes before; statements were subdivided into
semantic units - if necessary. Every semantic unit was coded according
to the given coding scheoma; by means of a computer program, the lists of
coded data wore translated into graphical diagrams (see for instance
Al); Every blark beam represents a contribution (of the teacher or of a
student! on the respective level of meaning, besms drawn through nall
three levels express the presentation of mathematical tasks. (For more
details, particularly concerning  the reliability of coding and the
graphicnl  representation of all ¢ categories see  Bromme/Steinbring
1987
3. The mathematical topic of the lonsons

The “complementarity of mathemahicnl roncepts’ fundamendtally
inherenl in  probubility  as  sunultanecously  empirical and  theoaretiral
concaptual sspects (probability ar relative frequency and as relative
portion) causen, even 1n the teaching of elementary atochastics,
distinction between simple modele of probabiliatic aspects (for instance

f,
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in form of "ideal” random generators as the ideal coin or the ideal die,
etc.) and intendsd real random phenomensa {(as for instance produced by
games with dice or other random mechanismse). The complementaristic
interpiay between ’'model’ and ’situation’ (cf. Dérfler 1988) is very
typical for probability theory, but i basically a fundamental epistemo-
logical quality of every mathematical concept. It is the basis for
characterizing mathematical knowledge ag relations in the epistemo-
logical triangle, which serves as a conceptual means for coding the
knowledge interactively negotiated in the classroom.

With regard to the four lessons concerned with elementary
probability, the study describes how the meaning of knowledge develops
in the interaction between teacher and students. The general topic of
these four lessons is the introduction of the representational concept
of "tree diagram” and ite initial interpretative use. The situation used
to begin the introduction for both teachers is a task describing a
little boy who wants to gq from his home to different playgrounds
(soccer field, playground, swimming pool}). At the crossings of his
paths, the boy cannot decide which direction to follow, and he has the
idea of leaving his choice entirely to chence by tossing a coin. If
tails appear, he takes the path to the left, otherwise, he takes the
path to the right. In this imagined real context, a tree diagram of two
degrees must be claborated as a "decision" diagram for analyzing this
situation. The contrast between path-diagram and tree or decision~
diagram expresses in an exemplary way the complementarity of representa-
tional and eituational aspecte of mathematical knowledge. Furthermore,
the establishment of a reiation between the path diagram and the
decision diagram became a severe didactical problem which caused great
difficulties of understanding for many studenta. In the lessons of
teacher A, the tree diagram was treated and investigated in an
experimental msnner, i. e. by "gimulating” the situation several times
with coin experiments and by noting and discussing observed data. In the
lessong of teacher B, the understanding of the tree diagram was mainly
supported by some kind of termipological godification of paths and
crossings, and by the construction of a schematized diagram (which
should serve to count idesl numbers for determing Lhe probabilities).

4. The graphical representations of the lessons

With regard to the differences between the lesgons of teacher A
and teacher B, the question is how the level of ‘relationship’ develops
in the graphical leason patterns. There, the differences in the
graphical patterns brcome immediately malient. In teacher A's lessons,
the relational leve] 16 of almost equal rank with the other two lovels;
for teacher B, however, this level has a subordinate position {(cf. the

why




diagrame Al, AZ, Bl, B2), This visual impreesion is created by the
larger number of contributicns and by the clearer structurization of the
contributions of the middle - relational - level in case of tescher A.
Teacher B, in contrast, treate this level far less than the other two (=
fact proved by counting them out; 28%, resp. 37X of contributions on the
relativnal level in the lessons of teacher A as opposed to 14% of
contributions in the lesgsons of teacher B). Besides, it is seen that
the relational level increases over time in case of teacher A. Teacher
A's firast lesson, in particular, clearly showa this gradual focussing on
the relational level, in the second lesson, a homogeneously high
proportion on the relational level is attained even earlier.

In contrast, the graphical lesson pattern of teacher B's lessons
gives the impression that the relational level is never truly stabi-
hzed. During the first lesson (Bl), the 'sign’ resp. ’'model’ leve!l
predominates, while the level of 'ubject’ swems Lu prevaii a8 the second
half of the leaBon begins. In the serond lesson (BZ2), 1t 18 cvident that
teaching switches back and forth between the ’object’ level and the
'sign' lavel, and without any recognizable systematical inteagration of
the relational leval. Coneidering the graphical issson puatlerns shows
phannmennlly  that the two teacherm nandle the relational level quite
differently
5. The particulur eignificance of graphical dingrams

uraphical  repregentations  of numerical  data are  not  simply
ilustrative images offering a direct accesks o the data. Graphical
diagrame muat not be concewved of as imperfect pretures of teaching
phenomena or other rea: situations which still have to pe completed.
They offer geometiical visua! framer for exploring, expluiming and
analyzing hidden relatione and  structures 1. the dala:  graphica:
diagrame are theoretical aeans of exploraivan. 0 Lravhica  representa-
tione posseas autonomoug functinne 1n proccasas of underatnanding. which
in general cannat he subetituted b other means. o
tations are xenpuins cognitiie mesns .., and do nor bewong only te the
sphere of communication. . Graphice' FeDreRe *al.a - wre eool o giiue
menns, .o 0 1s o pudsible L speratc wilte e Tt T Petatiow!ls
didepeindend of refcreincen o L contribute | CowWE oo ri cRLgn-
finr of unkiewn fueors ere b n, T

fn the L L L R T T R Y LR S Chees Taee e
rlerprteiatio RPN GLOTTRINE S d sRsa
tin~ to tuke anto ATcount that the give -1 L I
o represontali.e ol w tamerr RImnnt s wtruy =t e
discunering e b ol g [IEEEREERTETS ‘e vt [y
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are extremeiy helpful if used in this theoretical and exploratory sense.
The variation of graphica: visuabzations snd the operation on graphical
diagrame help discover general underlying structures which are inherent
ir. the concrete indivadual case of obgrervation.

The different exploratory functions of graphical lessocn patterns,
as devaloped for the analysis of knowledge development in the classroom,
refer to different levels of investigation:

- global patterns of deveiopment and types of structures in the

courge of teaching
local detmiled structures and patterns o! mutuai effects o!
the interactions \n the teaching procees
the separation of data types in contrasting patterns according
to different characteristics of the real phenomena

6. An oxammple: The separalion of data types

The segregation of teacher’'s statements and also of studente’
statements is an important “graphical operation’ belonging to the
separation of data typese into contraating groupee in order to construct
different graphical legson pattegms for the same lesson. The separations
nf the second lesson of teamcher A (A2} and of teacher B (BZ) ams weli,
show in an exoempiary way the particular significance of graphicat
repregentations (gen the graphira, jemsn patterns AT, A2S5, B2T, B2S;.

Fhe eepurated  grap! woas less o patierns o0 teacher A's jrysn,
(AZT, AZS! gave the impression that the structure of knowledge develop-
ment related to the teacher's statements is quite 1n conformity with
the knowledge developmen' caused b. 'he studentg’ statementy, Shis
means, the general pattern generated L ali non-separated statementa
shows up more or less tn each individuua, scparated pattern. In rontrast,
the separation of the Jdats of teacher ['¢ lesson (BZT, BZS) leads tu twr
diffarently a.ructurcd graphieal potterno. Uhe pattern produced by the
students’ gtatemoente remfarces tiho geaphica, Biructure  obrervaie  gp

Lirte deoccal paitero of the jessun. The awits hastg hack and forth hatweer

the 'ohjgec' leve! and  the 'eign’ levei seems o he  paricularly

dewsrmiped . the eaterds' nat by thg tescher's contnibutione, The
atudenie  croadtnibubiones doincontate the partcuial siru ture of the graphis
va' pattern, net the teache: s atntements.
The  weparatis: of  the contreibdtone f wionnte and of  the
proctutess for Ahe depsan of teacher AL twe graphicu! natterne
I t ATV Carhe O ity with o the  genpern:
Lraphiear provern of thie learontt for the jesson of teacher DB, the
apparatinng roaares two different graptica, paloernes ame g whieh the
wtunante' oatterr reinforees 1he Atructure of Lie geasfal paltorn o7
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The comparison of separated data with the help of different
graphical lesson patterns exemplarily explains the theoretical peculia-
rity of graphical diagrams. On the one hand, graphical visualizations
permit a concige representation of knowledge together with the possibi-
lity of discovering structures hidden in observed phenomena and saitua-
aons. The quilck overview of the whole structure of a lesson’s course
(by the general patterns and by the separated patterns as well) is an
important possibility to comprehend a teaching lesson in a specific
conceptual way, an achievement otherwige prevented by the great complex-
ity of concrete teaching processes. This does not mean that graphical
diagrams are simply reductions or incomplete models of real situations
- in this respect, every theoretical concept must contain reductions (or
abatractions) towards the complexity of concrete phenomena. It is
important that graphical diagrams are theoretical means for recognizing
new relations and developing a new theoretical perspective on seemingly
known facts. With regard to this, the graphical lesson patterns offer a
new conceptual view on the problem of the development of mathematical
knowledge and its meaning in teaching/learning processes.
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LONGER-TERM CONCEPTUAL BENEFITS FROM USING
5 COMPUTER IN ALGEBRA TEACHING

Michael Thomas & David Tali

Mathematics Educeiion Resesrch Centre

Jniversity ot Warwlck, U.K.

This paper providee svidence for the longer-tarm conceptual bhenelits
sf a pre-tormat algebra module Involving directed computer
arogramming, sottware and other practical activities designed to
promote a dynamic view of algebra. The results of the experiments
‘ndicate the vaius of this approach In improving early learners’
understancing of higher leve! algebraic concepts. OQur hypothesis Is
‘hat the :mproved conceptualisation of aigebra resulting from the
computer paradigm, with [ts emphasis on mental Imagery and a
Jlobat/holistic viewpoint, wiil lead to more versatile tearning.

The_Background

in a previ.us paper 1Tall and Thomas, 1986) we descnbed the value of a three week “dynamic

zebra” module designed to help 11 and 12 year-old algebra novices improve their conceptual
snderstanding of the use of letters in algebra. The activities include programming (in BASIC),
coupled with games wnvolving the physical storage of a number in a box drawn on card,

wrkes Oty eter, ang oftware which enables mathemancal formulae to be evaluated for
~1ven numenicai vajues of the ietters involved. This paper carries the work further with two

Crenmients fat cest the Nature of the iearning and its wonger term effects.

™ tical Considerations

“e tormal anprmaches o the early iearming of algebra have nearly always considered the topic
s aiogical amd aiaviical activity with very little, if any, emphasis on the visual and holistic
NDects ol the suntect, Many researchers, however, have idenufied the exintence of two distinct
Caming ~uateges. descnibed variousty as senalist/analyuc and global/holisuc respectively. The
sssennial charactenstics distinguishing these two styles have been recorded (e.g. Bogen 1969),

BEST COPY AVAILABLE




- 602 -

with the former seen as essentially an approach which breaks a task into parts which are then
studied step-by-step, in isolation, whereas the latter strategy encourages an overall view which
sees tasks as a whole and relates sub-tasks to each other and the whole (Brumby, 1982,
p.244). Brumby's study suggests that only about 50% of pupils consistently use both
strategies, thus meriting the description of versatile learners. The advantages of versaule
thought in mathematics are described by Scott-Hodgetts :

Versatile leamers are more Ikely to be successful in mathematics at the higher

levels where the abllity to switch one's viewpoint of a problem from a local

analytical one to a global one, in order to be able to place the details as part of a

structured whole, is of vital importance. ...whllst holists are busy speculating

about relationshlps, and discovering the connections between initlally disjoint

areas of mathematics, it may not even occur 10 sefiallsts to begin to ook for such
finks. {Scott-Hodgetis, 1986, page 73]

These observations on learning styles correlate well with a number of physiological studies
which indicate that the mind functions in two fundamentally different ways that are
complementary but closely linked (see, for example, Sperry et al 1969, Sperry 1974, Popper &
Eccles 1977). The model of the activity of the mind suggested by these studies is a unified
systemn of two qualitatively different processors, linked by a rapid flow of data and controtled
by a cortrol unit. The one processor, the familiar one, is a sequential processor, considered to
be located in the major, left hemisphere of the brain, responsible for logical, linguistic and
mathematical activities. The other processor, in the minor, right hemisphere, is a fast parallel
processor, responsible for visual and mental imagery, capable of simultaneousty proccssing
large quantities of data. The two processors are linked physically via the corpus collosum, and
controlled by a unit located in the left hemisphere. This irnage of the two interlinked systems,
one sequential, one parallel, is a powerful metaphor for different aspects of mathematical
thinking. Those activities which encourage a global, integrative view of mathematics, may be
considered to encourage the metaphorical right brain. Our aim is to integrate the work of the
two processors, complementing logical, sequential deduction with an overall view, and we
shall use the term cognitive integration to aenote such an approach, with the production of a
versatile learner as its goal (see Thomas 1988 for further details).

The approach to the curriculum described here uses software that is designed to aid the learner
to develop in a versanle manner In particular, the software provides an envirenment which has
the potential to enable the user to grasp a gestalt for a whole concept at an intuitive level. Tt is
designed to enable the user to mamipulate eramples of 4 specific mathemarical concent or 1
related systemn ot concepts. Such programs are called generic organisers {Tall, 1986). They arc
intended to aid the learmer in the ahstraction of the iore general concept embuddied by the

examples, through being directed towards the generc properties of the xamples and

differentiating lh.;rp_!f‘rnm non-genenic properties by considenng non examples This

7
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abstraction is a dynamic process. Attributes of the concept are first seen in a single exemplar,
the cuncept itself being successively expanded and refined by looking at a succession of
exemplars.

The generic organiser in the algebra work is the "maths machine" which allows input of
algebraic formulae in standard mathematical notation and evaluates the formulae for numerical
values of the variables. The student may sec examples of the notation in action, for example
2+3*4 evaluates to Z+12=14, and not to 5*3=20". Although this contravenes experience using
a calculator, the program acts in a reasonable and predictable manner, making it possible to
discuss the meaning of an expression such as 2+3a and to invite prediction of how it evaluates
for a numerical value of a. In this way the pupils may gain a coherent concept image for the
manner in which algebraic notation works.

The teacher 1s a vital agent tn this process, acting as a mentor in guiding the pupils to see the
generic properties of examples, demonstrating the use of the generic organiser, and
encouraging the pupils to explore the software, both in a directed manner to gain insight into
specific aspects, and also in free exploration to fill out their own personal conceptions. This
mode of teaching is called the emhanced Socratic Mode. It is an extension of the Socratic mode
where the teacher discusses ideas with the pupil and draws out the pupil's conceptions (Tall,
1986). Unlike the original Socratic dialogue, however, the teacher does not simply elicit
confirming responses from the pupil. After leading a discussion on the new ideas to point the
puptls towards the salient features, the teacher then encourages the pupils to use exactly the
same software for their own investigations.

The generic organiser pruvides an external representation of the abstract mathematical concepts
wiich acts 1n a cybernetic manner, responding in a pre-programmed way to any input by the
user, enabling both teacher and pupil to conjecture what wili happen if a certain sequence of
operauons is set 1n motion, and then to carry out the sequence to see 1f the prediction is comect.

The computer provides an ideal medium for manipulating visual tmages, acting as a model for
the mental manipulation of mathemarical concepts necessary for versatility. Traditional
approaches which start with paper and pencil exercises in manipulating symbols can lead to a
narrow symboiic interpretation. Generic organisers on the computer offer anchoring concepts
on which concepts of higher order may be built, enabling them to be manipulated mentally in a
powerful manner. They can also encourage the development of holistic thinking patterns, with

lirks to sequental, deductive thinking, which may be of benefit in leading to better overall
performance in mathematcs.




