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PREFACE

The 12th annual conference of the PME is the first meeting
in the history of the International Group for the Psycheol-
o8y of Mathematical Education held in an East-turopean so-
cialist country, The conference takes place in the old

episcopal city Veszprém, from July 20th to July ~5th, 198E,

There are a number of difrerent ways in which participants
at the conference may make a contribution: research reports,
poster displays, working groups /initiated in 1984/ and
disoussion groups /initiated in 1986/, One session is deo-
voted to the preparation for the ICME-6 presentations of
the PME, An innovation at this conference is that following
each group of papers of similar topics a summary session
will be held to disouss and evaluunte the achievements in
the given territory, The discussion sessions will be held
the following topics:

Algebra

Rational numbers
larly numbers
Mcetacognition
Tenchers’ bLellefs
Problem solving
Conputer environments
Social factors

would like to thank Thomas A, Romberp, Claude Comiti,
Kathleen Hart, Richard Lesh, Tommy broyius and Coletto
Laborde for volunteering to chair and introduce these evale
uation sessions,

5" resoarch papers have been submitted to the conference,
All of them have boen evaluated by at least two reviewers
and the final decision on the acceptnnce of the papors has
boen done at a session of the International Progran
Committee in Budapest, Lased on thoe reports of the re-
vicwers, The membeors of the International Coumnittoc of the
', and the International Program Commmittee have served as
rcviewors for the submitted papers,

The order in which the research papers appear in these

twe volunos is alphabetic /according to the first author
of the paper/ except for the invited plenary papers that
are taken first, Thorefore the order of the papers in the
volumes does not necessarily reflect the order of prssen-
tation within the meeting itself, Any partioular paper can
be locatad by consulting citlhier thic table of contents at
tha beginning or the alphabetical list of contributors at
tiio end, We would like to thank tho International Program
Committeo, the Local Organizing Coumiittco and the revioewors
fo their assistance in tho preparation of this conference,
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International Progra.t Commnittee:

Chalruan: J&nos Suréanyi /Hungary/
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Secretaries: Andreoa BorbéAs and Maria Dax
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HHISTORY AND AIMS OF THL PME GROUD

At oh Second International Congress on Mathematical Edu-
ertion /ICMLE 2, Exetur, 1972/ Professor E, Fischbein of
Tel Aviv University, Israel, instituted a working group
bringing together people working in the area of the
psychioloy of matheiatics education. At ICME 3 /Karlsiuhe,
197,/ this group bocame one of the two groups affiliated
to the International Commission for Mathematical
Tnstruction /ICMI/,

sccordin; to dits Coustitution the major goals of the group
aro:

1,/ to promote international contacts and the exchange of
.cientific inforiation in the psychology of mathemat-
vca’ ecducr. tion,

to prouote :nd stinulate interdisciplinary research
in tho afores ' area with the cooperation of psychol-
sist i, maths anticinns and eathwmatics teachers,

to furtaer o decter and mo.se correct understanding
of the payetatosier]l rapects of teaching and learning
mAatnouatics ony toe iienlications thereof,

SIS §Y

1,/ Mealorship is open te persous involved in active
rescarch in turtaerance of the Group’s ajms, of proe
fossionally interested in the results of such
re30arcii,

2,/ Meriborship is on an annual basis and deponds on
pravaient ot the subscription for the current year
/January to boceuber/
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STREET MATHEMATICS AND SCHOOL MATHEMATICS
Terezinha Nunes Carraher
Mestrado em Psicologia
Universidade Federal de Pernambuco
Recife, Brasil

There are different ways of summarizing one’s own
research. One 15 to retrace one’s steps, to present a lived-
through experience, with 1ts excitement, 1i1ts disappointments,
1ts Dbeliefs, 1ts 1deology, and 1ts motives. 1t 1s a personal
account about one’'s reseatrch. Ancther way 18 to choose a
theoretical framework which not have anything to do with how
you got to where you are 1in your work but which deepens the
understanding of the questions You tried to address. My
attempt here will be to do botn--to set the stage {for the
analysis of street and school mathematics by {following the
first studies and their developments and then try to organize
the findings by using a theoretical {frameworkK to sort out the
similarities and differences between street and school
mathematics. However, before I start, I must acknowledge that
the research I will be reporting on resulted from a close
collaboration with Analdcia Schliemann and David Carraher over
seven years. I am certain that neither the excltement 1n Jdoing
this work nor the theoretical analysis which I am the presenter
of here today could have come about without them

I. THE STORY OF THE STUDIES

Brazil has a capitalist economy and a class strucstured
soTiety. Closely associated with this class structure 1s the
vhenomenon i a3chool tailure. Children from the dJdominant
classes by and large are successtul 1n school ln contrast,
rhildren from the working class fail 1n mathematics 1n school
tn hight proportions. In Brazil as everywhere else, exgplanations
for this ~lass related failure 1in achocls evolved from blaming
the victim that 18, asserting that the children were lacKing
in the reguired sKills or 1n cogniltive maturity and, £fo5r° this

reason, ai1d not learn mathematics -tu blaming the sccial

system- that 15, asserting that 1n a class structured sucliety

schivoels are set up exactly to maintain the social structure,

reproducing class differences in Knowledge and culture.
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These two very different approaches have one thing 1in
common: they assume that children from the working class are
less Knowledgeable, less competent, for example, in
mathematics, and that 1s why they fail. In either line of
explanation, evaluations of children’s mathematical competence
are carried out from the school’'s viewpoint. Mathematical
skills, it 1s Dbelieved, are neutral: two plus two 18 four both
for the dominant and for the working class culture

At £irst, we also thought so. We tried to find out why
working class children were failing so often i1n mathematics by
examining their basic competencies and the development of their
learning of school mathematics (Carraher & Schliemann, 1983,
1985%). wWe chose Piagetian concepts (such as conservation,
class 1inclusion, and seriation) as ways of getting at what we
thought were "basic", "universal” and "culture-free”
competencies and chose some aspects of the Jocal mathematics
curriculum (abil.ty to solve addition and subtraction problems)
as ways of evaluating learning which had taken place in school.
We wanted to evaluate their learning of addition and
subtraction algorithms and see whether this learning correlated
with cognitive development measures. However, when we set out
to observe the children, they seemed to have their own ways of
calculating (Carraher & Schliemann, 1985) and did not prefer
the use of the algorithms we wanted to observe. When given
freedom, they would rather use their own routes for solving
problems; when wusing schocl-prescribed cumputation routines,
they were liKely to fail Moreocver, when children were alluwed
to solve problems i1n their own ways and when the type ot
curriculum offered Dby schiool was controlled for, ditferences
between working rlass children and children from the dominant

strata tended to disappear. Yet, 1n school more workKing class

children failed, as usual--1n our sample, 327 of the working

class children failed arithmetic at the end of the yeayr while
only &/ of the middle class children tailed.

These observations led us to question the 3chool system’s
capacity to truly evaluate working class children’s abilities
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in Mathematics although we stil] did not Know why the system
failed i1n this evaluation. Could 1t be that the development of
mathenmatical sKkills 1s not a valua-free gquestion? Is
Mathematics not an exact science, imune to the gquibbles and
quarrels of cultural relativism? wWould not the evaluation c¢f
mathematical abilities be above the cultural question?

We wondered whether we could find ways to observe more
clearly working class children‘s abilities 1in elementary
mathematics. we thought ot the fact that their families’
income 1s often much too low for the family size and that
children are then engaged 1n the informal economy to help their
parents. They may, fci.r example, sell fruits, vegetables,
popcorn, candy, or refreshments. That means that they often
have to calculate. If they truly lacked the elementary-school
mathematical abilities, how could they handle their everyday
life demands® From this informal observation ot working class

children’s competence, we designed a study through which we
compared five children’s competence in everyday life with their
competence i1n a school-liKe situation (Carraher, Carraher &

Schliemann, 1982; 1985), Starting out as customers, we

proposed purchases to the children and aslked them abnut total
costs ot purchases and change 1f we gave them different notes
as payment. Below 1S a sequence takKen from this study which
exemplifies the procedure:

Customer/examiner: How much 1S one ceconut?

Child/vendor: Thirty-five.

Customer/examiner: I'd 1iKe three. How much 1s that?

Child/vendor: One hundred and f{five.

Customer/examiner: I think I'd like ten. How much s
that?

Child/vendor: (Pause) Three will be {05 with three
more, that will be 2{0. (Pause)} I need {four moure.
That 1s.. (pause) 315..1 think 1t 1s 350,

Customer/examiner: I'm going to give you a five hundred
note. How much do I get back?

Child/vendor: One hundred and fifty.

when engaged 1n this type of 1nteraction, children were
qulite accurate 1n their calculations: out of 63 problems
presented 1n the streets, 98/ were correctly solved. We then
told the children we workKed with mathematics teachers and
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wanted to see how they solved problems. Could we come back ang
ask them some questions? They agreed without hesitation. We
saw the same children at most one weeK later and presented them
with problems using the same numbers and operations but in a
school-l11ke manner. Two types of school-like exercises were
presented: word problems and computation exercises. Children
were correct 73/ of the time in the word problems and 377 of
the time 1n the computation exercises. The difference between
everyday performance and performance on computation exercises
was significant. These results convinced us of two things.
First street mathematics and school mathematics are not one
and the same mathematics. Second, Brazilian schools do not
acknowledge the existence of street mathematics, even 1f we all
Know of 1ts exlstence through our everyday experiences. This
appears to be an instance of what can be called the 1deology of
school mathematics: to 1gnore (or to treat as lesser
mathematics) solutions which do not follow the school-
prescribed ways.

The next study was provoked by other researchers’
reactions to the findings. "This 1s not real mathematics, this
1S bricolage" was a comment we met up with quite often. A
second comment was "the children think 1n concrete terms and
thus do better 1n situations 1n which there are concrete
materials”. Our disbelief 1n these reactions was strong--but
1t was only a personal reaction. How could we {find out whether
street mathematics was the same as school mathematics 1in
cognitive terms?

In our next study (Carraher, Carraher & 3chiliemann, (947)
{6 3rd-grade children were interviewed by a researcher i1n their
own school. The researcher was introduced as 4 teacher
intecested 1n how children solve problems children weles asked
to solve problems i1n three different situations: a simulated
store, word problems and computation exercises. By workKing in
the schonol, we set up a situation in which the examiner child
relationship would be pretty much the same throughout testing.
We arranged the groups of numbers and operation in a4 Latin
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Square so that they were the same across slituations for
different children. By having a simulated store condition, we
hoped that children would resort to their street strategies in
solving problems. It seems that we were successful 1n
reproducing the difference between street mathematics and
school mathematics; problems 1n the simulated store and word
problem conditions were correctly solved significantly more
often than in the computation exercises condition, replicating
the results of the previous study,

Children’s ways of solving problems were influenced by the
experimental conditions: the simulated store ylielded between 80
and 897 of oral calculations (with percentages calculated by
operation); the word problems yielded between 50 and 71/ and
the computation exercises between {0 and 297 There was also a
strong difference 1n accuracy when problems were solved orally
versus 1n writing. Table 1 shows the percentages of correct
responses per operation solved correctly when children worked
through oral or written calculation.

Table 1
Percentage of correct responses by operation and
type of procedure used by the children (from Carraher, Carraher
& Schliemann, 1987)

Written
Addition 68
Subtraction 17
Multiplication
Division

when we cocntrolled statistically for the type of strategy
used Dby the children--that 18, oral versus written--the
differences bhetween the situations tended to disappear.

This study convinced us that the effect of the 3situation
upon children’s performance was mediated by their cholce of
strategy. Social situations seem to determine how people s0lve
problems and differences in strategies result 1n dirfferences in
performance, In school-l1ke situations, particularly in
computation exercises, children appear to believe that written
mathematics 1s called for and try to use it even though they




are less able with written than with oral

mathematics. This

interpretation 1is consistent with educational goals and
educational practice in Brazil. In the simulated store,
children used oral mathematics, which 1s a usual form of
computation in street markets and serves both the purpose of

personal representation and interpersonal communication.
Vendors 1n street markets usually caljculate for the customers
the total price of their purchases and count the change up from
the total to ensure that the customers recognize that they are
receiving the correct amount of change.

The explanation for worKing class children’s {failure in
mathematics in terms of lack of cognitive maturity no longer
seemed plausible after these initial studies. The children
were quite capable when calculating orally In contrast, the
observation of their errors when they attempted computation in
the written mode could be interpreted as resulting from “lack
of comprehension”. The prctocol below is a clear example of
comprehension in the oral mode although performance in the
written mode seems suggestive of lack of ability:

R., 8 years old, 1s solving 200 - 35 in the simulated

store condition; he writes dqown 200 - 35 properly

alligned in the vertical form and proceeds as follows:

Child: Five to get t¢ 2zero, nothing (writes dqown zero);
three to get to zero, nothing; (writes down zero});
two take away nothing, two (writes down two).

Examiner: Is 1t right?

Child: No! So you buy something from me, and it costs
35. You pay with a 200 cruzeiros note and 1 give it

back to you?
Examiner: Do 1t again, then.

Childq (after writing down 200 - 35 in the same form as
above) Five, taKe away nothing, five (writes down
five). Three, take away zero, three (writes down
three) Two, taKe away notiing, two (writes down
two). wrong again!

Examiner: Why is 1t wrong again?

Child: Now you buy something, and it costs 35, You give
me 200 and I give you 200 and 35 on top?

Examiner: Do you Know how much 1t 1s?

Child: If it were 320, then I'd give you 170,

Examiner: But 1t 1s 35 Are you giving me a discount?

iThild: One Luandred and si1xty €ive. (From Carraher,
Carraher & Schliemann, 1987),

)¢,
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This study convinced us that lack of ability was not the
correct explanation for the children’s failure in school maths.
Children’s computation strategies in the oral mode contradicted
their apparent lack of abllity when they worked in the written
mode. At first glance, however, oral procedures seemed
idiosyncratic and disorganized--a feeling which has led authors
in the past to disregard these methods. It looked as 1f each
child designed each soljution on the spot without any previous
direction. However, when we looked at the strategies used, and
not the specific steps carried out, there were two main ways of
solving computations orally. Addition and subtraction were
solved through decomposition; multiplication and division were
solved through repeated groupings. These procedures are not
exactly like school algorithms since the specific steps are not
foreseen in the procedures, They are rather 1like the
generative structures of language, which can generate an
infinite number of sentences that are totally different in
meaning but rest upon the same deep structures. In order to
characterize this flexibility, we called oral procedures
heuristics insteadq of algorithms. Table 2 presents an example
of each of these heuristics.

Examples of decomposition and repeated groupings
(From Carraher, Carraher & Schliemann, {987)

Example of a solution through decomposition.

The child was solving the computation exercise "252 - 57"
Chlld: "Take away £fifty-two, that's two hundred, and five to
take away, that’'s one hundred and ninety-five".

Example of a solution through repeated groupings.

The chlld was solving a word problem which asked about the
division of 75 marbles among five boys.

Child: "If you give ten marbles to each one, that's fi1fty.
Thire are twenty-five left over. To distribute to five boys,
twenty-five, that's hard. (Experimenter: That's a hard one)
That’'s five more each. That’'s fifteen”,

However, we wondered, were we looking at atypical cases?

Or is street mathematics a pervasive phenomenon? More and more
we came to Dbelieve that the children we observed were not
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atypical. Pluncket (1979) had already mentioned the existence
of decomposition. Reed & Lave ({98{) also found similar
mathematical procedures among the taylors in Liberia. Saxe &
Posner (1983) documented procedures developed outside school in
Papua New Guinea. Scribner and her co-worKers (1984) found
several instances of mathematical problem solving at work which
414 not follow the school-ways. GQinsburg (1982) found oral
calculation in the lIvory Coast and in the United States.
Further studies 1in Brazil added still more evidence: oral
calculation through the same strategles was observed by
Schliemann (1984) among carpenters, by Acioly and Echliemann
(1986) among booKles taking bets, and by Carraher (i986) among
foremen 1in construction sites.

A third study followed 1in pursuit of the origin of the
Knowledge of the numeration system so clearly displayed 1in
decomposition and repeated groupings. we wondered whether
dealing with money was a significant out-of-schoool experience
whicli provided people with Knowledge of the properties of the
numeration system in the absence of school experience.
Carraher (1985 worked with 72 pre-school children who had not
Yet received any instruction on writing numbers and 6 adults
who had never attended school either 1n childhood or adult
literacy programs. Their understanding of numeration systems
was tested through questions about money either in verbal form
only, 1n the case of the adults, or with the help of a play-
money System, i1n the case of children. Three aspects of the
understanding of number systems were tested: (1) the ability to
differentiate between relative and absolute values (for
example, comparing the total buying power of {four coins worth
one and {four coi1ns worth ten eachl), (2) the ability to
decompose values within the decimal system (for exampls, paying
65 when you have nine coins worth ten and nine <oins worth one,
in the rase of children, or figuring out what 15 the =smallest
number of notes needed to pay 35 using oniy L1ll3 of 100, (O
and {, 1n the case of adults), and (3) the ability to write

nuymbers using the place value system. The first two abilities,
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which relate to what we call number meanings, clearly preceeded
the third, which refers to number writing. None of the
children Knew number notation although 44/ of them were able to
understand the dilistinction between absolute and relative value
and 40/ were able to combine different relative values to
compose different sums of money. Among the adults, all were
able to understand the distinction between absolute and
relative value; four (out of si1x) were able to decompose
numbers 1i1n hundreds, tens, and units; and only two appeared
able to write numbers using place value. Through this study we
were able to determine the existence of an oral comprehension
of the basic meanings of numeration systems in the absence of
Knowledge of rules for writing numbers.

Now, what type of mathematics 18 oral mathematics? 14
people learn mathematical concepts 1n everyday life, are the
resulting concepts different depending on whether they are
learned outside of school without the assistance of an
instructor or 1i1n school through explicit teaching?

To dea] with these questions, we will need to refer to a
theoretical framework which will be used in the comparison of
concepts.

11. A COMPARISOR OF STREET ARD SCHOOL CONCEPTS:
THE CASE OF ADDITIOR AND SUBTRACTION

Vergnaud (1985) has proposed a framework which we find
very useful tfor the comparison of concepts learned i1in and out
of school. According to Vergnaud, a concept necessarily entails
a set of invariants, which constitute the properties defining a
concept, a set of symbols, which are a particular way of
representing the concept, and a set of situations, which give
meaning to the concept.

Invariants in street and school mathematics

Taking addition and subtraction as an example, we can see
that the 1nvariants underlying street and school mathematics
are the same; decomposition and written algorithms are based
upon the property of associativity (see Resnick, 1986, and
Carraher & Schliemann, 1988). In fact, i1f oral mathematics were




to vioclate the properties of operations, results could not be
correct. One example of decomposition will be reviewed below
(Table 3) in order to iljustrate that, despite great
dissimilarities in the specific steps used in ora} calculation,

both oral and written addition/subtraction rest upon
associativity.

Table 3
A comparison between decompesition
and the subtraction algorithm

Computation: 2% - &7
Example of an oral procedure observed: "Just take the two
hundred. Minus #f1fty, one hundred and f£fifty. Minus gseven, one
hundred and fourty three, Plus the fi1fty you left aside, the
fifty two, one hundred ninety three, one hundred ninety five".
Steps used:
252 - BT =

(200 4 8B2) - (50 +« T) =

(200 - 50) + (%52) - (7)

(150 - 7) + (S&: =

{43 ¢+ (50 + 2) :

193 + 2

196,

Written procedure prescribed in school: Two minus seven, yYou
can’t; borrow a ten. Five tens minus one ten, four, Two plus
one ten is twelve; twelve minus seven, five. Four (tens) minus
five (tens), you can’t; borrow from the hundreds. Two hundreds
minus one hundred, one hundred. Add one hundred to the four
tens, fourteen tens. Fourteen (tens) minus five (tens), nine
(tens). One (hundred) minus zero, one (hundered).
Steps used:

2%2 - 57

(240 + 12) - (50 + 7) :

(24%0) - (%0) + (12 - T

(240 - 50) + 8§ -

(100 + {40 - 50) + S

100 ¢+ 90 + B =

195,

It can be easily recognized that both procedures work by a
series of decompositions of the minuend and subtrahend and
sequentia)l operations according to the decomposition. The
particular decompositions chosen in written and oral procedures
are not the same; yet, the properties used, namely the
associativity of addition and of subtraction, are the same in
both procedures
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Symbolic representation and its impact upon
street and school mathematics

Although street mathematics and school mathematics are
based upon the same invariants, there are differences 1in the
way subjects represent numbers across situations and solve
problems--that 1s, there are differences in the symbols used 1in
and out of schoo] (see Carraher, Carraher & Schliemann 1987,
Carraher & Schliemann, 1988, and Carraher & Carraher 1938 In
oral mathematics, the relative meaning of the symbols 1s
preserved while in written algorithms this relative meaning 1s
set aside and operations are carried out upon the absolute
value. In oral] mathematics, calculation tends to run from
hundreds to tens to wunits while 1i1n written mathematics
calculation tends to go from units to tens to hundreds, with
the exception of the division algorithm.

These differences can be understood (by analogy to
language) as reflecting different processes for generating
solutions to problems; while oral mathematics generates
computation strategies on the basis of semantic relations,
written mathematics generates solutions on the basis of ruleg
for exchanging values from one column to another, As pointed
out by ResnicK ({982) These rules are 1n a sense similar to
syntactic rules (like word order) but they are in some sense
also different from syntax because they workK in ways which are
detrimental to meaning. The loss of meaning 1n written
mathematics was clearly documented by Grando (1988) who asKed
14 farmers who had littie or no school tinstruction, 20 £fifth
graders and 40 seventh graders from the same regidn o solve
some word problems and compared their problem solving
strategiles and intervals of responses, finding great
differences between the grourps. For example, they were asked
how many pleces of wire with 1.5 meters of length could be
obtained by cutting up a roll which had 7 m of wire i1n 1t. The
farmers responses, obtained through oral calculation, fell
between 4 and 7 pleces with 93/ giving the correct answer. The
students responses fell between 4 and 413 pieces. These
extreme answers were given by students who carried out the
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algorithm for division (correctly or 1incorrectly)! and did not

Know where to place the decimal point. The loss of meaning
during cajculation 18 JiKely to Dbe responsable for the
acceptance of answers which 1indicated that one could get more
than seven pileces of wire out of the roll. These are absurd
answers because anyone controlling for meaning would realize
that 7 m divided 1nto pileces of { m (lgnoring the decimal
point) yields 7 pleces; since §5 1s Dbigger than |, any
response greater than 7 1s not sensible. Among 5th graders
407 ot the answers were greater than 7; {5/ of the Tth graders
produced such answers. In a second problem, subjects were told
that one farmer nhad harvested 20/ more soy this year than the
rYear before and that his harvest i1n the previous Yyear
corresponded to {T0 Dbags; they were asked to calculate how many
extra Dbags the farmer harvested this vyear. Fifth-grade
students had learned formulas for calculating percentages; Tth
grade students had learned both formulas for calculating
percentages and the proportions algorithm (a/b: x/c¢). Among
farmers, 937 answered correctly using oral calculation and one
gave an answer which we consider absurd since 307 cannot be
more than 100% and his answer was 450, Fifth and seventh
graders gave 30/ and 357 correct responses, respectively.
Their interval of responses varied between 3 and 3,000 bags:
the extreme responses were again obtained through the use of
algorithms coupled with tailure to evaluate the meaning of the
answer when one doesn’t Know where to locate the decimal point.

Grand.’s study aisu provides an analysis of how meaning 18
lost 1n more complex problems in the mathematizaticn ot the
situation  1tself. She analyzed the 1mplicit models used in
mathematizing situations by locKking at the sequences of
nperations performed and searching for their meaming in terms
ot the problem-situation. For example, subjects were asked to
find ocut how many tea bushes were needed to fully plant a
rectangular area 60 m X 40 m Knowing that the space between the
tea bushes has to be 4 m by 3 m. The praoblem was explained
carefully to subjects with the help of a drawing 1n scale and
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the meaning of spacing the bushes in 4 by 3 explained to
students 1n detail. She found that three models described the
farmers’ solutions and {3 were needed to describe the students’
solutions. The models usedq by farmers were all meaningful,
although two were i1ncomplete in their analysis of the problem
and, therefore, yielded wrong answers. One model consisted of
finding out and then multipiying the number of rows by the
number of columns of tea bushes; 58/ of the farmers, 54 of 5th
graders and 30 ¥ of seventh graders used this model. A second
involved obtaining the area of the rectangle and dividing 1t by
the number of rows--an 1ncomplete model, since a subsequent
division by number of columns or a division by area needed by
each tea bush would have been appropriate; 25/ of the farmers
used this model but no students did so. However, 5/ of the T7th
graders used the full mode}, dividing the total area by the
area per tea bush. A third model, used by 8/ of the farmers
but not used by students, was the calculus of’ the number of
rows or columns without completion of the solution. The
remaining 95/ of S5th graders and 65/ of 7th ¢raders attempted
{{ different combinations of the four arithmetic operations,
only one of which 135 amenable to interpretation (addition--
instead of multiplication--of the number of rows and number of
columns, a procedure consistent with these students’ frequent
conceptinon of areda as an additive relation of length and
width).

These examples show that learning mathematics outside
school does not always lead to correct responses eveir when the
content of the problem 18 familiar. More aimportantly, they
strongly 1indicate that even wrong responses tend to be obtained
1N sensible ways, In contrast, mathematirs learned 1in school
results 1n a high percentage of what we can call "basket”
models 1n problem solving, many students just seem to throw the
numbkers and operations together in a basket insteaq of

analyzing the meaning of the problem situations.
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The situations in which concepts are used
in street and school mathematics

The differences in symbolic representation discussed above
may result in yet other differences between street and school
mathematics. Any representation stresses some aspects of what
is being represented and leaves other aspects out of focus. 1f
we consider representation as mediators of thinKing, diverse
forms of representation will result in diverging recognition of
similarities and differences Dbetween problem situations. In
oral mathematics, representation seems to Dbe closer to the
meaning of the problem situation; when workKing with written
ajgorithms, we seem to move away from meaning in general and
work more with relations between numbers. As a consequence,
oral and written mathematics may apply their concepts to
di1fferent sets of situations, thereby defining concepts of
different extensions.

This possibility was explored with respect to the concepts
of addition and Ssubtraction by Carraher (1988) in a study with
90 adults attending night schocl, all norma} and comopetent
people in their own lives but who had no opportunity to attend
school as a consequence of their socio-economic position. 1t
was reasoned that their concepts of addition and subtraction
would reflect their everyday experiences and not school
learning 1f they were tested 1in their first year of school,
when the curriculum emphasizes primarily reading 1instruction.

As level of schooling increased, their concepts would probably
approach the school concepts of addition and subtraction.
Previous studies (Carraher & Bryant, (987; Carpenter &
Moser, 1982) had 2uggested that children’s strategles 1in
solving addition and subtraction word problems change with

grade level from attempting to represent the situations to
representation c¢f the arithmetic operationg (that 1s, the
numeriral calculus), Everyday meanings for addition are the
union of two sets (for example, "l have two vyellow flowers and
*ree red flowers") or an increase in amount (for example, "I
had rwo flowers and got three {from a {riend"); the Dbasic
everyday meaning of subtraction seems to be a decrease 1in
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amount (for example, "I had three <co1ns and lost one"}).
Prc¢blem solving strategies which represent the situations and
those which represent the numerical calculus required for
solution may result 1n the same or different conceptions of
problem situations. For example, the problem "Mary had some
stamps 1 her stamp collection. She got 27 3tamps from her
friend and now she has 32. How many 414 she have t0 begin
with?" 1s concelved as a subtraction problem 1f we think of the
calculation we would have to write down in order to carry out a
computation algoerithm leading to the answer; the computation
would be 32 - 27 However, 1n oral mathematics one can s1mply
count up from @27--28, 29, 30, 31, 32--Keeping track ot the
number of fingers used while we counted up;, we would tind the
solution through a process which represents what happened 1n
the problem situation, an addition to the stamp collection.
The sclico]l concept of subtraction used 1n this case 1s not that
of a subtrastive situation but one of subtraction as the
Inverse of additicn. For this reason, ! will refer toc problems
such as this as "inverse problems”. In contrast, i1n "direct
pProblems” the numerical caiculus required for sojving the
problicm and the representation of the situation call into play
the same operation.

Comparison problems, which are also related to addition
and sudtraction, seem to be solved by children bhefore they have
had much schnoling through matching strategles (see Carpenter 8
Moser, 1383), As Jung as thus type of strategy 1s the only one
avaliable tov the children, 1t appears to remain 3eparated from
the concepts of addition and subtraction; subjects can solve
the problems hut do not Know which operation to use since their

solution 18 obtained neither by addition nor by subtraction.

Would unschooled adults recognize the operations called €or 1in

solving comparisen problems or would their strategies reflect

more a representation of the situation than a representation of
the operation?

The adults interviewed in this siudy were 1n three grade

levels, having had one, three or {five years of school
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instruction They were asked to solve three direct
addition/subtraction problems, three inverse problems and two
comparison problems. They were given a calculater 1n order to
avoid cajculation errors, were taught how to carry cut the four
arithmetic operations with the calculator and wer: encouraged
to use 1t during the experiment. NHumbers 1in the prokblems were
two-d41g1t numbers to avcid memorized solutions and make choice
of operation instrumental to problem solving. Twu dependent
variables were examined as a function of problem-type: accuracy
of solution and choice of operation. Tables 4 and 5 summarize
the results of this study. The results for compariscn prablems
which pose the gquestion "how many fewer?" and for those with
the question "how many more?" were separated because "fewer”
and "minus" a4are expressed by a single word 1n Portuguese
(mencs) and "mure” and "plus” are also expressed by a single
word (mais)

Table 4
Percentage of correct responses
by problem type and grade level
Problem type Grade level
First Third Fitta
Pirect 78 Qe S¢
Inverse 40 58 57
Compariscn (hiow many fewer?) &6 &7 77
Comparison {how many more?) 40 ~7 67

wWe r4an sve that each group of subjects d1d consistently
hetter when the everyday concept ocnin-ided with the numerical
calculug than when 1t d1d pot.-.an ~hrervatioan whicvh mticates
that the achool roncept of addition/ subtraction s ot fully
ceomplished by all adults even at the {1{th grade level.

Tahle % 1ndicates the percentages of choirss ot (a)y the

correct operation according to the schoc] mediel of the problem,

{b) the inverse operatiun, and (¢) the use of another strategy

(e.g., counting) as 4 function of problem type It 1s easy to
recognize that the same trends observed with rlespect to correct

responses are obtained when choice of uperation 13 taken as the
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dependent variable: third- and fifth grade adults choose the
operation consistent with the school model more often than
first-grade adults.

Table 5
Percentage of choice of operation
by problem type ang grace level

Problem type drade level
Third Fifth
Direct Correct 89 Correct 93 Correct
Inverse 8 Inverse 3 Inverse
Other 3 Other 4 Other

Inverse Correct 47 Correct 57 Correct
Inverse 50 Inverse 35 Inverse
Other 3 Other 8 Other

Comparison Correct 74 Correct 86 Correct
(how many fewer?) Inverse 22 Inverse i} inverse
Oother 4 Other 3 Other

Comparison Correct 38 Correct 57 Correct
(how many more?) Inverse 52 Inverse 33 Inver3e 33
Other {0 Other {0

Despite the fact that adults with very little schooling
can correctly solve additions and subtractions, displaying an
understanding of the same 1i1nvariants that define schiool

concepts, they use concepts of different extensions, because

their concepts are applied to a set of situations which differs
from the cohcepts we teach in school. Addition and subtraction
concepts as we use them presently in school are a specific,
culturally developed way of conceiving problems wliich has to be
learned Dby people even 1f they already understand the basic
invariants of addition and subtraction.

I11. CONCLUSIONS

Summ:ng up this discussinn of research about street and
school mathematics, some similarities and differences will be
pointed out.

Many 1nvariants of mathematical concepts taught 1n school
aprear to be quite hasic and necessary for solving problems 1n
everyday life. These 1nvariants can be understood outside
school, without the Tbrenefit of teaching, through the
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understanding of problem-gituations. These basic 1nvariants
are perhaps analogous to core semantlc structures of languasge;
their understanding c<¢an generate solutions to problems as
semantic structures can generate linguistic expression.
However, linguistic expression 18 not only a matter of meaning
but 18 a matter or grammar also--particular grammars of
particular languages. In mathematics, li1Ke 1n language, we
must deal with particular and arbitrary ways of representing
mathematical meanings. when linguistic expression viclates the
specitic grammatical rules of our language, as 1! happens when
a foreigner speaks to us, we have difficulty 1n £finding the
meaning. Similarly, when mathematical solutions to problems
deviate from the conventional ways, they are hardly ever
recognized as appropriate by teachers.

Granting the simijarities 1n invariants c¢f concepts
learned 1n and out of school, let us sum up the differences.

(4) Brazilian street mathematics 1s oral both 1n the sense
that 1t 1s spoKen 4nd in the sense that it 1s used for
communication. School mathematics 1s written; 1t 1s nout chosen
for communication but for the 1transmissicn of culturally
developed ways of thinking and representing concepts and,
perhaps more 1mportantly for the functioning ot schools, for
the evaluation of 1individual children’s work. Cuorrect
responses given in tests wilithout the “proper"” written
calculation receive at best partial recognition in Brazil.

() Mathematics Jearned outside school 18 a tocl tov
solving problems 1n meaningfu} situations. In school we teach
mathematics as an opject; applications, when used 1n the
classroom, tend to come after the ‘caciuing of the model.

+3) Mathematics learned outside school 1s conducive to the
development of proeblem solving strategies which reveal a
representation of the problem situation, The rhoice of models
ased ain problem  sclving and the 1nterval of responses are
1iually sensible even though not always correct, Students
u ng their school mathematics often do not seem ftc Keep 1n

mind ‘he meaning of the problem, displaying problem solving
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strategies which have little connection with the problem
situation and coming up with and accepting results which would
be rejected as absurd by anyone concentrating on meaning.

The meanings of Pproklem situations are not always absent
1n representations 1n school mathematics. The difference
between fractions and percentages, for example, 13 mostly a
qi1fference Dbetween general part-whole relationships, which are
treated as fractions, and a specific situation, 1n which the
whole is equal to  100. However, the similarity of the
invariants nderlying the two concepts 1s not usually pointed
out to pupills 1n Brazij School mathematics separates
fractions and percentages as difterent topics with different
written prccedures for finding equivalences; although meaning

in some sense a part of the separation of fractions and
percentages as different topics 1n mathematics, the emphasis
dquring teaching 1s still placed upon rules.

(5) Representation of meaning of problem situations may
result 1n ditferent extensions for concepts developed .in and
out of school wWhen cultural artifacts--such as calculators--
embody the school concept, they may be of little use to thouse
who have learned mathematics only outside school.

The di1fferences pointed out above liave some 1implications
for mathematics education, Building bridges between street and
school mathematics appears to be a route worth investigating in
edqucation. These brijges may sometimes be built through
finding o»ut what pupils already Know {rom their out-of-schonl

mathematics curriculum and let them use and expand this

Knowledge 1n school. Sometimes tliey may be buillt by using 1n

school problem situations which can be analized and understood
by pupils without focusing 50 much »n rules. These are routes
which have not been explored enough so far.

However, the:e 18 one 1ssue 1n mathematics education which
can he sorted rnut on the basis of these studies. I think that
1t {8 now <lear that mathematics can no longer Le treated as
the gate-Keeper which sorts out the academically able from

those who are not gifted enough. Any normal c¢hild must be
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treated as capable of learning elementary school mathematics--

especially 1f we are able to discever situations 1n which the

mathematical properties we want children to understand are
genuine parts of situations that we present to children and
allow them t0 master over time while we maKe avalilable to them
representations current in our culture of mathematics
classrooms. I£ we succeed 1n doing this, our pupils may bhecome
sKillled 1n analyzing problem situations, 1n generating meaning-
sensitive plans to solve problems, 1n appropriating for their
own use our mathematical representations ang 1deas, and may
actually come to enjoy mathematics and see 1t as valuable from

their own perspective,
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A LOOK AT THE AFFECTIVE SIDE
OF MATHEMATICS LEARNING
IN HUNGARIAN SECONDARY  SCHOOLS

i/
candor KLEIN'/

and

Gustav M. H)‘\BEFMANNZ/

Tre aim of this presentation is to provide an empirical survey
of some facts of Hungarian mathematics education and its

psychological conditions.

MATHEMATICY LDUCATION N HUNGARY

Hungary has for centuries had a cood reputation of beinag a land
which breeds great 1nnovators of mathemat ical thought, It may be
well known also that several cutstanding perona’ v es of

mathematical learning and preblem solving, as well ag mathematics

teaching, started their career as Hungarians - fror Gydrgy Pdlya

to Zoltan P.Dicnes, to menticn fust a fow,

The everyday setting and vrocess of mathermatscal education at
primary and secondary levels, however, does net always confirm

expectations based on that fame. There is great diversity
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allowing for good achievement and severely disadvantaged dgroups
and practicec.

The historical determinants of the present-day situation can be
traced hack to 19€2 vten an international conference in
mathematics dearninc tcok place in Budapest. Among other
contributors, 2.F.Djenes explained tc participants the
mathematical, psycholouical, and educational principles of a
renewed mathematics teachina. FEncouraged by the scientific
activity cf Pienes and cthers, Tamas Varga undertcok the
formidable work ¢f 1ntroducing one of the best balanced methods
inside the "New Mathematics" movement experimentally. Later, it

was subjected to psychological measurement. The method came to

/
be known as the ‘compesite method’ or the'O.P.l.z‘ Mathematics’

project., It is well documented in educational literature (VARGA,
1962; 1964; 1965; 1967; 1472},

Small scale experiments being carried out trom the early 1960s
to 1674 led to a nationwide implementation, in eight-grade
Hungarian elementary schonl, of the Varga curriculum and metnod.
It replaced the conventicnal curriculum in a yradual fashion,

reaching the final grade of clementary school in 1980 (VARGA,1987) .

The '0.P.I. method’ gsuccceeded in combining radica:, even
avantgar-iistic, components with ones satisf{yinag traditional
requirements and needs of teaching witlretic (cf .KLEIN,1987).
Althcuyh it is a rare phenornenon that such an innovative system
of ideas breaks through and boeceones implemented nationally, that
meant a transformation of the preject as well, Practicine
teachers and ospectally teacher training instotut.ons woro
unable to fully substantiate new ideas in their practical
procrammes, thereby cansing an at least initial Joss of several
important ingredients, Some avthers oven deseribe a deterior-
atinn of original advantaaces after the method was embodied in a
central envriculur, The oridinal aims of the fcempaosite’ method
stressed == apart from contoent-rolated objectives --
psychological prioritics like enhancement of creativity,

increasing student mottvation, building favourable attitudes
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toward mathematics, reducing school anxiety, developing
linguistic--communicative skills, and the like. Including novel
subject matter (probability, statistics, mathematical locic,
vector spaces, topology etc.) in curricula was scen by
innovators as a basis of presenting students thoeugbt=-uvroveking,
challenginy tasks. The objectives of the '0.P.I. method’ were
not, however, meant to be sclely realised by content chanae;
rather, by enriching classroom methods of teaching (e.ug,
discovery methcd, cooperation in small student groups,
experiential learning of concepts from concrete embodiment,

etc.)

During nationwide implementation, content arcas typical to "New
Mathematics" were being reduced, Ceterioration of the whole
proces: was mainly characterized, however, by ilnadequate
application of classroom teaching methods. We were aware that
changing of methods necessitated deep changes in teacher
personality, a rearrangement ¢f several value and attitude
structures, and dissolution of habituated behaviours. The
teacher the new process envisaged was, after all, o vrofessional
in a different sense: facilitator and animator of student
learning, instead of a transmitter of mathematical knowledae
and ready-made solutions,

Our primary interests as psychcelogists in a number of

consecutive projects (1969--1987) were

(1) to describe psychological effects of Varaa’s method and of
the nationally implemented version (involving effects on
abilitices, skallg, attitudes, corientations, notivat ional
factors, and holistic patterns of persenality);

(ii) to verify the psycholoaical hyrpotheses dorived tror the
innevat jve proaramme concorning distinct ive ef focts on
children exposed versus nor esxpoetomd to the o me t hod

tor its later implementation),

Pxtoncively repented findinays on olementary school mathemat pos
loo i could be summarized by saying that only classrooms

vhere podavogical princeiples of the "composite’ mattod were

gqenuinely tollowed coutd give predicted outeomes 1n personality

4.
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and performance. Statistically significant psychological changes

could be expected to occur where educationally significant

changes in tecaching and learning were observed,

SOME EMPIRICAL FINDINGS

In the following the scope will be linited to some empir:.cal

data concerning final agrades of secondary schools. They

constitute only a selectioen of simple descriptive results, As
opposed to primary education, secondary schoeling is not
compulscry in Hunaary, which may imply a practical pessibility
of higher niveau and greater divergence (among schocels,
programmes, classrooms, or among individuals). Secondary
mathematics education was able to follow the wake of modernizing
1n primary mathematics with a substantial delay. In recent
vears, freedon cf secondary institutions tc decide on curricular
options, enrichment, special programmes e¢tc., was increased
markedly. That may be conducive to faster changes in methods and

results of secondary mathamatics education as well.

The two main types of seccndary scheol in this country arce
grammar schools and ’'specialized vorational secondary schools’
(hereinafter 'S8VSS'). Other types rarely coffer four-ycar courses
and almost never a certification of maturity entitling the

student to apply to enter a unmiversity or higher colleqge,

Data 1n the tolli wing sections are taken firom the svoatem RMPP

extension of the Hungarian (Pojualation 'B7) data seot of the

£
< ; - - a4/
Second Intornaticnal Mathematics Study of IPA=", All resuits

are

basced oo me iy representative sarmples,

A pertrait of teachina: Time budget of act ivity forms

Aorvelatyes by deragg led and relrable proeture ot classreom

activities can be drawn trom time budget analyses. Table 1 shows

allocatrins ¢f taime (measured in minutes per week) for specific

Qe
“q,
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pedagogical activities. These data stem from teacher estimates.
The teacher sample is not cnly representative but quite
hetercgeneous along several dimensions. Here follow some
descriptive figures also to characterize the population of
secondary mathematics teachers in Hungary. The age of teachers
in the sample varies from 26 to 64 vears (average 40.2 years).
Their practice in school ranges from 1 tc 43 years (averace
16.2), while practice in fourth grade, the mvasureu studert
cohort, from 1 to 35 years {(average 10.0)., They had received
8 to 27 terms (semesters} of hicher mathematical and npedagogical

na

education; the average is 9.2 semesters.

Hungarian secondary school matrematics teachers are overstressed,
They have to teach an average of 25.4 periods per week (45 minu-
tes each), of wnich 18.5 are periods of mathematics, The other
subjects are usually phvsics or other natural science subjects.

A teacher is normally requested to lecture in two fourth classes.
The common practice, however, is that nost teachers teach lower
secondary school classes as well, the averade number of which is
3.1. Consaguently, an averaae mat'cematics teacter has to be in
contact with 5 different classes; as the usual number of students
is over 30, this means a total c¢f 1350 children. Such an amount of
work is done in an environnent where heavy duties (mainly
clerical) outside classroom jobs are burdened on teachers, and
salaries are significantly lower than that of skilled factory

workers,

Table 1 qjives the oriainal arcunts of tome estamatea o teachers
tor ten predefined catcacries of activity (CFreparation tor
clasuroon work cut side class’, 'Oradin: otadent vipers and tests’,
oted . Each ostirate was obtained onee T : full week
before data ool lect fon and oo

The estimates may bhe bhiased

over= ar underestimation.