In order to test the long-term effects of the "dynamic algebra module”, a follow-up study was
carried out over one year after the initial experiment previously described (Thomas and Tall,
19%6) By this ume the children were now 13 years old and had transferred 1o other schools
where they had completed a year of secondary education. Eleven of the matched pars attended
the same secondary school and wers put tntc corresponding mathemancs sets, so that during
their first year caged 12/13) they received equivalent teaching in algebra. At the end of the year
they were all given the algebra test used in the original study A summary of the results and a
compdrison with their previous results are given in table . This demonstrates that, more than
one ycar after their work on basic concepts of algebra in a computer environment. they were
sull performung significantly better.

Test Expenm. | Controi | Mean
Mean Mean Dift
(maxw79) {{max =79)

Post tast 3255 | 19.98 | 12.57
Delayed
Post-tes! 34.70 | 25.73 8.47

one year
Jater

4410 § 37 40 6.70

Iaple 1

This lends strong support to the idea that the introduction of a module of work, such as the
dynanmiuc alge’ - package with ils emphuasis on conceptualicausn and use ot o

rather than skill acquisinion, can provide significant lonz-term conceptual benefits

Skills_and Higher Order (.

A second teaching expeniment was held in which a dvnanmc algebra ocmoroact: using the
corputer was comparcg with more uaditional tcaching methads The suinects of tms second
expenment were 12/18 year old children 1n six mixed ability ciasses in tne tirst vear of a 12-
pius entry comprehensive school. The school is dividea intc two nalle with children
appartioned to provide identical profiles of pupil abulity. but the teaching 1n done by a unified
wam o teachers, allowing direct cotnpartsons of different teaching methods, On the basis of an
aigebra pre-text 1t was possible 10 organise 7 mdtched pasrs o venng the fuae. ai Lty FUNgE an

the . Taswe

In the first stage w the comparison the expenmental zroup used the dynannc alpabra module

during their normal mathematics periods, wging computers i stnall growps frwoor e aver
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a three week period during the autumn term. Al the same time the control group used a
traditional skill-based module employed in the school uver some years, covering basic
simplification of expressions and elementary equation solving in one unknown. Imrediately
tallowing 1he work they were siven a post-test containing the same questions as the pre-test.

The results (given later in table 5) superficially showed that there was no significant difference
in ovenall performance, but analysis of individual questions presented an interesting picture. On
skill-based questions related to the content of the Taditional module, the control group
pertormed significantly better. whilst on questions traditionally considered to be conceptually
more demanding, the experimental group performed better. Table 2 shows typical skiil-based
questions and the better performance of the control group.

i % %

I Quaestior | Experimental | Cortrol | z | )

i . {

i L

Muttiply 3¢ by 5 14 : 41 3.07 <0 00%

| Simplity 3a+4b+2a 246 | <0 01
Simplity 3b-b+2a + 13361 <00005
Simpiity 3a+4+a ; . 160] ns.

HGE aws and J jgsaws =7 5 : 238 | <0.0:

Takle

Tabie 3 shows the better pertormance of the expenmental group on questions considered to be
more demanding in a tradinonal approach, requinng a higher level of understanding, including
ihe voncept of a letter as a generalized number or vanable
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The differential effects of the two treatments could be considered as a manifestation of the skills
versus conceptual understanding dichotomy, in terms of the levels of understanding defined by
Kiichemann [1981]. His level 1 involves purely numerical skills or simple structures using
letters as objects, level 2 involves items of increased complexity but not letters as specific
unknowns. Level 3 requires an understanding of letters as specific unknowns; level 4 requires
an understanding of letters as generalized numbers or variables. It is important :> understood
that these levels were not intended to be a hierarchy but rather a description of children’s
functional ability. However, it is only at levels 3 and 4 that children are really involved in
algebraic thinking rather than arithmetic and few children (17% at age 13) attain this level of
understanding. Table 2 shows that the control pupils outperform the experimental pupils at
levels 1 and 2, whilst table 3 shows that the experimental pupils outperform the control pupils
at the higher levels.

This suggests that there are differential effects from the two approaches in respect of surface
algebmaic skills (in which the control students have a greater facility at this stage) and deeper
conceptual understanding (in which the experimental students perform better). An alternative
(and, we suggest, more viable) explanation is that the traditional levels of difficulty depend on
the approach to the curriculum and may be altered by a new approach using the computer to
encourage versatile leaming,

I ’ ffect Kill A Lid

In the summer term, some sixth mon.hs later, the pupils were all given the same traditional

revision course on their carlier algebra, without any use of the computer. Both groups were re—

tested and a comparison of matched pairs was made again. Table 4 shows the pur Is
performance on the test as a whole On tis occasion the experimental students now perforn...d
sigmficantly better than the control students.

Test Expenm. { Control | Mean
Mean Mean Diff.
{max=87) | (max=87)

Post test 36.0 359 |01
Delayed
Post-test 42 1 39.3 2.78

Iable 4

In the conceptually demanding auestions of the type mentioned in table 1, the expenmental
studs rits continued to mamntain their overall superiority (table 5).




——
Tost

[ Post test
Delayed
Post-test

Iabie §

Meanwhile, on the skill-based questicns, the experimental students marginally surpassed the
control students, although the difference was not statistically significant.

The effects of Gender

Although the researchers did not set out to look specifically at the relationship between
performance and gender, a factor analysis including ability and gender among its variables was
included. A random sample of girls and boys was taken and a comparison on pre-test and post-
test made. In the sample the girls performed less well than the boys on the pre-test, but made a
statistically significant improvement to perform better than the boys on the post-test. The
reasons for this are not altogether clear at this stage. It was certainly noticeable that the more
able boys, with previous computer experience, were constantly showing their prowess at
making the computer print screeasful of coloured characters, and some saw the elementary
activities as a litde beneath their dignity. Meanwhile some of the girls had initial difficulties and
took the task extremely seriously, discussing the problem and helping each other in small
groups. Thus the cxperiment was unable to distinguish whether the difference was social or
cognitive.

Conclusions

The experiments provide evidence of a more versatile form of thinking related to the computer
experiences. Further this improved understanding of concepts usually considered to be of a
higher level and difficult to atiain by traditional methods, was shown to of a long-term nature.
There 15 also support for the hypothesis that the computer can be used in the enhanced Socratic
mode to provide experiences to encourage versatile learning through cognitive integration.
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"HE ROLE OF AUDIOVISUALS IN MATHEMATICS TEACHTNG

"CMPA, KLARA: latlional Centre for tducational Technclogy
‘lungary

'ne use of a number of means characteriseSthe matnematics

-iasses, Objects which can be taken into one’s hand or

*heir rictures can greatly promote the active partici-

cation wi children in the process of probiem solving

anda concept formation. The functicns cf the symbols as

jefined Ly R.R, skemp are very well realised by means

5t the audiv=visual media. bExplanation, understanding,

LnE& LrOmotion 0T the abstlact.on profess and other
'mbol-functions’ can be real:sed witn the help of the

itational possibilities of slides, cverhead trans-
rarernicres, tilms ang videos.

The: *wacnin. 9f mathematics nas greatly changed over the past
ecades. The basic reason for the change was in mathematics
Lioelf, 10 t..u development of mathematics, The devel :pment
Lf the aiscaipline of matnematics, tts self-rencwal made it so
atfective tnac more and- more other filds of discipline apply
adthemaLics -n <ver newer ways /economics, linguistics, psycho-
Lcdy, compnter science, etc.;. application means two things:

che application <f new fields of mathematics or the one hang,

and the oppaication of a mathematical attitude, way of thinking,

Activity on tne other. Nowadays all professions require speci-
a:lsts whe are familiar with the methods and attitude of mathe-
matics, what’s mure, wno are able to apply mathematics as well.
Huo o soe mestownportant task of +the rteaching of mathematics be-
;lde roviding 4 certalp amount of! tactual sxnowiedge, 1s als

the shap:ing ©of the personality with the help ¢f mathematics.

. order that mathematics should be built into the personall-~

oL thinking and form oI activity the pupll has to
T1Ce o larde number ot sltuations in which t“hey can trace the
‘el or mathematical kinds of activity, tLry them out themselves,
LEactise tnem anu on the Lasls of several inuividual cascs they

can formulare “nenr cnaracteristio cedtyres. o0 the process of
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the teaching and learning of mathematics has changed consider-

ably in a number of ways:

-~ In its contents and structure.

- Pupils do not only use paper and pencil in a class of mathe-
matics but a number of other things /especially in the lower
elementary forms/.Mathematical activities needed for concept
formation and problem solving are carried out by the children
with the help of objects taken into their hand or their pic-
ture symbols.

- The behaviour of pupils during class has also changed. In-
stead of being a passive receiver he is now an active marti-
cipant, not only in his psycho-motoric manifestations but in
the field of cognitive processes as well.

- The teachers’ behaviour in preparation for, and during the
class has changed as well, it has become richer. Beside the
offering of information new tasks are set for the tcacher, like
the organisation of the work of individual pupils and small
groups as well as the direction of this work, giving extra

jobs to the very fast ones and the very slow ones, etc.

This changed process of teaching and learning requires "the more
unified design of the contents, the means, the methods, the
different activities of the teacher and the pupil.

The present paper deals only with one of the means of mobilis-
ing the pupils for active participation, 1.e., audio-visual

aids and the opportunities offered by them.

what can audio-visual aids offer for the teaching of mathlie-

matics?

Because of the nature of the subject ftirst of all the aundio-
visual media , like slides, overhead transparencies,
films and videos can be used in the *eacihing of mathematics.
/1 do not wish tc deal witli the ever grcwing role of the

computer and the extremely useful p @ ibility of interactaivity./
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We c¢an have great expectations when we use visual aids because
mathematics uses visual symbols very comprehensively. R.R.
Skemp differentiates between ten different functions ot sym-
bols, which are: corwrunication, restration of information,
formation of new concepts, the facilitating of multiple class-
ification, explanation, understanding, the facilitating of the
representation of structures, the formation of routine skills,
the recoulilection and the understanding of bits of information.
/Skemp, 1975/

The above mentioned audio~visual rmedia can very well realise
these functions of symbols.

let me show one by one what each 0f the visual media is capable

of doing 1n promotion of the teachinqg c¢f mathematics.

SLIDES, SLIDE SERIES

Slides might be very different as far as thelr ropresentation

technigue 1s concerned, ranging from true, realistic culoured

pictures of objects to simple linear drawings showing the out-

line of objects.

Looking at it from a different point: graphic slides prepared

with 3 clear representation method and shosing aesthetic yuali-

ties as wecll may greatly help convey informaticn about things

which cannot be sensed by vision. Mathematics teaching can make

best use of such colourful graphic slides.They are the ones

which can rake the visual symbols indispensable in various

f1elds ¢i mathematics much more wificient.

We have prepared 405 colourcd gr.aphic slides

adthenatics classes of the lower primary

with the {ollowing expectation::

~ rne redundance ui longthy explanat-ouns and nfarmation giving
can be avoided or decreased with the help of rhe adejquate

combiindgat ton of mathematical and raphnic S mpois.

The ready made slides which zan fe projected on the spots=ave




the energy and time of the teachcr, which he can spena 1rn
some useful other way.

As the mazur:ty Oof “he saides o crossorermis Aand v IsKS

pe solved, they can be used as sual collection of prob-
lems" to be used tor teaching any new area 9t the teachina
material.

The representaticon of the tasks 1nd.vidnal use jpos .bie, this
way, using individual slide-viewers the pupils can be given
individualrsed “asko.

Tne simple, aesthetic pictures in line with the taste cof

the lower elementiry age group help the purt:ls carry out real
[

natnematlcal activity. The graphilc represchitations might

also helps visaal srawning beside tihse *eachine of pathematics,

dren generaliy like fi1im project:ions and working with
e viewels, 4ll the same the applization of these slides
Tt Pl is an W LTS an o matieer atiCds
that the s 3 2 S.oAnd s vhe tasks ro-
QUITC Serious woark the teacher has to decide very caretully

WhITE silde £0 nne, et e 0 o ugve ur

OVERITEAL TiAlea ARBNITH]

UVeriean progechors are tno rost owide
st Yar ius way:s Hungariar classyo
CIALSY Lante dle g LaadS U nransparencies
s LRt T : . . M1 SN teasdus urad-
tngoAp t RN EP- aone. . z2n all fulfuil
G narleer ot functions in the process o : in fenerdil
AN3 Aled An teavning ratnenit

- among the 'one-pate’ transparenclic
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ing important connections, relationships. Typical examples
are square grids, number lines with different units,
systems of axes, empty chairts, Venn diagrams, auxiliar:
grids and other.

The transparencles consisting of several pages, the so called

buildi. 1-up transparencies can also be used for multiple

functions. They can help prove mathematical theorems step

by step. The given bits of information may gquide or promote
the thinking towards the possible solutions, In problem
solving the puplls can check their solution by turning the
page with the solution onto the original task page.

Common problem solvaing can also be helped by the teacher

with the help of fiyures built up uf several steps.

Overhead transparencies containing movable parts can also be
of great use in the mathematics c¢lass. [£.g. the understanding
of geometrical transformations, functiun transformations

can be made much clearer, much easier to understand.
FILMS, VIDEO RECURDINGS

Films and videos as othei audio-virual nedia

nave proved that they are capable of transferring true

knowledge and thus widening the range of experiences of puplls,

They do so becausc they are capable of the following:

- They can show processes which cannot bhe viewed i1n any other
way.

- Thoey cain waden the limits o huwwan perceptlon. With the
technique of speeding up or slowing down they might show
processes to the viewers which would otherwise bhe not
perceptible for the human eye. YThe possibility of reducing
and anrplifying and other special techniques all open up the
lamits of the human coye and observation <n as to be able to

see phenomena not porceived eatlier,
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- Limitations of space and time can be overcome with the help

of films and videos. A possibility is opened up for the re-
cording and multiple viewing of rare phenomena which can
thus be shared with others.

-The application of animation and computer graphics in films
and videos makes it possible to picture things and phenomena
not perceivable visually.

Film and video give the feeling of involvement and the ex-
perience of presence more than any other programs using
pictures for illustration.

Taking into account all these characteristic features of films

and videos it can be said that motion pictures on mathemati-

cal topics /especially from the field of geometry/ use anima-
tion and graphic techniques, because mathematics operates with
symbols on the level of abstraction first of all, although

its concepts are rooted in reality. With the motion of plain

and spatial figures hardly conceivable facts can be made visi-
ble - like the one that there is no shortest one among the chords
of a circle but there i1s a longest one.

¥ilms are generally not prepared for individual learning, but

they are shown to the whole class. Their viewing must always

be prepared with great care, so that the pupils were able to
perform the mental processes the film asks them to during

the viewing.

Slides, transparencies, fiims and videos can be used right 1in

the class thus promoting the teaching uvf mathematics. But on

the other hand there are means which exert their influence in
an indirect way, like the mass media, radio and television

which might broadcast mathematical tasks and problems for the
children interested in the form of a competiticn. Videos may
have other impacts on mthematics teaching. In teacher train-

1ng students’' micro-teaching can be recorded thus developing
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the efficiency of their own teaching. The efficiency of the
teaching and the performance of the students are greatly in-
fluenced by the teacher's ability of setting the problems,
his skill of asking questions.

HOW TO EDIT THE INFORMATION

It must be clear for those who develop audio~visual media
that learning from a picture is a different process from learn-
ing from a book by reading. Reading is a linear process of
putting the words one after the other, building up the meaning
of a sentence. As opposed to this the information contained in
a picture is present at the same time and it depends on the
viewer how, in what order he comprehends the information
gained from each part. Besides, the motion picture might dis-
appear too fast, before its essence could be understood.
Taking all this into account visual information must be edited
very carefully so that it had the desired result in learning.
There are some practical bits of advice to be followed during
the technical realisation of the pictures:
- Text and figure sho support cr complete each other but
they should never repeat what the other sais.
visual elements and inscriptions shoud be clearly organised
s0 as to convey an aesthetis message as well,
Irrelevant details should be omitted, pictures should not
be overcrowded.
Types and sizes of letters and numbers should be carefully
conceived and nvt varied too often.
In order to avoid false impressions the pictures should con-
tain some points of reference about the size of figures.
-Taking into consideration one of the important elements of
human learning, i.e. selective perception all must be done

to direct the attention to the important features.”
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\'e have to underline the most impartant details./Arrows,
coloured plots, numbering, lettering, frames, animation,
repetition, slowing down. speeding up, electronic light
effects, etc./.

Carefully edilted witty audlo-visual media can ralse the %-“
attention and keep it awake, so they are very effective aids s{:

fg 1n the teaching of mathematics.

+ /Gagné, 1980,
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JPECIFYING THE MULTIPLIER EFFECT ON CHILDREN'S SOLUTIONS
OF SIMPLE MULTIPLICATION WORD PROBLEMS

i.. Verschaftel, F, De Lorte & V. Yan Uoillie
venter for Instructional Psyrhology

iniversity of Leuven, Belgium

abstract

Une impertant finding rrom recent research on multiplication
word problems is that (hildren's performances are strongly
affected by the nature of cthe multiplier (whether it is an
:nteger, decimal larger than 1 or a decimal smsller than 1).
Un the other hand, the size of the multiplicand has little or
s ettect of problem ditficulty., The aim of the present study
was to collect empirical data concerning this “"type of
multiplier” effect in combination with two additional task
~atiables which have nut yet been seriousiy addressed in
previous research, namely (1) the symmetrical/asymmetrical
tharacter of the problem structure and (2) the mode of
respunse (chuice of operatien versus free response mode).
while the dals of the present study provide additional
evidence tor the above-mentioned effect-of-multiplier
hypothesis, they also show that the two other task variables
also strongly influence chiidren's gifficulties with
multipbicarion problems,

uring tne JASt ,ears researchers have started tu danalyze pupils’
olurion skills and processes with respect to multiplicative word
problems (for un overview <ee bBell, Grimison, tireer & Mangan, 1987). A
tohust Linding ttum fhese studics 1s that children's difficulty 1n
choosing the rorrect operation depends strongly on the nature of the
multiplrer. ror example, “Mangan (1986 found that children pertormed
Sapnitioantly better on problems with an integer as multiplier than when
the multiplier was 4 decimal larger than 1i problems with a multiplier
smailer than | were «till much mere diffrcult. (The most common error on

the latter prepiem tvpe was dividing instead of aultiplyinw the two

o ,
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given numbers.) On the other hand, the size of the multiplicand had no
significant effect on problem difficulty.

Fischbein, Deri, Nello and Marino (1985) have developed the following
theoretical account for these findings: each arithmetical operation
remsins linked to an implicit and primitive "intuitive model", which
mediates the identification of the arithmetic operation needed to solve
a word problem. According to the authors, the primitive model associated
with multiplication is "repeated addition™, in which a number of
collections of the same size are put together. A first consequence of
this “repeated addition" model is that, while the multiplicand can be
any positive number, the multiplier must be an integer. A second
ilmplication is thst multiplication necessarily results in a number that
ta bigger than the multiplicand. When these constraints of the
underlying model are incongruent with the numerical data given in the
problem, the choice of an inadequate operation may be the result
(Fischbein et al., 1985). While the available experimental and
observational data concerning the effect of number type are consistent
with Fischbein et al,'s (1985) theory, there still remsin several
questions requiring further investigation.

First ~ with the exception of Mangan's recent study (1986) - the
evidence on the effects of the type of multiplier on the choice of
operation (regardless the nature of the multiplicand) is not convincing,
hecause it is based on comparisons between problems that differ also in
several aspects other than the nature of the numbers (Bell et al.,
1987). Consequently, a first objective of the present atudy was ro
collect additional data about the effects of type of multiplier and type

of multiplicand in a more carefully designed way.

Second, the word problems included in previous inveatigations always
hed agsymmetrical structures, This means that the two quantities
multiplied play psychologically a different role in the problem
situation, and are therefore non-interchangeable, This raises the
question whether the type of the given numbers affects also the solution
of symmetrical problems, if which the roles plaved by the quantities
multiplied are essentially equivalent

Third, in most previous studies pupils were not asked te answer the
problems, but to indicate which formal arithmetic operation would yield
the correct solution. However, selecting a formal arithmetic nveration
with the two given numbers, is not the only way in which a one-step worus
problem can be solved. Besides, there are a lot of informal solution

strategies thaL may lead to the correct ansver. Therefore, one could ask

N
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whether the number of wrong-operation errors would be as large when
item format does not force children to choose a formal erithmetic
operation, but allows them to rely on other, more informal solution

strategies.

METHOD

A paper-and-pencil test consisting of 24 one~step problems was
constructed. The test contained 16 multiplication problems, the
remaining eight items were included to reduce the likelihood of
sterevtyped, mindless respense strategies on the 16 target problems.
Half of the multiplication problems had an asymmetrical structure (rate
problems like "One litre of milk costs x francs; someone buys y litres;
how much does he have to pay?"); the other half were symmetrical (area
problems like "If the length is x meters and the breadth 1s y meters,
what is the area?”). All eight symmetrical and asymmetrical prfoblems
differed with respect to the type of the multiplier or the multiplican
(either an i1nteger, a decimal larger than 1, or a decimal smaller than
1). This 24-1teme test was given to a group of 116 sixth-graders twice:
once in a choice-ot-operation form and once 1n a free-response form.
Afterwards an analysis of variance (with a randomized black factorial
aesign) was performed with the following four task characteristics as
i1ndependent variables: (1) tvpe of multiplier: an integer, a decimal
larger than 1 or a decimal smaller than 1; (2) tvpe of multiplicand: an
integer, a decimal larger than 1 or a decimal smaller than 1; (3)

problem structure: svmmetrical ur asvmmetrical; (4) response mode:

choice of operation vt free lesponse, In the multiple-choice format, the

deptident variabie was the number ot children that 1lndlcategd ine correct
operation: in the free-response format it was the sum of the correct
answels and_the technjcal (or computatjonal) errors, the underlying idea
being that answers resuitiliy 1n technical errore nevertheless reflect
vurrect thinking about the problem as 15 shown by the appropriate

solut lon strategy chosen, Mamn and anteraction fects significant at
the 5 7 level were further analvzed using Doncan's multiple ranpe test

(p €.05).
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RESULTS

Main effects

The results of the analvsis of variance revealea a significant main

effect for the independent variable type of multiplier (F (Z,35%5) =

237.75, p € 0013, A supplemental analysis {us.ng Duncan's test) shower
that the problems with an integer &¢» multiplier were significantly
edsier than those where the multaplier 1s a decimal larger than 1, and
that the latter were easier than preblems with a multiplier smailer than
1. The proportion of uppropriate solution stiategies for these three
problem types was .94, 89 and .7! respectively, Un the contrary, no

main effect was tound fur the independent variable type of multiplicand:

the propertion of correct strategyv choices for multiplicand as integer,
decimal larger than 1, and decima) smaller than 1 was .86, .83 and .H2
respectively. To summarize, our results confirm the hvpothesis that the
tvpe of multiplier strongly influences children’s choice of an
appropriate solution strategy, while the nature of the multiplicand has
no significant effect on their chnires.

The analvsis of variance also showed a main etfect for the thire
independent var:iable, namely problem structure (F (1,3345) = 55,69,
.Q01). The supplemental test revealed that the symmetrical problems
elicited a larger proportion of correct strategies {.R8) than the
asymmetrical ones (.8U). However, 1in this study symmerrical as well as
asymnetrical problems were represented only by one single subtvpe
(respectively "rute" and "area"). It therefore would be premature to
conclude that in general svmmetrical problems are easier thaa
asvmmetrical ones.

Finally, there waa no significant difference hetween the proportion
ol terrect operaticns for the problerg prenented oo the twe Jrennnae

modes, namelv multiple choice (.83, and free respense {.35),
Interaction etfects

A main goal af the present studyv was to analvze how two additional task
characteristics, namely problem structure and response mode, affect the
et lnence of e type of nultiplier on the proportion of correct
strategy cholces,

First, the analysis of variance showed a significant disordinal tvpe

of multiplier by problem girpgture interactisn (F (2,3565; = 295.72, p¢
i U
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.001). The supvlemental Duncan test, based on p { .05, revealed that for
the asymmetrical structure', -.oblems with an integer as m:ltiplier were
significantly easier than those with a decimal larger than 1 as
multiplier, and that the latter were easier than those in which the
multiplier was a decimal smaller than } (see Table 1); this is entirely
in line with the overall results reported in the previous section. For
the symmetrical structures, on the other hand, there was much less
difference between the propartions of correct strategy choices for the
three distinct "type of multiplier” problems. Moreover, although here
too significant differences were found, they were not in the expected
direction: "decimal smaller than 1" and "integer" problems were both
significantly easier than "decimal larger than 1" problems, but did not
differ mutually (see Table 1). Furthermore, a comparison between the
proportion of correct operations in the context of a symmetrical and
asymmetrical structure for ecach of the three types of multiplier,
revealed that integer and decimai larger than ] problems were easier
when embedded . an asvmmetrical structure; for problems with a decimal
smiller than 1, ovn the other hand, the symmetrical structure was the

easiest. All three differences were significant.

Table 1. Proportion of appropriate solution strategies for the distinct

"type of multiplier" problems in the two problem structures

Type ot multiplier Problem structure

Asvmmetrical Symmetrical

Tntegper
Decimal latger than i

PBecimal smaller than |

A significant disordinal tvpe of multiplier bv response mode
interaction was algo found (F (2,3365) = 51,28, p {.001), The Duncan
test revealed that in both response modes, problems with an integer as
multiplier were significantly easier than those with a decimal
multiplier larger than [, and that the latter were an turn significantly
easter than thuse having a decimal smaller than 1 as multiplier (see

Table 2}. However, when we compared the proportion of correct operations

in both response modes for each ot these three types of multiplier, 1t

<4




was observed that "integer" and "decimal larger than 1" problems were
easier in the chnice-of-operation than in the {ree-response condition,
whilst the reverse was true for problems having a decimal smaller than 1

as the multiplier. All three differences were significant.

Tahble 2. Proportion of appropriate solution strategies for the distinct

"type of multiplier” problems in the two response modes

Type of multaplier Response mude

Cheice of operation Free respansc

Integer .97 .91
Decimal larger than 1 .91 .86

Decimal smaller than 1! .64 .78

DISCUSS1ON

Recent research on multiplication word problems has showti that problems
with an integer as multiplier are much easier than those with a decimal
multiplier larger than 1, and that problems with a multiplier smaller
than | are still more difficult. By contrast, the nature of the
multiplicand seemed to have only a marginal effect on problem
diificultv, Generally speaking, the reaults of the present studv support

these findings. However, our results enahle us tc specafy the

" " SR

meitainto eitect hvpothesia” G twoe teapictsn U1 the it ferential
etiect ot numher tvpe for the multiplier is onlv found in asvmmetrical
problems, not an svmmettical snes, and (23 this differential effect s
much weaker an o free-response s1tuation as compared Lo a forced-cholce
formar

The observed nuitiplier by problem structure interaction raises an
Prpertant quest ron, namely what mechansms qieht sooount tor the aheence
oo Mtepe of multaplier” effect 1n oour symmerr rrehlems. In line with

with Fischbern et al,’

s (199 rheory, one could arcvue that the
crastraints of the "rereatod additran” madel o onot attect negativel
the solution provess of symmetrical problems with decimals, because

their symmecry does not require the problem soiver to attribute the role

cf multiplicand and multiplicg to,particular numbers. But another

RSy |
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explanation might be that the representation of "area" problems is not
influenced by the "repeated addition" model, but rather by another
primitive model, such as the "rectangular pattern” model (with other
constraints imposed on the numbers that can be used and their role in
the structure of the problem). A final plausible account for the absence
of the multiplier effect in our symmetricai problems is that pupils’
selection of the operation does not result from a mindful matching of
the "deep" understanding of the problem structure with a formal
arithmetical operation (mediated by a primitive model), but is simply
based on the direct and rather mindless application of a well-known
formula (area = length x breadth), associated with the key word "area"
in the problem text.

The multiplier response mode interaction is the second additional
finding of our study: the negative influence of the multiplier being a
decimal smaller than 1 was much weaker in the free-response than in the
multiple-choice format. Our coilective paper-and -pencil tests did not
yield much information about the precise nature of the cognitive
processes in the free-response mode that led to the correct strategy
choice on problems with a multiplier smaller than 1. Previous work has
demonstrated that purils can often solve correctly simple multiplication
problems with small integers using informal strategies without
apparently being aware that the solution cculd be obtained by
nultiplying the two given numbers. However, the specific question raised
by our data is: which solution paths - other than multiplying the twoe
viven numbers - can lead to the solution of & problem in which the

multiplier is & decima) smaller than 17

In view of answering the remaining questions we intend to collect in

our future work more systematically data on children's solution

processes while solving different types of multiplication problems using
individual interviews and eye-movement registration as the main
data-gathering techniques.

To conclude, whilst our data about the interaction effects of type of
multiplier with problem structure and response mode are not necessarily
inconsistent with Fischbein et al.'s (19K5) thenry, they suggest
nevertheless that we may have to search for a more detalled and more
comprehensive theory, based on the principle that the selection of an
appropriate solution strategy is affected by a large number of factors
competing for attention and interacting in complex ways (see also Bell

et al., 19R7), oo
(o L’b
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Is Tnere Any Relatlon between DiviSion and Multiplication?
Elementary Teachers' lgeas about Division
Snlomo vinner & Liora Linchevskl

Israel Science Teaching Center
Hebrew University, Jerusalem

Abstract

Some aspects Of division with whole numbers ang with fractions were
examineq i1n 309 elementary teachers and preservice teachers. One of the
main questions was whether these teachers have any kind of formal
approacn  to 01visSlon Or they only have concrete models for 1t as Th?
quotative and the partitlve Oi1v1sSiONs. we also tried to expose these
models DOy dlrect metnods and not by lndirect metnods useos 1N  Drevious
studiles (Fischbein et al.. 1985 ang others)., In agoition to well known
results as 'multiplication makes blgger and d1v1isSion makes smaller' we
also found the beliefs that multiplication by & fraction makes smaller
ana daivision ty a fraction makes bigger. About 64X failled to point at

the relation between givision and multiplication when asked gbout 1n 3
particular question.

Several stug18s Nnave been o©Oone oON cnlicren’'s 1deas about
multiplication and division (Bell et al., 1981: Hart, 1981: Fischbein et
al., 1985) anc also on preservice teachers (Tirosh et al., 1986: Tirosn
et al., 1987). The hypothesis was that certain models for Uhe
multiplication and J01viSion 1Mply certaln 10eds about these operations.

The aim of this Study 1s to extend the above Studies 1n  LwWo
g\mensions . 1. wg try to 1nvestigate the models (Oor alvision and the
1geas about multiplication ang division directly ang not in an indirect
way as 1n the avbove studles. This we 00 by asking aquestions that
stimulate the resgondentS tO speak directly about tneir models and
1deas. 2. About 3/4 of our study population were inservice elementary
teachers ang about 1/4 were preservice elementary teacners whereas the
former studies examined either chiloOren (Bell et al., 1981: Fischoein et
al., 1985; ang mMart, 1981) or preservice elementary teachers (Tirosh et
al., 1986. 19&7).

Together with the view that multiplicatilion makes bigger there exists
a belief that multiplylng by a fractlon makes smaller. we examined Now
common  this wview 15 1N teachers. we gealt also with the problem of
division Dy zero as part of the models for division, we assumed that

this oroblem could help us to cetermine whether the teachers have

concrete mooels for division or formal models, as i1molicitly assumed by

Fischbein (1985). The problem of d1v1Sion Dy zero 1S connected witn the
problem of the relation dbetween multiplication ang givision, a problem

with whiuh we 3lso deal in our study.