In Table 2, jrocaroons () £ are B Coarve aiven an

compared .o osum totals of three larae corkGo el responnon

(separated by borizental lines). Fach estirate was obtained onee

for the 1ast full week before data collection and once for a
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TABLE 1

Number cf minutes allocated by teachers to specific catacories

of activity

Hungarian secondary school teachers, N = 94

vieek before
data
collection

Preparation and planning
outside classroom

Grading student papers,
quizzes, tests outside class

“'I‘ypical",
average
week

z

Explaining mathematics content
new to the class

Reviewing mathematics content
not new to the class

Routine administration

Establishing class order,
disciplining students

Giving tests and quizzes to
whole class

Individual student work
(seat or blackboard work) an class

Frontal lecturina and
explanation

small group work in class

Z




TABLE 2

Proportion nf time allocated by teachers to specific categories
of activity

Hungarian secondary school teachers,

Proportion)
Week befor "Typical”
data averaae
cullection woeok

Preparation and planning
outside c¢lassroem

Grading student papers,
quizzes, tests cutside olass : 40. 4

» e

10,0 100.0

Explaining mathemat 1cs content
new to the class

Reviewing mathematics content
not new to the class

Routine administration

Establishing class order,
disciplining students

z

Giving tests and nizzes !
whole oclass

Individual student work
(seat oy blackboardt wors) e ol aan

Frontal lecturing anl
explanation

Small qroup work

2.
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"typical", "average" week., The estimates may be thought to be

biased by teachers’ general tendency to over- or underestimate.
Therefore, percentages are more reliable than absolute values.

Time assigments concerning last week are more or less correct

reports of what happened the week before. "Typical week" ratings
may reflect normative elements more than factual memory. As shown
by data from "last week" assignments, e.g., teachers spent more
time with grading student work than with preparing for classroom
periods. In "typical" weks, however, they reported to spend much
more time in preparation than in reviewing student work.

buring preceding week, teachers spent about seven times more
minutes with reviewing material! already taught; in the pattern
uf "typical" week, newly ecxplained and revicwed material would

consume approximately the same amount amount of time (Table 2).

Outside=-class activities increase the already mentioned large
number of periods ( 25 hours per week) by at least 4 additional
hours. Half of the latter are spent by preparation, another half
by gradina papers and tests., It is quite clear that 1t would be

advisable to allocate more time for preparation than for grading,

Frontal exilanations are certainly not the best way of teaching
mathematics., Juarther, if we accept data on "previous week” as
reliable 1t i35 striking that the proportion of reviewing te

exposing nev raterial is so high.

Although teachers estimated administration and disciplining at
low levels in their time budge*s, clas.,coom and school
observations as well as casce studies seem teo indicate that the
last two forms of activity occur more frequently than preferable.
These arc forms of activity constantly discusscd: they bave heen,
on one side, managerially required, on the other, stigmatized,

in the last decade. Teachers may have bheen over-anxious in giving
their proportions, The low fiaure (e~ 8%) obtained for small aroup
work appears, however, like an overcst imat inn when relying on

x)/

classroom observation data,-

4.




Mathematical skills and abilities in students

As the main focus of the empirical part of this paper will be on
attitudes toward mathematics in students, and their relation to
teacher attitudes, only a brief point is made concerning student
skills. If standardized, rotated mathematics tests of 1EA
(carefully adapted to Hungarian terminclogy, curricular content,
and teaching traditions) are accepted to measure 'mathematical
skills’ or 'ability’, results show that the student population
is divided between cxtremes. Table 3 shows averages of TTGTD, an
overall score, for varicus groups of instituticn and curriculum
types. TTGTD is an average of two full-test indices computed
over weighted item scores., The average skill level of the
enriched Mathematics 11 grammar school curriculum group is about
five times higher than the Kindergarten nursina SVSS (D)

mathematics curriculum group.

Interestingly, these enornous differences do not stem from total
unfamiliarity of scctions of mathematical content. Items of
rotated tests were evaluated from the viewpoint of whether the
student was exposod to the specific content of the item or not,
and if yes, in the academic yvear of measurement or before, Items
judged ’'certainly taught’ were more numerous in SVSS curricular
groups 'C’ and ‘D’ than in any other curricular group for the
year of measurcement (RADNAI-SZENDRLET and HABERMANN, 1984}, As
for the previcus years, ‘certainly taught’ iteme were only
slightly more numercus in Mathematics 17 and 117 of arammar

school than 1o cther currrealar cateagories,

Attitudes of studenty toward mathemataes

A point to be omade an o somewbat mere detail an this paper is the

&

rojJe of atfective (student and teacher) characteristics in

Hungarian mathematics education, a problem in the contre of

empirical investigations within 'Second International Mathematics

4%




TABLE 3

Cifference of curricular sets of cases on an overall performance
measure of rotated standardized mathematics tests

Hungarian secondary school students, N ~ 245G

Grammar schools
Curriculum "Mathematics II" (special)

Grammar schools
Curriculum "Mathematics 1" (special)

Specialized vocational secondary schools
(svss),

Curriculum F

(Direction Computing services)

Grammar schools
Basic curriculum

SsVss,

Curricular group A/B/E

(Direction Industrial and agricultural
professions)

sVss,
Curriculum C
{(Direction Health and medical professions)

SVSS,
Curriculum D
(Direction Kindergarten nursing)

By two-tailed t-test, any pair of the above
curricular qroups shows a difference alonu
achievement scores at p< 0,001 except

Grammar schools/Basic versus SVSS/Curriculum F
where the difference 15 siunificant at

the 0.05 > p > 0.01 level,

BEST CPY AVAILABIE
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Study’ and 'RMPP’ data systems. Mathematics has for a long time
been a terrain .c discover patterns of affective relations toward
a school subject and its related activities (DUTTON, 1954, DUTTON
and BLOM, 1968; MAERTENS, 1968, etc.). Separated from variables
characterizing overall motivational states and processes cf

students, school subject specific aftective variables were

investigated in terms of ’interests’, ’'beliefs’, ’'views’,
8/ s BLOOM (1976) has
noted there is no clear conceptual demarcaticn among any pair of

'opinions’, ’'preferences’ and ’attitudes’.

these constructs. All of them presuppose, however, 'a continuum
ranging from positive views, likes, or positive affect toward a
subject to negative views,dislikes, or negative affect toward the
subject’ (BLOOM, cp.cit., p.77). One can devise more or less
parsimonious sets cf concepts and operaticnalizations tor such

a continuum. In his ’‘Mcdel of School Learning’ (CARROLL, 1963)
and even its extensions (e.g., 1984) John B.Carrcll united
affective characteristics under the name of 'persevecrance’,
operationalized by duration of time the learner is willing to

spend in learningz/

. Following empirical investigations, BLOOM
(1976) could build a conceptually richer model in which affective
entry characteristics are subdivided into constructs termed
'subject-related affect’, ’'school-related affect’ and ’'acadenic
self—concept'g/. When using ‘attitude’ (toward mathematics) below,
we would not like to suggest anything specific in social-psycho-
logical definitions of that term. Rather, we shall apply the
neutral term ’‘opinions about mathematics’ for item variables
(attitude scales) and the term 'attitude’ simply for empirically
verified higher-order structures from these measured items, In

this we follow the general term:ineloeay ol IFRA studjes (UVIPPP,1979) .,

In the following section, univariate descriptive data of two

. 9/ .
different sets of attitulinal {(cpinton) =" variables concerning

mathematics will be presentoed, First, affective components
related to forms of mathematical activity in schonl will be
treated. fecond, compenents pertaining to mathematics as a
sub, doand as a science at A more denceal jevel will be

discussed,
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The affective instrument of IEA Second International Mathematics
Study identified 15 forms of mathematical activity most commonly
encountered in school life. These were: ‘Checking an answer to a
problem by 4cing back over it’; 'Memorizing rules and formulae';
"Solving word problems’; 'Getting information from statistical
tables’; ’'Solving equations’; 'Proving theorems’; ’‘Using vectors’;
"Working with complex numbers’; ‘Investigating sequences and
series’; ‘Differentiating functions'; ’'Drawing graphs of
functions’; ‘Finding a limit ¢f a function’; ’'Integrating
functions’; 'Determining the probability of an outcome’; 'Using

a hand~-held calculator’., Opinions concerning each of the above
activity forms were judged by students along three dimensions:
Importance (important-unimportant), Difficulty {(easy--difficult),

and Preference or Likedness (liked--not liked).

Table 4 selects amony the Ilmportance ratings only those categories
of activity which were assigned "extreme" values., Hungarian
secondary schcol students judge the memorizetion of rules,
getting information from statistical tables, and checking answers
as most important mathematical doings within school. Only one
item excceded the conceptually negative limit 3.5 {(near to the
scale pole 'not important at all’), i.e. the use of hand-held
calculators. At the time of measurement, portable calculators
were already relatively available and inexpensive in Hungary, but
in-school calculater use was at nany places discouraged or
forbidden.

If the Difficulty ratings are ordered (Table 5) calculator use

occupies the first place amonyg easiest activities, The next two
forms, 'Checking answers’ and 'Drawing function graphs’ are,
however, among the ones rated very important carlier. Two items
similarly high-placed in the importance group, 'Proving theorems'’
and 'Solving word problems’ are listed as judged most difficult,
There is no stereotyped inference, thercfore, in student thinking
that it is the sct of subijectively difficult activities which are
really important. Whereas 9 out of 15 activities were evaluated
rather important, only 3 of the same exceeded the limit among
difficulty ratings (easiest items). The great majority of

aetivity forms, at least when analysed over *he entire sample,

|
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TABLE 4
Attitudinal statements : Ratings of importance
Hungarian secondary school students, N~~~ 2450

1 _,most important, ..._5 ,least important
15 activity forms rated

FORMS OF MATHEMATICAL ACTIVITY
Rated most important (X < 2.5)

Memorizing rules and formulae

Getting information from statistical tables
Checking an answer to a problem

Proving theorems

Drawing graphs of functions

Solving word problems

Integrating functions

Differentiating functions

Finding a limit of a function

Rated least important (x > 3.5)

Using a hand-held calculator

TABLE -

Attitudinal statements : Ratings of difficulty

Hungarian secondary scnocl students, NV 2450

1, easiest, .... ._5 most difficult

—— T
1 activity forms rated

FORMS OF MATHEMATICAL ACTIVITY

Rated easiest (x ol 2.0

Using a hand=held caleulat
Checoking an answer to

Srawing rraphsoo

Proving theorems

Solving wurd problems
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are perceived neither peculiarly difficult nor easy by students,

Still less of the activity forms reached pronounced likedness

or dispreference (Table 6). Calculator use (an item already
identified as least important and easiest amonag all) is the most
preferred. Solving equations is another form markedly preferred.
Proving theorems and memcrizing rules/formulae are the items
looked upon with aversion (cf. next section on more general
opinions).

Apart from mathematical activity forms, statements describing
personalized positions concerning mathenatics at a more generallg/
level were also judged by students, in the format of modified
Likert scales. Statements unequivccally agreed and disagreed with
are listed in Table 7. The five statements which showed widest
consensus can be divided among three attitude areas. Two of the
statements relate to mathematical self-concept (cf. BROOKOVER;
SHAILER and PATTERSON, 1964; FARQUHAR and CHRISTENSEN, 1967;
HELMKE, 1987, 1988) expressing aspiration to good achievement

and placing self-directed learning at a high value, One dimension
relates to gender problems, while the remaining two, to beliefs
concerning mathematical knowleddge. Students hold that mathematics
'helps to think logically’ and that there is ‘more than one
soluticon’ to most problems. They disagree with several statements
in direct connection with the ones auareed upon. Twe statements
negated in ratina are opposites of the vender statement in the
agrecd group. The assertion that one would not voluntarily learn
mathematics 15 expressing an 1dea opposec to the agrecd-upon
statement ‘1 really want to do well in mathematics'. At a basic
level, the=e parrs of Judgements corroborate each other and point
at the reliability of not only the anstrument as such hut of
interpretany item=-level data as well. Students mostly are not
afraid of mattematics. They have roservations, however, as to the
everyday utility of mathematics and practice dispensing with the
use of rules (trial and error). They construe  athematics as more
than something ‘to be memorized’, The last two items are not
necessarily in contradiction, As the previous group of items

revealed, Hungarian secondary school students judge 'memorizing

rules’ as highly important, At the same time, they disprefer

S
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TABLE 6

Attitudinal statements: Ratings of preference
Hunoarian secondary school students, N~ 1450

1, most liked,...._5,least liked

7% activity forms rated

FORMS OF MATHEMATICAL ACTIVITY
Rated most liked (z < 2.5)

Using a hand-held calculator

Solving egquations

Rated least liked X > 3.5)

Froving thecrems
Memorizing rules and

TABLE 7

Attitudinal statements about mathematics

{as a subject and as & science)

Hungariar secondary school students, N/~ 2450
strongly disagreed with, ....
strorngly agreed with
statements rated

STATEMENTS
Agreement strongest (x > 31.75)

I fool good when T sulve a mathematics
problem by avself

A weman necs a career just as g man does
Mathematics helps one ro think loyicaily

There arc many different ways to solve most
rathersitics problems

I really want to lo well an mathematioes

pisadrement strongest (x 2.2

Learning mathematic. involves nostly momorizind
It scares me Lo have to take mathenatics

Boys need to know more mathematics than drrls
Mathematics is needed in overyday livina

It I had my choice T would ot learn

any more mathoematics

Men make better scientists and engineers

than women

In mathematics, problems can be solved
without using rules 54
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memorizing and hold that learning mathematics should extend that,
probably in a direction of more creative thinking.
Disagreement with the statement expressing unnecessity of rule
applicaticon in problem solving is consistent with the (at least
abstract) Importance students assign to memorizing (and thereby
to using) rules.

Dif ferences hetween types of institution along opinion scales

Recalling that mathematical achievement on standardized tests
differentiated grammar school and SVSS pupils, and confirmed
extreme ability gaps, these two large subpopulations were

compared alony affective components as well, As predicted, there

were significant differences between the twoe subsamples along
almost every dimension., Out of 46 primary variables of the
"general" domain of attitude toward mathematics, for instance,
only 10 spinions did nct distinguish significantly between the
two scets of cases when examined by a two-tailed t test. Among
these, 27 variables shoewed a difference significant at p «0.001
level., Vocaticnal school pupils invariably have poorer (less
acceptable) views on matheratics. They agreed less, or disagreed
more, than arammar school students with statements like 'There
are many different ways to solve most mathematics problems’,
'Mathematics helps eone tn think logically’, ’Mathematics is
useful in s2lving everyday problems’, and especially with
statements f the mathematical se!f-concept. I really want to
do well in mathematics’, T feel ancd when 1 solve a mathematics
problem by myseld’, 1 usually underst and what we are taiking
abcut in mathemataos’, U Tike ¢ help others with mathematics
problema’, "1 teel cnallenaed when T oam given o difficult
mathemat pos probdlem!’ 0 Morking with number s makes pe happy ',

"I ousually feel calm whon deing mathematies problems’, and sowral
others arce statements to which -- whatever the mean value of
agreement as == SVSS_students can consent significantly less

(p<ro,0ny) tan arammar school students,

The relation of artitudes toward mathematics to mathematical
skills

)
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Another way of characterizing processes in Hungarian mathematics
education is to analyse the extent to which the attitudinal
components just discussed may contribute to levels of mathe-
matical ’skills’ and ’abilities’. In this paper, only some
elementary data concerning this relation will be presented.
Mathematical skills and abilities will be operationalized, like
before, by the overall score TTGTD of two rotated standardized
IEA mathematics tests.

The relations of attitude components, pertinent to activity forms,
to skill levels are demonstrated in Table 8. It is no surprise
that closer correlations are all negative as attitude scales are

conceptually inverted (small values represent important, easy

and preferred activity items). At the very high number of cases
in the study all Pearson correlation coefficients over|o.10jare
significant at the p< 0.001 level. The selective table lists
only those under -0.25, Even then, correlation coefficients
allow to state that only a relatively small proportion of
ability (skill) variance can be explained by the attitude items.
Nevertheless associations make educational sense. Solving word
problems and proving theorems are two of the ubiquitous activities
of school mathematics. Students who prefer these forms of
activity (low attitude value) tend to have higher ability, and
the reverse, students with better abilities can find it natural
to prefer these mathematical tasks. The latter applies to the
Difficulty correlation as well (higher ability students find
word problems easier).

The more general domain of attitudes (Table 9) produced higher
ability correlations. Persons with favourable mathematical self-
-concept and aspirations tend to have higher levels of ability
(skill) and vice versa, Five of the highest correlated affective
dimensions are sclf-related, There is also a tendency for

students who hold that ‘there is always a rule to follow’ and

there is ’'little place for originality’ in mathematics to perform

well on tests, Although internationally standardized tests
of fered wide opportunities for advanced students to solve
problems creatively, this may not have been reflected to a
required extent in multiple-choice response coding. The latter

56




TABLE 8

Interrelations of single attitudinal statements to
overall performance on mathematical tests

Hungarian secondary school students, N ~ 2450
Part 1,

Attitudinal statements about forms of mathematical
activity

15 activity forms, 45 item statements

FORMS OF MATHEMATICAL ACTIVITY Pearson’s

L

{Correlation
coefficient)

Highest positive correlations (r>»0.25)

NONE

Highest negative correlations (rg=0.25%)

Solving word problems Preference
Solving word problems Difficulty
Proving theorems Preference

Differentiating functions Importance

BEST CPY SVAILABLE




TABLE 9

Interrelations of single attitudinal statements to
overall performance on mathematical tests

Hungarian secondary school students, N A 2450

Part 2,
Attitudinal statements about mathematics
(as a subject and as a science)

46 attitudinal statements

STATEMENYS

Pearson’s r
{Correlation
ccefficient}

Highest pcsitive correlations (r>»0.25)

I would like to work at a job that lets
me use mathematics

I usually understand what we are talking
about in mathematics

I feel challenged when I am given a difficult
mathematics problem

I usually feel calm when doing mathematics
problems

I think mathematics is fun

There is always a rule to follow in solving
a mathematics problem

There is little place for originality in
solving mathematics

Highest negative correlations (r&-0.27%)

1 am not sn good at mathematics
I could never be a good mathematician

Mathematics 1s harder tor me than for
most persons

If I had my choice I would not learn any nore
mathematics

Mathematics is a set of rules

N ow matter how hard I try I still do not
doe well in mathematics
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two results are in good agreement with several observations
concerning Hungarian mathematics teaching, pointing at the
possibility that instruction does not really require the average
student to be original and creative, and -- with exceptions --

encourages rule-following and conventionalism.

The negatively correlated statements are again mostly self-
-concept descriptors (statements lst to 4th and 6th--7th in
order of mention). It is puzzling at first sight that persons
negating ’‘mathematics is a set of rules’ likewise tend to reach
higher ability levels. The possible explanation is twofold.
First, one may be aware that mathematics involves much more than
rule application without denying the importance of rule
application in everyday school mathematics. Second, it is not
inconceivable that the cited correlations stem from two
partially different sets of cases. One may contain conventionalists
who fare quite well in a traditional school context of mathematical
problem solving, while the other, students who reach favourable
levels of skill just because relying on problem-specific novel
solutions, originality, or heuristics.

The first International Mathematics Study (HUSEN, 1967) found
little variance (among countries measured) in strength of

corelations between affective variables and Jathematical

'achievement'’. Pearson r’s varied from 0.26 (Belgium/Flemish) to

0.42 (Japan) with a mean of 0.32, with data based on nationally

representative samplies in all participating countries. Another
representative study in the United States with large samples
(CROSSWHITE, 1972) demonstrated a similarly strong ccrrelation
(0.28) which did not change much between age cohorts of Ath/8th
grades and 9th/12th grades. These results and analyses on smaller
Hungarian samples (KLEIN, 1971, 1973, 1975, 1977, 1980, 1%87)
confirmed that affective input characteristics significantly
contribute to levels of mathematical achievement, What is more
interesting at present is the finer structure of these affective
variables (opinions) and their relation to more narrowly
specified mathematical activities in school. Nevertheless,
correlations reperted in Tables 8 and 9 are of the same magnitude
as ones between overall attitude score and achievement in
international studies. ES:}
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Attitudes of teachers toward mathematics

While students’ attitudes toward, and opinions on, mathematics
influence mathematical thinking and abilities, teachers’
attitudes toward the same may play a decisive role in determining
teacher behaviour and efficiency. The Second International
Mathematics Study provides unique possibilities to compare
teacher attitudes with student attitudes. The two domains of
affectively coloured opinions listed above were re-measured with
teachers of mathematics, albeit in a somewhat reduced fashion.
The number of activity forms specified as attitude targets was
smaller {and not fully overlapping) with student attitude
measurement. The number of statements in the "general" part was
alsc cut te fifteen,

The importance ratings of four common activity forms of school
mathematics are showr in Table 10. The limit of interpretation
being the same as for data in Table 4, all four specified
activities seem to be judged ’'very important’ by teachers.
Checking answers, so'ving word problems and memorizing rules are
items we Jocated among important forms of activity in students’
perceptions as well. These four areas of mathematical practice
reveal & congruence between student and teacher opinions.

Table 11 includes selected data for Difficulty ratings. Of four
activity forms, only one exceeded the limit: ‘Word problems’,
which are evaluated 'very difficult’ by teachers. This opinion is
again identical with that of the majoritv of students (Table 5).
Teacher:s express rather pronounced preference for three of the
four ac ivity areas (Table 12}).

Although the self-related scales were rnot tested with teachers,
results from the demain of affective dimensions at the "more ge-
neral level" (Mathematics as a subject and as a science) have
again some coinciding judgements bhetween teachers and students.,
Using the same limit of interpretation as in Table 7, dimensions

¢reating strongest agreement and disagreement among toachers are

b
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TABLE 10

Attitudinal statements: Ratings of importance
Hungarian secondary school teachers, N nv 94

_1l, most important,...5,least important
4 activity forms rated, 12 items

FORMS OF MATHEMATICAL ACTIVITY =
Rated most important (x<2.5)

Checking an answer to a problem 1.44
Solving word problems 1.47
Memorizing rules and formulae 1.71
Estimating a result of a problenm 1.82

TABLE 11

Attitudinal statements: Ratings of difficulty
Hungarian secondary school teachers, Nay 94

_1l, easiest,...._53, most difficult
4 activity forms rated, 12 items

FORMS OF MATHEMATICAL ACTIVITY

Rated easiest (x < 2.5)
NONE -
- X
Rated most difficult (x> 3.5)
Solving word problems 3.81
TABLE 12
Attitudinal statements: Ratings of preference
Hungarian secondary school teachers, N~ 94
deomest Tikedy ... 5, least liked
4 activity forms rated, 12 items
FORMS OF MATHEMATICAL ACTIVITY %
Rated most liked (x < 2.%)
Solving word problems 1.89
Estimating a result of a problem 2.14
Checking an answer to a problem 2,18

Rated least tiked (x > 3.95)
NONE

b
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listed in Table 13. Teachers widely hold that mathematics helps
to ‘think logically’ and (with a similar semantic in the minds

of most mathematics teachers) to’think according to strict rules’.
Creative aspects of mathematics are accepted (at least at a
theoretical level) by many teachers. They hold that mathematics

is a scene for creative persons and that there are many ways to
solve problems, Assistance in acquiring logical thinking and
alternative solutions to problems are opinions with which students
and teachers strongly agree.

Teacners disagree with the assertion that 'mathematics is no more
than a set of rules’ and that it ‘requires memorizing' mostly.
Not surprisingly, they also judged the statement of ‘little place
for originality’ in solving mathematical problems as not
acceptable. These views harmonize with what was demonstrated
(Table 7) among students concerning statement ’'Mathematics
involves mostly memorizing’. The ambiguity raised by students’
accepting that problems ’‘cannot be solved’ without using rules
is, however, absent from teacher Jjudgements. Mathematics
teachiers, unlike students, strongly deny that there have been no
discoveries in modern mathematics.

CONCLUDING REMARKS

As achievement data prove therce is no real ground to formulate

gencral statements abuut secondary matheratios education in

Hungary. There are strata of secsndary schosling with excellent
mathematics teachinag and creativity-enhancing, innovative methods,
On the other hand, more than half of the stolent population
(almost all pupils in SVSS) suffer trom arave problems an both

achievement in, and attitudes toward, mathematics.

As a result of education, a majority of persons leaving secondary

institutions hold that mathematics is important; that 1t is
indispensable in an age of rapid technological progress, Another
general belief is that a man-in-the-street 1s bhecoming less and

s )
Y]




TABLE 13

Attitudinal statements about mathematics
{as a subject and as a science)
Hungarian secondary school teachers, N ~ 94

1, strongly disagreed with ....
5, strongly agreed with

STATEMENTS
Agreement strongest (x > 3,75)

Mathematics helps one to think logically

Mathemat .cs is a good field for creative
people

Estimating is an important mathematics
skill

Mathematics helps one to think according
to strict rules

There are many different ways to solve
most mathematics problems

Disagreement strongest (x < 2,29)

Mathematics is a set of ralesg
Learning mathematics involves mostly memorizing

There have not been any new discoveries in
mathematics for a long time

There 1s little place for originality
in solving mathematics problems

BEST CoPY AVAILABLE
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less competent in the field. Students do not blame specific
methods and processes of mathematics encountered in school for
their felt incompetence. They do not even question the declared
necessity of learning mathematics in higher grades of secondary
schooling in case of persons who do not want to be employed in
jobs with mathematical requirements. This abstract assignment
of importance is compatible with the view that it is another
person, not the self, for whom mathematics is useful. It is
also compatible with a dispreference -- especially in pupils of
no personal interest in mathematics ~- toward related activities
in school. Persons not interested in mathematics typically
profit very little from taking secondary mathematics. The time
is certainly drawing near when larger strata of pupils will
express doubts about compulscory mathematics imposed upon them.
As it is today, importance attributed toc mathematics inside

and outside the school system is overestimated. Educators and
the society at large still presuppose that personal mathematical
achievement at secondary level testifies highly developed
thinking skill or even creativity. That is not borne out by
nationally representative studies, A decline in perceived
importance will surely follow if we make no steps to modernize

content and process of secondary mathematical education,

The key of transformation is, obviously, the teacher. Hungarian

secondary mathematics teachers being overstressed, mostly
inadequately trained and underpaid, there are obstacles in the

way of modernization. The professional setting and job context
of teachers should be modified appreciably if we want teachers
to volunteer self-training, improve their classroom methods,

and implant a liking of mathematics into their students.
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NOTES

1/ Professor of Psychology
Presently at: Department of Psychology, "Gyula Juhasz"
Teacher Training College, Szeged, Hungary.

2/ Department of School Research, The Mational Institute
of Education, Budapest, Hungary.

3/ The acronym 'O.P.I.’ stands for ’'Orszagos Pedagogiai Intézet’,
Hungarian name of the Mational Institute of Educaticn
where Professor Varga worked out his method.

The authors are greatly indebted to the International
Association for the Evaluation of Educational Achievement
for the opportunity of using measuring instruments and
connected research materials. We are especially grateful

for the help of Professors T.N. Postlethwaite, R.W., Phillips
R.A, Garden, and of Mrs. Julianna Radnai-Szendrei (1.R.C.).

The second author acted as co-ordinator ot the Population
E (cross-sectional) measurement in Hungary for the SIMS.
The results used as illustrations in this paper are taken
from simplest descriptive and correlational studies
performed on the RMPP data system. For a fuller report of
results from this system see HABERMANN (1983, 1985, 1986,
1987; RADNAI-SZENDREI and HABERMANN, 1984).

It should be underlined that although numerical results
here are fairly objective the interpretations are those of
the authors only. Several alternative int:rpretations were
voiced in other Hungarian publications on the subiject.

The issue of semantics of generic terms in psychology
cannot be discussed in this practical paper. As pointed

out elsewhere there is more agreement in interpreting
differential targets of affective constructs than inherent
conceptual characteristics of these constructs. For instance,
it is casier to distinguish preferences toward mathematics
from preferences toward physics than preferences toward
mathematics from intercsts in mathematics,

In his later work, J.B. Carroll accepted the view thart
porseverance as a single construct is not sufficient

to deseribe the full range of school subject specitic
affectave / motivatienal conponents (of . CARROLL, 1984/1985%
eodn g, p,QJ\

These variables were measured by such instruments as
Dutton’s 'Attitude toward Mathematics Scale’ (RYAN, 1969),
'"Elementary Attitude Scale toward Mathematics’ (ANTTONEN,
1969), ’'Secondary Mathematics Attitude Scale’ (ANTTOMEN,
1969) and the 'Pro-Math Composite’ instrument (CROSSWHITL,
1972y .

hs done for teachers, it may be useful to demonstrate by a
set of distribution characteristics the span of the studenc
sample. The age of pupils varied from 17:3 to 20:7, with
the average 18:1. 62 ¢ were girls and 38 ¥ boys. Among
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fathers, less than 1 % were unemployed. 14 % were unskilled
workers, 45 % skilled workers, small craftsmen, low-level
white collar and clerical employees, 15 % foremen and low-
-level managers, 9 % middle-level managers and directors,
11 % higher level managers and directors. The monthly full
income of families (reported) at the time of measurement
was HUF 3000,--or lower in 4 ¢, 3001--4000,-- in 7 %,
4001--5000 in 11 &, 5001~-6000 in 19 ¢, more than 6000,--
in 58 % of the sample. 23 % of the fathers had secondary
and 23 % of them, university or higher college certificates.
The same proportions for mothers were 28 % and 11 %. 7 % of
fathers and 9 % of mothers did not even complete 8-grade
compulsory Hungarian elementary school.

This description is only meant to distinguish a second set
of affective rating items from the ’'activity specific’
first set.
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BEYOWD CONSTRUCTIVISM

(Learning Mathematics at School)

Pearla Nesher

The University of Hatfa

Last year we heard plenary presentations that made all of us think
more seriously about how we view math education in a wider context of
epistemologicai and learning theories. The main focus, last year was
on constructivism. [ thought that research on the psychological
aspects of math education studied in the last decade had their own
contribution going beyond constructivism, This will be my main topic
today. I would like to elaborate on three main issues, | will start
with the role and characteristics of learning at school; I will then
sketch some outlines of the epistemology for the mathematics learned
at school and, finally, with an illustration taken from a specific
piece of research 1 will speak on the role that misconceptions and

planned environments can play in schools.

The role of schunling

My first assumption 1s that schools exist mainly and primarily to
promote knowledge, Most of us accept the constructivist approach to
the acquisition of knowledge, and [ will quote Sinclair from ldst
year, who said that "the essential way of knowing the real world is
not directly through our senses, but first and foremost through our
actions, ...new knowledge is constructed from the changes or
transformations the subject introduces in the knower-known

relationship.,. (and) the quality of the knowledge gatherea in this
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way is partly determined by the ways in which reality reacts to our
interventions and by its correspondence to the knowledge other people

have constructed” (Sinclair, 1987).

I would like to regard school as a significant coamponent in the
child's reality and would like -0 analyze some of school
characteristics as an environment within which tha child can exercise
his theories 1n action, School 1tself can be looked at from various
aspects: each ans of them might contribute different sets of
experiences. | will concentrate on school as an environment for
learning mathematics, and will take 1nte account the specifics of
mathematics as well as the modes of learning and construction of

knowledge.

in speaking of learning at school, [ du not intend to underostimate
the extent of learning which takes place outside school, rather to
emphastze the role of schools in designing a learning environment. We
all know that a lot of learning ts gouing on outside schools. We are
told that much of the mathematics that children and adults know and
use 15 learned on the streats and in factories, and it 1s based not on
one's edrly schaoling but on one's experiences, actions ¢nd
refloctions at various sites (Reed & Lave, 1981). this is the story
about the vendlers 1n Brazil that Carraher and Schliemann describe
{Carraher, carraher and Schliemann, 1987}, the fishermen in north
Brazil (Schliemann, 1988); or the dairy workers that Scribner
(Scribner, 1984) tells about them, Certainly, we admit the role of

learning via free play outside school,

071
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1f this is the case, it might be helpful to understand the difference
between learning in school and that outside school. Since Lauren
Resnick (1987) recently made such an analysis I will use this as my
point of departure. Resnick has "identified four general classes of
discontinuity between learning in school and the nature of cognitive
activity outside school. Briefly, (she said) schooling focuses on the
individual's performance, whereas out-of-school mental work is often
socially shared. School aims to foster unaided thought, whereas mental
work outside school usually involves cognitive tools. School
cultivates symbolic thinking, whereas mental activity outside school
engages directly with objects and situations. Finally, schooling aims
to teach general skills and knowledge, whereas situation-specific

competence dominates outside” (Resnick, 1987, p.16),

I am not sure these characteristics tell us the entire story. | think

that there is another aspect that she neglected to mention; this has
to do with the fact that school is an environment purposely and
intentionally created to promote knowledge (and in promoting knowledge
I include norms and social knowledge as well). Instruction at school
is a goal-directed, intentional, and conscious activity on the part of
schools, and therefore amenable to rational analysis and critical

consideration.

Learning in and out of school has a completely different setup.
Learning out of school is part of the immediate social and economic
system. The god. on the part of the trainer 1s to put the trainee as
soon as possible on the production line as far as a skill is
concerned, or, to improve other skills, as far as social communication

"y
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is involved. This is not exactly the case at school. Schools aim to
pass on knowledge to students to partly be employed at school in
further learning, but mainly to be employed elsewhere, after leaving
school. This creates quite &n awkward situation in comparison to the
rest of the world. Schools do not gain directly from the students’
knowledge but rather from the growth in their teachers' knowledge of
how to teach. Pedagogy, and means of supporting learning, are the
expertise of schools. This is not the situation outside school. The
carpenter or the computer-scientist are the experts for carpenting or
computing, respectively. They are not the experts of how this kind of

knowledge is best learned

Such an observation raises several fundamental gquzstions which are
related to the fact that schools have to deal with questions of
motivation or with questions of rewarding procedures, etc. These will
not concern me here. They are all relevant to learning. Yet,
admitting the limitation in scope, I will concentrate here on the
cognit.ive activity, on the learning of conceptual systems which are at
the heart of schooling. In what follows, instead of speaking in
general terms I will refer directly to the learning of mathematics.
The comparison betwoen ledarning mathematics in and outside sghool
raises thes guestions: What kind of mathematics do we teach in srhool?
For what purpose? And, how do we tedach it in the light of the

constructivist maxim?

ubviously we do not teach addition 1n the context of a supermarket

with the goal of saving some money. At most, we mimic such 4 situation

by what is called "word problems". This has no pgetention of being any

BEST CuPY AVAILABLE 74
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reality in the learner's eyes. We do not teach graphs and diagrams in
the context of advertizing and check what is the best way to convey
information and what is the preference of each type of diagram from
the advertizing point of view. We do not teach ratio tn the bakery,
though many activities there call for the use of ratioc and proportion.
And finally when or where should we teach Euclidian geometry, vector

space or, exponential equations?

The utilitarian approach with its immediate payoff which is typical of
learning out of school becomes very weak even as a point of departure
when 1t comes to school. Of course, there 1s also a payoff in
learning mathematics at school. Starting with the jobs available for
one on his completing school, but also as a means of survival in
schools while attending it (in the western society), or in the process
of learning itself. | think, nevertheless, Lhat mathematics iearned at
school has a completely different agenda than the utilitarian one. I
suggest thal learning mathematics at school is aimed at learning a
spec1fic conceptual framework as a cultural endowment that shares some
of the characteristics that Resnick mentioned, such as being abstract,

general, symbolic¢, and detached from a specific context,

in ardor to make my argument, [ would now like to raise some
epistemclogical corsiderations related to the learning of mathematics.
The diucussion that follows should not be regarded as a philosophical
attempt to resolve the controversy between the different schools
within the philasaphy of mathematics (Kitcher, 1983, Benacerraf and
Patnam (Fds, 1 1985 )), rather some ¢f the assumptions mentioned here

wiil he ysed to claQLfy the educational 1ssues, Different approaches
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to the teaching of arithmetic correspond to different conceptions

about the reference and the sense of the mathematical language.

The thecretical approach upon which I will elaborate here addresses
two main pedagogical needs (a) the need for any learner to construct
his knowledge through interaction with the environment (the
constructivist maxim), and (b) the need to arrive at mathematical
truths (the realist maxim). I know that the second need is not
acceptable to some constructivists, but | contend that my assumptions
reside within the non-radical constructivism. To avoid ideological
dispute 1 am ready to name my approach "a pedagogical realism”. The
epistemology that I call "pedagogical realism" has grown out of
considering three issues: (1) the ontolougical status of mathematical
entities; (2) where can the learner look for the truths of his
mathematical findings and beliefs; and (3) what are the pedagogical

implications from the above for learning mathemstics at schools.

The Ontolegical Question

I begin with analysis of natural rumbers, since those seem to be the
most confusing in regard to the ontological question, Clarifying their
nature will make 1t easier to understand other kinds of numbers (such
as rational, decimal, irrational) or other mathematical entities. In
discussing the question, "wWhat are numbers?" | first make the
distinction between the linguistic signs and what they stand for
(symbolize or signify). Furthermore, | make the distinction between

number words which are part of ordinary language, and numerals which

are part of the symbolic language of mathematics. People usually think

that both refer to the same entity. But number words in ordinary
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language are used to qualify quantitatively other objects which are
specified by their class term, such as "children" in the case of "five
children". Numerals in mathematics refer to mathematical entities,
abstract concepts or objects. The numeral "5" for example is a name
for a specific and unique number that has all kinds of properties now
to be learned at school, such as being an odd number, or that it is
one of the square roots of 25, etc., all of which are concepts within
the mathematical system. Though we frequently think of the number 5 as
of having an image of multitude of elements, in the language of
mathematics one speaks of the number 5 in the singular, e.g. "5 is an
odd number", a point that emphasizes our conception of it as a unique
and singular mathematical object that has an ontological status in the
language of mathematics that differs from the status of “"five" as a

quantifier of other objects in ordinary language.

Obviously, the young child starts to conceive numbers in their
relation to other objects as they are used in ordinary language, but
later on at school we aim to teach him that numbers within the

i 1thematical system refer to abstract mathematical entities. In his
spontaneous environment the child will hear expressiouns such as: "John
ate five cookies", or "John is five years old", in school he will soon
deal with expressions of the form "5+3=8" or "5 is a prime number",

The distinction I have just drawn 1s even sharper in moving toward

mathematical entities, that do not have seemingly parallel expression

in everyday experience and in ordinary language such as the number "a"
ar "pi" or concepts such as polynoms, or vectors. What creatures are

they?
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Mathematics is a conceptual system with its own unique language. Its
language enables us to look for its sense and reference which are
characteristics of any language. fFor example, the following
expressions: “2+2"; "2x2"€ "2 to the power of 2" all have the same
reference which is the abstract number 4. Yet each expresses a
different thought and a different sense. The different senses of the
symbolic language of mathematics comprise its essence and the gist of
understanding mathematics. Most senses expressed in mathematics are
new relations that could not be expressed in ordinary language and now
are embedded in the new symbolic language to express notions which are
impossible to express otherwise. The most trivial example is the
attempt to express in ordinary language the algebraic expression:
"three times of a number increased by 7". This expression is ambiguous
as it stands, and only t': symbolic language of mathematics can remove

the ambiguity by expressing this either as 3x+7 or as: 3(x+7).

The Truth of Mathematical Sentences

I have raised the ontological question since it is intimately
connected to the question of truth in mathematics. It is expected that
children will learn the rules of formation of mathematical sentences
at school, that they will understand the different senses of each

sentence and that they will know how to distinguish between true and

false statements in this language. Moreover, much of our teaching in

mathematics pertain to the discovery of new expressions that maintain
the truth value of the sentence. It should be noted (as Russell wrote
in 1959Y1912 p,70) that Saving a truth value Ls a property of beliefs,
yet 1t is established by many different methods, which are independent

of the belicefs {As the long history of false belicfs has




demonstrated). Also, falsehrod is adjunct to the notion of truth. In
Russell's words: "Qur theory of truth must be such to admit of its
opposite, falsehood" (Ibid). We might call it "false belief", "error®,
"mjsconception”, "bug" and in sume cases even "theory in action', all
express a system of beliefs that has o truth-value with tts two

complementary values: trua and false.

One method of arriving at truths in mathematics is what Russell called
the coherence theory of truth, Actually, all procfs in mathematics are
made in a deductive manner to preserve the coherence of the system.
The trouble is that young children (and many adults!) that study
mathematics, cannot prove for themselves the truths of mathematics, by

means of the deductive method.

A real and significant educational question is, if the deductive
method is ruled out for young chiidren, how can a child know that he
has arrived at a true sentence. Or how can he know which numeral, for
example, to put in the blank space of the expressicn 2+ =5 and get
true sentence?, The answer that we seek has ncthing to do with the
syntactic rules but rather with knowledge about abstract numbers and
their characteristics. To write 243=6, is syntactically as good as
writing 243=5. Yet we and soon cvery child will know that the first
statement is false and that the second is true. How should they know
it? The paper on which the child writes a statement such as: 342=10 is
long-suffering and there is nothing 1n this pen and paper activity to

tell the child whether he is right or wrong.
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The Pedagogical Outlet

If the deductive method is ruled out for the young child for arriving
at true sentences, we are left with two other options: One is to learmn
and memorize the true facts that expert mathematicians know how to
prove, and later on to refer to the memory as the judge of the truth
value of a given sentence (or rely on teachers' approval or
disapproval ). A second alternative is to provide the child with some
tools for verification via experimentation 1n a worid assumed to be
analogous to the mathematical abstract world; in which he already
knows what is true and what is false there. Logo (Papert, 1980) could
be such an example. While the child operates the turtle by means of
formal language, he gets his feedback about the truth value of his
formal descriptions by comparing the move of the turtle to the goal he
had in m:nd and he knows {eventhough he will not always admit it),

whether he succeeded in his formal description or not.

Each of the above appreaches has a catch in it. The first approach
(approaching the teacher for an approval) relies heavily on
authoritarian methods of imposing knowledys and discourages self-
exploration and self-convicticn, In fact, many teachers have taken on
themselves this role of jucging whother tne child 1s carrect or nat in
his pertarmance, This does not lot the child construct for himself the
mathematical notions and concepts. Nor does 1t enable him to realize
that the truths of mathematice are nhyective and necoessary,

the sacond approach of experimentdtion as the mode for verifica* ton
Introduces mathematics as an empirical science rather than a deductive

one. In adopting the second approach we adopt also another theory of

truth, the correspondence theory of truth (Tarski, 1949, Russell,
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1959/1912) by which truth consists in some form of correspondence
between a belief and a fact. If to use Tarski's notorious example:

"The sentence "snow is white" is true if, and only if, snow 1s white".

Using a similar approach to learn the truths of mathematical sentences
means constructing a world in which the child will be able to examine
for himself the truth of mathematical sentences via the state of
events in a familiar world. It seems that the accumulated wisdom of
math educators agree that learning mathematics at school can benefit
from designing such environments in which children can experiment; get
feedback on their activities; be able to explore their hypotheses and
discover whether they are true or false. Note, again, how crucial is
the notion of truth and falsehood to the examination of one's

hypotheses.,

At this point some of you might think that I am speaking about
microworlds, and indeed | am. But ] would like to spell out what makes
a microworld such a pewerful educationol tool. Elsewhere | have talked
about the characteristics of a learning environnent at school (Nasher,
1988) and have detailed what [ call Ledarning Systems (or microworids
if you wish), Here [ will puint only to some of (1S necassary

components,

The most amportant chdaractoristic «f 1 'earning Systom fs that i

consists of two maror components:

1) There 15 a clear articulation of a urmt of knowledge to be taught,

hased on an expert knowledge. The eaperts 1n this case are not the

scientists in the field, but rather the experts «ho can tailor the
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body of knowledge to the learner's particular constraints (such as age
or ability).

2) There is an exemplification component that must be familiar to the
learner, The ¢hild should be able to grasp intuitively truths within
the selected exemplification model. The choice should also ensure that
the relations and operations among the objects in the exemplification
component will fully correspond 1n an isomorphic manner to the objects
relations and operations to be learned. ! should stress that the
exemplification component must be familiar to the child to serve as an
anchor to develop an understanding of a new and unknown system of
relations. For example, one can use the ability of the child to
differentiate among colors and lengths as is done in the use of
Cuisenaire rods, to teach him new concepts related to the natural
numbers, or one can use the child's knowledge of spatial relations to

learn programming in Logo.

What 1s possible and what 1s not possible within such an environment?
It seems that it is possible to establish a language that employs
ordinary language notions between the teacher and the child about the
abjects and relations in the exemplification model. It is possible to
demonstrate new configurations not yet experienced by the.child, in a
domain which is already familiar to ham. [t 13 possible to try and

have a lanyuage that symbolizes these new configurations, but 1t 1s

not possible to assume {and this 1S a wirning) that, just by pointing

aut to him, the child has instantly noticed the new relations, has
rotiocted an them, and has absarbed theyr sygnificance. Nor should ane

assume that the langudge the teachor uses tn stgnify these now




relations, is not an empty verbalization for the child. Here, I call

again upon the constructivist maxim.

what is really possible is to construct within the child's reach an
environment that if experienced and explored by the child has the
potential of revealing some interesting relations that were (or were
not) noticed before by rithematicians and were coined in a
mathematical language. In offering such learning systems there is a
notion of planning and goal-directed activity at school which is the
essence of instruction, as part of our vision of mathematics as a
cultural endowment, on one hand, and an agreement that the learner

must construct for himself any piece of knowledge, on the other.

Granted that mathematical knowledge grows out of the subject's
reflection on his own actions, the hest we can do is to build a

constriined environment within which the child can act freely in a

less scattered and randum fashion than might happen outside school. My

claim is that most of the more advanced mathematical notions are not
easliiy amenable to the student's activity or experimentation outside

of schools and as such they call for some pedagogical intervention.

In advocating the planning and creation of learning systems by the
schools, a word of caution is in order, There is a danger that there
will be a gap between teachers' planning and the child's necessity to
construct for himself his knowledge at his own rate.

This is a true pedagogical dilemma with which teachers have to live
»very day. When a teacher has his own expertise and norms, then the

studonts' theories in actions are doomed to be judged relative to the
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norm as misconceptions. [ would like therefore to raise a question, on
which it 1s not always clear what the radical constructivists stand
is: Does such a knowledge on the part of the teacher enhance or
inhibit learning? I would like to answer this question after

presenting the following rescarch findings.

Learning Decimals

In the past few years some of my students have been engaged in
research about the learning of decimal numbers. [ will use these
studies to iliustrate the problems of learning at school. The first
study by Mrs Bilha Zuker, my former M.A. student, dealt with the
question of understanding vs. algorithmic performance in the domain of
decimal fractions. She constructed two separate tests, one that tested
what we believed to be routine algorithms involving decimals and the
other test that called for some reflection and understanding of
decimals. Comparing the value of two decimals was one of the items in

the second test.

The next step was taken by Dr. Irit Peled who wanted to ook more
closely where the failure in understanding occurred. She asked herself
if it would bhe possible to find its sources. Her study was parallel to
a study made by Leonard and Grisvald {1981) and Resnick et al (1988),
To cut a long story short, I will describe the gist of the study.

Consider for example the following tasks administered to children of

grades 6,7,8, and 9. The subjects had to mark the larger number in the

following pairs:
Case | vS.

Case 11 Vs,
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In Case I Jeremy marked that 0.234 is larger than 0.4; and in Case Il
he marked that 0.675 is the larger one. Does he or does he not know
the order of decimal numbers? In our study in Israel the data was
gathered in individual interviews, so that the children could explain
their choices. This helped us understand their theories in action. In
both cases Jeremy said that the longer number, i.e. with the more
number of digits (after the decimal point) is the large- number (in
value). Jeremy had one guiding principle as to the order of decimals
and, accordingly, Jeremy was wrong in case | while in Case Il he was
right. Although his guiding principle was a mistaken one, re succeeded
in correctly solving all the ercises similar to Case II. Also, It is
not hard to see that his guiding principle was one that served him
well up to this point, having been extrapolated from his knowledge of
whole numbers where the longer numbers really are larger in value.
And, unless something is done, Jeremy's “"success" or "failure” in
certain tasks is going to depend on the actual pair of numbers given
to him. This, of course, blurs the picture of his knowledge Now
imagine Ruth who decided in both Cases | and Il (in the above example)
that 0.4 is the larger number, i.c¢., in each case she pointed to the
shorter number as the larger one in value. Ruth gave the following
explanation: "Tenths are bigqer than thousandths, therefore, the
shorter number that has only tenths 1s the larger one." Ruth does not
ditferentiate between Case | and Case 1l either, She will be correct.
in all the cases similar to Case I, but wrong 1n all cases similar tn
Case Il. We can understand this kind of reasoning in licht of what is
learnod in fractions, Ruth has a partial knowledge of urdinary

fractions and cannot integrate what she knows about them with the now
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chapter on decimals fractions and their notation. It is interesting to
note that about 35% of the sixth graders in Israel who completed the
chapter on decimals acte( .ike Jeremy. They were, in fact, using the
above-mentioned rule which relies heavily on the knowledge of whole
numbers; and about 34% of the Israeli sample of sixth graders made
Ruth's type of rule. Even more interesting, is the fact that while
Jeremy's rule frequency declines in higher grades, Ruth's rule is more
persistent and about 20% of the seventh and eighth graders still

maintain the rule laid out by Ruth (Nesher and Peled, 1984)

How could such rules persist for such a long time? One reason is that
in most cases this topic is learned only in a formal mode as a pen and
pencil exercise. The child cannot find for himself the truth of his
sentences and must rely on what [ called the first option, i.e. that
the teacher tells him whether he is right or wrong. Soon. I will show

that the teacher, too, in this case could not be of great help.

In many cases, as we saw, the mistaken rule is disguised by a
"correct" answer, That is, the student may get the "right" answer for
the wrong reasons. Thus, for the student who holds a certain rule. not
all the exercises consisting of pairs of decimal numbers will elicit
an incorrect answer, For oxample, decimals with tho same number of
digits are compared as if they were whole numbers and, therefore,
these 1lems are usually answered correcily even by those whn hold
inadequate rules, and cannot therefore he used for dragnosing or
ra1sing conflicts with mistaken rules. This was the case with the

previous example., If the student for example, yiven the following item

"Which is the larger o/ the two decimals 0.4 and 0.234?" answers 0.234




we may suspect that he holds Jermey's rule. But, if he answers 0.4, we
cannct know whether he knows how to order decimals, or if he is
holding Ruth's error, but happened to get lucky numbers and be correct
on this particular item. Thus this item can discriminate and elicit
those holding Jeremy's rule but cannot discriminate between those
holding Ruth's rule and those who really know the domain., Along these
lines, for the same task, the pair of numbers 0.4 and 0.675 cun
discriminate those holding Ruth's rule but cannot dis¢rininate between

those holding Jeremy's rule and experts.

| have mentioned before that the teachers could be but of little help
to their students even if they were ready to take an authoritarian
stand. The reason is that these misconceptions are hard to detect. In
her wori. Irit Peled has built a simulation that produces pairs of
decimals to be compared. In Peled's simulations it was found that when
pairs of numbers are randomly selected from all the possible pairs of
numbers having at most three digits after the decimal peint. the
probability of getting an item that will discriminate Jeremy's rule
was 0.10, and Ruth's ruele 0.02. Thus both Jermey and Ruth will succeed
dp to 30w on any activity given to thom 1t a spocilal consideration is
et taken intaoaccount, [t is not syrprising, then, that toachers are
usually satisfied with the poartarmance of ~hiliren halding Jeremy's or
Ruth's rules. And for this they should not be blamed. On the basis of
one wrana ttem it s impossitle to fiscover the nature of the
student's theartes in action, in such classroom 1t will also bo very
difficult for Jeromy and Ruth to give up their rules since they are
datly rewariad for their erroneous rules by carrectly answering non-

discriminating items,
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If we think that students experience at school shuuld ard in
constructing more elaborated rules than the ones currently held, than
their experience snould be directed towards only discriminating items
that raise conflicts with their earlier notions, Moreover, they must
have tne opportunity to realize that there 1s 3 conflict, Tnis cannal
to he dachieved by the teachers feadoack, for whom tha stugents rules
are sometimes masked, We must look far g learning environrent ang
t2arning systems that can oxamplify Lo the student what 1s right and

what 135 wrong from a mathematicsl expert point of view.

Why did | take up your time 1n gescribing this detalled example?

Because the proceagings of our maclings in the lasy Jdocade are full of
papers dealing with similar cxamples which ire, in my view, the seeds
far the theary nawded far g more sucoessful teaching of rathomatics in

schools.

I, for oxample. have learnad seyoral lansong from the above 2xample
which 1 will present an qenera] tere,
(a) Misconceptiong ant erroneous ryales are found oot only oobgnd

errononus perfarmanges bat also Lurking hehtnd miny ¢ ages of Joreact
perfarmance, ey e often "naskoed” by corrnct poriormyneng,

(b) Misconceptinns may persist if the children 4o nat haye *hn
oppartunity fooeaterment diroctly with oy redlity that Comtradie sy

thoyr tnlints,

(¢) Schonls are far crrating learning environronts that Nave Phopr own

feattack mechanisms, ang for constructing qoad 41agn08° 17
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discriminating items for the child's activity. Teachers are not in
schools to offer feedback, or for testing and rewarding. Rather, on
the basis of their past experience they should be the experts on what
are the best activities that ennance children's learning. Watching
classes I am surprised (and you are, too, probably) how much the child

works on exercises that do not teach him anything,

Here I have touched upon the question that I have raised before, and
one that I think constructivism does not explicitly answer. Granted
that the child has to construct his own knowledge, what is the role of
schools? Can schools be more efficient than any other occasional
learning environment? | think, my answer is clear and | will summarijze

it by the line of thought that ! have developed here:

[ think that schools have the potential of becoming a better
environments fer [earning mathematics than any other environment, It
depends on our understanding of the nature of constructing
mathematical knowledge. Understanding in this context means building a
detaiied theary that will first be tased on a sound epistemology, and
then will be sufficientiy elaborated to hecome 4 theory that directs
the actutrl learning; creating loarning systoms will bo part of jt; gt
will oxplain "the thearves ynoacaon” that chilidren tovelap as well as

discern discriminating 1tems and tasks that many nf us work on,

f.nal note
None of the hopes tor qood schooling that | have entertained must be
rogi1z~t, None of the dreams ghout planned onvireaments must be

fulfilled, Currently, many schools actually demonstrated that | am
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wrong. Yet | believe it is time to sketch the potentials for better
schooling and how we can reach them. ! suggest that human creativity,
and man-made learning environments should be developed according to
our best pedagogical knowiedne, I think that the so-called
"artificial"” environments need not be inferior in promoting knowledge
than the natural ones, that we all know how powerful they are, Are
man-made materials, such as the synthetic polymers, worst than the
materials that Mother Nature supplied us with in the first place? Can
any one imagine our world today without the advancement in all
technologies which are man-made? And why should this also not be true
of man-made learning environments that exemplify conceptual frameworks
which are, themselves, a human creation? [ believe that it is possible

and 1t is in our hands to turn such dreams into reality,
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Reconstructive Learning

L.Streefland, Faculty of Mathematics and
Computer Science
State University of Utrecht, The Netherlands

Résume’

Dans cette contribution,intitulée "Un apprentissage reconstrucuf, on s'interroge sur les conditions
nétessaires pour meure les enfants dans une situation dans laquelle i's engendrent cux-mémes- eventuellement aver
l'aide de I'enscignant- des relations mathématiques abstraites

En vuc Je répondre 3 cette interrogation, on porte l'attention sur des constructions et des productions
fournics par des enfants dans le cadre d'un enseignement de mathématiques realistes.

Entrent alors successivement en consideration les points suivants:

-Que peut bien sigmifier “les productions personnelles des enfants” et quelles sont leur fonctions dans ic
processus d'apprentissage? Exemiples.

-Qu’ apportc une recherche en didactique’a I'égard  d'un enseignement des mathematiques qui soit
reconstructible?Quel role jouent les productions personnelles de ce point de vue?

-Inter:iennent enfin les caracterstiques d'un enseignement de:s mathematiques réalistes.Ces caracteristiques
determinent les conditions opumales pour que les constructions et productions personnelles des &lves se développent
au micux et prennent la place qu' elics méritent.

Lilntrodyction and survey

When thinking about the title of the present lecture, words like constructivism and
reconstructivism crossed my mind. I rejected them. 1 thought 1 would better avoid any allusion to
last year's PME-XI discussion on constructivism and its interpretations (cf. PME-XI
Proceedings),which | have neither the intention nor the talent to join.My aim is more concrete. The
question 1 wish to tackle is: How to influence children to produce by themselves-albeit under
guidance-their inathematical abstractions. (cp. Cobb, 1987) In order to answer it I will deal with
successively:

-children's own production in mathematical instruction-what does it mean?(2);

-function of their own production in the teaching/leamning process, with examples (3);

- own productions in education developmental search after reconstructible instruction ( 4y

A brief reflection on reconstructive learning will conclude the exposition (5).

2.What is own production?

In productive mathematics education children, guided by their teachers, construct and
produce their own mathematics. The pupils' mathematical activity expresses itself in their
construction and in the production resulting from reflexion on the constructions. Treffers
(1987,p.260) has introduced this distinction, which according to himself  is no matter of
principle. Free production is rather the most pregnant way in which constructions express
themselves. What, however, is own production? In order to answer this question we shall look out
for the preconditions and circumstances under which productions emerge or may emerge in
instruction.

By ¢onstructions we mean solving:

-relatively open problems which elicit- in Guilford's terms- divergent production, due to
the great variety or.:olutinns they admit, often at various levels  of maS\eman'smion: and

-incomplete problems, which before being solved require self-supplying of data or
references.

An example of the first: How to divide two bars of chocolate among five children? An
example of the second: A radio message on a § km queue at Bottleneck Bridge- how many cars
may be involved?
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The construction space for own productiofns might even be wider:

-contnving own problems (easy, moderate, difficult) as a test paper or as a problem book
about a theme or for a course, authored to serve the next cohort of pupils. An example, sav, for
grade one: Think out as many sums as you can with the result 5.

Finally there are border problems, that is, of constructive character but with a strong productive
component,which require devising symbols, linguistic tools, notations, schemes, or models. In our
illustrating problems stress is laid on the various functions :0 be fulfilied by own productions in
the teaching/learning process (as weil as in research). In fact, a production problem can involve
more than one of these functions. The division according to functions is again a matter of stress
rather than of principle.

l;E m:n;us urc 0 D“d :I-mm m=ma:h]-ugg:an]mgpxu;=.:.

3.1.Preliminary survey

If children's learning is to be expressed in their own production, its various functions have
1o be viewed under the aspect of instruction, that is, according to their didactical value (though of
course from the learner's side). Without aspiring at completeness, we will distinguish the following
functions:

-grasping the connection between pheomena in reality and the matching tool of
description and organisation (horizontal mathematising) (3.2.);

-seizing the opportunities of continued organising and structuring of mathematical material

(vertical mathematisirg) (3.3.);

-uncovering learning processes, and reversing wrong trends (3.4.);

-producing terminology, symbols, notations, schemes, and models serving both
horizontal and vertical mathematisation (3.5.);

Each of these functions will be illustrated by examples and commented on. In all cases it
will appear,that being productive in the mathematics [esson provokes both reflection and
anticipation on the teaching/learning process.

The various functions will finally be considered within the broader context of course
construction and education developmental research (4).

The whole will be concluded by a brief reflexion (5).

2 Grasping problems
Example :"The size of The Netherlands” ( after Treffers. 19871, trom the domain of
calculation and meansuration by estimate:

.- ~
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Somebody affirms that the area of The Netherlands is 36,842 square meters, according to
Larousse Encyclopedia, he says. What is your comment?

We will give an impression of the course of a lesson with 11 to 12 years olds who have
received traditional (rules oriented) instruction, although in their last year  (grade six) a few
richer problems happened to emerge in the lessons.

The pupils start working while the teacher walks around, assists groups of pupils, and
afterwards conducts the retrospective discussion.
At the start of the lesson the teacher had a brief talk with Mar:

Mar:Then I should first know what is a square meter.

Mar:1 do know that a football-ground is a hectare.

T:How tall are you,Mar?

Mar:One meter seventy.

T:And now a square meter. Pay attention to "square”,

Mar: | see. It is four times a meter (indicating a square).

T: This desk, is it as big as a square meter? (in factitis 1.30 m. by (L.70).
Mar: No.it isn't square, so it is not a square meter..

Follows some explanation. Mar is progressing but time and again new obstacles arise; for
instance, when The Netherlands is modelled into a rectangle of 200 km by 300, and the area
should be calculated. The estimated dimensions are to the point but 200x 300 is done by column
arithmetic. Mar's mathematical activities oscillate move between two extremes: intelligent estimating
and thoughtless calculating.

Most of the pupils appear to know very well what size a square meter is, and understand
decently what is area, but they still lack the mathematical attitude of trying a multiplication related to
the 36,842 square meter, or starting at the other side, that is to make an estimate of the size of The
Netherlands on the strength of available experience. They reproach the teacher walking around:” It
is so big a number that one cannot imagine it, 5o there is nothing to comment.”

They are given a hint; the size of a garden or so. It suffices to put them on the right truck
In due course everybody is adjusted to explore wether the 36,842 square meters are possible. In
retrospect the pupils deliver the comment (briefly summariced):

-1f it were true, hundreds of people would live on a square meier because millions are
living on the 36.842; so that is impossible,

-36,842 square meters is like a strip long 36 km and wide 1 m, and that is rather like a path
through The Netherlands;

- 36,842 square meters is not much more than a rectangle of 200 meter by 180 .that is abow
sin foothall-grouds-it is good for Gulliver's Lilliput;

-The Netherlands is about a rectangle of 200 km by 300 (of. Mar's estomanion). thus
36,842 square meters cannot be right.

All these commients are disctissed. Almast all can follow the various reasonings and
compare them with their own solutions. ‘The last among these comments gives the teacher the
opportunity to ask for the factual onigin of the error. The whole group agrees that it should have
been squire kilometers. Then the teacher raises the guestion:How could right 36,842 square
Kilometers have come out”?

In a final discussion objections are summarised: What about rivers, lakes, hillv?Do they belong to
the area of 36,842 square km?

94




What about the tides? Isn't our country targer at high tide than at low tide? How big can the
difference be? Isn't the area to be considered as a variable?Finally the crucial question:” Woukin't
such a precise number be posssible on the sirength of some model of The Netherlands?”

The teacher herself explains things: the fixed low tide line and the fixed map mode) define the
calculation, In detail this model differs from reality. That then is how the nize of The Netherlands is
verified.

The foregoing was a good starting point. This is proved by a newspaper cutting’

The classification obtained by this method has funcuoned
tor a certain time as shadow classification, never included
it official tables. {tis, however, altractive (0 have a
¢loser ook to this equivalising formula. Since it requires
some arithmetic, let us restrict ourselves to The Nether-
tands. The country has about 14 mullion inhabitunts,
versus the 3 ithons of the US, that is twohundred ti-
me.s as much. The area of The Netherlands is, xay, 40,000
square meters, versus the 33,000 square kilometers of the
LS, that 15 thousand times as much. This werghed aganst
cach other yiclds for The Netherlands a population coetficion
one ifth of that of the LS.

In atest 312 future primary school teachers were asked . comment on thi s newspaper
cutting. The scores were both revealing and distressing:

Correct - I8

Wrong 191

No answer: 103

Many students performed their caleulations exactly by means of cotumn procedures, This
indeed was the most essential shorcoming which could be observed.because this resalted i the
production of failures which were not in the artcle. Other nustakes were sloppy arithmetic and the
wrong processing of magmtudes and big numbers tlicobs 1986

Remaerks

Obeiously the future teachers (as well as some of the pupils of the former example) lucked
the notion that and how numerical data are anchored in reality and, with regard o measuring. did
not have to their disposal reference points such as the size of 1 toothall-ground.the size of o
country, the number of inhabitants Mathemativs education shoudd wmat developing personal
scales of familiar and hived through measures such as:

-the distance hetween honte and school, also measured in time. walking and hiking;

-one’s own weight and <tature.

-one's walking and biking distance per hour,

-the height of i house, u twenty stores building,

the size of the playground. a football-ground, and <o on

Such personal scales, the richer the better. form reterence frames tor sobving probiems of
the kind as presented.




What do the foregoing examples mean in the context of (re)constructive learning? Of
cour < they have a merit of their own but in the present context they have been adduced because of
their constructive and productive value.

Educated estimates and implicit experiential data made explicit, strengthen the grasp on
problems, which is one of the functions of construction and production.Solving means tying
connectiotis between the real and the arithmetical world by means of mathematical modelling.
Growing such connections helps developing a mathematical attitude, in particular horizontal
mathematising, that is mathematisimng real world situations (cf. Treffers,1987). Almost all of the
312 future teachers lacked that mathematical attitude required to clean the mess of data in the
newspaper cutting. This proves that the environment where they learned mathematics diftered much
from that of the school lesson. It is comparable with the direction in which the problem solving
courses of Schoenfeld(1987,p.213) have been developed:

With hindsight. 1 realize that what | succeeded in doing in the most recent versions of my
probiem solving course was to create a microcosm of mathematical culture. Mathematics was the
medium of exchange We talked ashout mathematics, explained it to eachother, shared the false
starts, enjoyed the interaction of personalities. In short, we became mathematical people.”

Pupil's own constructions and productrions is the mirror of the teaching/learning process,
both for the teacher and the educational developer and researcher, Look to a few examples!

Example ]

Grossman(1975) reports about unexpected surprises caused by production tusks, She
presents a few examples of work with first graders. We quote two of them with the teachers’
comments(ibid.p.14-15).

“Mark was having trouble with arithimeue until 1 gave this assignment He amazed mie and
he proved to himself that not only he could do arithmetic but that he couldn't stop doing it He
handed i twoextra papers on his own on subsequent days.) The other chiidren loved the setvits
w0 My feelimy was one of constant amazement that they could do it all”

..

Fhnew Jon was binght becanse he undersiood so well all that [ taught in my structured
lessons, wether 1 oliowed the syllabus or went just a little beyond it However, Tnever suspected
thit he could handle number combinations in hundreds and thousands. There | was, teaching
combinations up to twenty, hmiting my expectations and the children’s eeilings.”
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Remarks:

The teachers’ comments show that both boys had amply transgressed the limits of the
scholastic domain. Mark's work still reveals traces showing how he reflected on his activities.
After a hesitating start where he scained the available arithmetic he screwed up courage, became
selfconscious,wrote bigger, and sailed a fixed course through the system he built while
constructing his problems. He transgressed the boundaries of the arithmetic lesson and produced
his own structure. At home he continued intensively- the same Mark who had problems with
arithmetic.

And then Jon! How much curtailed must he have been in his possibilities! He anticipated
on sums, three grades higher in the curriculum; up to 10,X00-9.995=5! _ike Mark he worked
systematically. Only his written report was a bit untidy.

Both of the boys reflected on what they had leammed within the number system, and
consequently they anticipated on the future of the tcaching/learning process, the one farther thun the
other. The teachers were hold up the mirror of their instruction, Especially Mrs.S.( Jon's teacher)
was conscious of this fact.

What would pupils’ own constructions and production have mirrored in rich contexts of
realistic instruction?The answer to this question can be found in numbers of publications (¢f. Van
den Brink, 1987).

Fxample 2:
A course of long division can be based on the principles of clever reckoning and
estimating(cf Treffers, 1987). Let the start be

'342 stickers are fairly distributed among 5 children; how many does each of them get”

In such a situation distributing shall be organised. First the stickers are handed out piecewise. but
soon bigger shares are dispensed. The written report reflects the distributing pattern, which
indicates the distribution process. Subsequent steps on the path of mathematising are predesigned.
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In the second phase the children are soon satisfied with noting down ore column only-‘all get the
samic, indeed’. Other contexts are bheing introduced, among which that of grouping. After about 15
lessons the children work on different levels.
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In the third phase the connection is made to decimals and fractions.Estimating according to
powers of 1/10 becon.es central but the procedure does not change essentially. Context dependant
answers on divisions with remainder are not neglected. Again and again the opportunity is given to
invent problems, among which illustrations of bare numerical divisions.An example:

6394:12, invent stories belonging to this surn such thac the result is, respectively

532 53284 rem.4
533 532.833333
532 rem. 10 about 530

At cricial points in the course it is asked to invent problems and to solve them by a slow
longwinded manner as well as by a quick and short one - the pupils should leam te reflect on their
leamning process and to anticipate on even shorter procedures.

Remarks
With regard to contents the course, sketched above, of long division can be charcterised as
follows:

-a process of clever calculating and estimating, integrated in context problems;

-a process of progressive mathematising arithmetical methods, in the present case by
means of schematising and shortening

Such an approach cf division starts with the informal methods of the children, which are
organised and structured. Construction and production play an important part in the process of
progiessive schematising and shortening, which are aspects of progressive mathematsing. [uring
the teaching/lcaming process the solution of applied problems are continuously subjected to
inventarisation. Continuously the question of possible shortening is raised. The procedures arising
in the course of shortening function in the course to be followed: beacons for those who nearly
reached the same level of mathematising. The ultimate standard algorithm of long division is
predesigned in this process as the utterly shortened procedure.

In a sense this mirrors the historical process of algorithmising long division ( as well as the
other operations on whole numbers; cf. Menninger, 1958 ). In fact the present course was at least
practically inspired by the view on the historical development.

Comparative research undertaken in our country has proved that this approach is by far
supenior to the traditional one. An experimental group attained in half the time a result almost twice
as good as a control group which had been tadght traditionally (¢f Rengering 1983, Tretfers 1987),
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exp. contr.

difficult divisions
(zeros in dividend or divisor.etc.) 85% 45%

applications 70% 45%

Scores 1 long division - raditional method vs. progressive schematising.

The results on the traditional method have been confirmed by other research, also in other

countries.

We have already noticed the diagrostic value of own constructions and productions,

mirrors as it were, illustrating the teaching as well as the leamning process.
At present we will consider the diagnostic value for the learning process. in particular cases

where constructions and productions reveal wrong ideas and misconceptions.

Exumple
The class had elaborated and described two distribution situations (cp. Streefland

.1984;1987).It was quite early in the teaching/learning process.after a number of suchlike activities

in the past. The teacher judged it the just moment to proceed to the first task of free production in
this domain. The pupils were chalenged to think out such ‘number sentences’ as had been met in
the distribution situations, that is. with halves, fourths and- for the courageous ones- eighths, with
‘plus’ and ‘'minus’ ,;maybe even with 'times’, sums matching distributions.

Michae! produced the following:

e mardte o ‘n" e

! [N

'

¢

R

e~

His work is typic for -world-wide- mistakes, | called 1t “N-distractors” (¢f. Hart
JA981:Hasemann, 1987: Streefland, 1984: and many others).

48
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Remarks

The diagnosis is clear. The mistakes are the consequence of yielding to the temptation of
whole numbers and their rules. It shows that the constitution of the mental object "fraction” has not
progressed far enough to resist this temptation. Numerators and denominators were still ope2ied
upon separately; their conceptual interdependance was neglected.

The task had been set too early, at least for Michael. The concrete sources had been
switched off prematurely. Stating this goes to the heart of the function here envisaged. In their
own v structions and productions pupils can disclose their wrong ideas and misconceptions. In
other words: Own constructions and productions unveil the -possibly wrong- personal theoretic
basis of reflexion and anticipation in the teaching/learning process. This enhances the diagnostic
value of the material. A correct diagnosis promises successful remediation both of leaming and
teaching.

As a matter of fact this is closely related 1o ideas in Sinclair's and Vergnaud's PME-XI
addresses at Montreal. Indeed, what has happened? Michael reckoned among others 1/4+1/4=2/8
Remediation can start with eliciting a conflict. In the concrete ( imaginable, meaningful )
environment a new solution can be tried: Four children share two pizzas.Make a distribution-how
much does each of them get? The solution may be €5 & (one fourth and one fourth are two
fourths, which is one half ).Some children don't expeérience this as a conflict.(cf. Streefland, 1984,
Hasemann, 1987). In these children's conception the result ( still) depends on the solving method,
that is, on the level at which the solution is conceived ( concrete vs. symbolic ). This level
dependance is an example of what Sinclair (1987) named a " normative fact *, and Vergnaud
(1987) " theory in aclion ".

] . l' Iv ...l I Il >

Children learning mathematics can, by their constructions and productions, contribute to its
working apparatus.

Example |

Madell (1985) reported about the personal algorithms for subtraction, developed by pupils
of the Village Community School in New York. Their ‘natural’ informal methods of performing
the operation had the following characteristics:

-both working (partly ) per column and from left to right:

-working with position-values in stead of the humbers per position,

-working with deficits and borrowing from tens; nobody applied the standard procedure of
borrowing,

-working along the lines of proceeding abbreviation.
Let us have o Jook at an example, refiecting the features just mentioned.

Stephen's Running Total (Abdbrevioted)

Mow cen jou ¢1piain PAS
combned vaoge of edd 1o
end subtroction in Stephens
meinoy *

( quoted from Labinowicz,1987,p.381 ).
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This own invention of column subtraction may be used in the development of a standard
procedure, deviating from the usual one.

8371
3134
S000-400+20-3=4617 (a)

The written report, however, could also have looked like this:

(b)

This is positional working from the left to the right with ‘deficits’ which occur quite naturally.
Method ( b), however, can be shortened by means of a new notation, namely:

8371

3254

L] (©)

Remarks

The self constructed notation served the development of an algorithm for column
subtraction, while working from the left to the right, it s stated that 8,000 minus 3,000 equals
5,000,300 minus 700 is 400 short (notation ' with the background reasoning that subwacting 3(X:
is still possible , with the result ), and subtracting 400 more brings@at the place; and so on.)

The deficits can also be indicated by parantheses or by upper dashes (¢, pupils work),

wl apaddl

Araca ere

All notations are shortemings of the more extended ones in () or (b)
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For the transition from 5423 to 4617 money can be used as a meaningful positional
material; property 5,000 debt 400 This is a way one can use children’s informal methods to
start a process of algorithmising, based on clever calculating and steered by progressive
mathematising. The production of new forms of notations misrors the reflexion on the course of
thought and creates the possibility to shorten the developed method.

Regularly such approaches are met with in publications.Apart from that, the possible
consequencies for the outline of the programme for the algorithms usually are not recognized, dealt
with and elaborated.

Anyhow Madell did not.According to what has been shown with respect to this, the usual
algorithm for subtraction would have to leave the field.( after Treffers, Feijs en De Moor, 1988).

Example 2

Dividing per unit and several units simultaneously in distribution situations is an
oppotunity for children learning fractions to produce equivalences by themselves. In the
distribution activity 1/4 and 1/4 go together with 1/2, and 1/2 can be decomposed (among others)
into 1/4 and 1/4.

During our education developmental research (cf.4) pupils contrived such terms as "hiding
name' or ‘conceal name' to indicate non-standard names for fractions.Such terms facilitated the
communication but also described it efficiently (The Dutch word ' schuilnaam’ sounds less
'learned’ than English ‘pseudonym’).The quest for a fitting term for some ( mathematical)
phenomenon can elicit reflexion, as this example shows.

The most suitable propositions that were offered, also proved to have a long term
predictive value.(cf.Treffers & Goffree ,1985;Streefland ,1988).

Example 3

In more extensive situations such as 'dividing 18 pizzas among 24 children’ the actual
distribution, wether pictorial or imagined, is too laborious.In our education developmental research
some children got to use the service at tables as a means to reduce the situation to manageable
proportions. Thinking about it they found out the symbol $for 24 children around a table with 18
pizzas.This made it possible to represent the service at tables on paper. It led to organising and
structuring activities such as building schemes that expressed variations in table services. For
instance-

alf.
Mo

. (9) . SEX
that is, two tables\¥ nstead of one'§]

(9l

12

with the rablesd and §
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This can be continued: /o
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At all given moments this schemes-building can be interrupted. At one tahle everybody s
fair share can be determined. In this way any distribu.ion situation is being made accessible to the
pupils via the double action of fair sharing at one table and the fair table service. Time and again the
learner will reconstruct the food/consumers relation. This leads to an operational concept of tracuon
and ratio in their mutual relation. The scheme that is developed organises in an almost evident way
the production of tables equivalent with regard to faimess. The food/consumers relation of the
original situation shall be mentally continued at each step:ratio conservation, Schematising goes on
with table service in the background. The context situation fulfils a model function: the maodel
situation of table service becomes a situation model.(cf. Treffers & Goffree.1985;Streefland, 1986).

Remarks

The quest for fitting symbols for distribution situations and schemes-building for table
services supported by this symbol elicit reflexions uncovering the process of horizontal
mathematisation,

Distribution situations are being located within mathematics. Anticipation is being
encouraged by the opportunities of progressive schematisation, which emerge as naturally as in the
example of long division. How does this happen?.

The self- contrived symbol and the patterns in which it occurs allow to compare situations
with each other by decomposing them in equivalent partial tables which can_more easily be
compared, for instance tables with the same number of guests. The symbol@is a ntetonym for the
situation and the scheme is based on the situation model of table service, which functions as a
cognitive process model.(cp. Greeno, 1976).

Continuously applying the scheme leads to two types of shortening, which uncover the
reflexion on the own activities.

The first is scheme-conserving while the natation s simplified: equivalent branches, or at
least the numbers are omitted so that the exsentials of the table service are respected. The second is
shortening in depth like

A

3 replaced by (& S
@ G TR QY

which changes the pattern of the table service with the numbers themselves and their common
divisors steering the shortening.

This involves level-raising in the learning process. The provisionaliy highest fevel is
attained when the pupils consciously and systematically sturt with the reduction by means
of the greatest common divisor while knowing how to verbalise this idea.

Moreover this may lead the learner to focus on proportion tibles
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Starting from a given portion 3/4 and looking for matching table services connects 3/4 and
@ with each other; while both of them are still distinguished by the different notation. Pushing
wbles side by side gencrates new tables granting everybody the same portion

A
C

\ P
. thus - 3 ‘YW
Y Py s A
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The next step indeed is proportion tables.(Streefland, 1985).

Example 4

19 years old Fynn (1976) told a fascinating story on six years old poor Anna. She had her
own way to manage big numbers.She knew that big numbers could be made ever bigger but she
lacked words to express them. When she would transgress the limits of millions and billions she ,
in order to continue, invented squillions.

Some fine day she told Fynn she could answer a squillion questions.”Me too0", Fynn said
unimpressed, " but, among half of them wrong”. "Not s0,” Anna said, " all will be good"." Idle
nuts”, Fynn thought. "nobody can and she the least . She deserves rebuke. But Anna did not 1ake
it.

" How much is one plus one plus one "

" Three, of course ".

" How much is one plus two "

" Three.”

" And eight minus five 7

" Also three.”

Fynn wondered what she was getting at.

" How much is eight minus six plus one ?*

" Three."

" How much is one hundred and three¢ minus one hundred ?”

Fynn interrupted: he telt she was pulling his leg. She was inventing the problems on the
spot and could go on that way until] the cows came home. Nevertheless Anna enthusiastically made
her last move.

" How much is one half plus one half plus, ...

Fynn had got the message.

" How many problems can be answered by three "

“Squillions,” Fynn said.

“lse'tat funny, Fynn, every number is the answer to squillions ot questions

¢ hypothetical retranslation from the Dutch version)

Roemarks

This own production reveals high level reflexion, typical for a mathematical attitude in the
spirit of Knntetskii (1976) and Freudenthal (197R), The analysis is left to the reader. In the next
section this exaniple will be reconsidered.
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The foregoing examples show the parn played by the production of terminology, symbols.
notations, schemes and models in the shaping of mathematisation, horizontal as well as vertical.

Education devel Liesearch for i E

Up to now the stress has been on reconstructive learning, viewed in the learner's
perspective. It started with informal notions and working methods. Reconstruction gradually
moved the leamer towards more formal mathematical notions, operations, structures.

( One of the examples was concerned with unlearrin;_ wrong ideas and methods: notice
that often too litde attention is paid to the potential and need of unlearning in instruction ( cf.
Freudenthal, 1983 ).)

The import of reconstructive learning is also at the heart of Anna's message. Curriculum
developers and researchers are seldom aware of such signals. Rather than seriously observing
children and learning from their activities, their constructions and productions, they expect answers
on questions and solutions of problems by prematurely theorizing within topical frameworks. Calls
for change sounded time and again in the literatuire on development and research, are not listened
to. The results of didactical research in teaching arithmetic are badly neglected. Fractions is a telling
example: fresh starts with ali old errors repeated. Nothing is leamed from lessons such as taught by
didacticions of mathematics like Freudenthal ( 1968 )( 1973 ), Hilton ( 1983 ) or Usiskin ( 1979 ).

A striking illustration of this fact is Brownell & Chazal ( 1932, p.24 ), who from the
results of drill for the mastery of basic skills conclude: “.....the time and accuracy scores on Test B
were better than on Test A, not because the month's drill had materially raised the level of the
pupils’ performance, not because drill had supplied more mature methods of thinking of the
combinations, but because the old methods were employed with greater proficiency .

By " old methods " the authors mean pupils’ own informal solutions, which resist
instruction against the grain.Wouldn't we have made ter progresses in our knowledge about
childrens' mathematical leaming if we had built on these telling results of research ?

Does reconstructive learning also apply longitudinally to class instruction ?Our reports
related 1o the seize of The Netherlands, long division and table service provide indications for
group leamning processes.

In order to answer in the affirmative, we have to carry on education developmental
research- research in action.

Such research aims at developing prototypes of courses and theory-building for teaching
and leamning in a certain subject area. Instruction experiments start with provisional material. The
teaching/learning process is closely observed. Connnual observation and registration of individua)
learning processes is at the heart of the research. What matters is that pupils’ constructions and free
productions are wsed for building and shaping the teaching course

In the variety of children’s possible proposals ( look for the kind of problem« to be used
(2)) one gets a rich choice to find out what is the best fitting, the farthest prospective. and in the
lang run the most effective. Blocking and diverting material is eliminated.

This is no illusion. At ours as well as abroad courses have been developed in this way: for
science, see Driver ( 1987 ) :for mathematics, see Treffers ( 1987 ).

With the aid of children’s constructions and productions a course for fractions closely tied

to ratio and proportion has been developed ( Streefland, 1988 ).

In this kind of design children, by their leaming processes, decisively influence course
development- this even extends to supposedly weak learners as some examples proved,

Onte more: mathematics education is developed in een experimental situation, where pupils
can contnbute by their constructions and productions.
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This nourishes the source for creating reconstructible instruction. The prototype can serve
as a model for establishing and developing derived courses. Such potential instruction is
predesigned in textbooks and manuals.Globally the used generative problems with pupils' usable
long/term constructions and productions, which emerged in the developmental research, will mark
the learning road for fresh pupils' cohorts. In particular the manual will prefigure the material to be
expected from the pupils and help 1o reorganise it with the view on the sequel. This is a means to
realise teachers aided reconstructible instruction.

Such teaching, rather than transfer of knowledge, is negotiation of meanings (Driver,
1987, p.8 ).No longer does the course represent the teaching contents but : ".....a programme of
leamning tasks, materials, and resources which enable students to reconstruct their models of the
world to be closer to those of school " ( mathematics; added by L.S.)( L.c. p.8).

S.Conclusion

The construction principle in education requires a significant part played by children's
constructions. What does this mean for mathematics instruction?

a. With view on horizontal mathematising instruction maintains close bounds with realiry.
The basis in reality lends meaning to the mathematical notions, operations, and structures,
envisaged to be produced; and it does 50 in a way that they become accessible to imagination and
representation. Moreover the pupils get the opportunity to mathematise problem fields from reality
by organising, visualising, schematising, structuring, shortening and so on.

Mathematics leamt shall be applicable in the reality.

b. Courses for fractions, ratio and proportion, for clever calculating and column arithmetic,
and more general, courses that line up with each other should be strongly interwoven . Genuine
reality can be organised mathematically in various ways. This connection should be respected.

¢. In the learning process the children should acquire a manifold of aids and tools which
help them to pass selfreliantly from the concrete 1o the formal ( progressive mathematisation )- a
supply of terminology, symbols, notations, schemes, and models. This distinguishes the
intended approach from the structuralist one where vertical mathematising is overstressed and
formal procedures are imposed ( Dienes, 1973; Treffers, 1987 ).

d. On the road from the concrete to the formal, cooperation, negotiation, and discussion
play an important part. Indeed the variety of constructions and productions brought about by the
open approach invites negotiation of the various proposals for continued activity. For this reason
instruction develops a full measure of interactivity.

¢. Organising and structuring of the produced mathematical material with increasing
efﬁcienc%is as much as possible the business of the pupils themselves.

ertical mathematisation was well exemplified by long division and table service, in
particular by the way how individual methods of clever calculations and notations were transfonmed
into algorithms.
Such mathematics instruction has proved to be highly productive because it is supported by
pupils' own construction and production.

Within realistic mathematics education a solid empiric basis is haid for the principle of
constructivity hy having the children contribute to course development. Horizontal and vertical
mathematisation as observed in the historical learming process can be a source of inspiration. In the
light of history reconstructive leaming is realised on the individual as well as on the class level.
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PERCEPTIONS OF TEACHERS' QUESTIONING &TYL

Janet Ainley

University of Warwick

Thig paper autlines a small-seale resoarcbh proje
aims to  explore the differing perceptiuns which te

and pupils have of teachers' questionirg styles

particular, the reseavch focuses on differing percoptaons ot
the purpases of teachers' questions, The project 1o based
on small aroup teaching with children in the primiry aae
range (B=310), Mhee tirst part ot the paper gives a
preliminary attempt to cateqgorise the purposes of teaciors'
aestions. The first stages of research, based on
interviewing subjects about their reactions to video-tapud
msterial, are then described In the final soecotion, some
early resultys are presented, indicating mic-matohes betwesn
teachers' and pupils' pereeptions, and ideas ¢for the farther
fevelorment ot the research are disoussoed,

CATEGORIES OF QUEOITTORS

The woomsiderable volume of researihointo 2las

cloarly tnoat not only do teachers ds omost o of the talkang, b G that
« Large amount of teacher talh is made up of askiteg cpaectiosns . Har gie
(i} prosents a4 roview ot sach research. ! Keveoarcher s in
linguistics have categorised teachers!' questions in g namer

(Parnes (e Y ) Mishley (100, 2 by 0 . Sy

tend too foo sy o P he Painraratio form Xl . e
question asked e g, open or cboedy,

parposes toarowha b sl viroom et reone e

Iramat ey O the wayn oan whie Bopaest

conversataian, In partaicular, it 18 very commye for teachers, and
particrularly teahere of patnematy s, . NEDR T oowhaod theey
virenedy know e annwere, Whoat

(\u-‘.! Peaprs ot 1w ) krvaw PE ot bR bt troa iy ownow oy

In the context of ormal conversats o e behava e weald
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considered very strange, and probably impolite. However, it may be
seen as acceptable in other contexts where there is a perceived power
relationship between the questioner and the person questioned (e.g.
parent and child, drill ser jeant and recruit, The most obvious
purpase of such questioning is to find out whether the person
questioned (atterwards referred to as 'the subject') knows the answer;

he question is designed to test the subject's knowledge.