Me thoad

GQuestionnaire

In orger to create a questionnalre we intervieweda several teacners,

The 1nterviews leQg us to form the fallowlng GUESLIONS:

1.

In an 1n-service teachers training course. the following aquestion

wa8s posed to the supervisor: 1Is it possible to explain division 1in

a mathematical way without telling storles apou. C1vliding cakes to

chilaren or similar stories? For 1nstance, what 1s 381 : g4 »

what would you tell this teacher 1f you were the supervisor?

The coperation 1% : 3 oOor even 3 : 15 can be explainea by cakes
givided to chiloren. Ooes the operation % : ; have a similar
meaning or 15 1L only a formal operation?

Glven 18 : 3, 15 Lms a partitive division or a aguotative division?
How much 15 § : 0 ? Please, explain your answer!

A student claimed that any number divided by 1tself makes 1.
Therefore, also 0 : Q0 = 1. wnat 1s your reaction?

which of the following 1S the most suitable for demonstrating

that 4 : 3 = 1¢ "7

fay 3 x 14 = 4af
(bl 9 : ay

(c)

-

-

(a;

» b
Ll L o b
®

In eacn of ~ne following palrs of excerclses, Clrcle the
which gives § greater result. Please, explain your answer!t

I ta) 8 x 4 (b) 8 : 4

II (a) 8 x 0.4 (bt 8 - Q.4

III (a) 0.8 x 0.4 (b)) 0.8 : 0.4

Iv (a) 0.8 x 4 {b] 0.8 : 4

tParts 1I-T1T af this question were taxen from Brown, 1981,

who examined 12-16 year old students. we aggeq part IV to
them in order to complete the structure.}

How will you explain to 3 stugent which of the symbols: <, > ,
should be writtan between the twQ numerical expressions without
Laccylng-Oub L2 compytationss Please. explain your answer!

v.2 3.3 R
1 3"3""3' S %

v o3
III Bx7 .. .8:7

A rectangle whose area 15 1/3 cm= ;g Jiven. Tre length of ane oOf

115 S1083% 1@ 3/6 cm. What 1s the length Of the adjacent s1ge?
! 1

(v 34
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Figure 1
(1/3)cm=
fTh1S guestion was glven only to half of the sample. It was taken

from riare, 19G1. Tne gtner nhalf of the sample got Guestinn 1Q for
the sake of comparison.)

A rectangle whpse area 1s 173 cm® s given. The lengih of ane of

1tS s1des 15 S5 ¢m. What 1S the length of tne other siqge”?

Figure 2

(1/3)cm™

The reagar cdan see that Questions 1-6 are related to the models of
division ang Questions 7-10 are relatec to the views about

multiplication ana Qivision possibly or partly 1mplied Dy tnese models.

Sample

The above questlionnalre was gistributea to 237 teachers and 72 pre-

service teachers. 54 teachers out of the 237 had the official title of

Mathematics cocraginatcors in their schools. These are teachers who have
more (nterest in Mathematics than the average teacher ang alsn underwent
some 1n-service mathematlical Lraining, In the reSuil section They will
pDe referreg L2 as Math. coorrinators while the otner teachers will bDe

referred LO as (ePachers.

n e

The answers of tre respondents were analysed ana classified to some
main Ccalegnries. 3 : . SUNCOSed tC erpcse tne mooels  of
tna recponcents o thE Clvisien operation. More precisely, tnere was
37 GLLeTDl 1N TaR QUeSsLIoNs LD J1rect the respondents Loward tne formal
EToTelalbE Tola) Surmal  3CDroach  can De uNJderstpod 1IN two  ways: 1. Not
concrete: ~ame.,, 9 reference % Juutdbive CF Lerldlive 1ivision. 2.
in  acdit.en o 1, gencRiwving Lhe givision 45 the 1nverse gperation of
mJuitaplicatian Hence 1n Guestlons 1-5, the fcrmal approach and tre

crmi@ mooels [gartitive and guotative divisicns) play & central role.
3re -pecial Ccal=Qurles 10 Some Sf the guestiuns, resulting from

tuations 1n Lthese qQuestliunsg, The 1nformatlon 1S given in




ol A1
SButACh Ot 30Sadrs 1n par
hersiN=iED) Fopreserice L

Jarritiee | A4 lateyany
Lo 1308 ueslisa
iuatative 158e ge:3m

auestion gt HEI TYRRL 1 10

Jagst.ia It .

SLeUSLTR Ty Lo P 2UhEr a0, o
LEINT NP BT RS BT 1L 1T

8ecause of lack of space we Ao nOf Dring here Lrel” 3nalysis Tnis will

be given elsewnere,
Quastion 1: (%) D1vision ¢an 0e 450 35 the (nverse operafior of

multiplication. 8y wnat snoula we multioly 84 I1n order to get 38) (The
formal approacnl.

(*) w8 want (0O kNOw Now many Limes cthere gre 84 1n 38! (Quataiive
givision).

(") 381 15 consisted af 38! part:al nuoers which sreoulag be diviced (o

84 sels (Partitive givisioni.

(") You Jgo nhot 1llustrdte the meaning or division by means aor large

numoers . The goal 15 to explaln wnal Olvision 15, ane snoula siay at

tne range of small numbers (The speciflC category (or this Questicn).

(r) You shoula explain what 15 8 Jdiviged Oy 4. 381:8d 15 carrleg out

autanatically (The specific calegory for this operaticn).
Quastion 2: (*) (1/27:¢1-3) 1§ g form3z] operaticn only. This 1§ because
alvision Qy @ rractiop appears as multiolication (1s2)x(35.1). (The
formal aporoach )

(*] One half of 9 Cake 15 glven Lo une third or 4 person. s1nce evary

person 18 & whole. ne ¢~ sne gets one cake and a8 nalr. (Partitive

o1vigion.) L j
o
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(") (1-22:02-3) 18 glviing haif & cake o ane tri1rg Qf & class
(PArLinlve Qivigiln. i

{(*) How many times goes 1.3 gu intag 1.2, (Guatative ailvision.

VP IE I o nave a Nadlf S @ S@TLIIN Jguantily. ik NI § Cak2,

Grd cn < R V= VN

cuestionl
rErTIgerator. I gave l.3 af it Eo fsch

N

11 otdtesofy for Lnis question. )

Question 3: The correct arnswer lo N5 ZL2SLiuh s,
193 1S relther parctitive NG gQudiativa, 18.3 has the polentiar 1o GE
tner  partitive or guotative, 1t gegerfs on the situation where 1t 1s
45ed. Such angwers were classified as ""‘partitive or quotative' ™ 1n TaGle
1 In =ne Stner onswers 1L wygs Cialiwd, thal 18.3 was €i1tner partitive
or qQuotative. byt Carnct SP bGLh, Hamely, 66% of the tescrers, 81X of
“he  Sresaryice  “eatters gntt E3% 0f rne Mare Lourainators gac nob
QeMEAStrate 1N LRI Questliut Lhe understanrding Lhabl  Jivision 1s o an
QUSLrac” ICers™ 120 and Sartilive 3nd JuOtatlive Qivisions &8 Lwl 3f  its

Cuhurete

Question : p by meanirgless (The formg;,
aLor 3L,
INswer In * reasonanle
TWa "y Fe5 wOTes5 Every Jiwlsicn wxerc.se can  be
Tud il ot AN £
5 - . EWBI Y UATOET
(Fmrral .
[SAN fove S CmyJuren, TN
Five (K3 ULbave,

) 5. 2 -2 O regresentcs ngre agtning Thergfore, givisian Dy

narnga) SF are twmter 15 T Pacnitive or quotative., !

Suestlion 5: 1Y Essenliaily the styuent 35 rignt. Howeyver, in tha
case O D 1 15 MeanINgiess DECIUSe L Can pe any ruder,  @ven &, GJ
o orv £ o gl ).

a-0 =+ ] gecause 2 x ! 0, iFormall!

Pis mgr llke other Aumbers. (Formalr{

Gire  BESTCOPY AVAILABLE
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(*) O of sometning giviged Dy O cnilaren gives J (Partitivwe,

t*] O nads no numerical value, thererore i1t 15 1mpossiole tnat givision

by O will give a numerical valve. The answer must be 0. (Fartitive or

quotative.)

=) (001 : 1 pecause O 15 less than 1 and when you dlvige Lhe result

should pe less than the givigeénag. (Partit.vse or quoiative.,

(9] It 15 wrong. You should always ask tne givision Quéstian: haw many

times the JivisSor 15 1n the oivigeno. when you consiger 0, the answer

ro the question '"how many times ther s J in 02" is 0. (Guotative.)

Questi1on 6 was cesigned to examing tne relation petween Jdivision ang
other arithmetical operations (multiolication, repeated adolition andg
repeatead suctractior). Distractor (D) was an 1rreievanrt distraccor
whereas 1n  all the other g1stractors there was a real offer. The
results are given 1n Table 2.

Table @
Di1stributlon of answers to Question 6.

The relation petween divVisSioh ang other arithmetlical operations
(The numbers indicate percentages)

CategoryjMuitiplication|{ Repeated Repeated Qlstractor |[NO anower
taisiractors agaition suptraction (g}
ta) ang te)) jtaistractorj(distractor
Group (c)) a))

Teacnhers g 186 13
(N = 183)

Preservice
Teachers
(N = 72)

Math.Cobr-
aglinators
(N = 5d4)

Wwe woula like to note that the Only case where respongents chose more
than one QJ15tracior was the comblnation af (al ana (el. No  other
comoinatlon has been found. Thus, 1n the context of thils Questlion, the

percentages oOf those whg are aware of the special relation Detween

0ivisioN angd multiplication 1n the three groups are 30, 42, ana 50,

respectively.,

The analysis of the answers to Questions 7-10 16 organizead 1n 8@
S1milar manner to tnose of GQuestion 1-5. Because Of lack of space we
wlll not 1llustrate the answer categories by quotations,

Ty
YERN!




3amer

Trere wit oo oatieer:

U S LI

ussian

we 2xpldined 1n the 10TrOduction, oOurf goal 1n T™N1S Study was to
verify and examine Jdirectly some claims about mocels for division and
some views abcul divisign ang multliplicaticn, Claims which were maage by
indirect metrods using psycnologlcal interpretation of ceértaln  gata
(Fiscnoein &t al., 19€%). +2 foung that these clalms were pasically
correct  But th2 S1tu3a%i?r 1§ mUCh mgre complexr than 1t 1S gescribec 1n
Fischteln et 3l., 1985 and Tirosh &t al.. 1388, 1387. In Fischbelin,
1985, the siomentdry fegchecs 3jre treated as 1f they have the reaquirec
mathemMdllLdl KNOwieoge. ('Teacners of aritimetic face 8  [undamental
giacrtical Jilemyna. .. IS n n ! 3¢ a gereral Jduilerma taci1ng
mathematics teacners', . paragrapon.} This study and

aisd Drevious ones (as Tirosh 2t al., 1986, 19871 clearly snow tnat

Fiscrbein’s impliclt assumDLionNs nave NO  grounag. The elementary

tegchers, a Qreocup, lack BHasic mathematical ungerstanding of
ari1thmetic,
s

o3 4;-‘




632

References

Bell., A, Swan, M., & Taylor, G. (1881'. Choice of operation 1n
verbdl problems with gecimal numters, Egucational gtuydies 1n
Mathematics. 12. X99-420.

Brown, M. (1981). ~jumoer Qperations. 10 Hart. K.M, (EQ.).

chiloran’'e unoerstanding of Matnrematics: 1l1-16. Lwnaar.  yohn
mMurray. 23-49,

Fischbein, £, Derl, M., &ilio, M.3., & ~arnio, M.56. (1989, Tne
role of imglacat mocels 1n  sO0ivIng vercai oroulems in

multiplication anog a1vision, Journal for Resaarch In Mathematics
Eaucation, 15. 3-17.

~art, K.M (Ed.) (1381, Cnhilaren's Ungerstanding ot Matnamatics:
11-18. LCYGEN LShn Murcay

«wempel, C.5 (19€6). PRilosophy of Natural Science. Frentice Hall.

Hershkowi1tz, R.. & vinner, S. (1984). Cniloren’s concepts 1n
elementary gqeomecry a3 retleciion nf Lpatrers’ cncepts’?

Rroceeaings of the 8-th International Conference for the Psycholagy
of Mathematics Educaglon. Sianey, 63-69.

Hersnkowitz, R., Brucknelmer, M., & Vinner, €. (19871, activities

wilh teachers gased on cognitive researcn, NCTM 1987 Yearnook, 222-
e3s,

WMlepert, .. & Hiepert. J. (1983) Junlor high Sthool students”
understendiag ufl fractiuns. BEhool 8cience and
Matnematics, €3, 96-106.

Tirosn, 0., Graeber, A.G., & Glover, RA. M. (1886). Pfreservice
reacnars’ choile of gperation for muitipl;cation and division word
orcblams. Proceedlngs of the 10-th International Conference for the
Psychology of Mathematics Egucatlcn. Lonocn, 57-62.

Tivusie, G.. Tifusii, G.. Graeber, A 2., & wllson, J.M. (1887).
Interventions Lo correct pr © e teachers’' misconceptions about
tne cperation of givialan, r =c3ings of the 11-th International

conference fgr tne Psycnotlc.. «! «athematics Education, ManLreal,
3, 368-375.




633 -

THE [NFLUENCE OF SOCTALIZATION AND EMOTIONAL FACTORS
ON MATHEMATICS ACHIEVEMENT AND PARTICIPATION

Delere Visser, University of South Africa

This study concerns the explanation of sex differences
that typicaliy occur from adolescence unwards and favour
males in achievement and participation in mathematics.
In the absence of conclusive biological evidence,
social, emotiunal, and attitudinal factors were investi
gated in this regard. The subjects were 1 605 Afrikaans-
speaking seventh and ninth grade students and 2 506 of
their parents. Cognitive measures included mathematics
achievement and several aptitude tests. Also measured
were attitudinal variables such as confidence and
enjoyment of mathematics, perception of the attitudes of
significant others towards self, personal and general
usefulness of mathematics, and the stereotyping of
mathematics. For ninth grade students, but not for
seventh grade students, significant differences favouring
males were found in spatial abilities and several
attitudinal variables. The intention to continue
participation in mathematics was accurately predicted by
attltudinal variables in the case of ninth grade females,
but not males.

Adequate preparation in mathematics has aptly been called the
‘eritical filter' in the job market. As a result of technological
advances and the Information explosion, a certain degree of mathema-
tical sophistication has become a prerequisite for most prestigious
occupations. Students who elect to discontinue their mathematics
studies while they are still at school thereby effectively eliminate
themselves from the majority of better paid occupatlons. Further-
more, in a developing country such as South Africa where every
effort should be made to alleviate the shortage of scientific,
researth, and technica. personnel, an obvious starting point is to
ensure that as manv students as possible complete the mathematics
cour<es cffered at school.

In South Africa mathematics is compulsory until the ninth grade,
whereafter students mav opt either to discontinue their mathematics
studies, or to continue until the twelfth grade. The far-reaching

decision to discontinue school mathematics is therefore made by 14

S0
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to 15 year old adolescents, which makes it especially important to
astablish which factors influence their decision during this perviod.