However, this is clearly not the only purpese for which teachers ask
estions,  The following table sets out a possible categorisation of
the purposes of trachers' questions, viewed from an adult perspective.
category arseterist purpose
pueudo-questions Yo, do weyt, v isn't {t?' to establish
unstions only requiring or acceptable

allowing agreement behaviour, and
social contact

muine  mest jons questioner t know to qet
the answer information

sting questions quest ioner docs know the to find out it
answer, andl the subject knows the subiect
this knows the answer

Ang oauestions questioner may or may not know to provoke the
the answer, the subject may or subject tn think
may not think that she dees turther about a
problem

Three dmportant sub-cateqories of directing questions ares

questions, typically a sequence of questions which

new conneat ions become clear.

ing-up qrestions whl Vosurest pew areas of exploration, such

YWhat woulid bapren i 00", 'Why iy think

Agadn abont
aratement , osachoar PAre v sare T TTn that raotat !, The yon

'
aqree !
Toere in o widle el L, ot Taraely amsposer, beliet amonest teachers
that questioning pupils is 'better' than straightforward exposition,
This iy hscussed explicitly by Klinzing (1), in a review of
st ionang resceareih 1n Germany. T piestioning 1o regarded as oa

vileo s tivity, withoot aowarenesy ot Clifterent o Tes anld purposes of

nestions, there may be little foundation for this beliet (Ainley

(1)), Because testing questions are so common, particularly in

mithenatics where answers are often scen ays being clearly 'riaht! or
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‘wrong', there is a danger that pupils may perceive all teacher
questions in this way. Such a perception would inevitably be
detrimental to attempts to encourage discussion, investigative work or
problem solving in mathematics: pupils will feel that the teacher
always knows the 'right' answers to any question she asks, and further-
more that the teacher is always judging pupils hy the answers they give.
1t is not surprising that pupils are reluctant to risk giving 'wrong'

answers in these circumstances (Holt (1969)),
THE FIRST RESEARCH STUDY

The study was designed to try to reveal the percepticns which teachers
and their pupils have of particular types of classroom questioning
styles, For this purpose, video-taped extracts of teachers working
with small groups of children were used. The cxtracts were chosen from
the video tapes which accompany the Open University course, 'Developing
Mathematical Thinking'. The extracts, each approximately five minutes
long, were chosen to show differing styles of fquestioning on the

part of the teachers, but all involved the introduction of new concepts
by means of practical activities. Six different extracts were chosen

involving children from age six to aqe eleven,

Four teachers were involved in the first stage of the research, all of
whom were class teachers in primary schools. They were each shown three
of the video-taped extracts, and interviewed about their general
impressions of the teachers they saw, and abont their perceptions of

why particular questions were asked,  Fach teacher then allowed

children to be withirawn from theilr classes in aroups ot four {(chasen

by the teacher), to watch the video maiterial, The children wiatcbed

twe of the extracts which their teacher had seen, and were interviewnd
about their reactions to them an the samway, All the anterviews were

recorded onandin tape,

whereover poacible, the children watched video mateviad of pupails the

SAMO e a8, croyounger than, themselves, in the hope that this would

make it relatively easy for them to understand the mathematical content
of the extracts, Fvery attempt was made to reassure the childien that

they would not be questioned about the mathematics, to reduce the

1
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possibility of the questions posed by the researcher being perceived as
'teachers®' questions'. In fact many of the children were eager to show
how much of the mathematics they had understood, and it was usually
clear from their responses when they were not able to follow the
mathematical content of an extract, The children were also told that
their teacher would not listen to the recordings of what they said.
Several of the children were visibly relieved by this, and in fact many
of them spontaneously made comments about their own teacher's use of
questions, rea-tions to 'wrong' answers etc. Several other adults,
both mathematics cducators and parents of primary school children,

watched some of the extracts and took part in interviews.

The interviews were conducted in an informal way, not following a set
script. Each participant watched approximately half of each extract
without interruption, and was then asked to comment on what they had
seen. In the second part, the video tape was stopped at particular

peints and specific questions were asked., These questions rejuired an

opinion about whx the teacher nad asked a question, whether the teacher

knew the answer befoure she asked a question, whether the teacher's
reaction showed that a pupil had answered correctly or not, and so0 on,
The questions were always posed in the form 'why do you think ...7°'.
Three or four such guestions were asked abont each extract. The
interviewer als0 tried to stimulate more general comments and
discussion by asking questions such as 'Did you like that teacher?',
'How do you think thase -hildren are feelina?’, and by invitinag

comparisons hetween the different teachers seen in the extracts,

An obwingz diffienlty with this research 16 that the interviy wer had to
engage 1n cmestroenny participants hirectly, Thais inevitabdly ranses
Niftcaltios bocaase of the percegved parpanes ot the antrryyewir's
restiong, anl the porcegved roles of reneyrcher and party cipant ., The
greatest ey e that the sub gect foeela that they are being "testodt
by an anrerviewer whn already 'knows the right answers'. This was not
tten appharent o with o the e ldren who took part, thongh it g impossitle
teoanrerpret vy reasena why some chaliren i onot anewer some of the
pastioness They may have felt anxiocun abeert giving o 'wrong' answer,
may boave ot ander tood the question, or may simpdy have been anable

CXETEGS UL opantone, Most of the chaldren did not appear to be
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under any stress or anxiety during the interviews, and they talked
willingly when they had some thing to say. But then, they are used to

adults asking them questions all the time.

Some adult subjects showed much more unease about gettina the answers

‘right'. A mathematics educator whe was familiar with the purpose of

the research asked 'Am I giving you the right sort of answers?' towards

the end nf his interview, The following exchange indicates the

perceptions of one (fairly senior) teacher, who watihed the extracts

with a colleague,

Researcher (After stopping video tape) why o now thIne the
teacher aeved that queation?

Teacher 1y Well surely ft'c because ... (comments about content of
the lesson)

Researcher (No response - hoping for comments from teacher 2)
Teiacher 1: Ok well, chvicusly 7t wasn't!

INITIAL RESULTS AND FUTURE PLANG

The i-itial plan in analysing the data gathered from the interviews was
to try to identify how different subjects perceived the teachers'
questions, in terms of the rateqories outlined above. This was to be
done in two ways: comparin) the responses of adnlts aenerally with
those of children, and comparing the responses of particular teachers
with those of children in their classes. The first staae was partly a

feazibility study for more extensive research,

Three important problems arose. First, sinen none of the participants
were shown the categoeries betore tie anterviews, thoear responses o not
refer directly to them, It s therefore not sasy to anterpret many of
the responses tn terma ot the catagorien, It woald be posgbdle to

rephraise some of the spec1ifl questions waed an the antorview: so that

they refor expli-atly to the siven catermries, 1oso that they beceme

multiple choice questions. This would, however, limit the range of

possitile responses, and would alan mean that different formats niant

have to beogsedd tar oadalt oand ehuld sab e s

Secomdly, at o 1s o otten only poassible to connider the purpcse ot
trrroular question within the context of a loner exchange,  (n

shoral oaccasions adalt subjects offered two or more responses to the
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question 'why do you think the teacher asked that?', dependent on how

the conversation might develop.

Thirdly, both children and adults tended to identify strongly with the
people they saw in the extracts, and as a result their responses tended
to be related to the mathematical content or to perscvnalities. Many of
the children became too involved with scolvinag the mathematical problems
to give any attention to particular things that were said. Typical
responses from adults were,

- ... She's really getting on my nerves,

well, & wouldn't have started like thar,
ahe ghould have wsed a bigger shape; the ochildren can't

aee Tt!
Despite these difficulties the study has demonstrated the feasibility
of the method for more extensive research and some fairly clear results
emerged, One initial conjecture was that children would tend to
interpret many teacher questions as testing questions,and in particular
that both directing gquestions and genuine questions might be perceived
in this way. The nature of the extracts meant that there were few
occasions on which teachers asked what appeared to be genuine questions,
and only one of tnese was highlighted by a specific question from the
rescarcher. All of the chiidren interviewed thought that the teacher

did not already know the answer to this question.

However thore were several instances where teachers interpreted a
question as a directing question, while some of the children saw the

same question as a testing question. There is insufficient space to

give a detailed context for each incident, hut the following examples

give an 1ndication of the differing responses.

Teacher question in extract: How many does that mabe?

Interviewer's piestion: Why do uymw think ahe asked that?

Teacher yosponse:  Jhe wintg them to cheek .. a0 that then're workin:
it out for themselvee ... he's irgosing 2
teatematic approach.

Child response: To see if they knew,

Teacher question 1n extract: Jeventeen what?

Interviewer's question: Why do wou think he asked thar?

Teacher rosponse:s  Fecauee they could have got Toat o, he'e wmting
them to oherk,

Child responae: Yo see 1f they knew ... 1f {t wae right,

Teacher duesrion in extract: What's the nert ome? .., md the noxt?, ..
and the nezt one?
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Interviewer's question: The teacher asked the same question scveral
times; why do you think she did that?
Teacher response: ...8he was doing it to build up the idea of a
pattern. She was hoping they would get used to the
sequence,
child response: To make sure they'd yot it right.
To let her know ... what they'd learnt,

On other occasions, children were strikingly acute in recognising
questions which seemed to be directing/checking questions, even when
these were disguised.

Teacher question in extract: S{x? (Repeating a child's answer)
Interviewer's question: Do you think the teacher thowght she gave
the right answer?
Teacher response: He was making her think again ... a way of making her
oheck that she'd said what she really meant to say.
Child response: 1t sounded as though he said 'don't be stupid'.

For all of the examples quoted above, there were other examples where
children's responses indicated that their perceptions of the purposes of
questions were very similar to the perceptions of teachers and other
adults.

A much clearer difference between the perceptions of children and these
of adults, and one which was totally unexpected at the start of the
research, concerned the pace of questioning in two of the extracts.This
emerged from general comments about teachers, which were invited hoth
halfway through each extract, and at the end. No comments were recorded
from adults which contradicted the overall tone of those given below,
although the pace of questioning was not discussed in every interview.
One group of children did show a different response to extract D, which

is discussed later,

Extract C

Teacher Zadult comments: ¥ ceptuiniy pives tinmplont.
1t geomed painfid 1ol

Child comments: Heodovan'todue thom enoigh phane

N
Thotime e weps oo
vee e meehee them all L Pt e
Jeboon e pcamething oo,
Extract I
Teacher/adult comments: ... fheme wae very [Letlc Lime to meply
I don't Enow why ahe kopt aekisg queet <
v tROw werem't allom
Chal i omment o e dE BT, TR, o

wied qow e etions,
oo T uoc It s o]
throwgh,
Che rane ot time L.
SETY ctpad ikt

The diffeoring perceptione reflected in these

1y
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striking because it is reversed in the two incidents, A possible
explanation for this lies in the age and experience of the children
interviewed. The children who commented on extract C were cClearly
having difficulty following the mathematics involved (subtraction of
hundreds, tens and units), The children whose comments on extract D are
recorded were eleven-year-olds, and found the investigation in the
extract relatively easy. One group of less able children made comments
on the same extract which indicated that they felt the teacher was
hurrying the children. Further research is planned using the same

extracts to explore this conjecture.

The continuation of this research is based on making video recordings of
several teachers working with children from their own classes. The
activity used will be the same in each case, so that comparison between
situations will be simplitied. The teachers and children who take part
will be shown their own tape, and possibly also tape of other groups,
and a similar interview technique will be used to coumpare perceptions

of particular conversations.
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TEACHER CHANGE AS A RESULT OF COUNSELLING
Jeanne Albert Alex Friedlander Barbara Freske

Weizmann Institute of Science, Israel

In a project based on in-school in-service teacher education,

the Ero ect staff defined some criteria for effective

teaching™ of mathematics--for example, variety in teaching

style, cognitive level of questioning. etc.

The analysis_ of project records Jed to the creation of

teacher profiles (ineffective, effective and desirable) which

were used to evaluate the effect of the project on each

teacher. .

As a result of two years of project activities we can report

progress in both teacher change and student achievement.

TNTRODUCTION

Th:s paper describes the process of teacher change as a result of an
ongoing three-year project aimed at improving mathematics teecching and
student achievement in two Israeli urban schools. The target population
of this project is about 20 teachers and their 7th through 9th grade
students, who were studying mathematics in about 80 different classes at
the upper two (of three) ability levels. Four counsellors paid weekly
visits to the two participating schools, and were employed part-time for
the project by the Department of Science Teaching at the Weizmann
Institute, For the rest of the time, they were practising teachers in
schools of their own.

The project's main intervention relied on observation-based counselling.

Each of the four counsellors worked with four to six teachers. As in
other counselling projects (Apelman, 1981) we repeatedly emphasised to
all involved, that the counsellors did not have, and were not interested
in any administrative supervising authority, and that their relationship

with the teachers was strictly prefessional,

PROJICT DESCRIPTICN
During the First two years ot the project, a teachor’s  lesson was
observed at intervals of two or three weeks., All visits were scheduled
in advance and dependent on teacher consent. Notes were taken freely
during the observed les:on, and short, one-shecet observation forms were
completed the same day.  FEach observation wns foilewsd by a ten- to
forty-minute discussion between counsellor and tenchior of the obhsorved

lesson,
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TEACHER CHANGE AS A RESULT OF COUNSELLING
Jeanne Albert Alex Friedlander

wWeizmann Institute of Science, Israel

In a project based on in-school in-service teacher education,
the project staff defined some criteria for effective
teaching of mathematics--for example, variety in teaching
style, cognitive level of questioninf. atc. .
The analysis of project records Ied to the creation of
teacher profiles (ineffective, effective and desirable) which
wex‘eh used to evaluate the effect of the project on each
teacher.

As a result of two years of project activities we can report
progress in both teacher change and student achievement.
INTRODUCTION

This paper describes the process of teacher change as a result of an
ongoing three-year project aimed at improving mathewatics teaching and
student achievement in two Israeli uvrban schools. The target population
of this project is about 20 teachers and their 7th through 9th grade
students, who were studying mathematics in about 80 different classes at
the upper two (of three) ability levels. Four counsellors puaid weekly
visits to the two participating schools, and were employed part-time for
the project by the Department of Science Teaching at the Weizmann
Institute. For the rest of the time, they were practising teachers in
schools of their own.
The project's wain intervention relied on observation-based counselling,
Each of the four counsellors worked with four to six teachers. As in
other counselling projects (Apelman, 1981) we repeatedly emphasised to
all involved, that the counsellors did not have, and were not interested
in any administrative supervising authority, and that their relationship

with the teachers was strictly professional,

PROJECT DESCRIPTION

During the first two years of the project, a teacher's lesson wis

observed at intervals of Lwo or three weeks.,  All visits were scheduled

in advance and dependent on teacher ronsent, Notes were taken freely

during the obsereed logsson, and short, one-sheeot observation forms wero
completed the same day, Fach observation was followed by a ten- to
forty-minute discussion between counsellor and teacher of the abserved

lesson.
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In addition to observation-based counselling, the project staff conducted

the following activities:

--- Weekly workshops on mathematical and didactical topics of general

interest {(e.g., the treatment of lack of prerequisite knowledge, design

of class tests to obtain cognitively balanced set of test items, checking

homework, using calculators, curriculum planning, techniques for teaching

selected topics, etc.).

---"Open lessons” - i.e., lessons taught by one of the teachers and

observed and discussed by the rest of the mathematics teaching staff.

The analysis of written records and personal accounts led to the

definition of the following flaws in teaching style and lesson content

that tended to turn up repeatedly in the observed classrooms:

Teaching style.

- Lack of variety -- an excessive use of frontal teaching or ineffective
seatwork during most of the class period.

- Lack of teaching aids -- their complete absence or ineffective
implementation.

- Inefficient homework checking =-- mainly the allotment of excessive time
and the use of ineffective strategies.

Lesson content.

- Lack of objectives -- sloppy or non-existent planning of lessons.

~ Lack of variety in questioning -- the dedication of whole lessons to
questions on a uniformly low or too high cognitive level.

- Ignoring lack of prerequisite knowledge -- improper or complete lack of
treatment of student deficiencies in this field.

- Lack of teacher knowledge of mathematical content.

Characteristically, the teacher-counsellor sessions that followed

observed lessons concentrated less on disrussing “what went wrong?” but

rather on working out things that "might be done differentiy”,
PROCESS OF TEACHER CHANGE

An analysis of the records of classroom observation and subsequent

counselling led ro the following categori{zation of teaching as (1)

effective, (2) 1neffective, or (3) desirable. FEach of these categories

will be described, and change of teaching (i.e,, movement within or
brtween categories) as a result of the project intervention will be

cotiidered and {llustrated by examples.
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Effective teaching exhibits many of the following qualities: good
class management, clear and correct mathematical content, well-planned
lessons resulting in a feeling of learning, good learning environment,
continual student appraisal with adaptation of teaching accordingly,
and well designed homework.

Ineffective teaching will, naturally, cortain a high percentage of the
opposite "qualities”.

, The teaching considered by the project staff as desirable would have,
in addition to the characteristics of effective teaching, some of the
following qualities: varied teaching style, high student involvement,
effective use of teaching aids, inclusion of high cognitive level
questions,

The purpose of the project was to cause change from effective, or
ineffective teaching towards a "desirable” style. Diagram la presents
schematically the three categories of tenching described above and the
potential directions of change. The number of teachers in each category,
as observed during the first half of the year, are indicated in
parentheses.

The process of change undoubtedly requires a long period of time and
considerable effort (see alse HRyan, 1984). As indicated by Blanchard
{1981), before any actual change in teaching occurs, a teacher's
awareness of a short-fall in his/her teaching must exist or be created,
This awareness can be developed and observed in counselling sessions or
informal counsellor-teacher conversation, but does not nrcessarily
panifest itself in classroom teaching.

Observation records also indicate that changes in  teaching are not
monotonic. In most cases, the transition from one category of teaching
to another is not sudden and definitive. Lapses into a previous stage
were observed in spite of evidence that the overall direction was
positive, It would seem c¢lear that a period of time is needed to
stabilize any progress made, Change should, therefore, be considercd a
process of gradual increase in desirable chéracteriqtics ot teaching, and
a corresponding decrease in practices characteristic of {ineffective
teaching. It is nlso clear that the time required to develop awnroness
of teaching "deficiencies”, to credte change and to achieve stability

{not in the sense of stagnation, but in the sense of overall desirable

1.0
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teaching behavior, without serious lapses) is a variable dependent on
each teacher.

Diagram 1b presents an overview of change (or lack of change) as observed
during the project's first two years, with the corresponding numbers of

the participating teachers in parentheses.

{neffective Effective
o eftect (3) ~No effect (1)
P S Amare creared (1 (ama ’t
S T warcenesys creared (1) wareness ceeated (})

i - -

/thange i i)

-~ .

QI'(I)

Oeovrable

(a) ()

Destrable
{1)

Diagram 1: Categories of teachers by observed change as o resalt of
project intervention during two years. X
(The numbers refer to teachers who participated in the project during
both years.)

The following three case studies illustrate the categories of teaching
mentioned above, and the effect of counselling on the corresponding
teachers.

Teacher A entered the project ws a very good teasconer using varied
teaching strategies and relating well to each pupil individunrlly. (That
is, the qualities of her teaching wore considered "desivable”.)  The
counsellor provided her with more varied fdeas and, most important, gave
her positive feedback and encoutragement to continue o her way,  This
encouragement enabled A to reach her potential, and play an active role
in the process of changing the other staff members.

In contrast, teachers B and € started as neffective teachers.  They
would open the book, and aasign the next page, without deciding which
exereises  are necessary or degirable, Consequent Ly, most of theire
lessons wore devoted to cheoking homewnr'k, Their explanations were clear
but technienl, and were much Tike cookt oo recipes -« "this s how yvou do
it, and now to the «ame.” A typical lesson would comprise an explanation
foliowed by n disorganised "ping-pong” of questions and answers beetween
these teachers and the students,  Stadents in their classes tended to be
bored and disvuptive.

By the end of the fierst year, B owilligly necented his counsellor's

commenta, but no actunl change n his teaching style or lesson contents
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had been observed. B’'s awareness of short-falls in his teaching had been
created, but this had not led to change. During the second year, B's
teaching in his 7th grade classes showed a marked improvement. He had
internalized the teaching suggestions and was utilizing them effectively,
even adding his own :deas. In the first year of the project, he was
teaching only 7th grade classes and so only those subjecls were
discussed. Teacher B did not make the transfer to his &th grade classes

and Jduring  the second year his teaching and his students' reaction in

those classes continued to be problematic.
This year--the third year--Teacher B extenaed his change in teaching to

his 8th grade classes as well and now 1% gutte an of fective teacher,  He

has learned to plan hic Jessong, make use ot toaching nids and  pose
questions at o vyried cognitive Jevels,

To conclude, Teacher B took almes=t a year each time to

internalize the

advice given, and was unable transter ideas from grade to grade,

Initially, he was unsympathetic to the counsellor's workshops, 01t necw is

one of her biggest  supporters, He wtil! needs to atabilize his new

pattern f teaching,

Teacher ¢, however, i< still stagnating at the end of two years, He sees

no reason to change his teaching, and considers his atyle appropriate for
students of  junior high school sge.  We haee not yet found a way of
arousing his awsareness,

The following three tables provide data that  illustrate  changes

teaching style, in cognitive lovel of questioning and in the use

teaching aids for the above throe teache oy,

i tenchier crvles mpeggnred ferms

apont
lessan,

start of end of start o
project Jnd owenr pro et
hatt i hatf
nlmost none

fnlmest almost all | none aosmall amount

BEST €7 V AVAILASLE
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Table 2: Change in cognitive level of questioning measured as part
of overall questioning in each lesson,

QUESTIONS REQUIRING
COMPREHENSION

start of start of
project 2nd year project 2nd year

more then less than $0me over half
half half

almost all half very fow half

almost all half none half
tecmccmemcme e mam——— oo o e mmm—m————— .

Table 3¢ Change in use of teaching aids

blkbrd, colored chalk, Elkbrd, worksheets,
worksheets, games, number lines flashcards, calculators, games

blkbrd, colored chaik, blkbrd, poster, cut-:ut
worksheets, games geometric shapes, workcands,
workshewts

hlkbrd i blkbrd, colored chalk

o +
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TEACHER CHANGE AND STUDENT ACHIEVEMENT
The ultimate goal of this project was to improve student achievement. We
believe that this can be done only by working directly with teachers on
improving their style of teaching. The results presented in Table 4
support this belief. The results are based on two achievement tests -
administered to the seventh graders of one of the two participating
schools at the beginning and the end of the school year. As can be seen,
teacher change had a considerable impact on student achievement. The
classes of the "unchanged” teachers started the year at the same or even
at higher level as compared to the others, but achieved less by the end

of the year.

Table 4:  Influence of teacher change on student achievement (in
percentages

lst test 2nd test
categorization of common fractions|7th grade mathematics
teaching (at the start of{at the end of 7th grade)

7th grade)
change-znetfect:xn
change-effective
P it S
no change-inffective
no change- effpctx\e

CONCLUSION
The model for in-school in-service teaching counselling described above
was designed us a means of improving student achievement by increasing
the effectiveness and the level of teaching mathematics. The counsellors

isolated a relatively .all number of serious flaws in teaching style

that tended to turn up repeatedly in the observed classrooms, and through
rather intensive intervention, attempted to induce change in a dirsction
considered by them "desirable”,

As a result of two years of project activities we can report progress in

both teacher change and student achievement, However, the progress made

is only partial and any change obtained needs further stabilization,

B" T(’l J\ 'JPnLn . C
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CODIDACTIC SYSTEM IN THE COURSE OF MATHEMATICS:
HOW TO INTRODUCE IT 2
Daniel Alibert

Research Group about the teaching of mathematios at Univeraity
level Daniel Alibert(Institut Fouriec(UA CNRS) et J . E.de
Didactique) , Harc Legrand, Fraagoise Richard ( Jeune Equipe
CNRS de Didactique des Mathémmtiques et de 1'Informatique).
Université Joseph Fourier Grenoble(FRANCE)

Iu the precading research report, at PME 11, we
presented a teaching experimentation in the oouree of
mathematics, at University level [2] a large place for
uncertainty is left within the teaching process,
institutionalized by the notion of conjecture, the
validation of which, and sometimee even the
production , ie devoluted to the collectivity of
studenta (these conjectures concern parts of the
mathematical knovledgs that students must learn during
the year in their curriculum), proof argquments given
by a student aren't adreseed to the teacher, but , in
some form of ‘'scientific debate” , to the other
students To introduce this alteration of the usual
didactic “coutume” in the classroom, we use some
definite actions as regards the role and rules of
debate and the conetitution of eome ecientific
autonomy for each student , that we analyze in this
report

Sl "Proble " al theoget; r

Our general “problematique” in this experimentation has baen
detailed in the preceeding report, and we recall it briefly here
In mathematica) productions of many students in the beginning of
their first year at University it is frequently observed tha' the
control of meaning does not sesm primary. Often the syntactic
characters prevail over the semantic ones

Another observation is the laok of intsrest for proof as a
funotional toel it 1s only a formal exerciee to be done for the
teacher It seems to have no deep necessity

These observations, for students that begin scientific
studies at University , shov that mathematics aren't acknovledged
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as a socientifio eubjeot whioh hae been developped for playing a
role in the resolution of problems and the understanding of
reality.

We vill nov define our theoretical framework:

-First the constructivist modsl as model of knowledge
acquisition: students construct their owvn knowledge through
desequilibration ©of an old one in problems, interactions,
confliocts, and reequilihration in which matbamatic knovledge, other
students, teacher are involved: wve consider the role of the group
of students in the learning procesees to be very important, and
especially in the construction of meaning.

- Metamathematics factors, such as rspresentation systems of
wvhat are mathematics, hov ons learns mathematics, are very
important in learning processes, especially when a student i»
solving problems Moreover we think that, at University level at
least, it is possible to act on these factors by an sxplicit work
i5).

- Lastly , ve think that a true lsarning of mathematics, in ite
scientific extension, wust include the constitution of a “learner's
epistemology” which is not only a school ons: by "learner's
epistemnlogy”, we mear the set of problems, situations, that ,
according to the personal experience of a student, has come with
the introduction , the progressive constitution of a concept, apd
therefore gives, for this particular student a particular meaning
to this conoept We can do the same remark as regards the image of
mathematics in general given by wusual teaching practices.
Formulation of conjectures and proposition of proofe are two
fundamental aspects of the professional mathematician's work These
practices, which constitute rezl mathematics, ars generally absent
in teacting process: mathematics are presented as an achieved body,
wvhere “all is certituds " The epistemology generated by zuch
teaching practices is diametrically oppoeed wath mathematical
reality

So we think that ths necessity, the functionality of proof can
only appear in a situation in which the students meet uncertainty
about the truth of really important and useful (for them)
mathematical propositions, not only about more or less anecdotal
exercises. Scientific Debate takes place durang the lesson about
these statements.

In this report we will study a more particular problem, inaide
the whole experimentation: students, at their entry at University
have some oustome, as regards mathemstice, learning of mathematiocs,
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or proof in msthematios. They have something like a model of the
respective roles of teacher and pupils in a oclaseroos, vwhat
bebaviour can be expected of sachone in thia littie “socisty" . in
short we call it the "coutume". Is it possible to change this
“coutume"” and try to constitute anotherone, and hov can ve manage
such an evolution in fev veeks at the beginning of the academic
year in order to use a nev "coutume”, which is characterized as the
codidactic one (2] (3], during the greatest part ?

§2 Description of the experimegtation:

The axperimentation of Grenoble takes place in a section of
about one hundred students in the so-called Deug A (students are
in their first year at \University, they bhave courses 1in
mathematics, informatics, physies, chemistry ) The experimentation
goes on during the whole academic year: lessons are given to tha
vhole section in an ordinary amphitheatre. This section ie one of
four seotions of DeugAl: the others bave  different
organisation. The students are not selected: they receive e short
information about the different teaching methods before they entry
in a section, and they make their choice. This experimentation
began in 1984.

(1) First we give some information about the presentation of
the sections from which astudents chose in which one they'll
register. This year, and more or less in the same way the previous,
it wvas done in two times: First im July every student that vanted
to go at University next October in a section of Deug Al recieved a
paper in vwhich the four sections presented themselves In our
presentation, we epphazised that

"soms fundamental concepts in mathematics are built jip
intsxaction with studepts from problems often linked with
modelisation of physical probleme”, "a qualitative analysis of
concepts is developped through digcuseions and debates managed by
the teacher”,

aud .o proposed . the folloving contract teachers favour
different kind of expression of students students, in turn,
accept to imply themselves in the knovledge they have tu learn, and
to go into an interactive practice in whach error is not considered
a fault, nor its analysis a loose of tims"

Next in October , before the final registration, there vas a
presentation of each seotion by the teachers it consisted in &
gorregtion of some exercises students had to solve during summser
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bholidays {in math, physios, chemistry). During such presentation
students can really see, in action, the different methods used in
different sections. In our presentation (about balf an hour long),
the teacher chose to correct only a little part of the exercises, a
conjecture:

" limits of x sin(l/x) and x cos{l/x), in 0, ars squal "

and began to organize a debate about the validity of this
statement: "vho thinks it's true? vho thinks it's false? who can't
give an ansver? “. During thie short debate, eome wrong ansvers
vere considered, discussed, and students encouraged to givs their
advice, and their arguments

(2)The first courses of mathematics during the first lesson of
the year, the teacher presented the nev "coutume" that was going
to be used during the course. This nev coutume was partly explicit,
and partly wused without explanation, about a very simple
mathematical problem The teacher asked a question , then organized
a debate, without explicit rules, about the validity of ansvers,
and oonoluded mora or 1s8s with astudents. Llast two yeare the
question vas:

“let £ E F be an application, I, Y parts of E, is there any

relation betveen £(1), £(Y), and £(XUY) ? I give you 2 or 3 minutes
of reflexion to propose some conjecture.

Typically, 15 or more statements vere proposed by students,
many of thea false, or not clear, using "+" instead of “U" for
instance The teacher write these statements on the blackboard
without any comsent, trying to give by his attitude no advice about
their validity ( this is a first rule, see (2]) and immediately
some students vanted to refute some propositions: the teacher
Anstituted 2 rule. all statements ars written before the debate
began ..
Every year, there are two or three such lessons, along which
some rules are progressively put, very simple ones: speak loudly,
speak for the other students, listea to one another . or more
hidden others the teacher, since the first lesson, has some
precise attitudes, for instance:

- facing a question, if he thinks that it's a question for many
students, he asks for the production of a conjecturs.

-when a problem has been put, he takes answers as conjsctures
proposed by students, write them on the blackboard without any
cosment Then he vaits some time (2 or ) minutes, 5 if neceseary)
for reflection and asks for a vote ' Who thinks this statement

12y




- 113 -

true, falee, who oan't decide, or refuses to decide ?", then for
mathematical argquments for, or against, the statement.

In such a vay, the idea that to formulate a conjecture is
authorized, and useful, the idea that a mistake is not a fault, but
a normal stage in learning and doing science .. are settled in the
community of students.

It is observed , at this stage, that very fraquently the
teacher has to close a debate by givicg his opinion about the
qusstion, because students can't decide and convince one another.

(3) It is time to have a special lesson that ve call “the
circuit”: the aim of this lesscn is to give studente means to
refute a statement, and as a consequence some scientific autonomy
within their commnity. This lesson produces a rule.

“In mathematics a statement is true if and only if it has no
counter-example” .

Observation shows that this rule 1s not easily accepted by all
students: if a statement ie true in all cases exocept one, it is
unusual, in life time, to tell that it's false! “The cirouit” uees
a scheme of a very simple wlectric circuit to formulate
conjectures, refute them, and progressively reach the logical rules
used ip mathematics: it is very important that the math context do
not hide the logical problems.

(4) Generally at most four lessons (of 2 hours) have been spent
at this stage, and the main rules of the new “coutume” have been
used and some explicitly stated to students. The teacher have then
to reinfcroe them by a frequent use (there is not a debats in every
lesson), and some weeks later to recall some of them if necessary,
often having scme examples of very fruitful debates to support the
interest of this form of mathematics teaching.

83 Methodology of the atudy.

To analyze this part of the expearimentation, we use classical
methods (2]:

(1) An gpen queaticpoaizs: at the end of the presentation of
the seotion (see §2), students were asked to ansver a questionnaire
and to give us back before the first mathemstical course of the
section It is a long questionnaire (13 questions) about
mathematics, teaching mathematics, learning mathematice As regards
the problem presented hers, ws ues it mainly to study

-what are their ideas about "good teacher”, "good teaching
method”, "how to be & qood student in maths”, “vhether oolleotive
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vork ie ueeful to learn mathsmstioce” in order to have an insight
about the “ooutume” they have before their entry in the eection. [4]
~vhy they chose our section, vhat change in teaching they
expected at their arrival at Univereity, in order to knov vhat
variation of the “coutume” they already have anticipated (some
ausvers about this second question can appear in the first one)

-vhat are their ideas about "doing mathesatics”.

(2) The lectures are recorded obssrved and analyzed through a
definite grid of interpretation, to see what ie creating cbstacles
or faoilitating the installation of the new "ooutume”, hov the
behaviour of studente is transformed along successive lessons, hov
many of them really participate to debates

More precissly we try to ansver the folloving questione: what
rules are introduced by the teacher, at vhat stage of the course,
through vwhat action, are they implicite or rather explicitsly
stated ? What kind of questions do students ask? Are they of the
old "coutume” (i e. adreesed to the teacher, or only to ask for a
detail, for an imaediate ansver), are they of a lees usual kind
(i ® conjectures proposed to the group of students, not omnly of
school form, about epistemology of concepts . ) ? What kind of
ansvers do students give ? What is ths global attitude of the
group, passively listening the couree, actively trying to find
conjectures, or arguing about conjecturee, or solving problems . ?

84 Some resylts and perspectives

First ve give some indications from the questionnaire in order
to get a kind of “state of the coutume”

- A good wmathematic teacher 1is first a “good teacher”
interesting, convincing, clear, quiet (52%) In 11% of ansvers
only we find such things like “helps students to reflect, to
participate.”

- A gyood mathematic ptuydent =ust, above all, “work”, “train
himeelt"” (85%), “know his math oourse” (45%) In contrast with the
11% just quoted, 45% of students think a good student must have an
active attitude as regarda knovledge “to have some critical sense,
to search, to argue, to despen

As 2 reference, trying to knov whethsr our students are
self-selected on account of the characters of the section, we use
an analogous study, at the pre-universitary level (4] a great
majority of pupils (75%) uses expreseions like ‘'clsar, giving
explanations at pupil'e level. ' in order to desoribe a good math
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teacher, and " to vork” ie the first gquality of a good math learmer
(76%) , 34% only uses expreseions of the kind of “to work with anm
active attitude”.

¥We szee that there is only a little difference, if there is one,
betveen students enterring our section and these reference pupils:
if there is a self-selection, it does not concern these characters
{probably there ie only a little potential in this domain).

On the other hand, ve notice that thsse studente are open to
change their working methods: 838 think that collective rssolution
of problems may be fruitful, apd 64% that collective vork ie
potentially interseting for general learning of math. Their
expectatione, at the beginning of Universitary studies are less
definite: more responsability, liberty, less contact with teachers.
Less than 208 expect really a more active participation within math
course. Llaetly, the epistemclogy underlying the “"coutume” is a
little problematic one: less than one third of studants vusee
exprasseions containing the vord “problem” as regards the activity
of professional mathematicians, though in the same time almost
everyone thinks math ars useful (in physice, chemistry, econowy,
current life. ).

As regards the installation of the nev “"coutuse" we have
observed that after ths "circuit” lageon, a great part of students
vere really active in debates and the main rules vere instailed and
davolutsd to the collectivity: it was frequently etudents that
recall it if nsoessary. So we think that the prooess desoribe above
for this installation is fairly reliable.

Students' behaviour changes during these first lessons: at
the beginning they have a very school behaviour, questions are
mainly adressed to the teacher, they are mainly asking for a
definition, a detail, and answers too ars adressed to the teacher.
After some weeks of practice. they propose conjectures,
counter-examples, and some kind of procfs. In some situations they
ars able to build, vithin a debate, some colleotive proof, through
conjectures, refutations, transforming statsments . (2]

Some vork remain to be done about this inetallation process:
we'1l]l look here at tvo questions

-First we still have to study, in a more accurate way, through
vhat evolution the students “coutume” changes from the previous one
to the "codidactic” one Our hypothesis is that this evolution is
produced by ths negotiation of successive “contraota”, each of
short time (a lesson or less), between the teacher and the
students. These sucoessivs oontracte are not necessarily totally
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explicite, nor their negotiation is , so the term of contract is in
some sens® not very good , but it describes the rules and
expectations in use in a ccllectivity, such as an amphitheatre
during a math lesson, as regards the treatment of a definite
problem about a definits knovledgs. It describes, lika tha concapt
of “coutume" some basis of ths social interactions in a
classroom. [6]{7)

- Second we have to carry on the reflection about the following
problem: wvhat part of the nev "coutume" have to be made clear, and
vhat part not (probably we have to oonsider the step of the
installation process). Ths problem is that , in some sense, too
wuch sxpliciting may have some bad consequences of the same kind as
those described about proof in the first part, and that ve call
"contract-effects” to give a proof for the teacher and not because
it’s a necessary scientific astsp. Here, to debate, to formulate
conjecture for the teacher . studeats must, in order to build their
ovn knovledge, live some situation-problem in which there ie no
indication about the didactic intentions of the teacher as regards
this koovledge (devolution of problems in a-didactic situations

M
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THE CONSTRUCTION OF ARITHMETIC STRUCTURES BY A GROUP OF THREE
CHILDREN ACROSS THREE TASKS

Alice Alston and Caro:yn A, Maher
Rutjers University

prcblam solving behavior of a yroup of
venth gradeé children who participated
: fxva session teachinj experiment within a
~lassroomn satting is describe The children
were given three” oroblem tasks usin concrate,
nonnumerical empodiments and asked %o
construct solutions containing common
structural elemznts. Analysis Of the problem
strategies revealed successtul constructions
of ;olutxonq, recognition of the meaning of the
various structures, understanding of the
relatedness amony representations, and
qeneralization td numerical rapresentiti
Contributions and challenges from xndxvi
toward tnc ;zoup artisity seuemed by faci
the process,
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THEDRETIZAL FRAMENGRK

.
Jeeves and Gre2r {19837 emphasize the importance of
developing; in children an awireness of the structura?
relationships 11 the mathenatiocs that they v using and an
ability to recognize structural similaritios in sitav1omy
that appear on the surflace to be Jdilforent. Morris K (ne
(1974) advocates children's involvoment in cre:ting
mathematics and proposes that noew sabjet matter Le approdoned
througan intuiti/2 oxpariences that could be reorasented by
physical argineats. He contends that childroen hest gain this
underst 1nding when nathenatics is devoloped ronscractively and
not Jdeductively.

Resnick and Ford (1981) imdi~ate thist rescarch decistions
concerninj the »ff - wivonesys of structuril approaches to
ehildran's laarning mast be oasel o syrefal congideration of
their implementation in ~lassroon situations, They conclade
tha* this osvialuaticn shudld be vagsed on procise definition of
the mathenatioal structarcs to be Sauagit and cioar criteria
[or recognizing Wnat the children come to andor gt and,

Noddings (1985) provides a4 ratjionale for the otfectiveness of
children working in small Jgroups citing the bonefits of theis
encounters of chailenges anl disheliotf, of peerg, the sharing
of ®nowlolye, vl the proviaoa of rosponsiblisly to takse
charge of their oWn learninj. Provvaous rosearscn of small jroap
problen solving activivties ialicates that learning loss ocour
for inilivitual members of the jroup and analysis of the

134




118

interactions within the group provides rich data for
consideration of the process of children's problem solving and
their construction of understanding of particular mathematical
structures (Alston and Maher, 1984; Maher, Alston, & O'Brien,
1986) .

OBJECTIVES

Specific objectives of this investigation were to describe how

a porticular grouy of children worked together to solva three
problem tasks designed to use a vaciety of concrete
nonnumerical embodiments to construct mcdels of the structure
of certain properties of a binary operation on a set of
element .: namely, ol ure, commutativity, identity and inverse
elements. The problem solving behaviors that were stalind
weres (1) construction of solutions based on the
representation of the concrete modals and/or monitocred and
revised on the basis »f conceptual knowledgye; (2) recognition
of similarities and/or differences ameng the tasks; (1)
Jeneralizations to numerical representations and (4)
individual contributions/challenges to the group probl=m
solving process.

METHO!D 5 AND PROCEDURES

Five 45 minute s$essions of a4 seventh jrade mathematics class
in an independent schooi were devoted toc providing 12 and 13
year old children with an opportunity to construct solations
to three concrete nonnumerical problem tasks (DOLLS TASK,
PROBLEM WITH TARLS, AND ROALS TASK) dealing with the structure
of the properties of closure, commutativity, identity and
inverse, Fach of five jroups in the oliss was composed of two
nr three childroen chosen Gy their teasher on the bisis of
similarity in aoality and potentisl conpatinility for working
together. Two paris (Tra cia and Netashay ol one woy (B anoe
are descritesd an taas paper wer - momlers

nathematios D v e cagtieat the oy nlo S Crliat med
Kl yopart of repal o rnatraoctren worsin: i VUoqrnups to

Sulue orobloms,

Ths classroom teacher arranged the children ints jroups
2xplaining that this w.ould ne the Lass context for the
tLi/ities, A sorant tor ocach o of P Droplom Lok oin tarn was
Jrven to each of the cadren along woth two sets of the
objects appropriat tos e task, The chaldren wei o anstracted
Ly the teachet to chase one person to act as off i recorder
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and to have some agreement on the responses recorded. Each
child, however, was asked to complete a problem script with
his or her own ideas about the solution which might be
different. A final section on each task required the children
to reflect on the problem solving and asked (1) what they
liked and disliked about it, and (2) what other problems or
ideas, if any, were called to mind.

The directions concerning each operation were written as a
part of the script and the children were asked to demonstrate
understanding of the operation, The teacher's role was to
respond t gquestions should clarification of the meaning of
each operation be necessary rather than intervening in the
children's construction of solutions. The children were
permitted as muth time as required to complete each problem
task and werwe instructed to return the sheets as each problem
was comnplated before receiving the next set.

Each of the five sessions was videotaped and transcripts of
segments of tho tapes were obtained by independent viewing by
thraee gyraduate students. These transcripts along witn
observers' notes anld children's work sheets provided data for
the anaiysis.,

THE PROBLEM TASKS

The Dolls Task: Adapted as 2 group problem solving activity
fryn a clinical interview task o assess students’
understanding «f the properties of an abelian group, children
are gliven a pair of small figures, boy ond agirl. The clements
0 the set are the rotations of thoese two figures taken
togother frum a fainy front position, defined as "Both Turn",
"only Boy Tarn”, "only Girl Turn", and "Nobody Turn". The
operation wn the set is o introduced as one rotation followed by
¢ osecunrd withoat retarning o the facang front position and
the resals s the singla rotation fron a4 facing {ront position
Lt wouald loreo the Togar 5 oin the same final position. fhe
Sitdren are frrstoasked s ompiete a foar by foar tahle oy
thes 5ot with the operation and then askod o serles of

pieat s gt slosiare, the existece of an identity elomoen
and inverse olements, and commutativity of the cperation
withan 'y oser

Tave Bronieen Wit Cardss A qot Caee car s, cach with o oa

drft e polygaadl anape cat out const ftute the eloments ot
the sel Wit the speration defined ag natting one card on top
of anuther ognd the result being the hole formed by the two

«lj O
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cards. The first part directs the children to use four of the
cards and to complete a four by four table for the set with
the defined operation. These four cards form a lattice
structure that is closed under the operation., The children
then are asked to consider a series of guestions about
closure, the existence of identity and inverse elements, and
commutativity within this sct., The second part is similar to
the first except that a fifth card is introduced and a five by
five table is to be completed. However, this set is not closed
under the operation.

The Roads Task: This problem tusk has a script parallel to
that described in the bolls Task but has a cyclic group
structure, The members of the set, introduced to the childr.n
as Road Cards, are index .2ards e¢ach having lines from four
equally spaced beginning points on the left side to
corresponding end points on the right. The operation is
introduced as one Rnad Card followed by a second and the
result for each pair of Road Cards is the single <ard having
the same beginninj and end points for its "Roads" as the
beginning points of the first card followed hy the final end
point reached by tracing along the linas from the first card
to the second,

REGULTS

All three of the children successfully complated the chart in
each of the problem tasks. Each also responded correctly to
the questions concerning closure, successf{ully explaining
under which conditions there wiould always be a solution within
the given set,

The children consistently used the physical objects to model
the operation in order to solve this part of each problem.
Interaction anl discussion anong the children regularly
occurred as they demonstrated their understanding to cacn
other and challonged cach othwer in their thinking. In each
case, before agreeinyg about the completed ¢hart, ~ach <hild,
using the ccencrete representation and asking for clarification
when necessaty, either from one of the other two or an
observer, went throujh 2ach possivle combination,

When asked to give reasons about closure, certaln comments
suggestod generalization of the sporcific understanding, For
ccample, b4, in defending his explanation of the dolls said
thut there is alwiys a comnand that describes the final
nosition beciase: "no matt2r what way they face we already

13 i
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have a command for it ... those are the only commands. ...
Yesterday w2 did a number system that had other numbers, so
they could have resulted in something else, but it didn't. In
this case we don't even have any other so it couldn't even if
we wanted it to ",

In filling out the second chart for the "Problem with Cards",
Tricia began to say that Card B over Card E results in "1/2 of
Card C". Ed challenged her that this would not do because "1/2
of C is not one of the shapes"., After all three of the
children discussed tne issue and reread the original
instructions therce was ajyreement that "NONE" had to he the
entry into the chart.

It was even more necessary for the children to individually
performn each combiniation of Road Cards in order to understand
and complete the operation table for the third problem.
However, in responding to the questions on closure for this
problem, Natasha arjued that her conclusions to each question
could be explained by the chart rather than describing the
cards.

The children were also successful in responding to the
questions about identity and inverse elements within the three
problems. In each case, their explanation of why the special
command or card was chosen had to do with describing it
physically and demonstrating. Tricia showed the other two by
using the dolls that Nobody Turns would leave the first
position unchanged. In the second problem, her written
explanation for the special card as D stated: "Because D is
just an empty void - whatever card is on top will cover much
of D's space and will not cover the part of D that is needed
to make the lst card's shape"..

Although the children immediately said that the first two
problems were alike, no coumparison was made between the
special card D and the command Nobody Turns, However, in Ed's
discussion while fijuring out the operation on the Road Cards,
he immediately said: "A is the Special Card". Natasha, In
explaining A as the special card parallelled her description
of Nobody Turns: "Because A is only straight lines and when
you add it tn another it wiil result in that card".

In choosing inverse elements, several strategies were used. In
filling out the chart for the first problem, the following
exchanye occurred:

1:)‘ N
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Tricia: "Only Boy Turns and Only Boy Turns. Same as Nobody
Turns."

Ed: "Wait - these are all going to be Nobody Turns".

The selection of partner commands for this problem was quickly
accomplished. However, in the discussion about an explanation
EQd tried to generalize. He first stated: "Any pair of commands
cancel out leaving the dolls at Nobody Turns". When Tricia was
not satisfied he compared the operation to multipli-ation of
fractions: "1/2 time 2/1. They cancel out." From this point
he continued tc compare the operation on piirs of inverse
elements to fractions.

The three agreed that this was not the case for the Problem
with Cards. Their explanation was based on the fact that the
Special Card D had the largest opening. Natashi Wrute:
“"Because C is so small that when you place it on top of
anything T will always cover some space, 325 1t will never bLe
completely 2mpty" to form DO.

In the Foad Cird Problem, howesver, all tnree initially said
that each card was its own inversce even thouyh they had
already successfully completed the chart. Ed appeared <onfused
in approaching this question, first assuming that it was a
restatement of the question of identity. Tricia rercad the
question and then said: "Let's look a4t the chart., C followed
by C is A", Ed responded: "I know but it doesn't maks sense™.
To which Tricia responded by dermonstrating with the cards. Ed
agreed and then genosralized: "Because two of any card give
straight lines", He ontered the fouar ‘ards 1s their own
partners then lonked at the ~hart asnl correcte] himself:

.

just A and A and C and <. Not all of the rarlds worx !ike
that", The three agrexd and corrected *hegr papers.

The stadonts mad a gerneral Adisc-ussion faring the furast pro

dosoribing the pattornas in the chart, Uiy dos ool the

symmetry of the table out did not reter o this 10 aweering
Quest ions anoaat ordery Inotne farst oprobiem oty e S
to misunderstand the genotal paestis oaat oorder, s aning

1
fa

tratoar s reforred b 1 of anvorse cleronts, vy
in the Problem with Jards, howevaer, B commented that the
IPFrAtion Wi commutarive,s The ather twe vireed ant oot thag

Aa 4 ey oan ot yustidy o Aorhe A I ~itn
b Dumaaaroy, alror e ! i

tardds, B Statel o apain taar e a “ s

ased this RO oWl ol e ooy
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The questions asking for explanations about which they had to
agree led to increasingly articulate descriptions of what was
happening in each operation. The variety of representations in
which these properties were considered seemed as Ed said: "to
show us to look at problems from a different point of view".
They stated that the most important understanding in solving
the problems was understanding the commutative property and
likened these problems to addition, multiplication and
reciprocals of fractions.

The value of the same group of children working together over
a period of time seemed particularly evident in following
Natasha, who was the least assertive of the three. During the
first problem task, although she participated by following
alonj, using the figures and responding in writing to each
question, Natasha Jdid not take an active part in discussion.
Increasingly, during the other two tasks, she became more
involved and was central to the discussion on the Road Card
provlem, showing the othets that the chart was key to
understanding the identity and inverse relationships.

CONCLUSTONS AND IMPLICATIONS

The investigation provided an analysis of the mathematical
interaction among three children working over a five day
period in a rejular classroom setting on a series of
non-routine mathematical tasks. Findings suygyest that the
attivities provided an oppartunity for the children to build
cognitive structures by their actions on the objects that were
provided. Und.:rstanding of the concepts inherent in the tasks
was enhanced by the group problem solving activities., There
were various strategies used by the children in constructing
s lutions ro othoe task. Further analysis is required teo
deternine the nature amd extent of the intera“tion amonyg
m2nber s o0 Gther o oaps who partioipated an o the activities,

That there was noy Jirest teashing Jduring this period suggests
Lttt s pessable to desy g Iearning activities for 12 and
13 ypear 4 i ldren that premote the construction of multiple
representiations of mathematisal ideas. Further work 1s needed
in considering problem tasks appropriate o1 v variety ol
mathemat ool concepts and o range of cognitive shilities of
ridren. The appropriateness of these actiditios as o a reqular
part ol nstraction deservos serious constderation for those
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who are challenged to consider constructivist approaches to
teaching and learning.
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CAREFR CHOTCE ,GENDER AND ATIRIBUTION PATTERNS UF SUCCESS AND
FAILURYE IN MATHEMATICS,

Miriam Amit
Lepart ment (it Mathoematioo, Ben-Gurion University ISRAEL.

selt image and coufidence in personal ability in

mathemat 1cws, az  shown in the rauses one attributes to
thelr succen-es  and toilurees in high school mathematic:s,
may affect cne’s future behavior. Thio study examined
whether there is a conuection between attribution
patterns, gender and Caresr - hoioe,

Fir«t year university -tudont, (159 femalen, (9% males),
belonging to five carecr cuaryiccala which demond differaent
amounts, of mathemati.z, wore yiven the “Math A*+tribution
Scale” .

Kesulte dndioate! that - 13 1o the porwlation a0 a whole,
femiles attr ittt thier it SHUC eI in mathemstic.,  tn
Occasional and  Cxternal tetors aach asn eftort extended
or nature ot task, while males attrituted thetr suclesns
in mathemat i teea von-tant and iuternal factor such as
personal atdlicy 2y Within a - ateer curriculum student -
regardle nt gender,  attributed the came cauces for
their oueoa oo and failures in mathematics. ¢ Retween
the different <« araeer nrricula, wignificant ditferences
werre found  in o all  waribie, of causal attribution of
pertormance in  mathessat dc o, These 1results are  hlghly
correlated with the amount of mathematics tequicred in
each carwer «hotlue.

*inn

Rec.raroh on gender  ditferences in highoobhool mathematios hae,
indicated that the relative peroent of female Cheooing to study
advanced mathematics [« signiticantiy ‘ower than that tor male:.
CCarpenter 1988, Cockrott  1ade In laerael about 27% ot high
s chwual males - hooue Lo wtudy bivh lovel coaroe in mathematlo,
while fiy teemaalees ity Lo trgy a0l ey clirae] Jenptral
Bureau ot Otat ot o RS

Rea .one, for the drttoren o ntioned o abeeve ape
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S B men e misr e then males, sufivr trom "Math anxlety. Thiw
anxis ty - oo LR 1 rajor ta tor tor the reduced rate ot
femalec @0 Yuwber Tomel omathemat foe, CTobf ges Jratan

LI YRS ' cow Mol imawe” ant lack ot ocont tden e in

fheoin ool arty b Yaadie mathemat o This v not ta Ay
Yhat male doe nor expertonoo such teolings lThey do buat, temaien
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&. ¥Within a particular car e ~holce, are there gender
differences in  one’ s perception of their nugoecso:s: and fallure
from high school mathematics.

3. Are wstudent in itfer 1. wreer carr loula ditferent in vhely
perception wt thel 22 > and  tailures  trom high wchool
mathematizz.

frationh o and instrument
01 1 - [T § ULieeT Sty Sttt sty temale, (6 malacy,
ag a1ty Pegonging t f e it terent CATEr Cur e ula
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Fisure 1 @ Attribution scores of succ +» oand tailure in
mathematics (mean scores, o}
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curriculum, the more students in this track attribut thelr
success to personal ability., On the other hand, the less
mathematics demanded by the curriculum, the more students
attribut their failures to this internal and stable factcr

Discussion:

The main results <how that within a career curriculum, gender
differences in causal attribution of success and failure in
mathematice does not appear. Between different career curricula,
strong differences 1{n causal attributtion of success and failure
in mathematics do surface, and are correlated with the amount of
mathematics the career curriculum demands.

The resulte ot this etudy are supportive of Causal
Attribution Theory, namely, when one attribute their sutcesses
in mathematic: to i{nternal factore, there is a high likelihood
of studying a math-related curriculum (Fig. 2, Technology and
Math/Physics). Similarly, when one attribute their failure in
mathematics to internal factors, there is a high likelihood of
not studying a curriculum with high mathematics requirements.
(Fig. 2, Humanities and Education).

kKesults of this study also support the previous research
with high school populations, which shows significant
difterences between students studying in low demanding and high
demanding mathematics courses. However, in this privious
research, significant gender differences did occur within each
high schauol course o©of study. Here, 1in this research, those
gender differences did not appear within each career curriculum
track. This we attribute to a selection process which is based
upon self perception of ability and success. In high school
there are some females with high mathematics self-image. They
are the few who choose a mathematics related curriculum in the
university. Moreover, they choose these university curricula
because of their celf- image, independent of their high school
grades. (previous research show that males and females are
escentially equal in cognitive achievement).

The {mportance of this result can not be over stated. This
study showes that attribution patterns which are developed in
high school, are relatively permanent and affect future career
«hoice Therefore, high <choel teachers and counsellors nust
take opecial measures to develop a positive self-image with
their f{emale student-, in order to enable them to pursue math
related careers in the future,

kKitilicgraphy

Amit m. Mouhovitz - Hadar S, Bex Difierences in Laural
Attribution in High «chool mathematics". Paper presented at
P.M.E XI, Montreal, 1987




130

*Armstrong ,J. M, Price F A
Math Participation”. Journal for
Education. 3 PP 99109, 1%

sCarpenter T.P, Lindquist M. N, Mathwomatics,

"Correlates and Pre

"Resgults uf the Third NAEF Mathenatic:

Schooal”. Mathematics leacher, 12 pp., mBD2-80HG,

eCockroft, W.H.  "mathematics C.ounte". Report

Inquiry into the Teaching nf Mathemati: s

Majesty s Staticnary otti.e, January L&)

eFennema, E., Wolleat, F. Fedra ] 0.

Scale” . Journal Supplemental Albotract o

*Fox, L.H. "Women  and thee ayveer

R

Nespoayanco
Science” . Sohool SEoience and Mathemat i

e

*Toias, 3. "Overcoming Math Anxioty™ New York
s Wiener, b "Murrictown N . J. Jeneral) learning

eVWoleat, ¥ L esc ke, AV
Differen-e= i High | wohocd e bt e
Performance Math ‘oo tesn
Education . <3 SRR LU SR L T,

Peoir

Ceantroad Buress e

Sex by Mathemt i o Tearning Lesl i

f

Ih

oald s

gt

Keavearah

ot
in

VMt bema!

tors ot Women e
in Matrematics

S iver, HoA
wment Hecnondary

rhe fommittes Ot
e hpala. Lounon,

i A*fr ihoutd

May e

e

Marroamat i

3’ ;c_,,' 1
Hart L, 14
broe -

e

PR




A CLASSIFICATION OF STUDENTS' ERRORS IN SECONDARY LEVEL ALGEBRA
Gerhard Becker

University of Bremen

Frrors made by sesenth to mnth graders o cassroam tosts,

hemework, or during lessons, are ananzed and class:ticd ae

cor img to a catalogue of turms of “illegal thinking”™, bas-d

upon a theoretical mode! describing problem solbving processes

as a scquence of states generated by appiving "opcrators™. The

totowing types of “dicgal thinking”™ are lustrated by examples

i) Lrroneous application of an operatur

21 Brruneous esceution of an operator

(4 Lackh of Wentitication or erroneous matching of variables
i the premise of an Gperator

ty Tneorerect identitication of variables an the conclusion

Lntermation processing approeaches are mercasingly used to analyze and to
Cadssaty stidents errors 0 topr areas of sonoos curriculum. Worhin a4
tramv-wore ot tine and, a proebaom oor g onon routine task is deserhed by
sarce components. (1) a startimy situaticn o oanitidg state, defined by the
Kevens, 120 a ninal situation or tinal o state to be oattamed by the probiom
soutten, 20 tarrer which o at the begineay preose nts mnne diate transiton
trom e ot state to the tinad state The traesaaon s dosernbed as oa
Seoqle e ot antermediate state s whicn can be o Bracs b appivingg approgr
ity operaturs to transtorm the precceding stato s

O; rators are characterized by g prennse and @ o e the e appication
demands to check, whether the promuse ot the cpe rator Bty to the state to
bo transtormed, and yields the cone usion 8 fee Lperatar as the sabis cue it
state . oakben the variabies occurrmg o both che pre onne and neoian o
are i paced by names of suitable objeos

Cilassroom tashs and problems given to s vonth to mnth wrade rs are mostl
ot the “interpolation barrwer” type, winch moans that goatr ot are o lar
to the students and the means well defined (the repertors Gt means closed),
there nught as well be problems with indistinet goal criteria or waith an open
repertory of means. (Cf. Doerner, 1979)

In mamy situations and by difterent reasons problem solvers ase "0 gal e r
}

aturs” instead of making correct use of 4 operator. for nstane they oot
cmpiete o heeking of the applicabilits ot an operator, or use moditied e rat
ors formed by themsebes, In his basie mode . D Doerner has estabhs: 4 a
catalogue of atlegal operators uscd by unive rsity students trying to do duce

theorcms in propositionai calcuius. (Doerner, 1973). This catalogue has te be
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refined when being used in the context of more complex problem types, as
compared with propositional calculus.

There is another difference between the conditions under which Doerner’s
university students solved logical problems, and the situation in classruum
Doerner gave his volunteers a list of "axioms”, whereas in classroom stud
ents will have to use means to be retrieved from their memorivs. It cannut
be excluded that frequency and distribution of error types depend on situ
ational components, such as just mentioned; but it turned out that the error
categories of the modified catalogue occurred in quite ditferent topic areas
of school curriculum.

The present context deals with errors made by seventh to ninth graders in
classroom tests, homework or during lessons. in “vlementary algebra”, i+
Lbnear equations and inequalities. usc of binomial formulae, and quadratic
equations. Objects or states, to be transformid by operators, in this special
case are the left sides of equations, when any furmula is used in order f.i.
to simplify a term. equatiuns or inequalities. when their solution set is de
termined by applying any transformation rule. Students’ crrors in this ficld are
analyzed and classified accarding to the following list of “illegal operators™:
(1) Erroneous application of an operator

(2} Erroneous execution ¢f an operator

(3) Lack of identification or crioneous matching of variables in the premise
of an operator

{($) Incorrect identification of variables in the conclusion.

The types (1) and (2) correspond to the types (NCON) and (NFX in Doerner's
catalogue respectively, wmch are described as non cans:deration of the
conditions tor the application of an operator, and non consideration
ofthe application instructions. Within non consider
ation of conditions there has to bt made a difference between checking

whether the conditions of an uperator it to a special situation itself, and

whether the user makes a correct nateaing of the variables occurring in the

prenuse ot an operator to the torms substitute d for these variables, Qe

finding a correct instantiation tor the variabies of the operator The same
holds for Doerner’s type (NEN), woth respe t to the conclusion ot an operator,
The types (3) and (4} of the present catadogue o not oceur in Docrner’s list,
as van be scen from the tasks Doerncr gave his students, there are only a
tew varables at all an these tasks, such that rrr neous instantintion actually
can o be conclude 3 But an oon as stadesits have to carry out substitutions for
varbles ina tormula swhoch oy oan ampertant partial aspect in algebr e sauls
Faoswhon applymg b minae foreue or transtormang mequalities, the consis
tant and careect use ot the saen term toc any varabie s crucial, Soon more

comploy topers ons el curce ulum o such o as 4 hras creven more geametrny,
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these two components have to be separated distinctly from one anothcr
Docrner's catalogue still contains further types of "iilegal thinking”:
Invention of new illegal operators by analogy transfer (AN)

Invention of new illcgal operators by "semantic” considerations (SEM
Invention of new illegal uperators par torce (PAR)

Search for external causces for the "unsobvability” of a problem (EXT).

They can be negiected in the present contest, because they either are spec
ific for the situation or the topic arca from which Docrner obtains them,
or cannot be sharply scpardated trom (NCON) and (NEX) when usid to des
cribe errors in schooi algebra

The examples given below do not make any assumption about whether a mod
Fied operator has been learned instead ot a o arest ane, or whethor an o
atur correctly retrieved trom memuory s appded moan erronecus wap due o
any reason determined by the special situation. The latter could be made sur--.
it ti. the student would be able to give a ¢« sorect answer when ashed for tly
transtormation he or she just carried out,

Usually it seems to be impossible tooasorrtain which cxplanation is conclusive
Mostly the special situation is not appropriate to nnestigate the actual root
of the erronrous strategy. But even n situations where it is possible to ashk
the proband to explain or to comment the use of g vortain transformation.
hee or she will answer somethag hheo "1 just i it in that way”, "Because |
have to solve the equation”™, “In order to continue ™, "1 did it in the same way

as in the proous example”™. "lsn't that correct?”

In transtorring Doerner’s catalogus to ansy more comples topie arca than the
orgmaity uned propositional calculus, we have to take into consideration a
tirth type of illegal operator neither enumerated in his list. In principle it

in b amaginated that illegal operators of the fullowing type are used:
(31 contusing premise and conclusion of an operator.
In fact. this error type can be established in geometrical proof problems GF
Becker, 19861 hut in elementary algebra tasks it was not yet to be tound. Al
gebraw transtormations are mostly of the cquavalence type. such that contfus

mg premess and conciusion s of no relesance in the present contest. Sinee

sobing inequalite o aceds the use of transtormations i which promise and
s

conclisen are o we g separated trom one another (80 L a b oand oo
hoon ac o b b we could expect arrars o e ) to ocan Howe e,
materat avaptable trom classroom work oo S0 csten ted that e was

ppertanaty ot vt bar e ] e rat
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(1) Erroneous application of an operator

This error type is characterized by neglecting the conditivns fur thic appiic
ation of an operator. i.e. a given combination of s;ymbols is misunderstond in
such a way as if allowing a trausformation which actually annot be carrie i
out when starting from tne given pattern. Thus, the domain of applicaticn of
the operator iy extended, which is an overgencralization with respect to the
premise of the operator.

The well-known cases. in which a teduvtion of a fraction “out of 4 sum”
takes place, belong to tius type. such as

‘!3_0&”‘? d"#,]

Y a

1N

[ ) .. 3 i \“.u . ";‘v
. ":, R J

Certain transtormations of agebraic terms are based ujon properties of tie
number 0 we often tind srroneous transtormations toree § by wsorgeneras
ization of those propertes, consisting in transferring thow to wther spociaid
ized numbers. such as 1. The same holds for the comverse direction. Cerres
pondingly transfer from addition towards subtraction or mukipication takes
place, and from multiplication tu “related” uperations :nciuding raising to a
power., which leads to formation of iliegal operators of type (1)
Erroneous operators of this type are not at ail restricted tG torms, but ooour
in solving equations or incquaiities as well, such as an
1.3 The solution st far the tollowing system of equations

0.3~ 1.5 9 =0

AN A = 6

after several intermediate steps, among these

3y iR = 0.6~

3y 18 = o\
is determined as the empty sot, the argument tor this result was the hint at
the equal coefficients 3 and 1R oun the left sude in contrast to tin dit
forent numbers 06 and b on the right sule, with refrrence to the
same result tor the system

ax+by+c=0

ax s bys =0 for ¢ = o
A series of errors generated by unsufticient checking of the premise may be
explaied by disregarding any cunvention, which also can be interpreted as
"extending” a convention, among these disregarding of parentheses rules or
rules concerning the order of succession of different operations, especially
the numerous cases of breaking the discributive law.

IHi
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Conventions are disregarded, too, when symbols for an operation are omitt-d,
or omitted symbols inserted in a faulse way, as was done in
1.4 B3 - 905 -39 =05 - 0353 =

The following example can be explained by the influence of verbal labels,
which can be described as "changing twice" with the expectation that both
changes together cancel each other:

1.5 -3x > -1 is regarded as equivalent to x ) -

L
i
2

1.6 - 4x< -9 as equivalent to x ¢ -

where the change in the order sign (by multiplying with a ncgative number]

is thought to be unnecessary, because the negative sign {on the right side) is
omitted simultaneously. The intermediate line is not written duwn, purposcly
and with the explicit explanation, that a correct line is not obtained before
both changes are performed.

"Cancelling each other™ is a commonly given argument for transformation
steps having as origin partial terms which actually would cancel cach other in
quite another context, f.i. as inverse elements with respect to any operation;
1.7 .= -6baa+sb azaaa

Here the two numeral factors + 6 and 6 are obviously imaginated as cancel
ling each other (when added). the remaining factors are combined to the
product. Similarly, addition of + 3 is thought to give reasons for the follow
ing transformation

1.8 3 x D 14 into x> 3 14

which again shows the confusion of addition and multiplication.

(2) Erroneous execution of an operator

This error type consists in modifying the conclusion of an cperater instead

of processing a term according to the correct use ot the uperator, and thus

extending the domain obtainable by applying the wperator. Very often erroneous

modifications of the conclusion of an operator ar. rccognizable as invorie t

generalizations disregarding specific properties of diffeeent operatuons

For instance

. FRKY 3

2.1 o3y p? - 15p®

reveals ap extension of the distributive law {(pertaim.ng t cxpone nts),

similarly as in

p y 6 6

22 2ap? sV apb = Ipd

with different hinds ot "comprising” partial terms. ani s L s
242 ¢« 32} P e 2aw 4 e Gy

63
12

105 L
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‘ LX) y

47 .7
. P ATy L. 3




136 =

the last example showing the nominators of numeral tactors being added as
usual, the denominators muitiplied. as in muitiplication of fractions, the
ponents in the variable factors agamn added.

The next example,

b s ? 2 19 2 19 19

) L . 1 3 P = - . . o= " . Lo

2.3 sbe-l- 5ac)‘gabec = tcoab-yabce Zab- U G5l
consists in bringing common partial factors in every two tactors out of  imag
inated parentheses: ¢ in the tirst step. ab in the scoond step, and again

c in the last step.

The "generalized distributive taw™ {(referring to multiplying two sums in par. n
theses). with the bhinomial formulae as special casas, gives r.se L a4 vaiiety
of erroneous applications especially of type {(2), such as

(7 6

3\ Bl(}y0b\y)=l--3x,v 8 Xy

(Sr‘tps»(#ps-Sr)=|b(ps)7 J."vr','prsr

+ "

R
‘\ -

‘;l,‘x?) : ll,‘\)

In these examples it is easy to be scen. which correct furmuia was general
ized. an in which erroncous way.

(3} Lack of identification or erroneous matching «f variables in the premise
of an operator

Committing an error of this type means that a number, a variable. or a rem
bination of both is incorrectly substituted tur 4 variable as part of a furmuia
when applying the latter from one step of a transformation to the subsequent
step (usually from the left side of an equation to the right side). Incorrect
sut.stitution generally is incomplete or mnconsistent substitution; f.i. if the
same variable occurring in the premise is not constantly substituted by a
special number or by the same variable, or it the product term Ox 3)(5y - 3)
15 transformed by using a binomial formula. or it the partial terms (summands)
im (5% 3103 5 x) in the same order as written down are substituted for
the variables a and bin (a bl(a b) ithus >~ ftur a, 3 for b, then 3
tor a and 5 x for b

In certain cases this matching cannot be carried out befure having performed
recessary transformation steps, to. when decrding. w he t her  a sum is
a quadratic term, such as in

! hh «BOhe « 25c C(bbhe 5y

1

»

v b s B0 be o« 250 L (Bhe 3r)
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Confusion of doubling with squaring (both is "doing the same twice”) utten
ieads to erroneous instantiation (in the premise). such as in

3 4 + 1 ? 1 2 t
3.4 - oagg =tz gttt ¢ )

Errors of this type will have as consequence  obvicusly  an error of the
subsequent type.

{4) Incorrect identification of variables in the conclusion.

This error type corresponds to (3). but mismatching takes place in the con
clusion ot the oprratoe. It may pertain to a numerical factor, to a svariable
factur, or to 3 combination f both

-

11 huw  3vitdv e buw) = l6uw - 9y

Pabe ‘l“d)(gah(:o"'r:!d)

o
i< ! O 9 9

4.3 (huw 3303y« duw) = buw - 3V

Especiuaily when writing down all intermediate steps referring to this very
matching process. errors of this kind can be well identified, such as in the
following sotution of a task. which consists in finding the third summand to
fit to the first two summands, such as to form a quadratic term:

]

2
4y" bNxy s = (L ) As a solution there is given

in ancther case

Tabh
a

b

Obviousiy in the two last examples the unspecified labeliing " wice the same”
again plaved 4 role in causing the erroncous procedure

P
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Further problems and investigations

The main purpose of this paper is to demonstrate that the sketched model of
problem solving processes is an appropriate means to systematize and to an
alyze students’ errors in a well-defined topic area, such as elementary al
gebra; illustrated by ~xamples of the mentioned topic area, the categories
can be established in other topic areas, too. Frequency and distribution of the
different error categories obviously depend on situational components of the
instructional context; it therefore could be a reasonable goal in future work
to characterize special situations by the frequency of the different error
types. Far more important seems to be trying to investigate the influence of
language on the formation of errors, in a double sense: when forming illegal
operators and storing them in memory, and when retrieving correctly formed
operators from memory and using them in an erroneous way.

Up to now, there is not yet enough material to devise a precise design for
investigating these phenomena, the available material stemming from situations
which are too Inhomogenious: different classes, different instructional con-
ditions, different kinds of registration.

Quite another direction in which the present work can be continued. is the ped
agogical aspect., under which the findings to hand could be exploited. In an
apparent way analyzing students’' errors can be used to devise instructional
methods in order to help individua. students to eliminate deficits, or to design
parts of lessons. Dissolving and phasing the complex course of thinking pro
cesses. even if hypothetical, may be a suitable help in designing sequences of
steps in instruction.
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TEACHERS' WRITTEN EXPLANATIONS TO PUPILS
ABOUTALGEBRA

Joaa Bliss and H. Sakosidis
King's Coliege Loados, University of Loadon

This study investigates some aspects of the written language used by teachers to expisin to
pupils various basic algebraic ideas. The sample consists of 40 student teachers attending a
one year teacher training course in mathematics (18 female and 22 male). The origin of the
research is an ongoing study of how pupils explain in writing to their peers some aspects of
algebra, thus permitting the examination of the relationship between pupils’ written language
and their vodersanding of algebra. The pupil questionnsire was modified for the
student -teachers. using essenually the same content but asking the sudent-teachers to
imagine explaining in writing the algebraic ideas to pupils. All subjects were given 6
questions. Because of the limited space the results of only 3 questions are reported
however the student-teachers' wrilten language reveals a aumber of misconceptions in the
areas of factorise/ product, formula/ equation. and ratio.

INTRODUCTION AND METHOD

Mathematics and specifically algebra is one of the subjects where. because of its aature. the use by
teachers of certaun types of linguistic forms could have important implications for children's learning
since the teachers' language might well constitute barriers to understanding. Austin and Howson (1979)
wrgue

"Yet the use of words Lo communicale accurately, and in Thom's sense ‘with meaning',
the abstractions of mathematscsis adufficult, perhapsimpossible task.“ (p. 1 78)

The language used in teaching algebra is necessarily full of symbolism. However while a grester use of
symbolism could lead to an incresse in the pupils’ competence to manipulate symbols it could also
simultanecusly lead to a decrease ia their ability to understand the underlying meanings. Howson (1980)
argues that recent reforms have emphasised both the introduction and the use of new symbois and

150
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language with the idea that this would eahance understanding and add precision but, be also adds :
"(the language) was used so loosely aad erroneously that the position is now worse than it was before. "
(p.571). Itis, therefore, crucial to assess the extent to which either the technical wards or the ordinary
everyday langusge substituting for these terms belp or hinder communication of algebraic ideas in the
classroom.

However, commenting on pupils’ language - which to some extent will reflect the teaching - Austin
(1973) suggests tha often teachers both cannot cope with and aiso fail to recognise the validity of
"formulistions of ideas which are not expressed in the subject register”. The idea for the present study
stemmed from a larger study. presently 1n progress, that looks at pupils’ "writings” about algebra
where we are examining, through an asalyms of pupils’ written language, their understanding of the
terminology. the conveations and the ‘rules’ used in algebra. The questionasire presents pupils between
the ages of 14 and 16 with 6 to 8 situations, and 10 each instance fictional pupils are shown as having
some problems with relatively sumple algebraic ideas and subjects are asked to 1magine explaining. 10
writing . a solution that will help the fictional pupils.

It occurred to us that it would be sensible to ask a group of teachers to do the task. and to compare the
responses of both groups. Thus the present study examines. by means of a quesuonnaire. the wrilen
language of a group of 40 sudent-teschers, pursuing a Post Graduate Certificate of Education course in
mathematicy. The 6 core questions givento pupils were reformulated. using essentiaily the same content
but asking sxudesnt-teachers to imagine themselves with the task of explaining in Writing different aspects
these algebraic problems to pupils of a specified secondary school vear. The task took about half an
hour

Al first we had hoped to use for the student-teachers’ explanations some of the more genera) categortes,
peesently being developed for the pupils' responses so asto make companson more easily. Butthe data
from the student-teachers does not lend iteelf to such a classification. The student-teacher (now referred
to as ‘students’) tudy i$ reported in its own right, and at a later date a comparison of the two studies
will be made. Dueto lack of space. the results of only 3 of the 6 questions are presented

QUESTION !

Ln this question we are interested in seeing how teachers explain differenr aspects of algebis. for
example, the meaning of the convention /" 11 the expression x/s as used 1n anthmetic and algebra; and
the role of vanables io expresmons iike x/s or b:c  Students were asked to imagine that they were
explaining to a pupil whether or not the following pairs of expressions tell usto do the seme thrae or
differeot things ‘1) 3/4 and x/s; ii) /4 and b c, and ii1) X'sand b ¢

1 5 '4"
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A number of students did not answer all three parts: 4, 5 and 10 for parts i, i and iii respectively. &
second different group of students aiso did not saswer the question but instead gave a general pedagogic
commentary, for example, sbout the role of the context of the question; there were 4, 5 and 5 students in
the 3 parts respectively. If Iack of respoase can be interpreted as an expression of difficulty then pert iii
was problemstic for more than a third of the students.

Results sbout judgments. we had expected that in part i) students might state that the two expressions
could ‘'do similer things' while qualifying in which domain, whereas in parts ii) and iii) we expected that
students would state that the expressions were ‘telting us to different things.' Our expectation was
mainly confirmed in first part but none specified domains. However, the responses for parts ii and iii
were more problematic: in part ii 6 students judged the 2 expressions s ‘'doing the same thing' and 12
svoided judgment, in partiii) 10 judged them ‘as doing the same thing' and 5 avoided judgment.

Turning to explanations, students did aot explain why the expressions were doing 'similar or different
things', but instead described separately each of the two expressions. Explanations bad both a form and s
content. First, concerning the form of explanations, it became apparent that tudents either “explained”
or started an explanstion by aeauzy, for example, “that is a division“(see Table |). The content of the
explanations presented two sets of issues: 1) the interpretation of x/s, and 3/4 either as fraction or as
division; ii) the nature of students' explanations for ratio.

Table |: Form of explaastions
Total Subtotal Namiag Named&
Explaia
It 2nd It 2ad Ist 20d

Pert i 40 KPR} : : 8 (4 NR)
Pert ii 40 9 30 $ 6 10(5 N.R)
Partiy 40 25 24 k 15 (1ON.R)
N.R. stands for non-response

Table 1 shows that for part 1 the predominant type of response 13 that of ezpvasaiqy rather than
samugy. with spproximately three quarters of the students explauning doth expressions in terms
of division' [n part ii the response is very different, with the strategy of saswige or sazury
aod explaaing being used by 12 teachers for the first expression aod by 17 teachers for the
second. Expianations for the first expression were divided equally between division and fraction.

BEST CUPY AYVAILABIE
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In part iii spproximately half the teachers replying used the strategy of zazigy or asmifgy g0
explaiaiggton both expressions, with an 11:8 ratio of division to fraction explanations for the first
expression.

It could be argued that the expression 3een as representing a division does nol requiring seausy
since pupils have been familisr with this operstion since primary school and so the focus is on
explanstion. For fractions which are perhaps less familiar the incidence of aemigy increases
though not as much as for ratio which could be considered the least well known expression. In
both cases the incidence of exp/asstran decreases and this could be interpreted as aemgy taking
on the function of explaining in some instances.

Four categaries were developed to classify students' explanations of ratio (aumbers of responses
are indicated in brackets) : (a) Sufficient or acceptable descriptions of ratio (parts ii: 7, iii: 5); (b)
responses in terms of refation of parts to whole, for example, "a ratio is when the whole is divided
into two parts, b and ¢, and b+c gives the totality or the whole" ( parts ii: 7; iii: 4); (c) inexplicit or
problematic respoases, that is, when it was extremely difficult to interpret what the respondent
meant (partsii: 5; iii: 6); (d) misconceptions ( partsii: 12; iii: 11); Others (ii: 9; iii: 14).

There were oaly very few students in parts ii or iii who gave acceptable or sufficient explanstions

of ratio. (7/31 and 5/26). The incidence of what we considered as misconceptions is fairly high
and three examples of those moxt frequently found are given below:

* “Fractions and retios are interchangesble, here 3/4 can be written as 3.4 and similarly b.c can be
writtenasb/c":

*"b.c is another way of writing b/b+c 30 we must see if we can write 3/4 in another way as b/ +c,
we choose aumbers for b and c 30 that b/b+c is the same thing as 3/4”

+'when you divide one number by & second number and have a fraction for an answer it means that
there is & ratio between the two numbers, a ratio is shown by the two dots

QUESTION 2:

Some words and expressions are used together frequently in aigebra, for example. awan/y and seacke
in : "when you remove the brackets you must aru/afy everything inside the drachy by what is outside
the &rucket. By presenting words or expressions in pairs, specific coatexts of aigebra can be given a
focus. We wanted to see whether or not each pair was identified a3 belonging Lo & particular context and
bow students explained this. So students were presented with the following five pairs and asked " to
explain to pupils why the terms (in each pair) o or de ser go welltogether” : (a) algebraic expression
-terms; (b)formula - substitute; (c) multiply - bracket; (d)factorise - produ:t; (e) equation - formula.

1
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We examined first the total respoase to each part of the question which was as follows: a) 87%: b) 85%:
c)83%; d)65%; €)68%; 30, agein , if absence of response could be an indication of difficulty facranse
and product, ad fomuls ad agustioa were more problematic. We then examined whether of not
students thought that the wards in each of the pairs could be grouped, and this is shown as a ratio of 'for
‘l'egainat’ grouping as follows: (8) 32:3; (0)28: 6; (c)18:15; (d)20:6; (e)22: 5. Sothe
majority of students perceived four of the five pairs asbeing abletobe groupedtogether. Only the terms
maltjply- brecker wege perceived as not having an easily recognisable common coatext with caly just
over half the respondents stating that they dogo well together.

Students' explanations were classified in terms of their clarity and acceptability, or their problematic
nsture and this for the two judgments relating to whether or not the terms could be grouped. For the
two judgments the ratios of clear to problematic are as foilows:

“gowell” 0284  (1)25:3, (c)l4:4; (d)I16:4; (e)16:6
"don't go well” (a) {2, (6Y2:4. (o)12:3, (@ 3:3 (e) 1.4

It can be seen that on the whole students do not experience too much difficulty in explaining their ideas
sbow ajgebrarc expressionterms aod formule/ substicce, although it is harder to explain why they
should not be grouped than why they should. The difficulty increases for the next two sets of words
when it comes to putting terms together; in terms of not grouping these same words, students find
muaply - bracker relatively easy to explain but they bave more difficulty with /acrarseproduc. The
pair aguation - formula presents the greatest difficulty of all the five pairs as describedbelow. We will
gow give the most frequent explansion for grouping terms and aiso examples of problematic
explanations.

Algebrnic expressios - terms: the majority of explanations were in terms of part/whole, that is,
“the two words go well together because algebraic expressions are made up of terms”. In the
problematic responses a qumber of student-teachers expressed an interesting view of 4 term when they
wrote " term i3 one group of letters or numbers that does not contain an “operator” signas + -x /",
Formula - swbstiteee © there were essentially two types of explanstions firm, pert/whole
explanations for example, "in a formula you substitute valves for lesters”; second. means/end
expianations, for exampie “you are substituting into a formula in arder to obtain a solution” An example
of aproblematic expianstion is. “the expression is made up of lenters”.

Facterise - product: the caiagory of explanstion that predominates is that of the ‘opposites aides of
the coin’ argument, for example. “to factorise vou break a product down and to find the product we
muluply the 2 factors, so they are the opposite mdes of the coun” . Exampies of problematic arguments
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are "factorisation of an equation quite often ipvoives factorising into products’; and “product implies
multiplication whereasfactoriseimpliessimplification”.

For the words araltiply-brachet there aretwo different sets of reasons Lo justify: a) that terms could
be grouped and b) that they could not. 1n category a) all students gave as their reason: “whea you have a
bracket in a gatement you have to multipty what 13 outside by what iy inside”. In category b) students
considered that a bracket can be used for grouping any terms. There were a aumber of problematic
arguments of the kind: for a) “they have a similar operstive value'; and for b)"multiplication is an
arithmetic operation whereasa bracketisan algebraic operation”.

The terms eysatian-farma/s presen: a situstion somewhat different from the four others described
sbove. Wheress with all the ather explanations a distinction could be made between problematic
explanations and those that were clear and scceptable. such a distinction is harder to muke in the present
case, Many of the explanationsthat were clear were also questionable, thus the most frequent and most
explicit explanation was of the kind that a formula was really the same as an equation: “Basically they
menn the same thing because formulas are equations”. There was also a qumber of other explanstions
that could be grouped as problematic in as much as it was extremely dafficult to interpeet the meaning of
the writtcn response as in the following examples:"An equation usually consists of a formula”; “"both
express something in terms of something else”. We ourselves think that most of expianations of these
twoterms, clear or not, were somewhat problematic.

Upto now we have looked st how mudents imagined explaining in writing an aigebrsic idea 1o pupils.
In the aext question we ask students to criticise three different {ormulae for the ares of & rectangle but
thisis done indirectly by examining the formulations of three imaginary pupils

QUESTION 3

The purpose of this question was to examine the criteria students used for the choice of the mosr
belpfu/and /east befpful among three explanations given by pupils who were asked to wnte down a
formula for the ares of a rectangle of any width and length. The three formulations were as follows (i)
Area = width x length; (2) If a tands for the width. and b stands for the {ength. then the formulas

8 x b; (3) If A stands for the area, and & stands for the width, and b stands for the length. then the
formulais A = ash.

We were sble 1o categorise the Sudents' expianations for their choices iatn three msjor categones: (a)
Symbolism: the response refers to varisbles, ways of symbolising quantities. etc for example, "1t does
not involve substituting letter for quantities”, (b) Pragmatism: the response refers to ibe efficiency of the
form..s thal 1s, bow easy it is to remember or (0 work with, for exampie. "simple, easy to understand,
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0o aigebra”; () Pedagogic: the reasons have to do with pupils’ sbility to uaderstand, or to the teaching
process, for example, “depends on the level of the pupil, everyone is different”.

Mot helpful respoase: Type | response was chosen by the majority of students (32 / 40) with sbout
balf reasons being pragmatic, thatis, the statement: ares= width x fength, is simpler, easier to remember,
or entails no aigebra. About a third of the expisaations were about symbolism. Examples of reasoas in
the symbalic category which provide us with students' views of problems sssocisted with symbolism sre
as follows: “This (type 1) isthe best because 0o "a's™ "b's" are introduced which may confuse the ckild
-if they learnitas " A= axb", what happens when a rectangle has lengths x and y? *; (typel) “because
1t doesn't involve the subsutution of letters for quantities”; (typel)” it doesn't introduce any superflucus
terms, tells rather how we calculate area directly. We don't have (o relste & number to a lecter, rather
everything issolid and practical.”

2 students chose type 2 and 3 students type 3. and the reasons for their choice wers essentially either
pedagogic or pragmatic (4 / 5). There were 3 studerts who made no choice but simply farmulated
statements of ageneral pedagogic nature.

The least heipful respoase: The choice divides roughly equally betweentvpe 2 (1 6/33) and type
3(17/33), with one pupil choosing type 1 and 6 making no choice but agsin making statements about the
pedagogic or pragmatic asture of the situation. Although symbolic and pragmatic reasons are the two
most frequent categories for both chaices, pragmatic reasons are more frequent than symbolic reasons for
type 2 (9:5) whereas for type 3 they divide equally (7:7) It was noticesble that although both types 2 and
3 were chosen as the [east belpful, students did not reject type 2 as an insppropristely formed statemers
but rather s a rather irrelevant type of formulation in terms of coping with the situation, for iustance,
“the choice of the jetters is irrelevant”, “it shouldchoose W. L and A ", "what isthe s andtheb?”; "what
isaxb?

Again we have chosen a number of reasons fron) the symbolic categories in order to see how students
view the problems associated with this domain. "3 is probably least beipful ak this sage because there me
a lot of variables included (three) and the use of two different forms of the letter (s, A) could cause
confuston,  "No.3 isleast helpful because it is confuzing. it has used abbreviation, i.e. A=axbh".