It has been reported frequently that no or few sex differences in
mathematics achievement or ability are evident until the age of
about 13 years, whereafter the performance of females begins to de-
cline in relation to that of w2ies, especially in areas such as
problem solving (Armstrong, 1985; ETS, 1979; Husén, 1967; Maccoby &
Jacklin, 1974; Preece, 1979; Wise, 19£5; Wood, 1976). At the upper
end of the achievement scale it seems that sex differences favouring
males are even more pronounced. Benbow and Stanley (1980, 1983) re-
ported sex differences among mathematically gifted students from
about the seventh grade, while the ETS (1979) report also confirmed
superior performance by males among the top scorers on the Mathema-
tics SAT. Males are also far more likely to enrcel in high school
mathematics courses than are females (Fennema & Sherman, 1977;
Sells, 1978; Wise, Steel, & MacDonald, 1979).

In South Africa slmilar tendencies are found. During 1980 72X of
the twelfth grade males as against 487 of the females in the Transvaal
(white population only) studied mathematics. It should be remembered
that not all of these students passed mathematics or attained levels
of achievement which would have allowed them access to mathematics-
related university or tachnikon courses. The corresponding figures
for 1984 were 847 for males and 62% for females. It is gratifying
to note that the pusition has improved for both sexes, but the fact
remains that notable sex differences in school mathematics participa-
tion still exist in South Africa.

With regard to achievement, nu noteworthy sex difterences in
twelfth grade final mathematics examination results were found.
Among the top scorers, however, males predominate. During 1982,
4,6% of the males as against 3,5% of the females scored over 807,
whereas the corresponding figures for 1984 were 3,22 for males and
2,62 for females. A natlon-wide mathematics olympiad is arranged
annually for mathematically gifted students. In the period 1966 to
1985 only il females gained silver medals as against the 183 silver

medals awarded ‘to males. No gold medal has yet been awarded to a

famale, and in 1986 only five females as against 98 males progressed
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to the final round of the clympiad.

The differentiation in mathematical functioning bet'een males and
females which is manifested from early adolescence onwards, needs to
be explained in terms of developmental changes which occur during
this life period. In the absence of conclusive biological evidence
to explain the said differences, it was decided to investigate the
role of affective, motivational, and socialization factors in this
regard.

Although sex-role socialization starts at birth, it is from early
adolescence onwards that sex-appropriate behaviour is increasingly
expected from males and females {(Mussen, 'Conger, Kagan & Huston,
1984). Mathematics has traditionally been regarded as a male
domain, because so few women have distinguished themselves in this
field. Even in recent years mathematics is stereotyped as a male
domain, particularly by adolescents (Brush, 1980; Ormerod, 1981).

Important socializers such as parents, peers, and teachers put
pressure on adolescents to conform to sex role standards (Mussen et
al., 1984). It is therefore to be expected that males would be
encouraged in mathematics, whereas females would be discouraged in a
variety of subtle ways. Females may consequently develop anxiety
about mathematics achievement and feel less motivated than males to

participate in the subject.

METHOD

Seventh grade students were selected to represent the early
adolescent group in this study, whereas ninth grade students were
selected to represent the adolescent group. The students were
randomly selected from Transveal Afrikaans schools after stratifica-
tion by sex and rural-urban location. Thirty-six high schools and
36 primary schools were included in the study. The parents of each
student were also invited to participate in the study, and almost
807 of them agreed to participate. The sample consisted of 824
seventh grade students and 781 ninth grade students. Altogether 1
186 fathers and 1 320 mothers participated in the study. The mean
age on the first day of testing for seventh grade students was 12,4
years and for ninth grade students 14,4 years.

Sy
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The measuring instruments included standardized aptitude tests,
mathematics achievement tests developed specially for this study,
translated versions of Ameriian questionnaires, and questionnaires
developed with this study in mind.

Six subtests of the Junior Aptitude Tests (JAT). standardized hy
the Human Sciences Research Council (HSRC), were used for measuring
verbal and reasoning ability, numerical ability, and spatial visuali-
satlivn,

Two mathematics achievement tests, one for seventh and one for
ninth grade, were developed especlally for this study by the HSRC.
The tests were hased on the students' current mathematics curricula.

Eleven Likert-type attitude scales were devalcped and/or trans-
lated to measure students’ and parents' attitudes to mathematics.
The first [our scales mentioned below are similar to the Fennema-
Sherman Mathematics Attitudes Scales (Fennema & Sherman, 1976) with
the same titles and were developed by Visser (1983). Items adapted
from Arken's F- and V-acales (1274, 1lens from the Fennema-Sherman
Scales, and several original items, were .ncluded iIn the final
srales,

The Confidence Scale was developel to mrasure a subject's conti-

dence versus his/her discomfort, anxlety, and umrertainty when

dealing with mathematics.

The Motivation Scale measures 1 subject’s interest in and willing-
ness to become more deeply involved in mathematics.

Other srales werz the Male Doumain, General Usefulness, Prrsonal

"'sefulness and Att{tude toward Surcess Scales.

The Ferception of Father's {Muthel's, ‘Teacher's, Ma.e ieer

Group's) Attitude Scales were included to neasure the perceived

interest and encouragement from significant others.

The Importance for 'X' Scale measures the importance attached by

parents to their child's mathematics stoliec ol the degree ta which
they encourage the child.

The attitude scales ware scored suth that a high score indicates
a positive attitude toward mathematics. On the Male Domain Scale a
low score is indirat ive ot the sterentvinng of matiematics as a male

doma Lo,
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RESULTS

Interesting results included the following:
As carly as grade 7 more males than temales intend to persist
with mathematics until the twelfth grade. In the ninth grade
94 percent of the males as against 65 percent of the females
indicated that thev wished to complete their mathematics studies.
In accordance with the findings of overseas studies, a clear
picture failed to emerge for sex differences In mathematics
achievement over the entire range of the achievement scale. It
was shown that in the U'SA males predominate at the top end of the
scale, byt alse that males do pot usually obtain higher schocl
marks in mathematics, In the present study t tests using scx as
independent wvariable were performed on each of the student
vaiiables. Noe o osex Jifferences were tound on the mathematics
achievement tests n vither of the grades. ‘Furthermore, no sex
ditference was found in weither of the two standards on the
computation test, JAT Number.
It has been hvpothesized that sex differences in mathematics
achievement may be explained bv sex differences in spatial
orientaticn and visuatization which are also typicaily found froa

rieerpnre cnwatds (Conmnor & Serbn, 1980; Fennema & 3Shecman,

1977 Macceby & Jacklin, 197431, N, se. differences wete found

for seventh grade students on the JAT Spatial 2-U and Spatial 3-D

tests, whereas significant ditferences on these tests favouring
males were tound for ninth grade «'nlents. If sex differences
had beer found on the achievement tests, particularly with regari
teocertain hran hes ot ~ataenat 10s, the tained sexy Jdifferencen
i sparial viewaiization tor nivth graders might have provided an
Caplanat 1on.

Ag far as the atti1tudinal variaoies were concerned, 1t was tound
that seventh and ninth grade mates were more inclined thar their
femaie counterparts to regard mathemat ics as personally uscful
and had a more positive perception of the male peer group’s
attitude toward themselves as learncers of mathematics. Males
were al:ao coae frciined ro stereotype mathematics as a rale

domatr Bowavar, on the Confidence, Mot ivation, Father and
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Mother Scales signiticant sex differences favouring males were

found only in the older age group.

Although parents agreed on the general usefulness of mathematics,

fathers had higher scores than mothers on the other attitudinal

varisbles. Both mothers and fathers regarded mathematics as more
important for their sons thaun for their daughters.

These {indings lend support to the hypothesis that developmental

changes caused by the environment during adolescence may be

partially responsible for sex differences in mathematics partici-
pation.

It was decided to use a purely predictive model rather than a

'causal' model for determining the relationships between the

various cognitive and attitudinal variables and the dependent

variables, mathematics achievement and mathematics participation.

Step-wise multiple regression analyses were performed for each

grade and sex for mathematics achievement as dependent variable

and for intended participation as dependent variable.

It was found that cognitive variables are the best predictors of
matheamatics achievement during the seventh and ninth grades, but
that several attitudinal varlables and some parent variables correla-
te highly with the achievement of ninth grade females.

turthermore, attitudinal variables predominated over cngnitive
variables as predictors of intended mathematics participation. It
wus found that the pattern of high correlations varied according to
the sex and grade of students. 1In the case of males, especially
ninth grade males, very few variables correlated highly with intended
participation, whereas ccgnitive variables seemed to he almost
irrelevant. (niy Personal Usetulness had a substantial correlation
with intended participation for ninth grade males. The low squared
multiple correlations (0,33 and 0,26) reflected the above observa-
tions., The decision of adolescent males to continue their participa-
tlon in mathematics is tharafore to a large extent taken independent-
ly of the study variatles.

A different picture emerged for females. Several student attitude

variables correlated highly with {intended participation for both

rrades, whereas some cognitive variables and the Importance for 'X’

~ L
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(Father and Mother) Scales also correlated substantially with the

dependent variable for ninth grade females. Five attitude variables
and one cognitive var‘able accounted for as much as 65%Z of the
variance of ninth grade females' intended mathematics participation,
whereas the squared multiple correlation for reventh grade females

kncouragement of parents seemed to be a major
For

was only 0,41,
influence on the mathematics behaviour of adolescent females.

malas as well as females, perceived personal usefulness of mathema-

tics was the strongest predictor.

DISCUSSION

The purpese of this study was to identify and explain the factors

affecting mathematics participation and achievement during adoles-

cence and, in particular, to find explanations for sex differences

which typically occur firom adolescence onwards in mathematics

behaviour.

Devejopmental changes do seem to uvccur in the period between
early adolescence and adolescence which negatively affect the
affective and attitudinal position of femaies with regard to mathe-
matics, as well as their perception of the expectations and encoura-
gement of slgnificant others.

The findings of this study support the view that early adolescen-
ce is 3 critical pericd during which achievement patterns in mathema-

tics are established, with almost inevitable implications for future

vocational options.
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METACOGNITION AND ELEMENTARY SCHOOL MATHEMATICS

Miriam A. Wolters., Department for Developmenta: Psychology. State
‘miversity Utrecht, The Netharlands.

Abstract

Recent research on cognitive development, memcry, reading and aathematics
indicates that much attention 15 given to metacognition. This paper 1is
1ntended as an introduction to the operationalisation of metacognition
and the role elementary school wmathematics plays in metacognitive
development.

The longitudinal study assessed the effects of two sapproaches in school
matheaatics on the development of metacognitive skill, In each condition
16§ students were foilowed from the first through the fourth grade. During
these years they were tested four times in order to assess the
developmental level of mpetacognitive sSkill. The data arc. analyzed by
trend- and t-*test analysis and the results are discussed.

Introduction

The basic purpuse ot tne study 13 to develop instruments for measuring
metacognition and to determine tne effects of elamentary school mathama-
tics on metacognition. In recent vyears aetacognitive procegses during
mathenatical problea solving have become an importane topic of discussion
in mathematics education (e.g. Garofalo, lasbdin Kroll & Lester 1987:
DeGuire 1987; Hart 1987). However, ncne of these studies look at meta-
cognitive functioning in students aged 6-10. Therefore, in this paper we
refer to studies of metacognition as a developmental phenomenon, Two
categories of metacognitive activities are mentioned: (1) those concer-
ning conscicus :eflection on one's own cognitive activities and abili-

ties, and (2] those concerning self-regulatory mechanisss gcing on during

an attaspt to learn to solve problems {(cf. Wertsch 1985),

In this paper we are concerned with this second category of activities.
This category involves content-free strategies or procedural knowledge
such as 8self interrogation skills, selfchecking., and so forth. In other
words it ig &n activity by wmeans of «hich the learner manayes his (or
her) own thinking behavior.

A cenitral problea in the research on metacognition 1is the adequacy of
assessment techniques designed to measure mnetacognition. Meichenbaum,
Burland, Gruson & Cameron (1985) consider several different techniques
that can and have bean seamployed to study metacognitive activities in
chiidren. They point out that one of the pitfalls of the interview and
think-aloud techniques is that the interpretation cf the data yielded by
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such techniquex is problematic. The most serious problem hare arises when
a subject has trouble verbalizing his angwers or thinking pattern. The
sbsence of an adequate respcnse dcoes not nescessarily mean that subjects
are not involved in metacognitive activities. For example, Gruson demon-
strated on the basis of observations that there are subjects who show
consistent strategies, but who faill to verbalize such strategies. The
same phenomencn was also observed in Burland's and Cameron's data. Thus,
the use of intarview and think-aloud techniques raises an important theo-
retical issue: dJdo we indeed limit the definition of metacogmition to the
subject's abilities to verbalize their thinking process?

A somewhat different approach without the above mentioned pitfalls is
to assess nmetacognitive involvement directly on the basis of performance
without the subject reporting his thinking process either during perfor-
mance or afterwards. Gruson (1985) has shown that it is possible to infer
the use of metacognitive strategies on the basis of repeated patterns
evident while carrying out the task. Examples of how one can formally
conduct metacognitive assessment without using self-reports come from the
work of Sternberg (1983), Butterfield, Waxbold & Belmont (1973) and the
Sovietpaychological work of Isamev (1984) and Zak (1985).

In our study we further develop the line of inveatigation introduced by
the Soviets, i.e. conducting mstacognitive amsessment directly on perfor-
mance, thus making less use of verbal gquastioning and focusing moro on
behavioral observations. The Soviets see the issus of refleoctive thinking
or metacognition as a continuum beginning with manipulative strategies
and eventually progress.ng through empirical towards more theoretical
strategies. A manipulative strategy consists of moves that are not guided
by the gcal. Such a move does not logically follow subject's preceding
move and neither is it the basis for the next move; the nmoves are not
connected. Most often a large number of superflucus moves is needed to
reach the end result. Subjects using an empirical strategy approach the
task through moves or actions that change the situation step by step. The
subject expects a specific result from a macve and takes that into account
when making the next move. Subjects using a theoretical strategy think
over their solution beforehand. These subjects use the first and second
item to search for most efficient way of solving the task by testing in
their mind sometimes three or four non-optimal alternative mtrategies.

In this study the tasks measuring metacognitive skill are designhed in a
such a manner that the observer is allowed to draw inferences about the
level of metacognitive functioning. The non-mathematical task is con-

structed to elicit di!f.ront‘polving strategies. An integral part of the
o u
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task are the specific procedures for scoring the different strategies a
subject uses when solving a given task. The tasks and scoring procedures
are designed in such & way that subjects who change stratagies can be
identified as well. Subjects require no special knowledge and are not
familiar with the tasks. The subjects apparently like to do the tasks.
They can not fail them because they are constructed in such a way that
nobody can do thea wrong: the only thing that matters is the way in which
the subject handles the task.

METHOD

Subjects

Students from four middle class schoola participated in the longitudinal
study. The schools wersg choosen because of their willingness to partici-
pate. Two schools followed a traditional mathematics curriculum and for-
med the so vcalled control condition. The other two mchools followed an
experimental structuralistic mathematics curriculum and formed the expe-
rimental condition. 15 students were selected from the control condition
and 15 comparable students were selected from the experimental corndition
on the basis of a pretest score, administsred when they entered first
grade.

Procedurs

When entering first grade students werae pretested to assess a general
cognitive developmental level. The pre-test was administered by the class
teachers, but always with an experimenter present. The pretest score was
used to arrange two matched groups of 15 students. The mathematic activi-
ties then ¢“ook place during the reqularly scheduled mathematics lessons
from the first througii the fourth grade. Tne traditional program was
given in all four grades for the control group and in grade 3 and 4 of
the experimental group. Only in grade 1 and 2 an experimental structura-
ligtic approach was wused., Four times in total the selected groups of
studenis were tested on metacognition. Twice 1in the second grade, in
December the Token task and in June the Mole task. In the third grade in
June the Strip task cund in June of the fourth grade the Token task.