Conclusioas
The results of the analysis of these three questions about pupils' difficulties in algebra gave us through

the students’ wnitten langusge some insight into & aumber of their possible mis-understandings of the
terminoiogy. conventions and ‘'rules’ used 1a algebra. I the first question the concept of ratio revealed

1.
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itself a3 particularty unucult to explain, and quite a few students preferrey (o xay &t the level of aaming
this concept rather than explaining it. Also although the domein of reference in the question is algebra
quite a few students referred to the expression "x / 3" as a fraction. [n the second question the two sets of
pairs: factorise - product, and formuls - eqeatica gave rise to the greatest number of difficulties in
sudents atempts to explain what they had or did not have in common. More particularly, with the terms
formuls - equation sudents were unsble to appreciate or express the characteristics of each. snd trested
them as interchangesble. Lastly the sudents’ choices of the most belpful and least belpful formula for
the area of a rectangle chosen from three different formulae revealed that for the most helpful they chose
one where the algebraic symbolism was minimal and for the least helpful, they rejected ane formula not
because it was inappropristely formulsted, as was the case, but because it was too complicated. Aa
appropriste formula for the situstion was also rejected with only half these students making any reference
& all to its symbolism. We intend to follow vp this study by looking & experienced teachers and
comparing their results with those of the PGCE students, as well s, ai the Ister dste, comparing tae
resuits of both groups of teachers with the results of the pupils' study from which this research
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ALGEBRA - CHOICES IN CURRICULUM DESIGN

An Exploratory Teaching Experiment

Alan Bell

Shell Centre for Mathematical Education, Nottingham University

It {s generally accepted zhat students' fallures {n algebra are extensive,
and of two kinds. First, there are characteristic errors in manipulation,
such as 4(n + 5) = 4n + 5, or (x + 8)/(x + 2) = 8/2, or x -~ 5 = 7 giving

x = 2: many of these relate to incorrect responses to perceptual cues in
the expressions (Saad, 1960 Carry, Lewis and Bernard, 1980)., Secondly,
there are more global conceptual breakdowns, such as the fallure to
appreciate the significance of checking the solution of an equation, thus
regarding the performance of the solution process as the aim of the task,
rather than the obtaining of a value of x which makes the equation true
(Lee and Wheeler, 1987). Some research attentfon has also been focused on
the modes of interpretati{on of the letter symbol - as object, evaluated as
8 number, as specific unknown, generalised aumber or variable (Kuchemann,
1981).

Further uses of letters, not {ncluded {n Kuchemann's study are, for
example, those shown in the expression y = ax + b, which denotes a
function, connecting the variables x and v, whose properties are those of
linearity, with scale factor a, and with y = b when x = G, The a and b
here are generaliy called 'parameters':; they are generalised numbers, but
play a different role from the x and v, which are in a sense 'dummy’
variables, serving merely to enable the function to be expressed. There
are also uses of letters in geometry; y = ax + b could itself describe a
iine, (of pradient a and intercept b) {n coordinate geometry. And i{n the
veomet ry of rranstormations, conslderinyg the symmetri{ies of a rectangle we
may write r = hy, where the letters denote particular transformations,
(analognus to particular nnmbers). But unknowns and generalised numbers
can also appear, as 15 "vx = hrhv, what {s x?" and "xy = yx, where x, y are

any of r, h, v'",

The questi{on arises whether the algebra curriculum should Le structured

according to types of manirulation, as s traditional, or according to modes

164
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of use of the letter, or by modes of algebraic activity, such as

generalising, equation-forming and solving, and so on.

Une recently published course {to which Kuchemann and Harzper have
contributed) adopts the second of these following uses of the letter. In
this, the algebraic content for the firs:t two years (ages Il and 12) begins
s{mply by getting the students to use a letter for a temporarily unknown
number, which {s then immediately to be calculated. Generalised numbers
appear in the form of simple expressions for drawing zigeags, spirals and
sets of rectangles eg, sets of rectangles with length and breadth 2k, k +
2; values are to be given to k and the set of rectangles drawn. Another
set includes some of type 2k, k + k which are to be picked out as forming
squares (NMP, 1987).

Our view is that the curriculum should be designed to ensure that the
whole range of uses of letters (and {ndeed of other symbolisms too) should
be covered, but that the structuring should be on the basis of types of
situation which give rise to distinct modes of use of algebra. Just as in
language learning, separate attention may be devoted to descriptive,
expressive and persuasive forms of writing (and others), Ro in mathematics
there i{s a whole complex of procedures appropriate to different types of

algebratc situation. We distinguish in this wav:

1) Generalising (mainly {n number situations).
2) Sirtuations leading to forming, solving and intwerpreting equations.

1) Functions and formilae.

Ag well as these rvpes of situation {3 which alyebra arises, we

focus artention at appropriate poi=re on

) General number properties, daclad g thoir manitestarfon s

for manipulating expreasions.

The mode of learning activitv {s an Impartant featnre of this course:

to explore a chosen situation containing a number of vartations, and to

provide for ‘the making up, solving and checking of problems hy the students

within this framework.
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SITUATIONS USED

We shall describe the use of Generalisliag {n Number Situations with an able

group of liyear olds; and of Forming and Solving Equati{ons with a middling

but above average group, also aged 14,

GENERALISING IN NUMBER SITUATIONS

This material consisted of two situations, Consecutive Numbers and Patterns
in the Number Square. The fi{rat fnvolved recognising that the sum of three
conaecutive numbera is divisible bv 3, and extending this to &4, 5, 6, «..
numbers, eventually generalising to any number of consecutive numhers. The
method of denot!ng the numbers Ly n, n + 1, etc was !atroduced by the
teacher, 8nd readily picked up and used. However, the reasultin

expressions In + 3, 4n + h, 9n + 10, etec were generally not read as
implying divisibility by 3, by 2 but aot 4, by 5, etc, hut regarded as the
end point of the task themselves, or elae used to spot further patterns by

di{fferencing.

The distribut{ve law In + 3 = 3(a + 1) was shown, and accepted, but no
much used by the puplls,

In the second situation, a4V v b box was choses o the number square, and

the opposite corner numbers

added to glve the same sum: 17 + 39 » 19 + 37 this was oxpregsed
x 4 (x # 22) = 2x ¢ 22 compared 4ith (x + 2) & (x + 20) ~ 2.4 + 22,
The class were asked, work{ng {n groups of three, to find other such

patteras {n thig square, and {n the addition and mltiplication squares.

1o
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A variety of these were found, snd the significance of the use of the x as
guaranteeing the generality of the result, scross all possible positions of
the box within the square, was generally apprecisted. However, none of the
class ventured into the more difficult multiplication square. 1In an
operational situation, as diatinct from a short exploratory experiment, it
would be important to include this and other more varied cases, ss the
assignment of x (and y) to denote the number in a general cell takes
different forms, and the development of this experience i{s an important

teaching objective.
FORMING AND SOLVING EQUATIONS

This began with the tollowing problems.

1. There are two piles of stones, The second has 19 more stones than
the first. There are 133 stones altogether., Find the number in
each pile.

This time the first pile has seven times as many stones as the
second; there are 40 altogether.

3 piles; the first has 5 less rhan the third, and the second has
15 more than the third. There are 31 altogether.

Students were asked to solve the first two problems, no method be‘ng
specified. They did so0, by trial, about half getting the correct answer to
the first, the remainder halving the 133 before subtracting 19. They were
then shown how to solve the same problem using algebra. The number in the
first pile was denoted by x and the equation x + x + 19 = 133 formed and
solved to give x = 57, and the numbers {a the two plles 57 and 76, which
were checked to add to 133, They were then asked to solve the same
problem, but veing x for the second pile: thus ohtaining a different

equation, the solutien x ~ 7h, but the same numbers for the two piles.

Following this they were asked to work, {n groups of three, at solviang the
third question, takfng in turn each of the three piles as x; and to compare

their results. On the following day each group was asked to make up and

145y




solve 3 similar problems, two easy and one hard, to be attempted by another
group.

This led to a lot of insight into the way different x-assignments affected
the expressions, turning + {nto - and multiples into fractions. It also
led to an unexpected degree of richness in the problem statements. As well

as four bean bags and the number of pupils in three rival schools we had

"A nuclear sclentist must complete 4 experiments to save the world, and
he has 23 days to do them {in. The firat will take twice as long as the
second ..."
(1 had originally wished to replace 'piles of stones’ by a more exciting
basic situarion, but had been unable to think of a similarly flexible one:

1 needn't have worried).
CONCLUS1ONS

In this last situvation, the letters introduced were clearly 'specific
unknowns's. But, as in Generalising, the main difficulties lay {n
expressing relations such as 'pile 3 has 15 more stones than pile 2', when
pile 2 was x, making pile 3 'x + 15'; and more so when pile 3 was x,
needing 8 reversal to make pile 2 'x - 15', '10 less than x + 15' was

another step up in difficulty.

However, although thias was observed as a serious obstacle for some students
in the early lessons, on heing offered the answer, they soon picked up how

to do {t, and [n the school examination question on this work, no student

falled to formilate an equation, though there were mome 'reversal'

mistakes. [t {s hard to see any psychological distinction between "{f this
unknown aumber {s x, what 4s 15 more than x" and "x may be any one of a

whole posaible set of aumbers; but v ts always 15 more than x: how do we

write {¢?",

The most significant difficulty {n this equation work concerned the
manipulation ot the expressions nbtained. For example, three piles
correctly obtained as x, x and x x 2 were added to give 3x x 2 even x, x
and 2x became 3(2x) in one case. This 18 not an error at the sirater ¢

level, but a technical one of not knowing how to combine terms. 1f
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x + 15 + 2x can be combined to give 3x + 15, why {s the above collection
wrong? This involves considering how + and x operations commute and

associate.

Thus, with these classes, the distinction between x as a specific unknown
and x as a generalised number did not appear to relate to conceptual
difficuley. More important, it seemed, was the fact that in both types of
sitution, Generalising and Equation-forming, what was heing denoted by the
x was a clearly recognised, almost concrete element of the well understood
situation - eithetr the number of stores in that pile, or the corner (or
middle) zumber in one of Lhose boxes on the number square "like the 17 in

o

that one'.

It 18 also clear from experience with these situations that there are
'scripts’ for dealing with generalising and with equation-use, and these
concen not simply the use of the x, but also the whole procedure, and the
modes of reasoning which are appropriate. In the one case it is forming,
solving, checking solution, and in the other assigning x and forming and

transforming two expressions until they are seen to be the same,

OTHER ASPECTS

Other modes of algebraic activity explored i{n this experiment included

developing one's skills at manipulating equations, and relating functions

and formulae, {n particular 'reading' formulae to recognise the functions

embodied §n them (such as in A = L x B, the relation between L and B with A
held constant). Details of these, and discusion of pre-post test results,

may be found {n the full report.
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NUMBER NAMING GRAMMARS AND THE CONCEPT OF "10"
Garry Bell
Northern Rivers C.A.E., New South Wales, Australa.

This research investigated the influence of the structure of number
naming systems on children's numerical cognition. Four monolingua!
English-speaking (ME) children (mean age 5.8) and four bilingua!
Vietnamese/English-speaking (BVE) childrcn (mean age 6.2) in the
same year 1 (first year of formal schooling) class were given 15
weekly individual teaching sessions in numeration and simple
numerical opecrations. Teaching sessions were videotaped, and
subsequent analyses used the children's responses to chart the
development of their conceptual structures for "10". It was
hypothesised that the BVE children would evidence both different final
structures and different rates of development from their ME
comparators.  Significant differences both between children and
between groups were discerned. some children clearly demonstrating
an ability to reflect upon the grammatical structure of the Standard
Number Word Sequence.

A substantial amount of anccdotal evidence from the Australian teaching

protession points to superior performance on numcrical tasks of swudents of
Oricntal descent, and there is strong formal evidence of the same phenomenon
from international settings (Husen, 1967; McKnight et.al., 1987). Some of the
things that these students have in common include high motivation levels,
traditionally structured family backgrounds and & number naming system
which may be descrnibed as transparent.

SOME TRANSPARENT NUMBER NAMING SYSTEMS
VIETNAMESE ~ MANDARIN  JAPANESE

mot yi whi
hat or nt

ba san san
bon st shi
ndam W gﬂ
Sau liu rohu
by Gt shicht
tam b hachi
chin Jut hy
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IV muot s u

1l muo1 mot shi yi juichi

12 muoi hai shi er juni

13 muoi ba shi san jusan

14  muoi bon shi si jushi

15 muci nam shi wu jugo

16  muoi sau shi liu juroku

23 hai muoi ba er shi san niju san

37 ba muoi bay san shi qi sanju shichi

The names given to the concept "13” -- "muoi ba", “shi san" and "jusan” --
contain semantic cues which reflect the decimal structure of the modern
counting system. Logic and conventional wisdom about how children learn
seem 1o suggest that such a number naming system may advantage young
children who use it in operating on numbers. From an information processing
perspective for example, such a system uses fewer "bits” than, say, the

Germanic or Romance languages, so some degree of cognitive economy might be
operative.

There is clear eviden.e ot these cultural differences in tasks of numerical
competence both at higher (Lesser, Fifer and Clark,1965) and lower (Luj
Fan,1981) age levels, In some studies (Ginsburg, 1981; Posner, 1982; Hatano,
1982; Lancy, 1983), this differential in numerical performance has “een
directly linked with language structures, while in others (Ayabe and Santo,
1972; Kitano, 1974;) an atlitudinal explanation has been offcred.  Although both
Chinese and Japanese subjects have consistently shown significantly higher
competence on numerical tasks (Husen, 1967; Lui Fan, 1981; Stevenson ctal.,
1982,1985; Mcknight ct.al., 1987)), and these cultures both use a transparent
number naming system, it may be that this artefact can be explained in terms
f a generally different cognitive (Tsang, 1984) or perceptual (Hsi and Lim,
14°7) framework, or cven a fundamentally different school curriculum (Easley,
1983),

Certainly, the hink between Standard Number Word Sequence structure
and children’s early number abilities has not been adequately avestigated.
Recent commentary on SNWS development for example, places hule
significance on the relationship between the grammatical structure of that
sequence and children's miental representatton of number.

. much of the development of the young child's numerical

amilines anvolves the rote learning of the first 12 or 13 pumber

words and the generative rules for producing the subsequent
number words.”  {CGelman and Gallistel, 1978:79)

ide
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None ol these authors lound evidence ihat chiidren understood ne
teens structure of the number words at the time they were
acquiring those words. The number word sequence thus scems 10
be for young children an unstructured list until twenty (or perhaps
twenty nine), and then the decade structure is evident.” (Fuson
ct.al.,, 1983:54)

"...the English SNWS segment that contains all whole number words
from one to twelve inust be fixed in the child's memory. After
thirteen a preliminary composition procedure may set in, and after
twenty a general one.” (Steffe, von Glasersfeld, Richards and Cobb,
1983:26)

The questions of whether children can become awarc of the significance of
the structural aspects of spoken language by reflection, or whether language
can itsell structure subconscious thought are still unanswcered. There is
evidence, although not from the mathematical register, and more often from
adult subjects, that both phenomena occur. Meyer and Schvaneveldt (1976)
found consistently that a test word which is immediately preceded by a
semantically related word (“grecen grass”) will be more quickly recognised
than an unprimed test word. Fischler (1977) argued that semantic relatedness
is the main determinant of facthtation in lexical decisions. Both results scem to
indicate attention to components of the verbal stimulus. Taken further, these
results could perhaps be used to infer that a2 Vietnamese child who could
quickly recall "ba + bon = bay" (3 + 4 = 7) would cmploy similar structures to
recall "muoi ba + bon = muoi bay” (13 + 4 = 17).

The ccntral aim of this study then, was 10 examine the influence of
number naming grammars on children’s numerical development.  In particular,
it analysed the conceptualisation of "10" in young children from two linguistic
backgrounds which employ cither a transparent (Vietnamesc) or opaque
(English) number naming system. In doing so, o drew on an cxperimental and
theoretical framework recently developed by Sieffe and his co-workers at the
University of Georgia.

A teaching experiment was undertaken with 5-6 ycar-old English-
spesking and Vietnamese-speaking children in the period July-November
1985. Initial individual intervicws were conducied with 18 children from the
same year | (the first year of schooling) class. Tasks werc derived from Steffc's
(1983) 1ask scquence, and oricnted towards assessing facility with the number
word scquence, both in English and the first language. Following these inital
interviews, 4 monolingual (English) (ME), and 4 bilingual (English and
Vietnamese }(BVE) children were selected from the same olass on the bavis of
broadly comparable performance on the standard number word sequence 1n
their first language.  These ¢ildren receved individual anstruction for 15-20
minutes cach week for 15 weeks, spread over the period July-November 19X3.
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Scssions were videotaped for subscyuent analysis, and the overall oricntation
of the instructional sessions was towards game activities designed 1o lead the
child towards the adult model of mathematical competence through the
fulfilment of the following objectives indicative of the competencies required in
‘primary school mathemancs:
1. --to foster competence with the SNWS w1 English and the first

language,

-- to build the conception of the number system as concatenations

of 1cn.

1 develop the coordination of thiy scquence with presentatons
of countable unit nems:

4. - w consohdate the operational schemes of cach child.

Case study analyses focussed on the development of cach chidd's  meamng
structures for "10°, and these structures were inferred from the video record of
cach chulds acnons (or intentions o act) in problem sitwavons.  The predicted
behavioural mamifestations of the child's conceprual structure for "107, denived
from Stctle and von Glasersfeld (1983) were as follows:

CONCEPTUAL MANIFESTATIONS OF 10"

1. A SPECIFIED PERCEPTUAL COLLECTION.(SPC) This refers 1o any
counted collection of 10 pereeptual ttems that cannot be re-presented

2. A PERCEPTUAL UNIT.(PU)Y Percepiual collections of 10, which are only
temporarily cstablished in the visual ficid of the ¢hild, and which derive
salience only from the ttems of the collecuon and the panerns in which they are
arranged, are abstracted through the ability 1o re-present counting activity,
which leads to the reabsation that any two pereeptual collections of 10 will
have a common feature -- if they were counted, “10° would be the result.

3. A COUNTABLE PERCEPTUAL UNIT.(CPU) If a child can courdinate the
Decade Number Word Sequence with spectfic perceptual units which each
contan 10 atemy, it as said that, for the child, these units are countable,

4. A FIGURAL PATTERN.CFU) This s & pattern of 10 counted items that can
be re-presented. It may take the form o) 2 open hands, or a figural image of a
bundle or base 10 long, or may have wiosyncratic significance. I it s
coordinated with the DNWS 1t s called a countable figurai umt.

5 A COUNTABLE MOTOR UNIT.OMOY This type oceurs an the contest of
vounting pereeptual units of 10 yang the DNWS, when w mator act Like putting
up a finger o pointung with @ fmger s used asy @ substitute for pereeptual unsts
of 10 that are sereened from sight

6. A NUMHBER WORD PATTERN NWEY I clnidien are capable ot re
presenting and resiewang the resulis of a counting acnviy and puthing trom n
" gecunient results of making mtntive extensons of 10, they are sometimes
abtle to construct a number word patiern from a point within a decade, S, 15,
2S00 maremennng by amphed HO counts,

BEST COPY AVAILABLE
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7. A NUMERICAL COMPOSITE UNIT.(NC) This conceptual te-organisation
enables the child to take a perceptual collection of 10 e as 1 unit, while
maintaining its numerosity.  This unit refers 1o any pettern of 10 that is the
result of an inmegration, the focus bang en the elements and the patiern not
being taken as 1 thing.
8. AN ABSTRACT COMPOSITE UNIT.AAC) The abibity 10 coardinate counting
by tens and ones when counting on, as symptomatic of ihe use of wen as un
abstract unit.
RESULTS AND DISCUSSION

The research hypotheses Tor the chuldren in e study were:

1. That the BVE children (Hao, Qyen, Ar and Tony i order ot aged
would exhibit some of the deseribed conceptual mamfesutions
of 10 carhier than the ME children (Kim, Peter. Kyhe, Scan).
2. That the ME children would not cxhibit any of the desenbed
conceprual manifestations of 10 carbier thun the BVE children,
3. That the BVE children would extubit conceprual manmitestations
ol 10 not exlabited by the ME cinldren.
4. That the ME children would not exhibit concepiual
manifestations of 10 not also exhibited by BVE children,
HYPOTHESIS | was wceepted. BVE children Tony, Al and Huo alb evidencoed
10 as an Abstract Composite carlier thaa ME children, and apart from one
cxception, the clear endency was for BVE children to produce 10 as a
Perceptual Unit, 10 as a Countable Perceptual Unn, 10 as a Countable Figural
Umit, 10 as a Countable Motor Uity and 10 av 4 Number Word Pattern carhier
than the ME children.
The notable exception vaas Kim, an ME c¢hild who attained 10 as a
Countable Figural Umit, 10 as o Number Word Pattern and 10 as a Numenical
Composie before any BVE ctuld. She was the youngest of all the subjects, yet

she entered the study with competenaes clearly snoadvance of her comparators
Her Sequencing by 1 oand Decoding routines were observed 1o be operauve from
uly, and her Sequencing by 10 routine stamed an operative esel m session 4,
betore any of the other (huildren

Km's excepronal performance can be explaeed i oterms of the faat th
sheabstracted numbor betare sov o the ather childien Lhise coupled with her
carly muastery of the Englich bomonvone transformavons, cnabied her o togus
on the componenis of g namber numie, make ntcgrations on cach component,
and anticrpate the tesulis of exendimge o contrachng each companeit

HYPOTHESIS 2 was qejectad RKim's cards uae of T as g Countable Frigural
Unnts 10 as a0 Sumber Word Panern and 10 45 0 Numerraal Composie clearly
showed that it was possible for an ME child 1o attan these coneepts betore BV
chitdren. Yet st has already been noted o the discussion of HYPOTHESIS 1 that
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STRUCTURES FOR 10

(Showing the teaching session at
vwhich each structure was observed
for each child)
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if Kim's performance is put aside, there was a clear tendency for BVE children
to attain more complex structures carher.  Certainly the siructures attained by
Kylie, Sean and Peter (ME children) were slower to develop than those of the
other children, Peter for example never abstracung 10 as a Countable
Perceptual Unit, and Kylie only attaiming it at the Jast session.

HYPOTHESIS 3 was accepted. Tony, Ai and Hao (BVE children) all
exhibited 10 as an Abstract Composite -- a siructure not exh:bited by any ME
child.

HYPOTHESIS 4 was accepted.  There were no identifisble structures
erhibited exclusively by ME children.

GENERAL RESULTS

The central aim of this study was to nvestigate whether children whose
first language employs a transparent number naming system develop
conceptual structures for "10" which are demonstably different from those of
children from an English-speaking background. Dcmonstrable differences in
both conceptual structure for 10 and rate of development of those structures
were found. Addiuonally, there were differences in the rate of development of
the Sequencing by 10 routine. These differences were evident both between
children and between BVE and ME groups. '

CLASSROOM IMPLICATIONS ,

This study employed a case study approach. so 1t would be hacsardous to
attempt to extend these results beyond the limits of samphng. It has however
shown that some children appcar 1o be capable of reflecting upon the structure
of verbal uttecrances and abstracting concepts of numeration as well as
techniques of addition from the information contained in ihose uticrances. 1In
addition it showed that the structure of the English SNWS with its extensive
reliance on homonymic transformations effectively inhibits the attempts of
some children to abstract numeration conventions from the number nanung
grammar.

This suggests that ot may be appropriaie to introduce young European
children to alternative transparent Number Word Sequences in order t¢ focus
their attention on the 1somorphism beiween the verbal and numeric
representations for numiber.  Such an cxposure (say, to Chinese, Japanese,
Victnamese. Esperanto, or some other invented system) could be jusnfied not
only from a multsoushural, but also frem o cogmtive standpoint.

Future rescarch should explore the usclulness of employing a transparent
number naming system (0 remediate numeration  misconeeprions and
algorithmice errors an obder chntdeen,
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THE KINDERGARTNERS®' UNDERSTANDING OF DISCRETE QUANTITY

Jacques C. Bergeron, Université de Montréai
Nicolas Herscovics, Concordia University

Abstract

When the netural numbers ere viewed as the means to
measure discrete quantities, the noticn of quantity cen
then be considered as a pre-concept of number. This peper
reports the resuits of a atudg regarding the kindergartners'
understanding of discrete quantity. Our investigaetion shows
that three distinct components of understanding can be
found amang this age group. All 24 children tested Indicated
they had an intuitive understanding as svidenced by their
abifity to estimate quanmﬂ on the beasis of visuel
perception. R mors advanced (svel of comprehension , thet
of procedural understanding, was evidenced when each
child proved able to use procedures based on one-to-one
correspondences to constructs sets that were larger
smaller, or aquel than a given one. A third component o
understanding, that of ebstraction, was studied through
various tasks ascertaining the subjects' ability to perceive
the inveriance of ?‘uantlt% with respect to verious surface
transformations, that is, changes in the disposition of the
objects which did not affect the glven quantity.

it one views the natural numbers teleologically, that is in terms of their utilization,
one must take into account both their cardinal function, which enables us to
measwe the quantity of objects included in a disrete set (Vergnaud,1979) and
ther ordinal function which enables us to determine ths rank of an object in an
ordered set. Thus, it can be seen that the concepts of quantity and rank are in a
sense fundamental echemas on which the notion of number can be built. This
distinction leads to a finer discrimination between number, which is a mathematical
construct, and quantity and rank, which are rather physical constructs. The
children's understending of these physical quantities has often been contused with
ther understanding of number as for example in Piaget's classical experiment on
the conservation of “number® (Piaget & Szeminske.1941/1967). In fact, since in his
tost, subjects are not required to enumerate any of the rows of objects, the notion of
number nan hardy be invoked and thus the task shouid be considered as
pertaining to the conservation of quantity.

“We wish 1o thank o research assistants Anne Bergeron and Marieile Signori
whoee suggestiona have improved the quality of both the tasks and the questions.
- Reseerch funded by the Quebec Ministry of Education, FCAR Grant EQ 2923
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This past year we have investigated the kindergertners' understanding of diecrete
quantity and of the notion of rank. We repart preliminary resuits of this ongoing
study in two companion papers. The present one deals with quantity.

In our analysis of the notion of discrete quantity, we have postulated three distinct
components of the childs understanding of this conceptual schema. A first
component which can be viewed as an intuitive understanding of this concept
reflects a type of thinking based essentially on visual perception. At this level,
children can easily compare two sets and estimate visually who has more and who
has less, or if one has as many as the other; in compering two sets they often can

determine by mere perception which one has many and which one has few or
little.

A more advanced level of operation is involved when children can actually use a
rational procedure onablmg them to make these judgments about quantity with
reliability and precision. The acquisiton of such means can be perceived as
bringing about a higher level of comprehension which we describe as procedural
understanding . The notions of ‘mare’, ‘less’ and ‘as many' can all be assessed by
using procedures based on one-to-one correspondences. While stil being
non-numerical in the sense that no enumeration is involved, such procedures can

be caried out physically by the children and provide them with an assurance which
they cannot obtain from mere visual estimation.

Stll a more advanced level of comprehension is evidenced when the chiids
conception of quantity becomes more stable and can resist verious surface
transformations. Piaget's conservation of quantity is one such example. Young
children believe that after one of two equal rows of objects has been elongated, it
somehow must contain more than the other row. There are many other such
transformations which can test whether or not the concept of quantity is frm enough
in the subjects’ mind to overcome the erronecus information they obtein from thewr
visual perception. This detachment from visual perception leade them to a level of
understanding which we call abstraction. Of course, it does not occur ali at once,
and in fact one can usually establish a hierarchy among various tests assessing
the invariance of a given concept with respect to specific transtormations.

The present paper describes the many different tasks we have designed to assess
the kindergartners' knowledge of quantity, as well as the exact wording of the
questions. Thess tasks have been used in semi-standerdized interviews with 24
children (average age 5.8) coming from three different schools in Grester Montreal.
The interviews required one session of about 30 minutes with each child. Each
interview wae videotaped .

Intuitive understanding

The intuitive understanding of quantity was assessed tirough two tasks based on
visual estimation. In the firet taak, the interviewer laid out 25 identical cubee in front
of the subject and 7 cubee in front of hereelf while asking:
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Here are some cubes for you (25) and here are some for me (7).

(a) Just by locking at them, can you tell me who has more, you or me ?
(b) Can tell who has less, you or me? )

{c) Can you tell me whawre there are many?

(d) Can you tell me where there are few (if needed,not many)?

Ali the children interviewed answered these questions without hesitation thus
indicating that they could handie these visual estimations with ease. Only two
children did not understand the word “lew” but they grasped the meaning of “not
many". Hence even among the youngest chiidren in kindergerten, between the
ages af 5 and 51/2, these subconcepts and the vocabulary associated with quantity
have been acquired. ‘

The second task was aimed at testing the child's visual estimation in the context of

equal sets. Two sets of identical cubes were laid out randomly, one set in front of

the child, and one set in front of the interviewer:

(a) Hore is oot for you and here is a set for me. Just by loocking at them,
enniyw tell me if you have as many as | have? (it needed, the same
as | have)

(b) What would you do to maks sure? (and if the child suggests counting)

(c) Do you have another way to make sure, without counting?

Among the 11 younger children in our sample (aged from 5:3 to 5:8) 5 of them
could not estimate visually if the two sets were equal. Among the 13 older children
(aged from 5.9 to 6:2), there wore 4 such subjets. There seems to be some difficulty
at the level of vocabulary. In French, the words we use are "En ae-tu autant que
moi®. Several children do not understand this and we then resort to other

expressions such as "En ae-tu pareil que moi?” or “En as-tu la méme chose que
moi?”

The additional questions have proved informative. All except five children
suggested they could make sure that the two sets were equal by counting. This is
clear evidence indicating that the numbers learned by these chiidren have acquired
a very stong cardinal meaning. Only a few of the chiidren could think of other
means of comperison. A couple of chiidren suggested putting the sets in a
one-to-one corespondence and s few others made a rectangular array of 2x4 with
each set of cubes and then indicated that they were the Same shape

Procedrsl understanding

The tasks were designed to assess if the chidren could use a one-to-one
carrespondence in comparing two quantities. The interviewer aligned eight green
ubes in front of the child and gave him or her 10 red cubes while raising the
folowing questions.
Here is a row of green cubes, and I'm giving you these red cubes.
(a) Can you make me ancther row just like mine? The child will usually lay
ot the 10 cubes. Jo you think that we have ss many cubes in one row
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as in the other? How can we make them the same?
(After each task, the child's row is removed)

(b) Would you now like to make a row with more cubes than in this
one?

(c) Can you make a row where there are less cubes than in this one?

(d) Can you make a row where there is one more cube than in this o 'e.

Theee taske were aimed not merely at verifying il the child could recognize these
qnmﬂiod reiationships but it the subject could actually use a one-to-one

to generate these required sets. Using the interviewer's row as a
tomplato all 24 subiects were able to generate an equal set. Only one child failed
to construct a row with more cubes, while two subjects failed to prodice one with
fewer slomonts. Surprisingly. it is the last question which seemed to cause some
difficulty. Six of the 24 children (three in each age group) were unable to generate a
set which contained one more cube than the given row.

Abstraction

As mentioned in the introductory remarks, abetvaction refers to that level of
understanding associated with the construction of inveriants. Four distinct tasks
have been designed to test the child's perception of the invariance of quantity. with
respect to the visual perception of the elements, with respect to ther random
configuration, with respect to the elongation of a row, and the classical Piagetian
conservation task. In the words of Freudenthal (1983,p.84), these tasks are simed
at testing the invariance of a set of discrete objects under a chenge of perspective
and under "shake" ransformations, that is, resulting from a changed disposition of

Prior rmrch (Anno Bcgeron N Hcrocowcs J.C. Bcgeron 1966 L.Steffe, E.von
Glasersteld, J Richards, P.Cobb.1983) has shown that children experience great
difficutties in counting pertially hidden sets. Steffe et al.have coined the expression
“perceptual units” to describe the situation when distinct objects are perceived
by the senses, be they visual, auditory, or motor. Research repcrted by A.Bergeron
ot al. indicates that the visibility of all the objects in a row_of chips can be a crucisi
factor in the childs perception of cerdinality. In fact, they reported that  with six
chips covered in front of them in a row of 11 , some chiren only counted the
visible ones when asked how many chips sitogether were glued on the
large cardboard? Most of those who were asked to gount on from 6, continued
to count on to eleven but were unable to say how many chips were on the
cardboard they had just enumerated. The most common procedure used by
chiidcen was figural counting (Steffe st al.1983) which refers to the child's
enumeration of imagined units while pointing with a finger over the hidden part of
the row. In most cases, subjects using this strategy failed to arrive at a correct count
although they ali knew the number of chips being hidden. Cleerly, the perception of
units was of prime importance in the child's construction of numaerical units. Thus

the investigation of perceptuul units with regerds to quantity, in a non-numerical
context, was of great interest.
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Here are some cubes. Take a good

around. i | put them Nke this (spreading

are now more cubes, or less cubes, or

before?

The same pettern of questioning was ueed later on in the interview to verily the
effect of contraction of a set of randomly displayed cubes. .

Compuring the responses to both the dispersion and the contraction taske provides
an indicstion of the stability of the child's perception ot this perticular inveriance. Of
the 24 subjects in our sample, 13 thought that the quantity had not changed
either task, while 6 pupils believed that the quantity had changed in both cases.
Theee two numbers add up to 19 which represents an index of stability of 79%.
remaining 6 chiidren (three from each age group), that is 21% of our sa

be considered as Yansitional, since their answers varied in both tasks,

them believing that the quantity had changed in the expension

contraction. These results seem to indicate that the surface covered

that is, the space they occupy, might be a determining factor for those children
thought that the quantity had changed.

This conjecture could easily be verified with the next two tasks. The first one had the
8 cubes in a paper plate. The 8 cubes were then moved around in the plate.Since
the space occupied did not change. this would verify if the mere act of moving the
cubes wouid have any effect. We also provided an additional task in which the plate
of cubes was simply rotated In front of the subject.

Results were rather surprising. Questioning the chiidren who thought that quantity
had changed in the depersion and contaction tasks revesied that neerly all of
them (five out of six) thought that the quantity had changed when the cubes where
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not aftected in either case, while one child
i frst case and not in the latter one. As expected,

ol the chidren questioned rom among those 13 who did not think that quantity
ion or contaction responded that it did not change in the

Inveri " he o ion of
The last two tasks on the invariance of quantity dealt with the visual impact of the
elongation of a row. The firet of these involved 11 cubes which were aligned in a
row in front of the child folowing which, the cubes were then spaced out evenly
resulting in an elongated row. Chiidren were told:

Here is a row of cubes. Look, I'm going 10 spread them out. Now do
you think that there are more cubes.less cubes.or the same ss before?
The next task was the classical Piagetian test on the conservation of quantity. The
interviewer laid out a row of 7 cubes and handed out 10 other cubes to the chid.
The excess cubes were removed while the child confrmed that there were the
same amount of cubes in both rows. Following this,one of the rows was elongated
and the child was asked: Now do you think that there is one row where
there are more or do you think that the two rows have the same
amount of cubes?

Ot course, the elongation task proved to be much easier than the Piagetian test. AN
the 13 children who perceived the invariance of quantity with respect to dispersion,
confraction, displacement, and rotation, also perceived its inveriance with respect to
eiongation. Of the five children in Tansition, only one succeeded on the elongation
task; two of the five children who did not perceive the inveriance with respect to
dispersion and contraction did succeed. Thus in totsl, 13 subjects were successful
on this task. On this basis, this inveriance is barely more accessible than that due to
dispersion,

The Piagetian test was mcre difficult since the mere visual perception of the two
rows of different lengths creates a cognitive conflict, the child often believing that
the elongated row must now contain more slements. Ten of our 24 subjects (42%)
were judged to conserve quantity. Eight of these belonged to our 13 students who
had been successful on every prior inveriance task except the ones on visusl
perception of the units. But surprisingly one student came from the ransitional
group and one from the group that did not perceive the inveriance of quantity with
respect to configuration. Another important difference was to be found between the
two age groupe: only 3 out of 8 chiidren (27%) in the younger age group conserved
Quantity while 7 out of 13 in the older age group (54%) did 80 too.

By way of conclusion
These reseerch results bring out the fact that the notion of diascrete quantity exists in
the childs mind independently of numeration. In fact, the data shows

that the
kindergartners’ conceplion of decrete quantity is quite extensive and that they have
non-numerical procedires to deal with many of the related problems. Of course, the

185




- 169 =

resuits also show that the abetraction of quantity, that is, the perception of its
invariance with respect to surface wansformations, is an ongoing process. The
various tasks we have designed provide sufficient information to establish a
hierarchy among these different invariances. The following hierarch is based on
the success rate of the above tasks:

nvariance of quantity wit p

rotation (of plate with cubes) 79%
displacement within same space 71%
elongation of a row 67%
random contraction of a set 67%
random dispersion of a set 63%
comperison of elongated row (Piaget test) 42%
the visual perception of objects (in the bag) 13%
the visual perception of objects (hiding cardboard) 1 4%

The information communicated in this paper deals with the notion of discrete
quentity, a pre-numerical concept which is the foundation of cardinality. An equelly
important pre-numerical concept is that of the rank of an element in an ordered
set. That particulr aspect is presented in a companion peper, The
klmau"mun' understending of the notion of rank, by N. Herscovics and
J.C.Bergeron.
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A REVIEW OF PESEARCH ON VISUALISATION IN MATHEMATICS EDUCATION

Alan J. Bishop
University of Cambridge
Department of Education

ABSTRANT

The aspect of visualisation in Mathematics education has not
attractad much research attention in the recent past. Nevertheless
it is felt by many Mathematics educators to he irportant in the
education process. There have been some significant studies which
do have interesting implications for both research and practice, anmd
this review surveys the current situation. The review i1s in three
sections, the visualisations themselves, the process of
visualisation, and teaching in relation to visualisaticn,

Do INTRODUCTICON

This review builds on and extonds from ecarlier reviews written
either by the author or by others (Bishop, 1980; Bishop, 1983;
Jishop, 1986; Clements, 1982; Presmeg, 1986b; Mitchelmore, 1976} bat
will be restricted to the notion of ‘visualisation’. This cunstruct
interacts in the research literature with the ideas of imawery,
spatial ability, and intuition, but it is oertainly not the case
that visualisation has been felt to be a significant research arca
in mathematics education in the recent past. whilst searching the
literature in preparation for this review, it was surprising to
discover that in the J.R.M.E. listing of 223 research articles in
1985 only 8 were remotely cornected with the topic, that in the same
listing for 1986 only 7 out of the 23¢ articles were related and at
PME XI no papers were specifically focussed on visualisation in
mathematics oducat iorn.

THE ORJIXTE T 0F VISUALTUATION

Mathematics is a subject which is concerned with object ivising
and representing abstractions from reality, and many of those
representations appear to b visual i.e. they have their roots in
visually-sensed experiences. These visualisations may be relatively
trimitive, i.e. imagining a particular doeor handle being rotated, o
they may already be relatively abstract, i.e. an imagined right
angled triangle inscribed in a circle. They are clearly of
significance in mathematical activity, as witnessed by writers such
as Hadamard (1945) and they have been of interost to sowe




researchers for many years.

The first point of interest is that visualisations (as I

shall term these phenamena) are a very individual matter. There is a
wide range of visual imagery used by individuals even when restricted
to mathematical activity. Presmeg {1986b) lists five different kincs
of visual imagery which she identified in her students:
1. Concrete, pictorial imagery (pictures-in-the-mind);
2. Pattern imagery {pure relationships depicted in a visual-spatial
scheme) ;
3. Memory images of formulae;
4. Kinaesthetic imagery (invclving muscular activity e.yg. fingers

‘walking ");
5. Dynamic (moving) imagery.
Moreover the students did not stay with only one of those types, but
used different ones in different situations.

The range of visualisations generated by individuals is
therefore an important factor to keep in mind. The quality of the
visualisations generated also appears to vary in a marked way, with
‘vividness of imagery’ being a favoured construct (see, for example,
Richardson, 1977 and Sheehan, 1966). Presmeg (1986a) for example,
found that ‘vividness of images  did help her students, particularly
in memory situvations: "Memory images of formulae, and pattern
images, are two types of imagery which provide a quick means of
recall of abstract general principles and procedures, the former in
a concrete image which encapsulates a procedure, the latter in a
more schematic image which stressed regularities” (p.301).

Other qualities of visualisations often appear in a negative
frame, relating more to the cbstacles which they can create. For
example, Hoz (1981) refers to what he calls "geametrical rigidity"
caused by a child being unable to ‘see’ a diagram in a different
way. Related to this is the case where the orientation of the
shape is tied too firmly with the shape itself, and for some
children it really is a challenge to draw an isosceles triangle
which is also right-angled. Fischer’s (1978) research suggests that
the prefercnce for ‘upright ' figures is very deep-seated, and
apgears not to be affected by particular kinds of instructiaon.

Other familiar examples of problems caused by the
~igidity and symbolisation of visualisations are illustrated in the
research of Hart (1981), Kent (1978) and Kerslake (1979).

Presmeg (1986b) summarised these kinds of difficulties
experienced by the ‘visualisers’ in her study as follows:

1. the ore-case concreteness of an image or diagram may tie
thought to irrelevant details, or may even introduce false
data,

2. an image of a standard figqure may induce inflexible thinking
which prevents the recognition of a concept in a non-standard
diayram,




3. an uncontrollable image may persist, thereby preventing the
opening up of more fruitful avenues of thought. (This
difficulty is particularly acute if the image is vivid.)

4. especially if it is vague, imagery which is not coupled with
rigorous analytical thought processes may be unhelpful.

However she also conments on the power of the generalised graphic

schemes recognised by Krutetskii (1976) and the pattern imagery

illustrated by the work of de Groot (Harris, 1980). She shows in
her transcripts the positive valuve felt by pupils of having certain
kinds of visualisations available.

We have clearly moved on in our knowledge fram
merely believing that all visualisations play a useful role in
mathematical activity, to understanding something of their features
which contribute significantly to that role. It seems therefore
that more attention needs to be paid in research to the particular
qualities of visualisations in order tc understand more about which
visualisations are more helpful than others in a given mathematical
situation.

3. THE VISUAIISATION PROCESS

The visualisations to which we have been referring
don‘t just happen by accident. The process of visualisation in
mathematics is recognised as a camplex one but one which is
important to try to understand. Orce again the focus has been on
the individual nature of this proces,and recently there has
developed a strong research interest in learmers who seer to oxcel
in it. The so-called ‘visualisers - those problemsolvers who
prefer to use, and use well, visual processing - are now a
well-studied group. Krutetski (1976), Moses (1977), Presmuq
(1986b), Iean and Claments (1981) and Suwarsono (1982) are just
sare of the researchers who have focussed on this area, and have
helped to mow the field away fram the rather sterile
factor-analytic and psychametric studies of spatial ability whic:
characteorised nuch of the earlier research. 14 is perbape s
worth moting, in passing, that 1t was the sty of Guay et a..
(1976, which funally convinced mary peopde $hat the psychane i
approach was irappropriate for otiedy ina the visualisation proxae

Reit bt fhen car we St areyt St proeyas o
vistualisation,

Pregrea J98ELT erates YA visual merhod of selatjon o
re whieh invelves visual dnagery, with or withers
Draarar, as an essential part of the etiaod of soluthor,
svon cf reasoning or algebrane nethode are also eng Ies.e ™,
Moses T (1977) ‘deqree of visuality® score was based o
"the number of visual solution prooesses (e.a, pictures,
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graphs, lists, tables) present in the written solutions”.

Krutetskii s (1976) ‘geametric type®, "felt a need to
interpret visually an expreseion of an abstract
mathematical relationship and damonstrate great ingenuity
in this regard".

Suwarsono's (1982) visuality score was high "if the
correct answer was obtained and reasoning was based on a
diagram (drawn by the pupil) or on same ikonic visual image
{oconstructed by the pupil)”.

At its simplest then, the visualisation process appears
to involve the learner constructing sume kind of visualisation and
using it appropriately. Let us analyse this further, though. 1In
the problem solving situation, ‘appropriately’ clearly means ‘to
help obtain a solution’. It is surely helpful however to have a
broader notion than just ‘problemsolving because obviously the
visualisation process needs same sort of trigger or stimulus, so
different tasks will stimulate different images. For example, a
task such as "Find as many figural representations of 2x3=6 as you
can", is likely to evoke a very different response fram a problem
like "What face of the dice is on top if the 2 is facing you, the 3
is on the right and the 6 is at the bottam". Not any visual image
will do for this purpose, so ance again it needs to be an
‘appropriate kind of visualisation® - we saw in the previous
section some of the negative effects of particular visualisations.

One implication of this analysis is clearly that if we
want to understand more about the visualisation process, we need to
study it in a variety of task and stimulus contexts, and to move
away fram just ‘problem-solving’. One hint from Presmeg’s (1986a)
study is "Apparently when a topic is first taught, a visual
presentation often aids visualisers’ understanding, but practice of
the procedure or formula mey lead to habituation when an image is
no longer necessary. In other words, facility led visualisers
away fram visual methods”. This aspect is also referred to by Lean
and Clements (1981) in relation to the Moses study {1977) in which
most of the problems used were too difficult for almost all the
students (p.272). Clearly ease or difficulty of the task is one
feature of the stimulus context. It would therefore be interesting
to discover just how stable across tasks and other contexts the
construct of ‘visualiser” is. The assumption of ‘once a visualiser
always a visualiser  is clearly being challenged. What is
important for research however is not how valid or reliable is the
label, but what do we learn fram such children about the
visualisation process. That is what attention now needs to be
firmly directed towards.

4. VISUALISATUN IN EDUCATION SITUATIONS

This the third aspect is intended to focus attention
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away fram the predaminantly individual considerations of the first
two sections of this review. Same studies fall into the category
of ‘training”’ and Lean (198l1) has summarised these (reported in
Bishop, 1983). He concluded: "The evidence...indicates that these
various skills (involved in interpreting figural information) are
trainable given the appropriate experiences”. He did not however
find any evidence showing the success of training in visual
processing. Indeed this is not swrprising in view of the highly
individual nature of visualisation which has been f.und. What, one
might ask, can ‘training’ mean in this context?

Of more interest are studies like Mitchelmore (1980 and
1984), Marriott (1978) and Bishop (1973) which deal in different
ways with aspects of the material enviromment which interact with
visualisation. For example, Mitchelmore (1984) interpreted his
tindings of relatively weak spatial and visualising skills amongst
his learners in Jamaica in this way: "Many hames in Jamaica lack
special play equipment for children. They have fewer toys...The
effect of such a hame envirament is dramatized by the exceptions
that came to light...such as the grade 4 son of a mechanic with a
workshop at his house and the grade 6 boy who often helped his
mason father; both boys did outstanding work on symmetry in rural
classes consisting mostly of farmers’ children" (p.139).

From studies like these there is suame evidence that a learning
enviranment in which structured and manipulative materials
predaninate can help to encourage the creation of visualisations
and thus the visualisation process itself. This kind cf research
is being up—dated by current studies of the influence of camputer
envircnments {(see for example, Noss, 1987 and Hoyles, 1987).

Mention of the teacher there reminds us that there is a
strong role to be played by the social, as well as by the material,
environment. For exanple in all the studies reported so far in
this section, the role of the teacher (or in ane case the two
parents) has been assumed as benign. Certainly the teaching shown
in Kent and Hedger's (1980) study appeared to be very helpful, from
the perspective of visualisaticen,

However, Presmeqg’s (1986a) study was much more
informative because it focussed as much on the teachers as on *the
fupals. By using the same tasks to assess the visuality of the
teachers as she did for that of the pupils, she grouped the
reachers into three types, and analysed their teaching stylos.

f particular interest was how these different teachers
interacted with the ‘visual’ pupils. She says this: "In the
vlasges of teachers in the non-visual group, it was found that
nun-visual teaching had the effect of leading visualisers to
rexlieve that success in mathematics depended on rote memorisation
~f rules and formulae". "Visualisers in classes of teachers in the
rdddle group appeared to benefit frum a teaching stress on
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abstraction and generalisation which was associated with this group
of teachers. Pattern imagery and rapid use of curtailed methods
were encouraged in the thinking of visualisers with these
teachers.” "Teachers in the visual group were unanimously positive
in their attitudes towards visual methods, but they were not always
able to lead visualisers to overcome the difficulties, and to make
optimal use of the strengths, of visual processing” (pp.308-9).

It is clear that because visualisation is such a personal and
individual matter, the teacher s role is a subtle one. Certiainly
there need to be many more studies which take the teacher’s
visuality into account, which look in detail at the kinds of
teaching which the teacher ‘s own visual processing develops, and
which examine the effects of these on the individual pupil’s
processes.
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ACQUISITION OF MEANINGS AND EVOLUTION OF STRATEGIES IN PROBLEM SOLVING
FROM THE AGE OF 7 TO THE AGE OF 11 IN A CURRICULAR ENVIRONMENT

Paolo Boero , University of Genca

This report deals with the aim of observing the development of
the ability to solve arithmet:cal (word) problems from the aae
of 7 to the age of 11 in a "curricular environment”{a complete
teaching project concerning all subjects taught in the Italian
primary school).Regarding the solving of arithmetical problems
in particular,the project focusses on the development and use
of verbal language,and the development of problem-solving stra=
tegies by means of the resolution of arithmetical problems with=
sut numerical data in various fields of experience and through
the gradual progression from spontaneous calculation strateg.es
to standardised calculation procedures.One reason why this res=
port may be of interest is that concerning certain crucial ques=
stions related to problem solving,it allowWws comparisons to be
zade with research carried with different methodologies in dif=
feront experimental situations.

.. INTRODUCTION

This resort Jeals with certain aspects of the development cf the ahilite
ro solve arithmet:cal {word) praeblems in children aged 7 to l1.It studies
in particular the relationship between the nature of the problems proposed
‘physical variables,...) and the types of reasonina which children employ
in order to solve them,the relationship between the planning of the saquen=
ce of operations to he carried out and the calculation strateaies cenducted
on numerical data,and the re tionship batween the development of vertcal a-
hilities and the working out of strategies.

In wiat will of necessity be a somewhat schematic form,this renort pro=
poses ta point out certain phencvmena which were noticed in a "curricular
environment”:we have tollowed children as they proaressed from the age of
" to the ane of l1,in the classroom,while experimenting a prniject which
aeait with all subjecets taught 1n the Italian primary school(particular at=
tention beina paird to Linamustic education) . In this sense,the report provis
fes elements for comparison with many other articles on problem solving.
Yost of these articles are based on systematic,very accurate,but short-term

apservations,which often are carried out in the context of a curriculum =n
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which the researcher has no influence and of which he dves not even know
all the details (this applies particularly to subjects other than mathema=
tics:

Paragraph 2 will outline the situations in which the children were cobser=
ved;it also explains the methods of observation used,and the tools employed
to make a comparison with a reality much vaste than the one we analysed,and
to which this report refers

Paragraph 3 presents the Juestions wlth whidh “he classroon gkbservations
were concerned, the analysis of the 1nfurmations 7jathered and some conclu=
sions which emerged from this work.

Paragraph 4 contains a description of scme marticular examples o€ pro=

blems,which I regard as typifying the conclusions presented in paragraph 3.

J.THE EXPERIMENTAL SITUATION

The observations which form the basis of the present report wers conducted
within the framewonrk of a complete teachinqg nroject relate:d to all subjects
in the Ytalian primary school (& tc 1! years).The nlanning of this project
began in 1977,and the proiect itself was put inty effuct in 1980/81.This
proiect involves now 120 classes,.The teacher work is quided py detailed
cutlines of the conternt of the work te be dune in the classroom,and how to
handle it.Starting with the second class (7 years!,the children are given
quirded worksheets on the variougs teachina units and the varicus subiects
which the projesct ig concerned with,The extent vf the worksheets is increa=
sed qradusally.For every class there s a standardised test/based on "open'

estions' half-way tironah the year and  ar we ent of the year

THAS TRIOTL Feinrs Dartivalirily ro toar olusska ander ohuservat.oon: > o

which were followed botween *he azes of » and (1,and twe besweor tne ages

iy

of &oand 10, A far as 1 solint L concerned, the methols of ohservars
lonoand analeso o000 ? oeerformans ernloayed were che following:
a systemiatic gathering of the original texts written by *hRe children on

all rhe protlos that they wor4ed on wndividaally "anoat 0y eac’ year in

Mt et

PerLads of ansersatien cEram Bore L0 ther arse A f eyt weard by oa res
gerarchey presert in the classroom daring the solving of part:-ular problems,
tagped recar linsloarried ont by *he teacher or by the reseagnacr barung

Nis periods o obderyarion) of 1nterictisn horween the ehal lron or ~F 1n-
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teraction with the teacher.

- sporadic observations and reports by the teachers.

As for comparison with the other classes involved in the project,this
was achieved by means of the standardised tests conducted half-way through
and at the end of the year,and by collecting the written texts of indivi=
dual children on particularly interesting problems,which had been pointed
out to the teachers in advance.

With regjards to the matters discussed in paragraph 3,the following di=
dac+ic cholces made for the classes under observation seem to bte relevant:

the masority cf the problems presented to the children in teaching units

berween the ages of 6-7 to 1! were related to economic matters,natural
vnenomena (like shadows),or the depiction on paper of real srnaciral situas
tions (topographic maps,etc).

some of the problems presented to the children did not contain numeriical

data: the children were asked to plan a strateqgy to solve the nroblem

in the majority of cases the problems are handled in the classroom in the

follewing way:first the children work individually,then they compare the

strategies tliey adopted to solve the problen

betore the cnildren are taught written techniques of arithmetical calcu=

lanion the teacher points out some general procedures which are based on

ne calcultation stratejies employed spontaneosly by the children

Irum the agqe of 6-7 years,particular emphasis is placed on the ability

to report in writing abeout the processcs and experiments conducted by

thie <ldss,about the solving of mathematical problems,and about the nroce=

idure for handling geometric and graphic work.
‘TONS EXAMINED

Ghywhen [oapeak of “solving strategies” D Wwill be referring o
Lhe Seepaenee o aperations onsen by vhe purill 1o order *o snlee an arit
e tlcal propien neladinT rossible practical technimues 1avelvinn coins
or strips of parer or the maxkina of aqraphs,etc,).When I speak of "ralcula=
tion stratering”, I wil, e referrinag to activities involving numbers,which
crodnco anterme divte nurerscal results or a trral soletion 2% a aroblem,
dhen Toneak af "caleglaraoen procedures” U owiil mean the mak:ina of caloula:
Y1ons toiowii routine procedures which have already teen sxnlatned to
A paed b, ant whyoeh rhery recotnize,
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ween these elements involved in the solving of arithmetical nroblems.Howe=
ver, there are arithmetical problems,which are widely employed in our clas=
ses,in which it is possible to induce the chiidren to concentrate their at=

tention on solving strategies or on calcultation strategies (see par.4)

3.1.Experience fields and strategies employed:regarding the solving strates

gies and the calculation strategies employed,what is the role of the “expe=
rience field" proposed by the teacher (economic problems,problems of time
span,etc) for the development of the skills involved in the solving of arithw
metical problems ?As the examples in paragraph 4 will show in more detail,
regarding the relevance of the "experience field"in helping the child to un=
derstand the meaning of certain arithmetical operations and solving stra=
tegies,our uvbservations tally with the results of other research that has
been carried out. The contribution that certain "experience fields" can
make to the development of calculation strategies also seem to be relevant,
This applies both to the properties of the operations implicitely employed
by the child,and to the identification of general calculation procedures.

One interesting result of our observations ls that when it comes to making
implicit use of the properties of the operations ,the child immediately

seems to be able to perform the jump from problems solved in certain "expe=
rience fields" toc mental calculations with "pure” numbers.On the other hand,
the child does not seem tc be able to make the jump spontanecusly from one
"experience field” to another (this confirms the importance of the "experien=
ce field" in stimulating certain types of behaviour).Finally,we observed

that within a single"experience fi »1d",with the same physical variables and
analogous numerical values,the nature of the problem propnsed can lend to

various strategies depending on the wav the child perceives the problem.

3,2.80lving strategies and calculation strategies:is there any consistency

botween the first and the secnnd ? In particular,are the mewniras  of the
operations 1nvolved 1n the choice of cperations,consistent or not wirth the
meanings of the operations involved in the calculation strategies used in
the operations chosen! before the children have acquired the techniques of
writter caloalation) 2 Our observat;ons would seem to indicte that such conm
318tency 1s not always to be found,bur thar in calculation strategiesn, alonge
si1de the meanings of physical variables expressed by numerical data,an {m=
porrant role 15 played by the particular numerical values assigned and by

the experiance in the use of calculation strateqiesa arquired in other cir=

cums tances. In part).T)qnm observed inconsistencies in connection with nros
JA
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blems of subtraction(which,at a numerical level,were often solved by means

of a “"completion",irrespective of the fact that the problem calls for "ta=
king away"),and above all with problems ¢ division (in many cases,in si=
tuation calling for a "subdivision into equal parts"',we observed calculation
strategies based on comparisons and content-container relationships).It is
possible that these inconsistencies derive from the fact that in our project
problems of'completion" and problems of division of homogeneous quantities
are dealr with before the other problems of subtraction and division respec=
tively.The inccnsistendes rointed out 40 net have any harmful effect as far
as the ability to solve problems is concerned,but they make difficult to pro=
vide the child with a formal description of the w2; he reasons when he tries
to solve a problem:” 4500-1850 = ,,."is a good formula tc describe the
choice of operation required to solve a "remainder" problem,but a good de=
scription of the calculation strategy adopted by many children would be :

" 1850 + ... = 4500 "

3.3.Calculation strateqies and calculation procedures: what deqree of autono=

my and awareness it is possible for children aged 7 to 11 to reach regarding

the shift from spontaneous calculation strategies designed to solve particu=
lar problems, to general calculation procedures ?We carried ou% observations
and experiments ccncerning the four arithmetical operations,paying particu=
lar attention to the working out of a written calculation technique for di=
vision.We think we are justifiad in concluding that in the classroom it is
not difficult to elicit (by proposing suitable problems with suitable nume=
rical data) spontaneous calculation strateqgies which are convenient for ap-=
nlica%tion in universal calculation procedures;however (at least until the
age of J)-.l) the puprils do not seem carable of evaluating by themselves
which of *ne resialtiny s%ratejires Ln the mos* sulved te beiny transformed
intc a gereral,effizient calculation procedure.Moreover,it sometimes hap=
pens that ‘he procedires develcped in =hi1s way 1n the <larsroem are not irn

accerdanse with sradtitional srandard poacedares Joee 4,0

3.4 .Vertal lanjyuane and problem solving: what is the role of verbal languawse

in the solwving of arithme*ical problems 7 In our c¢lisses we have the pessi-
re clovelopment ol lantilse ' il 5 LU othe ane
sAner 14 She same.We are Siouno anle o oobgares Low,ds far
ag probiem 3ouving i sonagerned,such an inflaence roaqics 1o different bes
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required to illustrate the solution he has worked out.The children are also
advised to write down what they think while they are trying to solve a pro=
blem.In Scme classes of children aged 6 to 1! ,particular attention is paid
to the activity of verbalising work produced in class.This may involve di=

scussions of how pocket calculators work,or an explanation of automatic pro=

cesses,etc.These verbalisation activities share the characteristic of requi=

ring the child to develop an expository language whose logical organisaticn
is linked to that of external object to which the sublec: refers.A compari=
son between classes wnich have undertaken these activities extensively and
classes which have not,reveals a significant difference in the ability to
nroduce a written solution to the problem.This applies above all to the more
complex problems,or to arithmetical problems without numerical data.Such
differences were observed not only in the guality cof the expository text
nroduced,but also in the ability to produce such a text.and thus in the a=
E{lity to solve a problem.However,rejarding the use of verbal skills in the
working out of calculation strategies,the differences between the two grouns
of classes were much less striking.In classes which engaged thoroughly in
the non-mathematical verbalisation activities described above,we noticed
that some children use verbal lanquage extersively In the working out of cal=
culation strategies too,since they prefer this to the formalism of alzebra
or the language of graphs.iowever,many cnildren in these and in the other
classes seem reluctant to verbalise the working out of calculation strate-
gies,as if in their mind the rythms of reasoning about numbers were "out

of phase" with the requirements of verkal text production.

Experience of verkalisation in a non-mathematical contex* in situations of

"bound logic" creates a arear diffoerence 1n the abiliry so vientrfy and de
clare whiith characteriatios 0f a mivern catoualarios chratery s anicanie

for teneral adspsion,

Given the limited space at my dispasal, i 1e res pessitle to give a de*a-
Pled 1ilmsrration of ore ar mare of *he prebloms @il b wers opaed an *he bas
observations, Thus | will confine ayerif o leccribing,
wncLae way, inme > alated to the paants coprsiderad above,

Tt emrhas) e however, that ecach of *hem formg par' of 2 work proiramme

onenrned with the came "experience field" and that ach A prosramme il

VYorntaL L rany probilems which are nrecented over a nymber of ynars,
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4.1.5ubdivision of lengkhs: the following problems are usually proposed to

nine-year-old children:

a) the children are required to plan the depiction of a period of twenty cen=
turies along one of the classroom walls,in such a way that for each century
there 1s available a "space" equal in lentd to that which 15 reserved for

the other centuries.

b) the children in the class (usually,between 138 and 25' are rejuired to
spread out at an equal distance from each other around a circle drawn on
floor of the gymnasiun,or along a wall in the gymnas:um.

For a) there are two types of solving strategy : in the first one,the
children plan to measure the lenght of the wall,then to divide this lenght
into 20 equal parts,etc. In the second type of stratewy,the children plan
to place a strip of paper or string on the wall and then to lenghten it or
shorten it "until it fits exactly 20 times".

For b) (wnetlier one is dealing with a circle drawn on the floor,or with
a wall in the gymnasium;and I must point out that the children have never

measured in the classrcom the circunmference of a circle before) the vaste

majority of the strateqies adopted involves dividing the length of the wall

or circumference of the circle 1nto as many equal parts as there are chil=
dron in the clags.Fven the children who have started with the idea of the
"equal space between one child and another”,spontancousi; afrer ask them=
selves "how much space is there for each chilid”,

These WO pronilems are presented ,at the same time,to classre which have
previously carried ont very similar activities:the difference in stratedgies
adopred s very striking JAs we saw in J.1,.the nature cf the problem and
the way the o ld pereceives {% seem to be arportans factors in distinguish e

Potwonn 3rrate 1Les AS wWas mulie oloar L o, as far s botrh o adb o and D)
concerned,striking differences are to b found hetweon the success rates
Which are acoustomed to exronsuee "ot 1o 0" vertali sation

actrrtie s and clannes win are n[ot,

4.2.Dis*ributive prooerty in multiplicative problems :ler us consider the

fnlluwing two problems whicn wore presented to cnildren amd "-4 before they
had leartt multiplication {wri*ten, technt paeg

2) the parchase 0f five obect s which cost 310 liras each

2vorhe calealation of the to*al length of a strin of paper consi=ting of =
ve oivces,eich 31) centimetres fondg.

These problems are also presented at the same time ro classes whith have

f5r the most part followed the same teaching programme on word protlems.
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In the first case,most of children decide to group together the hundred li=
ra coins (" which makes 1500 liras”) and add the five 10 lira coins.Whereas

in the second case,most of the calculation strategies consist of making ad=
dition in columns (or in lines): "310 and 310 makes 620,add 310,makes 930 ,.*,
As we saw in 3.1., the calculation strategy seems to be heavily influenced

by the nature of the variables involved ,and by previous experience!practi=
cal and numerical) of problems assigned in the same "experience field".

The jump from the field of operaticns with numbewms involved in protlem a)

to the field of "pure"” numbers (mental calculation! is made spontanecusly

by many children.

4.3,From problems of division to the technique for the wr:itten calculation

of divisions:when the children in our classes are 8-9 years old,we begin

work which in 3-4 months will lead to a technique for the written calcula=

tion of divisions,consciously worked out by the children themselves on the
bases of spontanecus calculation strategies used in problems of division
with suitable numerical data.Examples of strategies worked out :

e) with sums of meney such as 12020 liras to be subdivided among,say, four
children,many children spontanecusly reason in this way: "one thousand
for the first,one thousand for the second...."(notice that this strate=
gy is never suggested by our teachemshowever it is present in the chil=
dren's activities outside the school environment)

f1) successive approximations:being required to divide 17130 liras amcong
16 children,many children "try for":1C00 liras each...20CC liras each...
30C0 liras each...(tco much!),alriqght,T'll try 2100 each.,.222N each..."

£2) with the same sum of money and the same number of children,other chils
dren (a minority) "try for": “1°C0 liras each...2770 liras each...3"C0

liras each... (tow much!) *,so they subtracrt 270" liras from 1790 liras

and carry on,dividing the remarning S307 liras amonqg the 1€ children,etc.
I 5 no* weasy for the children to reaiine by themmelwes  the asuperiory =
syoof the calaulation stratery 07 Wwith a view to a universal nroce jure
for the calculation of divisions.Moreover,1t 4Jst be pointed out thit such
a uraversal provedure i3 not tle standard ocne tanght 1n the majority of
1

seuntries. It osneald be onerted alize how tne children handle a tyrical problen

oar " by reysoning abent "vontert-contaiter reliti~nshiap” in the

moment when ¢ e work out the calealation strateary,

REFERENC : : LEGH,R. - "Conceptual Analysis of Matnemati il ldeas and
Problem solvinn”, PEOCEEDING P.M.E. 179873, pp. 7 3="%
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THE RELATIONSHIP BETWEEN CAPACITY TO PROCESS
INFORMATION AND LEVELS OF MATHEMATICAL LEARNING

Dr. Gillian M. Boulton-Lewis!
(Brisbane College of Advanced Education)

This paper is a de: ription of studies between 1985 and
1987, of the relatiunship of levels of capacity to process
information to mathematical knowledge in rural-urban and
urban Australian Aboriginal and non-Aboriginal children,
aged 3-8 ysars. The 1985/86 results for rural-urban
Aboriginal children are discussed in this paper. The 1987
data will be presented at the conference. Capacity to
process information was measured by four tasks; two that
allowed camparison of results with large studies and other
populations and two that assessed the same levels of
capacity but utilized knowledge systems familiar to
Aboriginal children. Tests were also designed to measure
basic length and number tasks at increasing levels of demand
on processing capacity. In 1987 formal school mathematics
learning was also measured. Msasures of capacity 'were
significant predictors of performance on length and number
concepts. The performance with Age of Aboriginal children
on capacity and basic length axd number tasks was camparable
with non-Aboriginal children. The results indicate that
lower school achievement by these children cannot be
attributed to lesser capacity to process information or to
inability to cognize basic mathematical concepts. Other
factors that probably affect school achievement are
discussed briefly.

This paper is concemed with one important factor in learning, that is
increase in capacity to process infommation, and the extent to which it
determines the complexity of mathamatical concepts that young Aboriginal
and nca-Aboriginal children should be able to cognize.

Cognitive theorists such as Case (1985), Fischer (1980) and Halford (1982,

have argued, frum different theoretical perspectives, that there is an

upper limit to children’s capacity to process information which increases

with mturation and leaming.

1

Case (1985) described measures and norms

The research described in this paper was funded by grants fram the
Australian Institute of Aboriginal Studies and was carried out in
collaboration with Hope Neill (Catholic Fducation) and Graeme S.
Halford (University of Queensland).
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for short term storage space (STSS) and demonstrated that STSS increased
with ege. He postulated that increase in STSS would determine the
camplexity of concepts that children could learn. Fischer ¢ 980)
described the construction and control of hi. rarchies of skills that he
maintained are damain specific and limited by increasing capacity.

Halford (1982) propused three levels of thinking that depend on children’s
increasing capacity to match systems of symbols to elements in the
environment. At level 1 children should be able to cognize kinary
relations, at level 2 binary operations and integrations of relations such
as those required in transitive reasoning, and at level 3 cawpositions of
binary operations. Halford has identified examples of thinking at each of
these levels, on the basis of empirical evidence and analysis of demand.
Most of the tasks in this research have been designed or analysed to
measure the first two levels of thinking postulated by Halford.

There have been recurring debates in the literature of culture and
cognition (cf. Laboratory of Camarative Human Cognition, 1983) as to
whether there are cultural differences in cognition as such or whether
culture and cognition form an interacting system which produces context
specific differences in performance. The hypothesis in this research is
that the latter is the case. It is assumed (cf. Fischer, 1980) that
capacity to process information is applied selectively to specific
concepts within a damain depending on motivation, experience and
knowledge. This should mean that a child in a particular cultural setting
will only perfomm to capac''y on same of a possible set of concepts that
make the same cognitive dea nd. It should be possible to predict however
that if a child succeeds on one task at a particular level of demarnd then
s/he has the capacity to cognize an isamorphic task, given sufficient
motivation and experience. Boulton-lewis (1983, 1987a) for example found
with a sanple of non-Aboriginal Australian children, aged 3 to 7 years
that as capacity to process information increased so generally did
knowledge of camponents of length measuring.

Australian Aboriginal children, including those living in urban
vnvironments, are usually not as successful with formal school leaming as
non-Aboriginal children (Bourke and Parkin, 1977; Seagrim and Lendon,
1980; Watts, 1976). It was known that the children tested in 1985 and
1986 (Boulton-lewis et al, 196G, 1987b, peper submitted) did not perform
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as well as non-Aboriginal children on mathematical and other tests in the
final year of primary school. Differences in cognition and school
learning in Aboriginal children have been variously attributed to
differences in cognitive style (e.g. Watts, 1976), processing strategies
(Kearins, 1976; Klich and Cavidson, 1984) or environmental factors rather
than intellectual capacity. This research addressed the hypothesis that
Aboriginal children have the same capacity to process information as any
other child but for social or cultural reasons perhaps do not learm to
apply that capacity to school mathematics.

THE RESEARCH PROCRAM
Samples
A preliminary study using four capacity measures was carried out in 198%
with a sample of 20 children of mean age 6 years (Boulton-lewis et al.
1986). In 1986 a sample of 75 children from Cherbourg, aged 4-8 years,
was tested for processing capacity and basic mathematical concepts
(Boulton-lewis et al. 1987b; paper submitted). Children in both samples
attended school at Cherboury.

Cherbourg is an Aboriginal community just out of Murgon, which is a large
rural town about 290 km north of Brisbane. The camunity was established
in 1905 (Koepping, 1977). The population has been described as a high
contact Aboriginal group (McElwain and Kearnmey, 1973). Most of the
children in the samples were 3rd or 4th generation residents. The people
of the cammunity originally came fram different language groups but now
most speak standard English with same local dialectical variations.

In 1987, 60 urban Aboriginal children aged 4-8 ywars and a matched sanple
of 60 non-Aboriginal children, all attending Brisbane schools, were tested
with the same measures of capacity and basic mathematical concepts and

with additional tests of school mathematics leaming,

Tests

1. Capacity Measures
Because this research was conducted in a cross-cultural situation two
of the capacity tests were chosen to allow camparison of results with
those obtained with large samples of non-Aboriginal children elsewhere
(viz. Cucui, cf. Case, 1985, and the Matrix Task, Halford, 1980). Two

other capacity measures were desi maasure levels of capacity
Bk
fow ﬂ_; b 4
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process aspects of familiar knowledge systems. The Playing Card
Relations test measured levels of processing of knowledge of playing
cards., The Family Structure test relied on children's knowledge of
family relationships (usually a matter of importance to Aboriginal
people). All of these tests are described in detail elsewhere
(Boulton-Lewis et al. 1986, 1987b, paper suhmitted). The Family
Structure test is described briefly below as an exanple.

The critical feature of transitive reasoning is the ability to
integrate relations. The Family Structure test was designed to
measure capacity to cognize binary relations and then to integrate
these, For exanple at level 2 of this test the ability to explain
that, if John is the son of Mary, and Mary is the sister of Jane, then
John is the nephew of Jane, entails integrating relations and measures
the same essential cognitive process as reasoning that if a>b, and
c<b, then a»>c. Thus the cognitive process of transitive reascning was
measured using a familiar knowladge system. At level 1A of the same
test, after discussion of pictures of a family, children were merely
required to recall names and positions of family members e.g. "That's
Mary“. "She's the Mother". At level IR children were required to
describe family relationships, in response to questioning, in terms of
a single binary relation, e.qg. "This is John. He calls Hope his
sister because they have the same mother and father/family.”

Length and number tasks.

Tasks were devised to test knowledge of length and number which
required responses demanding reasoning at level 1 (naninal knowledge,
level 1R (binary relations) and level 2 (integration or camposition of
relations). Children were asked tc name, corpare, order and serlate
lengths. Finally they were asked to determine camparative lengths of
configurations on the basis of the size anu number of camponent

units. Similarly children were tested for ability to subitize sets
with frum 2-4 mambers (level 1), order pictorial representations of
sets (e.qg. 3,4,5,6 objects) by pair by pair camparisons (level 1R) and
to perfom the operations of addition, subtraction and reason
transitively (level 2). These tests are all described in detail in
Boulton-lowis, et al. 1986, 1987b, paper sumitted. Finally in 1987

children were te‘svt.ed for written symbolic (gonerally school learned)
iyl
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knowledge of the concept tests described above.
Testing Procedure
The testing method was a kind of clinical interview. Children were tested
one by one, mostly by trained Aboriginal people. They were asked to
respond to materials and pictorial representations. Practice was included
prior to all the tests. Same of this was quite extensive as in the Matrix
Campletion task (Halford, 1980). 1In that test children were given up to
16 opportunities to camplete a matrix with coloured shapes before being
tested at each level. This was to ensure that the child was familiar with
the concepts and task involved so that what was subsequently tested was
the level of capacity to process information.

RESULTS
Regression analyses were camputed with the four measures of information
processing, singly, in cambination and also with age controlled, as
predictors of success on each of the length and number concepts. The mean
STSS on the Cucui test (Mr. Peanut in this study) the earliest age of
success and the percentage of the sample who succeeded on each of the
length and number tasks were also calculated. Tables for each of these,
and the 1987 analyses will be presented and discussed at the conference.

In summary the 1985, 1986 results indicated that the Playing Card
Relations test at level 2 was the best single predictor of the following
length and number tasks that required binary relations (number
camparisons), binary operations (addition) and transitive inference
(number seriation, length seriation and co-ordination of the size and
length of units). The Matrix Campletion task was equal or best as a
predictor for three of the tasks (subitizing, number camparisons and
subtraction) and was almost as effective as Playing Card Relations as a
predictor for addition and length seriation.

Regression analyses for all four measures of capacity, in cambination,
showed that Playing Card Relations followed by the Matrix Campletion task
made the greatest contribution as predictors of performance on length and
number concepts. The Family Relations test made the greatest contribution
as a predictor of performance on number inferences. Further regression
analyses were camputed to assess the unique contribution made by each
predictor variable. The matrix task made a unique contribution as a
predictor variable on more tasks than an*ot the other measures.

AR
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On the basis of these analyses the Matrix Coampletion and the Playing Card
Relations tasks were the strongest predictors of success with length and
number tasks. Integration of number and length of units was the only task
for which age as a factor increased the variance accounted for by the
capacity measures.

The mean age of the sample was 6.4 years and the mean STSS was 2. This
STSS was expected on the basis of hypothesised and empirical scores
proposed by Case (1985:324). The percentages of the sanple who succeeded
at Level 2 of the Matrix, Playing Card Relations and Family Structure
tasks were 0.34, 0.64 and 0.64 respectively. It would be expected on the
basis of results obtained by Halford (1980) that more children by age S5 or
6 onwards would perform at Level 2 on the Matrix task. However, success
at Level 2 on the capacity measures that were designed specifically for
this study was as expected for children in this age range.

The earliest ages and percentages tor success on length and mumber tasks
were comparable with predictions from the literature for each task. The
only result that was surprising was that for subitizing. Perhaps children
at Cherbourg do not talk about "threes" and "fours" at hame as much as
other children. 1t is possible that the first real number quantifying
activities for these children occur at school and depend on counting.
DISCUSSION
'The results indicated that this sample of Cherbourg Aboriginal children
possess capacity to process information, as measured by the Cucui and
Matrix tasks that is campacrable with non-Aboriginal children at the same
age. Moreover on tasks specifically designed to measure levels of
thinking of concepts based on familiar knowledye systems they performed as

one would expect of other children of the same age with equally familiar
material.

Capacity measures were significant predictors of performance on basic
mathamatical concepts for length and number. In addition performance with
age on the length and number tasks was comparable with results obtained in
other studies. These children are cognizing concepts hasic to length and
nunber learning. 1If their cognitive style (cf. Watts, 1976), strategies
(cf., Kearins, 1976) or processing modes (cf., Klich and Davidson, 1984)

£y oy
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are different they are apparently nevertheless effective. It is known
that the children at Cherbourg at a later stage in their schooling do not
achieve as well in mathematics as their non-Aboriginal peers. The results
of this study show that the lack of achievement cannot be attributed to
lack of capacity or inability to cognize basic mathematical concepts.
Lower achievement by Aboriginal children in school mathematics is prubably
a function of educational and environmental factors. Learning school
mathematics may also be affected by the fact that there are variations
fram Standard English in the language spcken by children at Cherbourg.
Same of these variations cause the children to talk about and probably
cognize mathematics concepts inaccurately.

Employment opportunities at Cherbourg are limited. 1n order to gain
employment outside the community children must succeed in school. The
challenge that faces teachers of mathematics is great. School mathematics
must appear to have real world meaning and language differences must be
dealt with explicitly. In addition curriculum content should be analysed
for demand on capacity and sequenced accurdingly.
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MATHEMATICAL VULNERABILITY

Linda Brandau

The University of Calgary

Autobiographical in form and theory, this paper relates views
of mathematics of pre-service elementary education majors to
the historical development of mathematics, That 1is, thelir
growth, similar to the history of mathematics, has been marked
by the themes of certainty, uncertainty, and vulnerability.
Central to this paper 1is the effort to discuss mathematics
(usuallv a cognitive subject) and wvulnerability (usuallv an
emotional suhbject) 1in a way that does not perpetuate the

separation between the two,

In one view of its historical development, mathematics has shifted
away from the certalnty of Euclidean geometry towards the uncertainty
proved by Godel in 1930. This mathematical uncertainty has been marked
hy vulnerability, thus leaving mathematics open to attack. In another
view, particularly that of Imre Lakatos, mathematics has always been
uncertain, vulnerable, and has grown through such attack,

Tn this paper, these views of mathematics will be related to what !
have noticed in students studying to be elementary school teachers. That
is, certainty and uncertainty have been manifested in their procesc of
questioning, reflecting, and examining thelr views of mathematicr, a
process resulting {n enriched and expanded views. Investigating this
process is Important. If students studving to be teachers can expand and
onrich their views of mathematics, then the wav thev teach mathematics
will be expanded and enriched.

Also important to this paper is the autobiographical form it will
take. Sfince fall, 1986, I have kept fileldnotes, journals (both personal
and professional), and other i{mportant data related to my teaching of
university elementarv mathematicy methods coursea., My Interest {n doing

such research wtems from the reali{zation that 1 think very differentlv

£iu
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abour mathematics and {ts teaching since T was a junior high school
teacher. My views about mathematics and mathematics teaching have also
expanded and this process wili be ar integral part oi this paper.
Therefore the theoretical basis lies in the assumptior thar coming
to know ore's selr, (explurine ore's own behavior), is a ol

understandine the external world (exploring othes peoples' bhehaviour)

In fact, this self knowledge includes understanding one's ohservations o!

others, csince ene cannot separate self-undarstandirg tYom all

understanding. ° This last idea, especiallv concerning separation, is
fmportant because the mathematical vulrnerabil{ty theme {s one th.r brings
together two themes (one usuallv thought of as cognitive and cne usually
thought of as emotioral) commonly studied separatelw.

Undersranding my use nf the concept of separation is crucial te the
theoretical basi{s of this paper, That {s, 1 can make distinctirns
between emotion and cognition hut this {« not the same as saving that
they are separate. When thev are viewed as separate, an artificfality 1s
created, The difterence between distincticor and separation needs more
discussion,

Where duo [ begin? With a conference in June !“*R snonscred by the
school of Education and the Department o! Women's Studies of the
Iniversitvy of Hatfa, [he theme of the conference is "Private Weomen -
Public Work". My talk is titled, '"On Beine a Nurturing Mathematics
Educator: tonnecting Professional and Private lives",

Wher 1 was planning mv paper, the here  struct o chord

1. My
professional work in autoriopraphv (in terms ot atudvine my university
teaching) was also mv private life., Ir fact, ueing the word "connecting”
in the title of the talk was misleadipg, [t {mplfe< that there are twa
separate worlds to be connected, an {mplication that didn't bother me
until discussing the paper with a rullnauuv.: tie =menticned that ! might
sav that mv mood will color how T learn or teach mathermatics, But rthete
fs no unconlared vrowledge, (See Heldepper, 196700 N0 dngtead, 7 reed to
cav that mv mood cannot be separated tfrom how § learn o1 teach

mathematics, aithough they can be distinguished, This difierence
(hetween separating ard diatinguishtng) {s impnrtant in that it {s often
assumed that {f 1 can distinguish, then those discorrible things are alse
separate, But in the nrocess ot ceparating we often forget that

understanding 1< holfsric {n nature. Categories like emotion and
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cognitien  (or  professional and  private) are helpful ir making
distinctions us long as we do not also assume that thev are separate.

when ! used the word "connecting"” in the title of mv Israel talk, |
was concerned about making a connection that was alreadv made. Thinking
about professiconal and private as separate was artifictal, These same
points relate to the interest ! have had in the interplav hetween emotion
and cognition. Since finishing my dissertation (Brandau, 1985a), 1 have
heen strugeling to find » way ro study that "interplay" (e.g. Brandau,
1985h) . 1 have also watched, with excitement, while other researchers
(Mcleod, 1987, far example) were deing work invelving the same theme.
Rut perhaps mv thinking about emotion and cogniticn as separate has heen
underlying mv strugele. As the point was made ahoun professional and
private lives, emotion ard cognftion are not separate at all. When vou
study cte, vou alse studv the other, We can make distinctlions bhetween
emotion and cognition but when we make the assumption that thev are also
separate, we create arrificiality.

There {s alsc an important connection here to mathematics teaching
and learning. If we want students to see that separating mathematics
fnto discrete pieres 1s artific{al, then we need to recognize that other
separations, particularly ones made in research, are also artificial., We
may need to make distinctions between the topics of geometrv and algebra,
but wher we also separate them, and continue to separate them, students
cume to believe they are separate, Similarlv, 1{n research, when
distinctisny between emotion and cognition evolve into assumptions of
separation, then thev are studied as deparate, are thought ot as
separate, and continue to be studied as separate.

I have been stressing the artificiality of separation hecause of the
theme o thie paper, mathematical vulnerability., Fven though we mav need
te diatinguish hetween the words mathematics and wvulonerabilitv, to think
of them as eonnoting separate images (cornitive nand emotional ones) (s
artiffcial. So that the {mpression of separateness {s not perpetuated, a
form ot doing and reporting research is needed. 1 hope that this paper
can move towards accomplishing this,

Kk kR

A television program on NOVA titled A Mathematical Tour" dealt with

the theme of mathematics Jdeveloping from a fleld cnncerned with certainty

to one recognizing uncertaintv. When non-Euclidean geometr{es were
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created, the certain world of mathematics was shattered, Fuclid's
"truths" were seen as self-evident and went unchallenged until the mid or
late nineteenth century (Davis and Hersh, 1980), Since Euclidean
geometrv was seen as the foundation of a certain mathematics, when that
went challenged, all of mathematics went challenged. Was mathematics now
resting on a foundation of quicksand’

Set theorv became the new foundation with Bertrand Russel! spending
much of his 1i{fe trving to reformulate set theorv into certaintv. He
wrote, "l wanted certainty in the kind of wav in which people want
religious faith., I thought that certaintv is more likelv to be found in
mathematics than elsewhere.’(quoted in Davis and Hersh, 1980, p.333)

The -rarch for certainty continued unti! 1930 when Codel showed,
with his {ncompleteness theorems, that certainty was {mpossible tc
achieve.

A wav of dealing with this unrcertainty was brillisrtly shown by Imre

Lakatos 1in Proofs and refutations (1976), Lakatos showed that

mathematics and ever the historv of mathematics was fallible. He showed
them to be dynamic processes, growing thrcugh the search for
counterexamples to existing theories while simultaneously proving these
thecries. So proof occurs through a clash of views, and mathematics is
vulnerable, yet growing because of that vulnerability,

In a world of shifting certaintv and uncertainty, there would need
to he less worry about control, In recognizing the uncertainty of
mathematics, we have had to release the concern for contrnl. We have had
to accept the anxiety that can accompany uncertainty, That 1is, {f
mathematics can be uncertain, then we can never known when an "already
proved” problem can he "d{sproved”, or when a well-established thenrv can
he challenged. Wwhat can be anxfety provoking is never knowing when our
world will change,

These {deas have surfaced {n university courses ! have taught. In
‘e clase, when we were discussing the interrelationship bhetween
mathematics and philosophv, one student verbalized a sudden awareness
with sadness, [ had removed the last area in her life which xhe felt had
certaintv., To her mathematics clearlv had had right and wrong answers,
Another reaction, which was f{lled more with anger than sadness, occurred
in an early childhaod methods clase where 1 pave a guest lecture. I had

asked the vtudents te do a problem for which several right answers can be
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obtained, depending on how you interpret the problem. Students were
angry and confused. Many of them said, "if there are problems iIn
mathematics with more than one right answer, then the next thing you'll
be telling us is that 2 + 2 = 5!1" Their reaction indicated a loss of
control, Tf mathematics is not certain, then it is chaos.

Facing this loss of control and uncertainty occurred in another
methods course [ teach. As part of the requirements, | have students
keep a weeklvy journal. One purpose of the journal i{s to have a place to

work mathematics problems, ones {n Thinking mathematically by Mason,

Burton, and Stacev (1985). This hook promotes the learning of
mathematics as a process, one similar to the one promoted by Lakatos.
Problems in this book cannnt be done in a few minutes., Students learn
that doing mathematics {s uncertain: sometimes answers to problems are
not given; sometimes there may not even be an answer. Students learn
through argument and counterargument, mestly with themselves. For all
the students, working through this book is a very different mathematical

experience, and one that leads to growth, 1 share some reflective

thoughts from one of these 5tudents.3

Thinking back to those first few 1lectures wav back in
September, ... I thought of math ar a series of steps that followed
one after the other. TIf the steps were taught well, math was easv.
If a teacher skipped some steps than math was hard. 1 had a very
narrow idea about math and my own personal fear further restricted
that view. I always felt that a person could either do math well or
couldn't do it at all and that when you did math {t was either right
or wrong. This course certainly changed mv mind!

First of all 1 was intimidated bv how '"personal’ you made the
math, Not only did vou let us do the math ourselves but vou
encouraged us to openly discuss feelings, and how we tackled certain
problems,..

My first attempts at working from the book Thinking
Mathematically were disastrous and frustrating. "I can't do this"
was my common complaint and 1 hegan to experience again the agony of
math classes. 1t wasn't until well {nto the course that [ began to
put one and one together... Bv persnnally attacking the prohlems it
hecame c¢lear that there were po right or wrong methods. Math was
personal and 1 could use which ever approac’ sulted me best. Often
problems were not solved with a straightfory rd answer and usually
involved =ome thinking, filguring out and reatracking the problems
from a different angie,..