Instrusents

i. The pretest. The pretest was demigned to asseas children's abilities

in combining classification and seriation,

s
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2. Assessment of nmetacognitive skill. We ugsed three tasks: the Token
task, the Strip task and the Mole task. Each task consists of 8 items.
Aftor four {tems a moment of reflection for the subject 1s induced. This
happens indirectly by way of a spocial instruction. 1In the Strip task a
reflection moment 1is induced by indicating to tha subject the need tc
think before solving the task which is timed. After four items of each
task the subject is given the opportunity to think about the efficiency
of the strategy used and possibly change the strategy to a more efficient
one. In the Token tashk the activity is to make a pattern of tokens simi-

lar to a given pattern in a minimal nukber of moves. In the Mols task the

activity is to find the shortest route of a mole to his feeding place in

a structured garden.
instruction and scoring of these tasks will be 1llustrated by a detailed

description of one of the tasks: the Strip task.

STHIP TASK

The strip task was originally devaloped by the Scviet pmychologist Zak
(in Wolters 1987) and was designed to measure reflection as a mstacogni-
tive skill.

The material used is a board with an area of 30 x 60 cm on which two
parallel lines, with a distance of 15 cm.
Strips are used in the following numbers and measurex:
stripindex 1 2 3 4 5 6 7 8 9 10 11 1z 13 14
length 3 6 9 12 15 18 21 24 27 30 33 36 39 42
nusber 10 10 10 5 & & 3 2 1 1 1 1 1 1
The length is given in cm. All strips are 3 cm wide

INSTRUCTION

The instruction consists of two phases. 1n the first phase the subject is
shown a model strip and asked to make up a strip of the same length as
the model. The subject is given a nuaber of strips of varying length
and then told to use a specified number of strips for constructing a
length equal to the mcdel. It i3 emphasized that he has to think care-
fully before setting out to solve the task.

Bafore starting the task-items two introductory items are presented:
first a model strip with a length of 9 units is presented and the subjact
is inatructed to build a matching strip using two parts., The {tem is
coded as 9(2); the 9 indicating the length of the model and the (2) indi-
cating the number of parts to be used in matching the model. Task items
for the first phase are: 10(4). 14(5), 13(6). 12(7)

After the subjects have dnne four iteas they are given instructions for
the second phase. These are designed S0 as to encourage them to think
about the task before they actually bagin selecting the strips to match
the model. They are told "from now on we will see how much time you need
to do a strip". The subjects are told that they can taka as much time as
they want to think about the problem and that they will be timed only
when they begin selecting and placing the strips. For this phase four
additional jtems are presented tn each student. This second phase 1s used
to determina if studants change the strategy they used in the [irst phase
as a result of inatructions given prior to the second phasa items. Per-
formance time is taken ﬁsr }t:ra: 16(9), 15(8), 11(7) and 13{6})., One item

i
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13(6) is used twice, once before time instruction and once after time
instruction. This {itex is meant as an extra check to see if subjects
change their strategy.

SCORING
ITEM SCORING
Manipulative category (includes scores 1, 2 and 3)

This category includes behaviors that are hapnazard and without any plan-
ning. The subject is unaware of the end result until after it has been
accomplished. It is only at that time that the subject recognizes that
the task is completed. The subject behaves according to the rules while
attempting to match the model in length but looses track of the requested
number of strips. The subjects 1in this category are characterized by
placing and replacing the strips ("removing bebavior") eventually coming
to use the correct number of strips by less removing behavior. Score i
means that they and up with an incorrect number of strips. The difference
between score 2 and 3 is the number of strips removed and replaced.

Eapirical category (score 4 and 5)

This category implies inat a subject has in mind a strateqy characterized
as inductive which means that the subject recognizes the goal of the
task. The subject has no need to remove strips once they are placed, but
rather adjusts the size of the strips as the task is being solved. The
subject behaves in a step by step fashion., placing one or two strips,
making a decision, placing another strip and adjusting the next and
continuing in this fashion until all the strips are correctly placed. The
difference between score 4 and 5 is that more steps are used for score 4
than 5.

Theoretical category i(score 6 and 7)

The behavior in this category is the most efficient since the subject
proceeds in a deductive manner. The subject does all the planning prior
to the morent he actually puts the strips in place. 1In this fashion the
subject takes a stack of strips one less than the necessary number, pla-
ces these in correspondence to the model and then determines the size of
the last strip completing the comparison. With score 6 an estimation
arror is made with the completing strip.

CODING OF METACOGNITIVE LEVELS

For each of the throe tasks a score-level was calculated by taking the
rean score over the eight items., Apart from a score-leval a so called
code-level was calculated, indicating the effect of the moment of reflac-
tion induced halfway each task. The procedure to obtain the code-level
for each task 1s as fcllows: for sach of the three tasks for the first
four items and the second four {items scores were placed in one of the
three categories: manipulative - empirical - theoretical. It was then
possible to obtain a coded score for each subject on each of the three
tasks based on whether or not the strategy changed from the first to the
second phase of each task. These coded scores were placed in a numerical
hierarchy from 1 to 7 with a code-level of ! depc-nztvetliy tne trategles
using the least metacognition and a code-level of 7 demonstrating the
most. For exampls, a subject with a code-level of 1 on the atrip task
would have used a manipulative strategy for the first four items and
continued with a manipulative strategy for th:)fi?r itema after reflec-
o}
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ting was requested. A subjact coded 6 uses an empirical strategy for the
first four items and changes to a theoretical strategy for the second
four items. Fig.1 illustrates the seven code-levels that were used. A
student with a mean score smaller than 3.50, falling between 3.50-5.00,
or greater than 5.00 was classified as manipulative, empirical or theore-
tical respectively. The criteria for change from the first four items to
the second four items is that the difference between the mean score a-
chieved on the second four items had to be equal or greater than 0.75
than the mean score achieved on the first four items. In addition the
mean wcore for the second four items had to fall in a category above the
mean score of the first four items,

mean score mean score
item 1-4 iten 4-8

code
code
code
code
code
code
code
code

manipulative remains sanipulative
enpirical changes manipulative
theoretical changes manipulative
manipulative changes empirical
empirical remaing empirical
theoretical changea empirical
empirical changes theoretical
theoretical remains theoratical

N AW N

£ig.1 Calculation of the code-levelsz

3. Elementary school mathematics curricula

In the control condition the teachers used a traditional arithmetic pro-
gram. In the experimental condition this traditional arithmetic prograa
was used from the third grade onwards. In the €first and second grade an
experimental mathematical program waes used. This experimental program has
a structuralistic nature and is very much inspired by the Soviet psycho-
logist Davydov. The program consists of three main structures: numeration
system, operations and relations., In the first grade the three structures
are taught geparately and in the second grade the studentsa learn to inte-
grate them when learning to add and subtract two-digit numbers. The nume-
ration system of the program is described in Wolters (1986a), the opera-
tions part in Wolters (1986b). The part on relations follows a line of
thinking introduced by Davydov (1962).

RESULTS

To measure metacognitive skill validated instruments are needed. The pro-
cedurea and tasks were validated in another study. In that study we com-
puted with a group of elementary mchoolchildren correlations between the
three tasks and the pretest. The correlations are: pretest with Token
task .31 (p=.09); pretest with Strip task .52 (p=.009); pretest with MNole
task .68 (p=.001). The correlation between Token and Strip task is .50
(p=.01): Token and Mole task .73 (p=.001); Strip and Mole task .69

RS
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(p=.001}. This means that the metacognitive measurss are highly related
to each other and for two of the threo metacognitive tasks also highly

related to the pretest.
The results of & trend analysiz of the changes in metacognitive code

per condition (exparimental versus control) is depicted in fig.2. rig.2

shows that the metacognitive code in the .control group increases with age
and years of sathematics

c-level
instruction. For the

experimental group a
differvent picture emer- :

eap

ges. At the first measu-
rement in the second .
o grade this group tends =

5 4
contr

to perform better on B
' / wmetacognitive tasks. . -
) / Here the expearisental ’
be- group outperformes the -
. - — .- . matched control group.
Dec '8 Apr B4 June ‘8% June ‘86 But at the 1 measu~

2-grade 2-grade J-grade d-grade

rement in the second
grade the diffarance

fiqa

decreases and dissappears completely at the end of the third grade. These
results indicate that the students in the experimental group have develo-
ped their metacognitive abilities through working with a structuralistic
first grade. The effects do not last long.
two yvears the

mathematics provram in the
This can be explained first of all by the fact that after
experimental group goes back to a traditional program. Secondly although
the method of teaching still differs during the second grade both groups

to add and subtract two-digit numbers. As the teachers have to
back on well i

learn
teach material that they are familiar with they esasily fall

teaching seothods. So even during the latter part of the second

Known

grade the metacognitive lead of the experimental group diminiahes rapid-

ly.
l-seasur 2-measur 3-meanur 4-measut
Hean SD Mean SD Hean SD Mean SD
exp 4,22* 1.56 2.44 1.01 4.00 1.50 5.33 2.00

contr 2,11 1.17 2.13 1.18 3.66 .70 5.00 2.00

Table 1 Heans and standard deviations for metacognitive code-level for
experimental and control group “y
3
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A t-test analysis on the data of table 1 shows a significant difference
retwean experimental and control group at the first measuresant in the

second grade (p=.003)
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DEVELOUPMENT OF THE COUNTING SCHEME OF A FIVE

BCM FIGURATIVE TO CRFRATIANAL

Bob Wright

icrehern Rivers Colleqge

Aspects af a conatructivist reaching experiment (Cobb &
Steffe, 1983) involving weekly teaching sessiona with four
Aistrallan c<hildren 1n theit kindergarten year are
descrikbed, The study extended rhe theory of children's
counting types (Steffe et al., 1983) by studying children
y-unqger than those studied in an earlier teaching
experiment which was the basis for the counting types
necry. It alsc included aspects of numerical development
nnt in the earlier study. A descriptien, illustrated by
uxcerpts trom teaching seasions, of one chiid's progression
trom the figurative to the cperational atage is given. The
uhlid cieares motor, verbal, and abstract unitl items when
counting screened portions of ~nllertions.

Ailan was one cf four children in the kindergarten year of achool who
participated in a constructivist teaching experiment (Cobb & Steffe,
1483 durang 1384. The participants were selected on the Prasia of an
imatial interview, trom a xingergarten class in a school which 18

situated in a small regional city in New South Wales, Australia Allan

joined the teaching experiment in Juliy 1984 and was taught approximately

weekly from then until December 1984. Nine of these teaching sessions
were video-taped bw oan assistant, and *he remaining eight were audio-
Laped. Trhe purp.se of the teachirg experiment was to extend rthe theory
Eootant ey types (hreffe, vorn S.asersfeld, Richards & Cnth, 1583) by
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the counting scheme. The first is the perceptual stage, where the child
can count perzeptual unit items only. The second is the figurative
stage in which the child counts figural, motor, or verbal unit items.
Finally, at the operatioual stage, the child counts abstract unit items.
The child at the last stage is labelled numerical and the child at the

perceptual or figurative stage is labelled prenumerical.
THE FIGURATIVE STAGE

Allan's solutions of tasks in the teaching sessions of the 19 July and 3
August 1984, indicated that he had advanced beyond the perceptual stage
in the construction of the counting scheme. Each of the tasks involved
counting the items of a partially screened collection. 1In each of those
two teaching sessinna he counted the items of four partially acreened
collections. The number of screened items ranged from one to four,

That Allan consistently counted the items of partially screened
collections indicated that, at this time, he had sdvanced beyeond the

!lrst-uounting type.

Those teaching sessions were audio-taped but nct video-taped. Therefare
it was not possible to determine the nature of the items that Allan
created as he counted, Allan typically did not count aloud.
Nevertheless a consideration of the relative times he took to count the
collections indicated that he was probably counting from "one". 1In the
same teaching sessions Allan had consistent difticulty with a second
kind of task. This also involved a partially screened collection but in
this case the teacher would tell Allan how many countera there were
altogether and ask him to find how many were in the screened portion,
The observaticn that Allan could not solve these tasks together with higs
likely counting from "one" on the first mentioned tasks indicated that
he could not construct abstract unit items and therefore was in the

figqurative ataqge
COUNTING MOQTOR AND VERRAL UNIT TTEMS

In the teaching session on 14 August 1984 Allan counted the items of ajix

partially screened collections and four collections partitioned into two

screened portions. Two distingt types of counting activity we:re
3]

i
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obsaervad when Allan counted these collections. One type of counting

involved tapping. The other usually did not involve sequential

movements but occasionally inveolved nodding. Neither type involved

vocal utterances or discernible lip movements. Nevertheless, as an

inference from the times taken, there was little doubt that Allan

counted each collection from “"one®™. For the first task the teucher

displayed five counters and directed Allan to count them. After Alla:

had done so the teacher screened the five counters and displayed three

more. The session continued as below.

T: How many would that be altogether?

A: (Places his left hand in his mouth and makes vertical i
movemeats with his lower jaw while looking at the =
teacher.) =

T: (After aight seconds, interprets Allan's looking at him as
not understanding.) If I put those (Points at the three
unscreened counters.) with those how many would that be?

A: (Looks downward. After slx seconds looks up at the
teacher, and smiles.) Eight.

In the last part of his solution Allan neither looked toward the

counters nor made any movements., His behavior was consistent with

having subvocally uttered the numbar words from "one™ to "eight™. This

indicated that his number words signified countable itema and therafore

he counted verbal unit items. Allan was continucualy engaged In

counting the second collection for fifty seconds and during that period

he spontaneously restarted the task three times. Allan's first attempt

to count this ccllection ia descrilbed in the following protocol. Saven

counters were screened and three ware viaible.

{(Screens the seven counters and then places three visible
counters on the desk,) How many would that be if I put
all of those together?

3

A: (Pauses for five seconds and then places his hands on the
desk. Looks at the screen. Taps three times slowly,
pauses, then taps four times slowly as before. Loocks at
the unscreened counters for two seconds )

Thet he was apparently unable to continue counting when he looked at the

unscreened counters indicates that, when ha was looking at the screen

and tapping, he was counting his movements rather -han items which

. Y q
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corresponded to the screened counters. His movements merely signifiea
the screened items. Lecause he was focusihg on his movements rathe:r
than substitutes for the screened items he was not aware that he could
continue to count the visible items. This was an indication that he
counted motor unit items. 1In this teaching session Allan also counted
two ccllections edch of which had been partitioned into two screened

portions. The first of these contained two screened portions of five.

Allan counted motof unit items when counting each portion of this

collection. The second ~ollectien centained a acreened porticn of eiaght

and ~ne of 31x. Allan sojutinn is described below.

(Pzints tv Lle two screens in turn.) Eight, and six. How
many aitogether?

{Makes eight deliberate movements ot the fingers of liis
right hand while looking toward the portion containing
e1ght ccounters, [ooks toward the screcned portion of six.
Makes s.x noids of his head, each of which involives opening
and cl-sirg kis mouth by holding his lower jaw and ra:sing
and iowering haas Feadd Thern lanka A% *he roacker
Fourteen.

wnen he counted "he fir3l 3 reenel poif lth L3 o=udai Tounters Alian
focused on s finger movements and lherefore was counting motor unat
items. Aithsugh Allan nodded his head when counting the second por-icn
1t 18 uniskely that e cnunted nDus nold. cteffe et ag . (19v) "toand ro
evidence that ... node .  ara ken az countabile mitor items
Tand saggestel that) b Tay d . fact that the kinesthetic
feedback ... is autcmatically used by the nervous system in compensatory
Iomputat iun that keep'’s tne perce.ver's visual field starle" (p 19)

pracsibie 31qgeats 0 13 that when Atiarn acunred thes ser.nd

hias sunve-al number worgs g5 3730wl cagrrariae o andy

he Coanted vertal ungr jrers,
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(Passes the screen to Allan.) Cover them up with the piece
of paper Allan please. (after Allan screened the
counters) Now reach under and take two away. Without
looking! Use your hands. (after Allan removed two

counters) Now my question is hcw many are left (Points to
the screen.).

Unm (Thinks for eleven seconds while looking forward and
rocking in his chair.), Four! Five!

I shall show you again. (Pushes the two counters undar the
screen and then removes the screen.) How many are there
now?

Umm (Subvocally counts the collection of ten counters.),
ten!

(Raplaces the screen and then removes the two counters as
before.) Houw many would be there now?

{Thinks for seven seconds.) Six!

UntLil the last teaching sesasion on 10 December 1984, Allan consistently

failed to solve missing addend tasks as well as tasks similar to the one

deacribed above. This led to the cenclusion that he could not creste

abstract unit items.
CREATING ABSTRACT UNIT ITEMS

in his final teaching session, on 10 December 1984, Allan indicated that
he had advanced beyond the figurative stage. On five tasks he
identified two missing addends of two counters and two missing addends
of three. He failed to identify a missing addend of four counters.

llan's solutions of two of the tasks are described below.

{(Places out eleven yaellcw ccounters.) I think there are
eleven Lhere. Jan you see if 1 am right?

{Counts aiuud while pointing to the yellow counters in
turn.} Cne, two, ...eleven.

(Places out a screen which conceals tws red counters, while
leaving the eleven yellow counters unscreened.) Nnow, with
these it makes thirteen.

(Looks at the screen to: ivui secvuds and then looks up at
the teache:.)} Two!

Let us see.
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A: ([Lifts up the screen and smiles after seeing the two red
counters.)

T: ©Oh! Very good!

A: I know that because after ~leven comes twelve and thirteen.

T' You were right! (Removes all of the counters except two of
the yellow ones.) OCkay, well how many are there now?

A: Two.

T: (Places out a sc.een which conceals three red counters,
while leaving the two yellow counters unscreened.) Now
with these it makes five,.

A: (Locks at the screen for three seconds and then locks up at
the teacher.) Three!

T: (Removes the screen to reveal the three red counters.) Very
good.

Allan indicated that he could now keep track of a continuation of _o

cuunting, and in 3o doing, identify missing addends. Ilie had been quite

unable to do this before. This counting involved creating abstract .anit

items.

In his final teaching session he also solved tnree of five tasks which

involved a comparison of Lwyu scireened ccllections. He had falled to

solve similar tasks on each of four earlier occasions when thase had

been presented to him. One of the tasks he solved in the final teaching =

sessicn (10 December 1984) involved comparing seven cubes and ten

counters. Allan's solution is described below.

T: (Places out seven cubes.) Let us have that many jockeys.

A: (Looks steadily at the cuocs for nine seconds and does not
point.) Seven!

T: Will you cover them up! Thera are seven jockeys (Places
out ten counters.). Tell me how many horses we have?

A: (Covers the cubes and then looks steadily at the counters
for twentv-four seconds and does not point.) Ten!

T: Will you cover them up! (Slowly touches the screens in
rurn.) Seven jockeys, ten horses, how many horses would
7% have a jockay?

A: Umm (Looks at the teacher for threa seconds.), three!

T: (Mot ions Allan to remove the screens.) You try lt. Let us
figure it out. Let us put the jockeys on the horses

J2u
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(5iuwly puts a cube on each ccunter. Then louks steadily
at the cuunters which do not nave a cupbe on them, and
after six sec~»nds loocks up at the teacher smiling.;) It
was!

Allan's sbility to soive tasks in n1s final teaching sessicn Lharv,
previous 3sessicns, = b : Favds.
organizatisn 3f hia ceunring atheme was o anderway

e was advancing te the speraticnal 3tage i Lis

This paper descrites cne aspect ching experiment whih was

Jdesigred to entend rhe thesry ~f ‘hildren's counting types (3 effe of

ai., 1383,. It i3 clear frum the teaching experiment that tne thecry

sAn guaie > RSS- ¢ five year oid children who: are prenumerical,

and can pe used 1o explain and predict the mathemativcal behavior cf s.7h
ALl *rur cniidren whoe pettilipdted in rhe *eachirny exper:ment

progreans in the conatruction of their counting schemes
kindergarten year (cf. Wright, 1944, Allan,
progress 18 Jdescribed In tNUS pdper, wAl crmen e
vertal o un rLens wnen Counting the items of ssreencd sollecti
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SAY :T'S PERFECT, THEN PRAY (T'S PERFECT:
THE EARLY STAGES OF LEARNING ABOUT LOGO ANGLE.

vickl Zack
McGill University, Montreal, Quebec

Abhstract: The iangitudinal naturaiistic study has been
investigating elementary schoo! children’s understanding of
angle. Findings tndicate that while discoveries about angle
are {ndeed being nade, the pace of the learning hag been
slow. There {9 a need for more time and continufty (n the
searning and teaching of Logo, and for more axplicit
teacher-eijcited connecticng between Logo geonetry and
school geometry, {f Logo is to play a rule {n tne
eathematics surriculum.

Within the emerging nucieus of work concerning the learning of the

concept of angie in the Logo environment, there are a number of studles

which devctg attentlion to the early phases of the learning (Hillel and
Er!wanger, 1983; Hillel, 1984; Noss, 1985; Hoyles, Sutherland and Evans,
1985: Xiersn, 1986). This paper focuses on the learning about angle which

takas piace in the ear!y stages of work with Logo-- the tirst 30 hours or

so of Lecgo iearning.

‘n my study, the exploratory "groping®™ stage tovard the learning of
ang.e has been more prolonged, on the part of som@ of the chtidren, than I
had anticipated at the outset, This longitudinal study in a naturallstic

eleaentary schooi, and then secondary school, classroom cosputer

.aboratory setting has traced some of the chiidren’s work {n Logo

{appruximsate.y I sevslons per year) from grads 3 (B8 to 9 year-olds) to
grade 7 ‘12 to 13 year-oidsj); and yet the majority of the chiidren can be

.

angies. The 4ifficulties experienced by the chiidren in this study confire

seen, In grade !, to be sti)] at the exploratory stage of work with

sose n! *the fincdings reported by the afcre-menticned researchers, but the

race of 'he iearning has been sicwer. The discrepancy in pace between this
study and those -ited above might {nr part be attridbuted to differences In

setting and curricuium agenda ‘for example: assigned tasks; tise frage;

dathesat!ics agenda; staffing by regsearch and matheeatics experts). What

‘% certaln is that tne chi.dren have eors difficuity with the ‘seemingiy

‘iapie’' 13spects uof Logc than the |{iterature would sometimes have us

Jeileve.
Rosearch wks supported by 8 Social Sciences and Humanities Research

Tounc!. Qeocterel Fellowship.
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In a previous paper (Zack, 1988), | presented findings concerning the
level of atteinment vis-d-vis angle of all of the 23 (grade 5, 10 to 1§
year-old) children in my study, using as a mesns of focus their
understanding of "right angle.” This companion paper will feature two of
the children from that class. It will touch upon (a) their difficulty with
determining the size of a 90" and other turns; (b) the language the
children use to describa turtie's location, heading, szmount of turn; (¢}
their probtism solving and recording stratagies; and (d) the fact that they
do not make connactions betwaen Logo geometry and school geometry.

RESEARCH DESIGN

The setting vas a private, multilingual Jewish day school. All
participants ({1 giris, 12 boys) came from a mniddie class background. In
1885-86, the hsterogeneous grade five class of 23 children, split into two
groups, attended twelve S0-ainute Logo computer sessions in the computer
classroom equippad with 8 Apple |le microcomputers, Apple Logo | software,
and one printer. The expert Logo teacher, Monica Shapiro, used an
{ndividua!ized approach with the student pairs. The projects were chiid
selscted (exception: Monica assigned an across-class task during the last ..
session). No changes vere made to the Logo software (exceptions: use of ,.1
slovturtle in grade 3; addition of a HELP comsand to the startup aids to
heip studenis check turtie's heading when needed). The regearcher vas a
non-participant observer. An obgservational-clinical research design vis
ugsed. The data i{ncluded: the researcher’s, the teacher’s, thes children's
notes; interviews with the Logo teacher; three clinfical interviews with
the children (one at the start, one at the close of the grade five
sossion, 1865-6, with 23 children; one at the end of the grade six year,
May 1987, with 58 chiidren); and i{n-depth videotape reccrds, transcribed,
of the work of five pairs of children (both the Logo work and the camera .
record of their interaction). Monica, the Logo teacher, wanted the N
children to learn the Logo theorems via exploration, and via her input i
when her help was sclicited; but the learning of mathematics concepts via
Logo vas not the primary objective in her agenda.

0f the five pairs vhose work was videotaped, transcribed and
analyzed, | have chosen the work of one pair to discuss in this paper,
that of Lilly and Rina. Their attainment in relation to the rest of the
class was average; on the class grid, they wiil be found in the middle
range of the ciass (Zack, 1986, p. 100},




STRIVING TO MAKE SENSE

The subtitle "Striving to make sense” pertains both to the chiidren’s
trying to make sense of Logo angle, and to the researcher's trying to make
sense of what the children were doing and saying vis-i-vis their turns.
Lilly and Rina, and 18 of the other children in the class, used a purely
visual (Kieran, Hillel, and Erlwanger, {966) feedback strategy for
detaermining inputs to RT/LT. 1 have termed it a gontext-referenced
strategy, for they only made decisions on inputs to RT/LT when in
iamediate node, using the scrsen as contextual reference. Rinz and Litly
used their own teres, what Kieren (1987) cails ethno-mathematical
language, to describe the turtle's location, and amount of turn (Sae
balow, eg. "it’s straight,” "go half,” "go all the way around”}. It was
only via contextua! reference to the videotape that the researcher was
abls to comprehend how Kina and Lilly's verbal descriptions matched the
end result of the back and forth, left and right, exploratory moves that
they had made.

PROBLEM SOLVING STRATEGIES AND RECORDING STRATEGIES

Liliy and Rina uged the turtle to navigate (Sylvia Welr) around the
page as they drew. Because they did not yet have a sense for the size of
the rotational turn, they vould "fiddle around® (Rina, May {987) until it
looked 1ike it was perfect. They wouid then often say "it's perfect,” and
somatimes pray aloud that it be perfect.

They recorded step by step in their Hiiroy book concurrently with
their movas. They combined on paper by brackating in pencil ths "like"
inputa. (There vere no occurrences of the combining of unlike inputs,
either FD X + BK Y = FD (X-Y), or, more difffoult, RT X + LT Y = RT
(X-Y).) Lilly snd Rina used the editor as a (hopefully) accurate trace of
their immediate mode commands., No debugging was done in the editor. Rina
egpecially subscribed to a "Be safe but sure™ motto concerning her Hilroy
entries: "!'m not taking any chances (Dec. 4) . . . . ['Il write dovn the
nistake, As long as it turns out (Dec. 18)." In checking their Hilroy
notebook inputs when attempting to find a bug, they could only resort to
reconci!iing the nusber and saseness (and for Lilly, the equivalence) or
the actual written entries, In trying to resolve an error in angular
rotation, they were never heard to use a "Does it make senge?™ test, most
probably because they did not haive a concept of the size of the turn
against which to gauge their input,
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EXPLORING THE RIGHT ANGLE TURN

[ would tike to consider more closely the difflicuities for Rina and
Lilly entaji!ed in what might seem to an obgerver to bea a aimple :ask,
namety that of corstructing a rectangle. In grade 3 the chilidren had been
*glven" RT/LT 80 for wmaking cornars. And yet when Lilly and Rina esbarxed
upon tne first part of the{r chosen project, the rectangle part of the
tape/stereo "ghetto-blagter” they wished to make, tney had to work through
each corner turn. The episode below tock place midway through their Logo
sgessions (Novesber 20, 19B5--3ession %60, | chose (t 25 a foca: point of
reference because it offered a gilmpse at the children's moves, their use
of language, thel; awareness 2f visual Zues «hich sigra. error, ana thels
interaction with neighbouring peers vis-a-vis their product.

They arrived at the first turn (marked 1 below) by keying RT 35 RT
3. RT 10, RT S, Lill, declared: "it's straight.” As soon as they
proceeded with Line A, they saw that the line was jJagged. Thelr evaivation
foiiowed. Liity sald, "It's good”; Rira satd, "it's pad™; Li.iy ccuntered

with: "[t doesn't matter.” (However, as became clear !n subsaquent
ccements, the jagged line did bother them--Rina especlaily-- very much
At thts point they iet {t te. Rina expressed o A --32
surprise at the ccatbired sus- 85, and stopped ‘(
tc reconfire with Lilivy tnat it d1d  Indeed L

I

take "RT elghty-five" to "get all the way
arsund. " }

For turn 2, Rina uged the information from tne preavious turn. She
stated: "We wanna gc half, we want RT 85.7 (it {s oniy by contextuai
reference to the screen, and by the fact that one knows that they are
alming for a "corner” that cne foliows that "ali the way aroupd” apd “we
vanna go halt"™ both refer to a quarter turn.] Rina and Lilly then
praoceeded to disagree about the input, and it sgurded as !! they vere
sti1i disagreeing when they bcath decided on an tnput of RT 35, which., with
serendipity, was the ~crrect input. The subsaguent iine, cine B, was
straignt.

Turns 3 and 4 were the reaults 2f {nputs af 37: there verae
latera!isation errors, but both chiidren ayreet " ha* 9% 435 the input, ar3
they used corrections of {80 when needed. One might think that they had
now grasped the tmportance of S0 in making a -scoth corner with strafght
i{ne arms. |* was >lear “-we.ar that they nad rct yet sasteread the 3C when
ore ilarened to Rina ang Liiiy'y interaztion wi't reighbouring peers (Russ{

ll;.
L
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Michael) which followed shortly after the teacher had come by and "ticked
off? that the rectangle part was done.

Russ: Rina, Rina- 5Shouldn*t the iine on top be straight?

Rina: Ya, but we didn't do that.

Russ: So why didn't ya do it?

Rina: We didn't do it, (Points to the CRT) !. turned out like that.

Russ: Ya, ‘cause you did soeething wrong.

Rina: No, we didn’t do ‘anything wrong.

Lilly: *No, we didn't.

Russ: (inaudible)

Rina: (getting back to work, leafing through the pages of her
recording book)
'Kay, we have to get into the editor.

Michael: You DID, 'cause you went downwards. f{inaudibie)

Russ: A line would npever be like that.

Rina: You wanna bet it would? It happened *(? to me a couple
o’ times)

Lilty: *BIG DEAL! (Now sitting straight, looks at her book?

Rina: 0.K. Logo editor, (Looks away froa Russ and Michae!
signaliing the end of their interchange with the boys.)

The jagged Iine served as & cue to Russ and Michaei, as it had served
to Lilly and Rina, that gcomething was wrong. But the girls did not respond
well to the peer {ntervention by Russ and Michael. Rina and Lilly's
lukevara reception of Russ and Michaei'g comments msay bas due to the fact
that (1) the boys were offering an unsolicitaed,negative evaivation of
their product; and (2) Lilly and Rina had just coepleted the "rectangle”
part af their project and were anxious to get on with the next part of
thelir work.

I wondered vhen reviewing the tapes whether Lilly and Rina had
des{sted from debugging because they were rushed, or because they were
unable to correct. | therefore Jooked at subsequant tapes ciossly and
noted evidence as jate as January 29, 1986 that Lilly wvas not rompletely
tn comomand of the 90 as {nput. !n the January 29 teacher-assigned
across-class task requiring squares, Lilly groped for the {nput to LT ( LT
S0, LT 19, LT {i), then suddeniy clearad the screan and said sharply: "LT
90!" During the ciinical interviews in Feb. 1986, and in May, 1987, |
asked Lilly and Rina about the rectangle. When asked (in Feb. 1986) what
she could have done differentiy In making the rectangie, Lilly was able to
state that she would have had to turn RT 90 "to sake (the line) straight.”

53




Rina, however, in both the February 1986 i{nterview, and in the Hay 1987
interviow, asserted that she did not know how she could have made "that
corner even. . . .l don't know why that (i.e. the jagged iine) happens.”

During the February 1885 (Zack, 1986} and the May 1987 interviews, it
wag clear that Rina and Litly had aade progress in their understanding of
certain aspacts of angular rotation, though there were stilil gaps to be
tilled. Rina was able to identify a right angle in different orfentations
(on paper). She was able &p use it as a point of reference when needed.
For exampie, in proving tha- the blackboard angle aust be obtuse, she
showed how {t was more than v0; 14/56 students were seen to use 90 as a
refarence in this way. Rina wes not able to use an analytic (Hillel,
Kieran and Erlwanger, 1986) problem-solving approach to deteraine the
supplesent for an angle of 175. She stated that she "woulid fiddle around®
until she go* ..are she wanted to be. She was not able to use analytically
the classroom geometry information she knew by rote, nameiy that there are
180° in a straight line. She was also stil{ working toward consolidating
the fact that the input to RT/L? {3 equal to the nusber of degresa In an
angle (Zack, 1986).

.Lilly was able, with prompting, to figure out the asount of turn
needed for the supplement of a 50° turn. [A total of 10/56 or 17.8% of the

students interviewed were able to use an analytic approach with prompting;
and 5/56 or 8.9% of the students were able to do so without prompting.])
Lilly used a method employed by three of the students who were able to use
an analytfc approach. She first moved the cardboard turtle through a turn
of 80; and then worked within the one resaining quadrant, deteraining that
the complement of the given angle was 40.

IMPLICATIONS FOR THE CURRICULUM--NOW WHAT?

The pace may sees slow, but the learning offers a rich foundation upon
which to build. For Liily ard Rina, the right angle and its relationship
to other angies would be a fruitful starting paint, i{n view of the timse
they spent aaking some sense of it. The findings indicated that Rina and
Lilly, and the majority of the children {nterviewed, had not been able to
oake connections between Logo geometry and school geometry (Zack, 1986),
nor to work analytically within the Logo environment itself; indsed, the
fact that they were "drawing"” precluded the need to do so. And yet as the
project drew to a close in January, 1988, it way clear that major
obstacies [ay in the way of f'iture progess in the children's learning of
angle via Lomo, namely: (1) the children’s perception about Logo;

Fal
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(2) the time frame; and (3) WHO was going to help make the connections.
The percepticn of some of the children interviewed in May 1987 was that
Logo was "just drawing™ (13/54, or 24%); the majority felt that they had
learnt everything thera was to know, and that they had outgrown Logo by
grade 5 or 6, When asked "Do you feei that Logo can help you learn about
angles? How?", eleven out of the fifty-six chlldren intarviewed, incliuding
Lilly, said that they never thought of angles while doing Logo. But
certainly a teacher could highilight the vital connections. The question
then is when and who. [t was the elementary Logo taacher’s (Monica’s)
expectation that the high schoo) curriculue would be the most appropriate
stage for the expiicit invoking of connectlons., At the end of the grade 7
Logo coaponent (agaln approxiaately 10 sessions in Noveamber to January,
1987-88, and the jast year of Logo), It was clear tnat Monica's
axpectation was not going to be realized. The reasons were, briefly, as
follows. The cosputer teacher spoke of the limited tise span he could
aliot to Logo within the grade seven computer curriculum, he noted the
pupil-teacher ratfo (1/24}, and the desire to cover topics such as
"varlables® and programsing skills. The computer teacher (who had also
taught the mathematics grade 7 course) overestimated what the children
knew about angles and Logo geometry. The two Grade 7 mathematics teachers
interviewed stated that they did not make any connections to Logo geometry
in thelr mathesatics ciassroos; one said this was due in part to her
unawareness of what the children had learnt.

1t the siow pace of the learning detected in this study refiects the
pace in many current Logo school programs, this factor may in part expiain
the frustration with Logo that Watt and Watt (1887a) have reported
teachera are feeling. The Watts (1987b) have cited teachers’ complaints
that "Loge isn’t working™ and that "students aren’t learning lmportant
mathematics and computar science through expioration and discovery.” Ve
are in sose danger, then, of throwing out the proverbial "baby with the
bath water.” Findings from this study indicate that there is a need for a
more concentrated, continuous time frame for the Logo learning, a need for
an underiying but pot restricting mathematics agenda, and a need for
teacher-elicited explicit connections to be made concerning both the
underlying structures of Logo geometry, and the relationship between Logo
geometry and school gaometry, i{f Logo i3 to play the contributing role it
can play in the mathematics currfculum.
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SUBSTTTUTIONS LEADING TO REASONING
Nurit Zehavi
The Weizwann Institute of Science, Israel

A software package which combines skill and reasoning for

substitution in algebralc expressions was developed in the

Department of Science Teaching at the Weizuwann Institute. A

study based on the gmplementation of the software was

conducted (n=85), and teachers were involved In cognitive

workshops., The workshops incorporated a psychometric method

that agplies an index called the Caution Index, which detects

unurual response patterns. The research instruments were a

test which required a combination of skill and logical

reasoniing in substitution tasks, and the last progrem in the

software {a game). The test's results can be related and

explained by the kinds of effect of the scftware on various

tvpes of student. Observation of students playing the game

and evaluating their achievement of the learning goals led to

patterns for adaptive implementation of the sct'tware for

i1ndividual students,
The problems and difficulties which students have in algebra have oeen
the subject of much investigation (Rosnick and Clement, 1980; Matz,
1981). According to Wheeler & lLee {(1986), the algebra school currienlum
forces pedagogy to oscillate inconsistently between presenting algebra as
a universal arithzetic and as a formal symbolic system. This affects
student conception of justification in algebra: for example, a single
numerical substitution can lead to incorrect reasoning and the
"Jjustification" for changing an algebraic equation.
In the traditional repertaire of activities in the junior high school
algebra curriculum, the student is mainly concerned with manipulation of
expressions, word problems and solving equations and inequalities. The
introduction of microcomputers in the classroom enabies the design of
novel activities which may help to bridge the arithmetics/formal symbolic
divide. These activities fall into three main types: the learning and
practice of algebraic skills as part of a strategic environment,
algebraic tasks involving progremming, and microworlds that provide

access to multiply linked representations.

Kaput (1986) btelieves that novel software environoents will help shapu

the directicn of mathematics teaching and learning, if reasonable teacher

training support is given, On the other hand, he mentions (in resucion

The author is grateful to Naomi_ Taizi and Nira Schwarzberg for their
cantribution to the development of the software and to the study.

Thanks to Prof. M. Bruckheimer for his contribution to the consclidation
of the idess presented in this paper.
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to an example of a goftware in algebra) that we are a long way from
underatanding how to exploit this new tool pedagogically.

The Department of Science Teaching at the Weizmann Institute maintains a
curriculum project in mathematics which integrates educational cognitive
research with the practicel activities of development and implementation.
This integration applies equally to the development of software within
the curriculum project (Zehavi et al, 1987; Zehavi, in press). 1In this
paper we describe a study based on the implementation of 2 software
package of the first type above with focus on cognitive workshops with
teachers as part of the guidance process.

The workshops incorporated a psychometric method that applies an index
called the "Caution Index", which detects unusual response patterns and

is obtained from a student-problem curve developed in Japan by Sato (see

Tatsouka, 1984; Birepbaum, 1986). A binary data matrix is suitably

rearranged 80 that an unusual response pattern for either an item or a
student can easily be identified. The anomalities expressed by the
caution indices can be related and explained by the kinds of effect of

the software on various types of student.

THE SOFTWARE

The rationale in the development of the software is that we want to offer
activities which combine skill and reasoning for substitution in
algebraic expresaions. The activities involve one-dimensional dynamic
presentation of the role of perameters in algebraic expressions. The
goftware contains two tutorial units and two competitive games.

The basic task is to separate a list of increasing numbers, according to
the sign of the result of their substitution into a given expression., At
the beginning the tasks involve expressions, for which there 1s only one

change of sign:

b(tx + a) or :-x-—?-}-;
In Figure 1 the numbers to the 1aft of the dividing streoke give negative
results when substituted in x - 7 and the numbers to the right give

positive results.




-7 -2 1 alena:sh
J

:

-23 -18 ~14 -9 -6 -4 | 3 9 D

Figure 1: Substitution in x - 7.

A game for two, "Warring Expressions”, offers a strategic environment
which requires mathematical logical reasoning in addition to skill-drill.
Each player gets a random list of numbers, which remains throughout the
game and an open phirase which changes at each turn (see Figure 2). The
aim of each player 1s to be the first one to "“turn on" all the numbers in
his/her list. To achieve this, at each turn, a player can choose to
“turn on" numbers in his list that give positive results, or "turn off"

numbers that give negative results in the opponent's list.

S

IENRSN YNNI

Playsr A Player 8
(R (=] J

Figure 2: Warring Expressions.

To 1llustrate the skills and reasoning which are involved, we consider
the situation in Figure 2. It is player B's turn. If {s)he chooses list
8, the divider should be moved to the right and placed between -10 and
-7, lighting of the numbers to the ieft. (If a player places the divider
i{ncorrectly (s)he loses the turn. This may possibly happen here because
of difficulties in dealing with the double negative, in the list and in
the expression -9-x.) If player B chooges list A, in order to cause
his/her opponent trouble, the divider should be placed between -10 and
-5, and then the three numbers to the right will be "turned off". Note
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that at each turn a player can (and should) consider the other player's

expression. In the example, if player B does not stop player A, the

latter can win the game in the following move.
The next tutorial unit deals with expressions which have two changes of
sign:

X + a

(:x + CI] (X +- b: or “—X_*T

The following game, "The Expression Strikes Back”, requires a higher
level combination of skill and reasouning. This game and its role in the

study will be described later.

THE STUDY
Three Grage 8 classes in one junior high school participated in the
study. une of them was the experimental class end the two other classes
formed the control group. The three classes were of about the same
average ability as measuced by an achievement test administered by the
school teachers:
Experimental class (n-=28): mean score 75.7, standard deviation 13.4,
Control classes (n=57): mean score 74.6, standard deviation 14.2.
The software was presented to the expertimental class after the students

were taught the techniques for solving linear equationg and inequalities.
They worked on the three first programs (the first tutoriel, the first
game and the second tutorial) for three lesson periods. The study was

conducted as part ot an in-school cooperative guidance system and thus

the teachers of the three classes ard Lhree student-teachers observed the

students using the software.

A test which required combiration ot akill and logical reasoning in

substitution tasks was given to all three classes. Student responses

were checked by the researchers and the Sato sratistical method was
applied. The findings were described and discussed with the reachepa in
cognitive workshops.

Test results and discussjion =

Student scores for the experimental class had a correlation of 0.73 with
the school-achievement Lest scores., As expected higher correlation was
found for the control classes since nu treatment was given. =

The substitution test contains four parts. In the following we bring the -
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results for the two groups on the last two parts. An asterisk (") is
used to indicate an item for which the caution index {CI) was found to be
larger than 0.3. This indicates the existence of an anomality in the
response pattern; that is, some low scorers on the test answered that
item correctly and some high scorers missed it

The third part requires high level combination cf skill and reasoning.
reguler techniques do not help. The items were presented in ascending

o1 Jer of complexity as can be seen from the results,

The difference in favor of the experimental class, probably due to the
affect of the software, is very clear. We found high caution indices for
Items 9 and 10 in the contrel group which mcans that some low scorers did
not stirk to techniques and reasvncd correctly.

interest for the experimental group.

Item 1i: {x|{x € £} is the truth set for H(x +

Cill in the blank.

Item 12: {x|x (ft) 3} is the truth set for -Z(x + i:;) >

114 in the blanks.

These two items Are the nnly ones in this part that involve an expression
of the form {(x + ij! ', where the blank has to be filled by a negative
number. Ir the sgnftware, students had a chance to practice with
expressions of thig sert nnd we observed difficulties. It seems that Lhe
fevdback given to some generally low achieving students caused their

20 such sitnations,

Tha last pa:t deals witn gquadratic expressions, and the students were
also asked to generalizo their answe:r.

For example, [ltem 17:
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The number -3 belongs to the truth set of (x + 6)(x + l_l Yy > 0.
which numbers cen fill the blank?
The results are given in the table.

Table 2: Results for Part IV
Here again we can coumpare the responses of the two groups and discern the
possible effects of the software. From the student-problem data matrix,
we can also detect the students who seem to benefit more than others.
Let's lock at two possible solutions of Item 17: One can argue as
follows: since -3 + 6 is positive, the second factor must be positive,

and -3 + || is positive for |_| > 3. Another way is to substitute -3
and obtain a numerical inequality (-3 + 6)(-3 + l:| ) > 0, simplify to
obtain -9 +3 . i:] > 0 and then solve for |_| . The software provides

opportunities for arguments such as those in the first solution. In
fact, 21 students out of 28 gave & corrvect answer using such arguments.
Some of them were low scorers on the whole test (CI=0.43). Among the 7
students who made mistakes, 2 used the second method. In the control
group 14 students (out of 57) used the second method, of which, some
solved it correctly and others made wmistakes.

We notice that Item 17 inc.udes an expregsion of the type (x + l___l } as
i, other items with anomalies in the respongse pattern. Item 18 was
similar but more difficult with a low caution index (0.12), it involved
an expression of the type (x - | | }.

Creative observation

In the cognitive workshop the teachers congidered Lhe structure of the
software in depth. They were now ready to observe individual students
playing the gecond game, The Expression Strikes Back (see Figure 3). A
brief description of the game follrwa,

o
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g

Choose & rod

[¢.1wmm)]
2-%

N @J

Figure 3: The Expression Strikes Back

There is one list of numbers, two dividers and an expression ot the four
X +
=

{a+x) (x+ || ), o0r Numbers are "turned on" if they give

a positive outcome when substituted in the current expression, and turned

off if the outcome is negative. The first player aims to "turn on" all
the numbers in the list and the second aims to turn them off. In Figure
3. it is the turn of the second player. who has to choose one divider,
move it and then fill in the blank so that the dividers geparate those
numbers that give e positive result when substituted in expression from
those which give a negative result. In this case, if the player reasons
correctly, (s)he will prefer to move divider 1 to the right of the number
-1 and write -13 in the blank. The "computer"” will then turn off the
lights, but the light above the number 3. In the design of che game we
had two intentions. To provide opportunity to crystallize and zeneralize
the tasks of the first three programs, so that the learner will achieve
the goals of the software. At the same time, we wanted to be able to
evaluate student actions. Therefore, we designed it in such a way that
it is, in fact, free of strategic considerations (which creates "noise"
in the evaluation process). However, since the tasks and the rules are
quite complex, the game attracts students before they have gained mastery
and is thus a learning environment.

We chose six students whose achievement differed as measured by the
substitution test and who had different caution indices, thus
representing various response patterns. We asked the six teachers and
student-teachers to play the game ihdividually with the students. The
teachers wer? instructed to make the least move, with no explanation and

to record and assess the student's actions. Based on their observation
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they suggested patterns for effective implementation of the software
wncluding related worksheets for individual students. Some of the
observation protocols and teacher suggesticns will be presented in the
talk.
CONCLUDING REMARKS

There exist several attempts to use computer software 1n the teaching of
investigation of algebraic expressions by using graphs cf function. Such
prrsentation requires formal interaction of algebraic and graphical
concepts. Qur experience with junior high school algebra teaching
indicates that informal one-dimensional presentation could serve as a
preparatory stage. This was our starting point in the development of the
apoftware described above. T.e idea was to enhance student ability to
combine skill and reasoning.

Another aspect of the study wes teacher involvement in the evaluation and
adaptation system. A repetition of the method in some more schools will
help us to formalize diagnostic patterns for effective implementation
which will be used in the further development of flexible adaptive

versions of the software.
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