To help our students grow, {t {1« also {mportant to show ourselves as
vulnerable human heinus. Ih the Lakatosian sense, show that our {deas
about mathematics tand ahout teaching) are cpen to argument, Two

{ncldents have elicfted the strdent reaction, it made me feel 8o good to




198

see you, a mathematics professor, struggle and show us that struggle",
One incident involved a student presenting a prohlem her grade 7 son had
to do for homework, We worked it together, as a class, with me at the
overhead projector. At first 1 tried to do the problem by working
backwards, and then switched to trial-and-error. HMer comment, related to
my struggle, meant that she saw that I di{d not know how tn solve the
problem at first., Perhaps implicit in her ccmment was the thought, i
always thought professors knew evervthing." The other tncident involved
discussion of the division concept. A student tried tc thelp me
understand her interpretation of division, one which I did not understand
at the time. DMuring coffee break she evplained her view to me again;
this time | understood it, and shared my new knowlecdpe with the entire
class. Here, the student referring to myv strugcle, was referring to my
willingness to acknowledge mv own growth as i learner, a willingness to
relinquish contro! of what students otten see as "expert authority".
Rkh Rk
The {ssues of control, resistance, and vulnerability are ones

deminating mv life these davs. A letter arrived from Kathryn, a student

Z
of mine last vear and now a close personal friend. It was in response

to myv lengthy letter describing a recent conversation with a man, one who
1 have not known for a long time {in terms of weeks, merths, or vears)
and vet one to whom T teld a greiat deal about myself. Mv letter to her
was filled with feelings nf vulnerability., It asked: How could I tell
these personal intimacles to someone I didn't know? Could I trust him
with this information about me? And what does "reallv" knowing =.meone
mean anyway’ Kathryn wrote hack about risd taking, wvulnerability,
intimacv, responsibility, freedom, resistance, and {nsecurity., She wrote
that she admired me for the risks | wae taking, 1 didr't fee. admirable,
fust scared and vulnerahle.

Reading Kathryn's letter made me awsre of how  much  this
vulnerability permeates nmv teaching. The wav 1 teach 1s riskv, 'm
trying to create a certain atmosphere in mv methods courses, one that
allows for honesty, risk taking, and freedom., The atmosphere needs to be
a sate vne that allows students to ewpress thei{r tears about mathematics
toneatly, Thia makes them vulnerable, with me and with other students,
And vet auch expression gives the~ the frecdom to move bevond thefr fears

~rnd to learn the mathematics they feel thev never learned.
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Jt 1s difficult to be honest, not only with others but with one's
self, When I'm honrest, I'm vulnerable and admitting to a side of myself
that T mav not like or want to know exists. And yet being truly honest
and vulrnerable feels like freedom, and hence growth, Recently I was
honest (and hence vulnerable) with a male friend. It was difficult and
vet | now teel free-~free of 11 the hottled-up emotions that 1've been
afraid te acknowledge openly with myseli and with him, And [ feel that I
have grown; growth cccurs when we risk and show vulnerabilitv.

It i{s f{mporrant rthat students bhe aware of my growth, 1 have
discevered that thev hear my beliefs about mathematics, and assume that |
have alwavs held rtrhese belieis. But my school training, similar to
theirs, was one that emphasized mathematics as cemputational skills,
where problems had one right answer and one right way to do them,
Theories {n geometry werre memorized, as immutable truths discovered once,
only to be regurgitated for all time. It wasn't until graduate school
that ! began to view mathematics differently, My training in sociology
(and theories of multiple realitiex) led me to question the idea of one
truth and led me to reading more about mathematics, especially as written

by Davis and Hersh (1980, 1986)., And my training in ethnography started

me asking the question: Why is this occurring the way 1t 18? Becoming

aware of the research into children's strategies of thinking helped me
becone aware of individual differences even in universitv students,

In my teaching, I try to get students to think critically about the
teaching and learning of mathematics. The uncertainty that accompanies
such consrant questioning can be frustrating. Students want a list of
the ter steps to being a successful teacher. They want certainty and
control, 1 want them to see that teaching means constant questioning and
learning. T want them to see teaching as similar to the process used by
lTakatos, involving uncertainty and vulnerabilifrv,

In conelusion, to prow we must take risks and place ourselves in
vulnerable positions, As this has occurred in the growth of mathematics,
{t can orcur in the teaching and learning ot mathematice and in rewearch.
But to do so, we must admit to the artif{ic!fal separations of emotion,
cognition, subject matter, professional, and private lives. By keeping
these areas deparate we are concerned with controlling them. By

loosening the houndarfeq, perhaps even cutting them, we become open to
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enriching our learning about ourselves and others--about mathematics,

teaching, learning, and research.
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7. Placing of the unchanged equal-sign between numbers and between ob-
jects. We feel that symbols of artificial lanpuages may welli
be ornamented.
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ticed acdition for seven we:qks before introwucing subtractim,
both uduition &nd subtraction were directly introdluced =nd
understood wi D.

reople, .nimal wuni toy contexts shoula ve glve: Lrior.iy
over object contexts.

i{ne rnildren's reseurch results showed that the ment..l o=
tivities ot Zauwition anu subtrection could be introuuced much
more gulckly 1in contexis in which children couiu slay

ruther thun in purely illustrative object contextc. Feople

anu wnimal contexts were evidently of much more wirniiicance
to children, later in the yeur 1t became appurent, too, thu
the rete of success in solving a particular type of provlem
depenuea upon the context in hich the problem wal tlaceo.
Jiltieudt sum. ot the type: ?-b=c wund c-a+% were solved by
all chilaren when describea 1n bu. orrow-lungfuure. .olutions
0! onc ant the same bhare wrrow-sum varied gre L1y n: ae-
pended uron the type of context under conoracritien {peoyle,
cnlmelo, toye, etc.).
acior's role i ob.orv.r't role snould alvernote
Tne compination of lhie roie$ ot uctor .rd obuerver .
reidlices 1n the nrathae:ie play=-nétinz. Our reculun 2nag-
tes how Lult.ple thas monner of vorking indeca o :
- ithe chilldren rencno rod the L lay=actine contests cour-
tbely tor tonyt time (3 4o b monthw); tneLe culltextl
thercfore formed & ctrone basis for loter arithnetic

licutione.

Lt
- onc 0l e productlve haint. wvhiion coud s Le o lven waen Lhe
ehrlaren made LMoL bS 10 tne Lrrove=cdme Voo T e il b
that tiev tell the ttory step by iep.
Here one can vee, oo, the importunce of play-ncting .
1t would appeir tht the permanent role-cxeh .y o Lotveen
actor and obierver, which 1¢ charncteriviic o) crithmetic
pluy-acting, provided extremely sultnble circumstunces for
leurning arithmetic,
arron=longsuage: the symbola are not oocered
ANY TeLe oot precented arithmenice larpra g LU it e on
inoa Lample twhione The use of dideroms and not.tiurs . ..
91 primry wportiice, not the aecapning ol them (Gapnd,

Jienes, Uul'perin, desnick). the mitthematical wymbol.,

221
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(+y-,=) vere not ‘embeliished’, put ruther pliced un.ltered
vatveen numbers anc betwee: objects. Un tne oiher hun.,
recearch vus conducted to cee wnether children coul. e
1nducea to uevelop theilr ovn arithme.ic lanpuuge by, fov
example, muklng druwings o1l situwtiong, aside irom the vulue
wiich the illuctrations hed for euch i1ndividuwl siuaent,
the resewrcherc vere aisappointed vy the resuwlto: the chil-
dren spent a great uewl of tire anu eiiort on unin .ortunt
aspects wnu tne 111w tirstione were not suited for encrul
| By
ln betveen the.e tvwo exiremes 1o thie orerove-linMuace whieh
we nive chosen,
Cur resewrcn produced tho {vlloving:
- Al LIrrow VUL the pre-erinent symbol tor evoxing in youny;
cnilidren the imire of w directed novement,
embelli.hment ol bure arrove contributed to Lcotoving
4ovariedty ol viymitic.nces Lo one ana The UUIRC ondln 93
ITOV.G
5 to 9 monthnu after tne bus~tl.y, orroaecnodno Li1il
trought to minu the pus-context.

crrow-l.nguige directed the ateenin 2 . cal'ed tie

¢hiluren attention to inpurt.nt rei.tion. . Li.: .« . tury iro:uxlen,

ooy otaoy vere tnen iiie oL olve the
Lreove-l niuaese vian .ood Loofoauboldl v Lo the baeoaurine
o! ¢l tuu riue:,

v enteldashment ooy Lo

el L ebilaren inodeon Slioowrts oy
Vlpnitichnges. arron=landucge vee doed interdedln.ry
tor moving from one contexi tu anoiner,
the crrove thenselves were uoed o enbelliohment an trero
equal=sums , Ly whach mednt thene Lamo ¢ uirea an exyiiou-
tory siimitficuance,
finiliy, the arrow. sepurntod trom the significance. e
oricancsl o meonang ey Lo QLEE' dnxeov o eviaent fron the

docbaren develogsoor cnorely e svrol e inne
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TRONF AND MEASUREMENT: AN UNEXPECTED MISCONIETTION
Naniel Chazar

Harvard Fducational Technoicgy Center

This articie begins bv provading background T - about
nngoing tesearch irnto students’ understandings ¢ e differences
hetween measurement of oxampies and deducztiv roat,  This rewenrc!

uaes the MILTOCOTPULET PUNRTAMS, the

suyvironments where both measurement uand proef plav imporiant roles,
“he article then goes on to describe an unanticipated nisconceptonn
about these twe methods of verifying statements. This
miscnreoption o diccusead ag ot oarices nothe werk o anoene bigh

sononl student,

saftware enviranment is g .eries of
microcomputer programs which allows students to create diagrams, explore
them using measurament, make conjectures, and test these conjectures
empirically before beginning to prove them deductiveiy. Learning
Euclidean geometry with the GEOMETRIC SUPPOSERS forces students to think
about procf differently than they wnuld in a traditional course.
Students confront the issue of the relationship hetwern measurement and
proof. From a mathematician's perspentive, it is very important that
students understand that examples with confirming measurements do not a
proof make. For example, to prove that "An altitude from the vertex
angle in an isnsceles triang'e divides the triangle into twn triangies of
equal area.”, it is not sufficient to show three examples with
measuremants which support this statement.

One way t2 emphasize the difference hetween measurement and deductive
proof is ta highlight two important characteristics of measutement With
measurement | one can only check a finfte number of cases with limited
precision if a statemert has a universal quantifier and i{s about an

infin{te numher ~f objscte (e g all {soscelrs triangles), then by using

PoThe proofs cliscussed {nothis paper oare tepical high sehon
Paclydean geometry proofs. They doonot i lode proc o by constrne g
prosf by mathematical i{ndurntion
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measurement one can never be certain that all examples will support the
statement. Maybe there exists a set of cases for which the conclusion is
not true though the premise is satisfied. One can never check all csses.

Second, measurement involves tocls that hy definition must have a
margin of error. All statements based on measurement must be gualified
(implicitly or explicitly) by the limitations of the toal., Thus, in
measuring lengths with the GEOMETRIC SUPPOSERS, one can say that the two
measurements are equal to one one-hundredtn of & iength unit. The
segments may not be saual L f measure:d withow meve precise ipstrument
Thus, even a statement nf equality which holds for cnly one triangie
cannot be proven, :n a mathematical sense, hv measurement.

These characteristics of measurement are complicated by the rele wiich
sounterexamples play {n mathemati.s. Wwhile measurcment cannot prove san
aniversal asserticn about an anfinite set of objects, 1t can disprove
such an mssertion. Sufficiently large measurement discrepancies {beyond
the precision and accuracy limitations of the tool) which contradict a
statement which begins "For all nriangles,..." prove that the statement
is false. Thus, there is a lack of symmetry between the power of
measurement to disprove universal statements about infinite sets and its
lack of power to prove such statements.

Deductive proof has three important characteristics which help

distinguish it from empirical reasoning. First, deductive reasoning

guarantees that its conclusions Are true for al] members of the given

set, even if that set includes an infinite number of elements. Second,
if the results of a deductive argument indicate that two quantities are
equal, then these quantities are exactly equal no matter what scale is
used. Third, deductive arguments can also provide an element of
illumiration, or insight into why the statement is true {see Rell, 1976).
An initial concern expressed ahout teaching students with the
GEOMETRIC SUPPOSERS was that students would not appreciate the
difference: between measurement and proof, that they would treat
measurement A5 mathematical proof. These concerns led ns to focus nn
GEOMETRIC SUPPCSERS students' ability to write proofs (Yerushalmy, 1986
Yerushalmy et al., 1987). 1In fact, a corollary of the concern about work
with the GEOMETRIC SUPPOSERS mentioned above is that students using the

HECMETRIC SUPPOSERS wiil no lenger see the need for deductive proot and
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will therefore not learn how to write procfs as well as students in
traditional <iasses. From our first two studies, this does not seem tc
e the case. Students in GECMETRIC SUPPOSERS classes produced more
fermal proefs on posttests (see Yerushalmy, 1986 and Yerushalmy et.al,
1987). However, these results do not necessarily indicate that students
understand the differences between measurement and deductive proof.
Instead students ma: have become more interested in proof hecause they
are invested in conjectures which they have devised on their own and
therefore want o prove them.  Arternative;V, the desire 1o compiete
their ronjectures by ptoving them may be motivated purely by the
teachers' insistence that conjectures are not true until proven.

“his article presents ~ne stnry from ongeing research into students’
suderstanding of itte differences between proef and measurement as ways of
a-certaining truth. It presents an unexpeuted misconception exhihited by
a student in a typical, non-SUPPOSER classroom. Before presenting
farry's work, a quick description of the research background, the unit:

and tests used to e¢vajuate the unit, will be provided.

THE UNIT

The unit on the differences between measurement of examples and

deductive proc! provides teachers with problems for student exploration

in 8 computer laboratory setting, or for whole group exploration, using
the GEOMETRIC SUPPOSERS. The teachers were provided with materials which

explained the arguments that could be made about the differences tetween
proof and measurement and which suggested ways to lead discussions. The
provided materials were anticipated to require two weeks of classroom
vime. This unit was piloted during April and May of (%87 in two
experimental classes. One of the experimental classes had not used the
GEOMETRIC SUPPOSERS before doing the unit, one had used them all vear.
There were two comparison classes which were matched classes taught by
the same two teachers. (ine of the comparison classes had not used the
GECMETRIC SUPPCSERS at ail. The other used the SUPPOSERS all vear and

did the probiems 1n the proof unit without discussing them.
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se--A compiete dedustive g S cTetemern:
se--A circuiar deductive procf in two tolumns

#T--pn intformal argunent that ow dedur tive

After giving the tesis to the four classes, stwienis’ Alswers were

classified as “correct” or "incorrect.” A sample of students
students who lind given each af these Finds o~ answers wag
REYSSETINGS i) ; BT o e vt eryiews Wt
students understeood the guestions asked in the test and oo rhork whethe
students’ answers had been correctiv categorized

The {nlingang story 5 takan ‘rom the nterview of o wtdent frer

Lompary Cortann whiteh voe Uhe oundt oandd whiich hed nover used che

GEUMETEIC SUPPOSERS . Tuitially, LArry was interviewed Looause his
responses to the induntive arguments were the right answers.' it

out that he had a8 pernicious misconception aboul deductaive pr . He
thought that ded ive proof is as limited as measurement, that it aan
only shed light on n- irdividual case. Not all students share lLarry's
misconcept fon, but his misunderstanding emphasizes that students’
understandings of similarities between measurement (scientifiz
verificaticn) and proof (mathematical verificatton) i1s verv important,

even in non-SUPPOSER classrooms.

LARRY

Ascording to larsy's tear er, Larry 1s a poor student, vet a very

bright bov, In his geometry class, he received a D far the vear
words, "1{f he juet would have applied himself, he conld have dene well
Her feeling was that ronceptually he understood the materinl in the
course, but that he did not take the time to practice the skills that he
needed to do well in the course

On part A of the tect, Tarre had answered n both protest and ponttes
that he dod net agree that three examples make a proot. 1o opart O, Le
found none of the empitioal, exarple-based Argnments on the pre s

postiest aevivr ek heagh et Ufour examples) oand 85 (e cemplyoate!

exXAmpie . o e e o RIS Y TR TN | Hy_v,ud“ Taurthermoere Yye




comments on “he posttest on three of the four empirical arguments seemed
sppropriate:
(Examples for ¢ i *- "This doesn’:
every other pessible case. Appearances are so
'Four examples’i- "These could be the nn'lv cases where the statement
is true
iCompiicated examplie:- Migh
squares to make it true here
wher (nierviewed, .8 ' aaions
"1 thought convincing meant that i «
[the argument] proved that the statem
[ 4%

ould be alwavs true--thal
ent would always bhe true. ..
g 10 piove it guite well

(Good means that] they went about
Thus, it was surprising to hear him expliain bis writien comments on
the posttest deductive proofs (He had wr.tten explanatory comments on

the pretest) On the deductive proof w .0 line through the squave
was a diagonal, Iarry read very carefully and saw th there was a8
mistake in the correspondenze of the two vongruent triangles on the test
form. He chose "not convincing” and "not good" and wrote, "The trisangles
named in statement 3 are not congruen%. Doesn't tell me what happens in
every cther case.” The last sentence seemed appropriste because the
proof was a prcof of a special case, the line cocntains a disgonal. In
explaining his comment larry said, "I was just thinking of other

.

squares.’ The interviewer asked, "This proof only shows vou if it [the

statement] is true fcr this partizular picture® larry answered, "Yes, !
don't know for sure about other things.'

Curious about this last exchange, the interviewer went on to the other
deductive arguments. For the correct, deductive argument, Larry had
chosen "not convincing” and “gond” and wrote, “This may apply only in
this case.” For the circular, flawed deductive proof, lLarry made the

same zhoices and wrote "Might just be this case.”

!n the interview,
larry indicated that he made these cholces because he feit that each
argument was A good way to go about proving the statement, but he was net
sure if the arguments applied only in the pictured cases or in many
LYY

v, o bos ewn, raased another piece of evydente chat made it ¢ lea:
that he ddid not think that deductive procofs held for -asns not piotured

Yhe danpram arcompanving the 1ast argument showed three squares of equai

)
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size sharing the same center E and a line through E. The argument was
that "No matter how vou turn the square around the center E, the areas of
the two regions formed by the cut FG will always be the same.' Larry
said "The last [argument| ! said 1t was convincing, the last one...

. . , £ . n A
<aid it was convincing in ail cases The interviewer, "Hecause

; f . T
no matter how your turn it, that 1t wiii always be true! Larry,

wasn't very clear " Larry chose "not goed” since the argument wasn':
“lear and "convincing sinze it took all cases into ascount

e Sonal ondatioe Lt arre o tnought thiat cledu tive proots oare
proefs of stoecifin cases :s the end of part @ when asked what he
now knew abc .t the statement that he didn't know before, he wrote !
think tnat 1t is probadiy true.” According to his conception the

warranted, he has seen evidence for a nurherv of specific
no general proof.

flow would Larry react §f he was pgiven a deductive pronf of a statement
complete with a disgram and then was given another diagram that satisfied
the conditi{ons of the statement (o g. an isomorphic diagram with
different labels)? Would he consider it necessary to write another proof
with the exact same statements? The evidence from cur interview suggests
that he would. Unfortunstely, we wers not able to test out thir

hypothesis.
CONCIUSTON

As pointed out in the introduction, one of the key differences between
measurement and deductive proof is that deductive proof can prove
+*atements which hold for irtinite .ets, while measurement can only
verify a statement within certain bounds for a !inite set. It was
antf{cinated that some students would not understand that measurement fis
only «tfactive in & finite number of cases. It was & surprise to find
students who do not understand that deductive proofs hold for all
diagrams which satisfy the initial conditions. larry's views make it
clear that the issue of generality and specificity {s a fruitful one to
studv. Future research will inveutigate whether larry's conception is
held by many high school geometry students

The GEOMETRIC SUPPOSERS encourage the user to construct more than one

D)
‘
b (W) \)
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diagram for a statement. For students like Larry, the SUPPOSERS are an
especially valuable tool. It wouid be harder for his corviction to
survive a GLOMETRIC SUPPOSERS classroom than a traditional classroom
where 1t is rare to find two different drawings for the same statement
Work on "diagnostic teaching” (Bell, 1983; Bell, 1986) also suggests
that ¢lassroom activities which challenge students misconceptions about
measurement and proof tlike Larry's) and cernflict-discussions which
exam:ne the <im:iarities and 4:fferernces hetween tnese two methods feor
Ver i finAL 1T, MAY D ettective T eYAcioAt ing stidfer misooncept ions
These =orts of activities mav also promote iong term ‘earning whith is

more succes ' illv transferes 'n new mathematical domains.
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'DISCRETE' FRACTION CONCEPTS AND COGNITIVE STRUCTURE

M.A (Ken) Clements and G.A. Lean
Deakin University P.N.G. University of Technology

Data obtained from investigating the 'discrete’ fraction concepts of 59
students in Grades 4, 5, and 6 in three Papua New Guinea Community
Schools are analyzed. These data derive from three different kinds of
tasks, natnely ‘sharing' tasks, ‘'discrete’ tasks involving formal fraction
language, and 'symbol manipulation'fraction tasks, all concerned with the
fractions 1/2, 1/4, and 1/3. While all 59 students were confident and
accurate when performing the 'sharing’ tasks, they were much less
successful on corresponding tasks in the other two categories. It is
concluded that, in the teaching of fractions, reality-based 'sharing'
concepts should be linked with formal language, and both of these with
the symbolic manipulation of fractions. These links need to be firmly
established in the learners’ cognitive structures.

1. INTRODUCTION

In November and December 1987 the authors administered three paper-and-pencil tests to 283
children in Grades 4. 5, and 6 in three Community Schools in different villages in Papua New
Guinea (PNG). We also interviewed, on a one-to-one basis, 59 of the children who had taken
the tests, the aim being to map the children's cognitive structures with respect to fraction
concepts, and especially concepts for the fractions 1/2, 1/4, and 1/3.

During the interviews children responded to a wide range of fraction tasks. This paper,
however, is solely concerned with analysing data pertaining to 'discrete’ fraction tasks. (An
example of 4 'discrete’ fraction task would be to show a child 12 objects and to task him/her to
pick up one-third of them: by contrast, asking a child to shade one-third of a rectangle is an
example of a ‘continuous’ fraction task - see Clements & Del Campo, 1987)

Hunting (19%6, pp.212-213) has pointed out that traditional approaches to the teaching ot
initial fracuon ideas have besn based, almost exclusively, on the partitioning of continuous
material (e.g. apples, cakes, and pies), and sections in school textbooks on fractions
incorporate mostly graphic material which shows regions partitioned into various fractional
units. This is probably true of the situation in Papua New Guineu (see, for instance, the
section on 'Fractions’ (pp.68-72) in the PNG Department of Education's (1986) Community
School Mathematics 4A ).

This, together with the fact that, while we were observing mathematics classes in the
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Community Schools which we visited, we noticed that children in Grades 4 through 6 were
often expected to be able to find the value of expressions such as '5/11 of 792', made us
wonder whether the children’s cognitive structures included the verbal knowledge, the
imagery, and the memory of relevant episodes (Gagné and White, 1978) which would enable
them to make sense of the symbol manipulations which they were struggling to perform.
Therefore, we decided to attempt to map the cognitive structures of samples of children in the
sehool with respect to fraction concepts, and to include within the investigation a special study
of the children's responses to discrete fraction tasks.

2. METHOD

Sample: 24 of the 59 interviewees constituted the only Grade § class at a small Community
School. Nine of the 24 students were female, and 1§ male. Data from the pencil-and-paper
tests indicated that while these 24 students were spread across a wide spectrum of mathemaival
ability, on the whole the class was above average in mathematical performance for Grade §
students in Papua New Guinea. The other 35 interviewees (20 female, 15 male) were in
Grades 4, 5, and 6 (8 in Grade 4. 16 in Grade 5. and 11 in Grade 6) at two larger Community
Schools (which were in the same PNG province, but in a different province from the first
school). Again, while these 35 students were spread across a wide range of mathematical
ability, the two schools which they attended are recognized. within PNG, as having high
academic standards.

The interviews were mainly in English. If the interviewers suspected that a child was having
difficulty in understanding the basic instruction for a task then an adult (usually a teacher) was
called on to present the task in the child's first language. In euach of the three schools English
is the language of instruction.

The Discrete Fraction Tasks: The five different kinds of interview tasks which conld be
regarded as ‘discrete’ (or in the case of the Equilateral Triangle Perimeter task, having buth
‘discrete’ and ‘continiious’ aspects) are now descrhed.

1. The Array Tasks, and the Coffee 1.id Task: These tasks werc based in the five
sets of objects shown in Figure 1. For the 4 x 3 array of blocks in Figure 6(a) interviewees
were asked to give the interviewer one-half (then one-quarter, then one-third) of the blocks:
similar requests were made for the objects in Figures 6(b) and 6(c); for the 2 x 4 array (Figure
t(d)) interviewees were asked to give one-half (then one-quarter) of the blocks: and for the 2 x
3 array (Figure 6(c)) they were asked to give one-third of the blocks.
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4 x 3 array of 12 identical marbles in 4 x 3 array containing
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2x 4 array of 2x Jamay of
identical blocks identical blocks

Fig. 1 : The array and coffee lid task materials

2. The Cups of Water Task Interviewees were shown the three identical clear plastic
containers in Figure 2¢a), with one container full with water and two empty, and asked, "What
fractions of the cups have water in them? Then they were shown the situation in Figure 2(b),
and asked the same uestion. Depending on responses, the interviewer could ask further
similar questions (eg. with three containers full with water and one empty).

TUUO 800

Fig. 2 : What fraction of the cups have water in them?
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3. The Equilateral Triangle Perimeter Task: Interviewees were given an A4 piece of
paper on which three equilateral triangles, each with vertices labelled A, B, C, were drawn
(see Figure 3;. They were told that Mary wanted to move around the triangle, starting at A and
going through B, then through C. before armiving back at A again. While these instructions
were being given the interviewer demonstrated the meaning of what was being said by
pointing to a triangle. Then the intervicwee wis asked to indicate on the triangle where Mary
would be when <he had moved 1/2 (then 1/4, then 1/3) of the way around the triangle.
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This perimeter task has both discrete and continyous aspects : continuous, because it involves
the continuous quantty, length; but discrete because the tnangle has three sides.

4. The Symbol Manipulation Tasks: Interviewees were asked to work out the answers
to the following three sums, which were written on a piece of paper.

T oofi2= Lox2s 2 xn2-

§. The Discrete Sharing Task: Interviewees were given 12 marbies and were shown
four stick-figure pictures of ‘friends’. They were asked to share the marbles amoung the four |
friends so that each got the same number of marbles. The task was then repeated with two
(then three) stick-figure pictures of friends.

3. RESULTS !

/
I. The Array and Coffee Lid Tasks: Table ! shows the percentages of interviewees
giving correct responses on the five tasks, for each of the fractions 1/2, 1/4 and 1/3

Table 1 Percentages of Correct Respanses on 'Expressive Discrete’ Array and Coffee Lid
Tasks (n = 59, children in Grades 4 through 6)

Fraction
(]

. 4 x 3 array (12 blocks)
12 marbles in coffee lid

. 4 x Jamay (8 hlocks, 4 marbles)

4. 2x4amay
5

2 x 3 amay

*means the task did not apply o the {racuon

It can be seen that most interviewees did not demonstrate an expressive understanding of the
request 10 give the interviewer 1/2 (or 1/4, or 1/3) of a small set of objects. The most common
error was for students to give 2, 4, and 3 blocks in response to the request for 1/2, /4, and
1/3 of the blocks, respectively. In fact, 25% of all requests for 1/2 of a set of blocks yielded
the response ‘2", 62% of all requests for 1/4 of a set of blocks yielded the response ‘4" and
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65% of all requests for 1/3 of a set of blocks produced the response ‘3. The concepts of 1/2,
1/4, and 1/3 are inexorably linked with the numbers 2, 4 and 3, respectively, in many
children's cognitive structures.

2. The 'Cups of Water' Tasks: Table 2 shows the percentages of interviewees giving
correct responses to the two set tasks in this category. Interviews suggested that children had
difficulty trying to reconcile the displays of cups and water with their concepts of fractions.
For most interviewees this was a novel, and confusing idea. Many students just guessed an
answer, Thev were asked to name a fraction so they said '1/4, or '1/2', or whatever first
came into their head.

Table 2 Percentages of Correct Responses on the two ‘Cups of Water' Tasks (n=59)

Percentage Most Common
Task Carrect Error{s)

1. One cup of water, and two empty cups: 1/4 (37%) of interviewees
"What fraction of the cups have water in 134 gave this response)
them?" (Comrect response: 1/3)

2. Two cups of water, and onc emply cup: 173 (20% of intervicwees
"What fracuon of the cups have water in §ave this response;

nse)
them?" (Correct response @ 2/3) R3%) 1/4(13%)

3. The Equilateral Triangle Perimeter Task: The percentages of correct responses on
this task for the fractions 1/7, 1/4, and 1/3 were 14%, 5%, and 7%, respectively. Even when
correct responses were givei, in almost all cases they were obviously guesses. The cognitive
structures of the interviewees clearly did not link the perimeter of a triangle with fractions.
One might have reasonably expected that on this task a fairlv high percentage of correct
responses would have been given for the '1/3" task, but this expectation was not realized.

4. The Symbul Manipulation Tasks: Table 3 shows the percentages of correct
responses for the three tas«s in this category, and the most common errors on the tasks.
Written transcripts produced by the interviewees on these tasks often revealed a desire to
‘cancel’. Usually, however, what was done suggested a serious lack of understanding. Thus,
for example, a (irade $ bov wrote:

ol I < 16 L X S8 $xf=1a

‘This boy knew he had to cancel, but he had no idea of what cancelling meant.
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Table 3 Performances on Symbol Manipulation Tasks (n=59)

Task Percentage Most Common
Correct Errors

Lofn2= S1% ‘6" (7 students gave Lhis response
k3 %5 students gave this response
4" (3 students gave this responsc

'3 (5 students gave this response i

3" (5 students gave this responsc)
‘48 (4 students gave this response)

§. The Discrete Sharing Tasks: When asked to share 12 marbles equally among four
'stick-figure' friends all 59 interviewees quickly gave the correct answer. Thirty used a
‘one-for-one’ procedure, building up piles of marbles on the pictures of the friends, and the
other 29 immediately picked up three marbles for each friend. No mistakes were made on the
other two sharing tasks (involving sharing 12 marbles among 3, then 2, 'stick-figure' friends).
Usually, if an interviewee used a 'one-for-one’ procedure for the first sharing task, among
four friends, then he/she used the same procedure for the other two sharing tasks.

4. DISCUSSION

The preceding data analyses indicate that the reality-based sharing concepts which all the
interviewees possessed were rarely linked in the children’'s minds with the formal language of
fractions or with the symbolic manipulation of fractions; also, formal language of fractions
was not linked with symbol manipulation. Students in Grades 4, 5, and 6 were spending
large amounts of classroom time working with fraction symbols but did not link what they
were doing with reality or the formal language of fractions.

This realization prompted us to carry out the analysis shown in Table 4. This Table shows,
for both 1/4 and 1/3, those who (1) correctly performed symbol manipulation tasks and both
the first 4x3 (with 12 identical blocks) array task and the Coffee-Lid task; or (2) correctly
performed one, but not both of the symbol manipulatinn and the two 12-object tasks: or (3)
performed neither the symbol manipulation nor the two 12-object tasks correctly.

Clearly, from Table 4, hardly any of the 59 intcrviewees associated the symbo! manipulation
tasks (which were much easier than those they were being asked to do in class) with tasks
which required them to identify 1/4 ( or 1/3) of a set of 12 objects.
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Table4 Performance on Symbol Manipulation and Two 12-Object Tasks (n=59)

1/4 1/3
Comparison Number in Comparison Number in
Category Category

both comespondin
12- object tasks conec%.

' x12= 'comect,
and both corresponding
12- object tasks correct.

“3of 12= ' comect, but either
one or both of the corresponding
12- object tasks incorrect.

“3x 12= 'correct, but cither
onc or both of the corresponding
12- object tasks incorrect.

“tof12= * incorrect,
but both corresponding
12-object tasks correct.

bt R sorrspeing
t both corr n
12-ohject tasks correclg.

“}of 12=  incorrect, "§x12= ' incormect,

and either one or both of the and either one or both of the
corresponding 12-object corresponding 12-object
tasks incorrect. tasks incorrect.

TOTAL h TOTAL

Almost one-half of the interviewees correctly stated the values of* 1of 12=" and ' {x 12="
yet did not respond correctly to the corresponding array and coffee lid tasks. A few
interviewees performed the latter 12-object tasks correctly, but gave incorrect answers to the
symbol manipulation tasks, Many could do msither. Significantly, all had no trouble sharing 12
objects equally among 4 (or 3) ‘fnends’.

We believe the implications of our analysis represent a powerful indictment of prevailing
practice in the teaching of fractions. And we would be more than naive if we thought that what
we have found in three PNG Community Schools is not more or less true around the world,
wherever schooling occurs.

Teachers, textbook wniters, and mathematics curriculum developers must plan programs which
link familiar real-world concepts (e.g. 'sharing’), with corresponding formal mathematical
language (e.g. ‘one-quarter of), and with symbol manipulation (e.g.' of 12 ="). This is
illustrated in Figure 4. We would comment, too, that the ideas implicit in Figure 4 certainly do
not apply only to fraction concepts (see Lean, Clements, &'Del Campo. in press, where the
ideas are applied to arithmetic word problems).

Providing classroom experiences which assist students to make the cognitive links indicated in
Figure 4 requires some understanding of children's minds, and knowledge of the effects on

the children of previous learning experiences,
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concepts

Fig.4 : Establishing links in cognitive siructure

While in this paper we have concentrated on the 59 interviewees' knowledge of discrete
fraction concepts, in fact our data base contains more information on their continuous
fraction concepts than on their discrete fraction concepts. W are currently preparing a larger
report covering all the data : however, we should say, here, that our overall picture indicates
that, as a result of their schooling, the 59 interviewees did not associate formal fraction
language with discrete sets of objects. This became clear when we asked them to draw a
picture of ‘one-half (then ‘one-quarter’, then ‘one-third’). Fifty-eight of the 59 students
chose to represent each fraction as a sub-area of a circle or a square - the other student chose an
eqilateral triangle. The idea of representing a fraction as a subset of a larger set of objects
apparently did not occur to anyone. This is the kind of knowledge which program developers,
and teachers, need to have.

REFERENCES

Clements, M.A,, & Del Campo, G. (1987). Fractional understanding of fractions: Variations
in children's understanding of fractional concepts, across embodiments (Grades 2
through §). In Proceedings of the Second International Seminar on Misconceptions and

Educational Strategies in Science and Mathematics. New York: Comnell University, Vol.
3, 98-110.

Gagné, R M., & White, R.T. (1978). Memory structures and learning outcomes. Review of
Educational Research , 48, 187-222.

Hunting, R.P. (1986). Strategies for teaching fractions effectively: What to use. In N.F.
Ellerton, (Ed.), Mathematics: Who needs what? Melbourne: Mathematical Association
of Victoria, 213-217,

Lean, G A, Clements, M.A., & Del Campo, (. (in press). Linguistic and pedagogical factors
affecting children’s understanding of arithmetic word problems: A comparative study.
Educational Studies in Mathematics.

Papua New Guinea Department of Education (1986). Community School mathematics 4A
Sydney: Macmillan.

“ner
‘.‘ l'l"




- 223 -

ALGORITHMIC THINKING OF DEAF PUPILS
- REPORT ON A THREE YEARS CURRICULUM PROJECT

Elmar Cohors-Fresenborg, Universitat Osnabriick

Abstract:

In the following we renort on the curriculum project
"Algorithmisches Denken im Mathematikunterricht mit
Horgeachadigten” (algorithmic thinking in mathematics
lessons of deaf pupils), which has been run under our
scientific supervision by the ministry of education and the
ministry of social affairs in our state. Divergent from the
usual role of research we were in charge of the inventing
of didactical situations and teaching methodology. In a
smaller amount we made some investigations on the pupil’'s
process of algorithmic concept formation. We did this in a
close cooperation with "Forschungsinstitut fiir Mathematik-
didaktik e.V. Osnabriick". We are obliged to this research
institute for mathematics education for an importand
progress in the theoretical framework (Schwank 1986).

INTRODUCTION

The curriculum project with deaf pupils, which we are presenting in the
following paper, has two roots: one in mathematics education and one 1n
cognitive science.

In mathematics education we have a long tradition i1n developing

materials and lesson courses by which even primary pupils get an insight

into the understanding of fundamental 1deas concerning automaticaly
running processes and programming computers.

In cognitive science we had a2 hypothesis on the value of nonverbal forms
of representing mathematical concepts arrising from the theoretical and
experimental analysis of pupils’ concept formation processes. This led
us to the 1dea of testing the theory with deaf pupils as a kind of
crucial experiment,

Concerning the research on deaf pupils one may find in cognitive science

some research on language acquisition of deaf but not on their

24




mathematical concept formation processes. Similarly, there 1s no
research reported in the field of mathematics education concerning the
deaf, as far as 1t can be seen for example in the abstract book of the
International Congress on Education of the Deaf held in Hamburg 1980 or
in the recent volumes of international journals 1n mathematics education.
* Therefore the curriculum project on which we are reporting 1s an
exception (Cohors-Fresenborg 1987b).

Since 1979 there has been done research concerning the question of
algorithmic concept formation of deaf pupils by the group ’'foundations
of mathematics and mathematics education' at the university of
Osnabriick. The investigations with primary pupils led to the result that
deaf pupils

are able to construct and analyse algorithms using the didactical
material 'dynamic mazes' (which is explained below) on a considerably
high level compared with healthy pupils of the same age. The
investigations were extended to the field of the fundamentals of
computer programming using the model computer registermachine. As a
consequence of this successful work the ministry of science of Lower
Saxony has supported a pilot study from 1981 to 1983. One result was the
hypothesis that the remarkable high level of the deaf pupils in
constructing and analyzing automata networks was based on their
experience in the organizing of actions, so that by a consequent
developement of those abilities there could be an intuitive basis for an
understanding of fundamental mathematical ideas (Cohors-Fresenborg/
Struber 1982).

HYPOTHES1S

The following hypothesis was presented as the basis of a three-years-
curriculum project:

By changing the philosophy of mathematics lessons using the i1ntuitive
basis of algorithms it 1s possible, that deaf pupils are able to

undorstand complex mathematical concepts from which they are excluded by
the kind of mathemstics curriulum which is used todsy.
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We were convinced that the reason for this can be seen in the fact that
the philosophy of pure mathematics is - from a philosophical point of
view - based on a language-orientated way of mathematical concept
formation.

Our curriculum project should show that it is possible to teach the
usual contents of school mathematics (algebra and functions) using
algorithms as a fundamental idea so that deaf pupils can reach a
performance which 13 comparable with that of healthy pupils in a
middle-range of ability in secondary schools.

Using the deaf pupils’ understanding of fundamental algorithmic concepts
it should be possible to teach programming of a high level language like
PASCAL. This should open to them better chances in finding more
qualified jobs than they could find up to now.

The center of our research was the constructing of curriculum elements
using the 1dea of algorithms. We were convinced that we could only reach
our high level aims, if we gave preference to the constructing of
suitable mental models {(Johnson-Laird 19883) for algorithms, and not by
teaching mathematical facts.

CURRICULUM PROJECT

From 1984 -~ 1987 there was made a curriculum project 1n the center for
the education of deaf pupils in Osnabriick. Our job was the scientific
congsulting. We understood our job as the task to develop curriculum
elements and the suitable teaching-methodology.

During our project there have been taught two classes:

One class beginning with grade 8 (up to the end of grade 10), and one

class beginning with grade 6 (up to the end of grade 8).

Didactical material

fhe use of the material 'Dynamische Labyrinthe' (Dynamic Mazes) and the

mogel-computer 'Registermachine’ played an important role . Both of them

have been used before 1n other curriculum projects in primary and

1 ‘o
QG




secondary schools, so that there existed quite a lot of experiences
concerning the healthy pupils.

In 1974 we started to develop a didactical material "Dynamische
Labyrinthe" (Dynamic Mazes) with the aim to give pupils even at primary
level an understanding of the fundamental 1deas which are necessary to
understand automaticaly running processes and programming computers. The
mathematical analysis of toy railway networks, in which only one train
may run whirh itself changes all the points automatically on his run,
leads to the idea that such a railway network may be regarded as a
sequentially running netwecrk of simple automata. The points are regarded
as a finite automaton with two states (left and right). The box
"Dynamische Labyrinthe" contains such mechanically working points,
flip-flops and counters which can be fixed on a board and can be
connected by simple bricks (straightes, curves, crossings, junctions) to
a network (Cohors-Fresenborg 1978).

We have constructed a lesson course (Cohors-Fresenborg/Finke/Schitte
1979) consisting of about 16 lessons, in which pupils learn to build

networks as concrete representations of the mathematical idea of

periodically counting automata. Those are used in daily life in sorting

machines or in selling machines for tickets and stamps. These curriculum
elements were tested with several thousand pupils mainly of grade five.
It was really astonishing, how successful gquiet a lot of these young

pupils were in constructing and anylyzing such automata networks.

The registermachine was invented as a microworld to understand
imperative programming languages iike PASCAL (Cohors-Fresenborg 1887a).
It fits to the 1dea of computing networks constructed with the material
dynamic mazes. The registermachine has been used to introduce the

concept of function on the basis of algorithms (Cohors-Fresenborg/Griep/
Schwank 1982).

TJextbook

During our project we have worked out a small textbook for the pupils
and a detailed handbook for the teacher (Goldberg 1887). Both are use
our experience teaching the concept of function on the basis of
algorithms (Cohors~Fresenborg/Griep/Schwank 1982). A deeper insight 1nto
the valuue, which play the different forms of representations for the
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construction of suitable mental models in the deaf pupils’' mind, can be

got from the design of the two clinical interviews (Cohors-Fresenborg
1987b, appendix page U3-U32).

SCIENTIFIC EXPLANATIONS

In the following we will try to explain the pupils’ success in our
curriculum project. The research on algorithmic concept formation has
worked out three dimensions: the role of different forms of
representation (Cohors-Fresenborg 1986) as well as the existance of
individual different cognitive structures (Schwank 1986) and cognitive
strategies of pupils (Kaune 1985, Marpaung 1086).

The material 'dynamic mazes’ plays an important role as a non-verbal
communication device in the sense of Lowenthal (1982). The non-verbal
aspect of mathematical concept formation is one important reason for the
pupils’ success. A remarkable contribution to unde: stand the role of
language in the process of algorithmic and mathematical concept
formation is the work of Lowenthal and Saerens with an aphasic child
using dynamic mazes and formal systems (Lowenthal 19885). Our work in
curriculum construction was supported by first attempts to explain the
pupils’ process of concept formation by research in the field of
cognitive science.

In the meantime the different forms of representing algorithmic concepts
are further analysed (Cohors-Fresenborg 1086). Especially after the
investigations of Kaune (1985) these forms are now not regarded to form
a hierarchy as 1t has be seen before. The use of dynamic mazes for
concept formation 1s not only explaned by its non-verbal approach but
merely by the fact. that constructing computing networks with the
dynamic mazes 1mplements a philosophy of thinking which fits in a very
good manner to the cognitive atructures of some pupils (Schwank 1986).
The dynamic mazes support a thinking in the terms of functioning
(functional reasoning), on the contrary a succesful use of dynamic mazes
needs a certain ability in this kind of thinking. Only by this 1t can be
explained that there are scme pupils which could’'nt solve debbuging-

problems which were presented i1n the form of dynamic mazes, but they
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were able to solve the analogous problem which was presented in the form
of formal computer programs for the registermachine. These individual
preferences can be developped in such a manner that pupils by themselves
start a procedure to translate the problem from the computing network
into a formal program, solve 1t 1n this representation and translate 1t
back to the world of computing networks. That means, those pupils are
more successful in solving problems using the formal representation of a
computer program, which fits better to predicative thinking than the
computing networks, allthough they had to organize twice a translation
process. For the first time such a phenomenon was reported by Marpaung
(1986, page 98).

Mathematica! concepts are defined and learned inside a framework of
concepts which occur in an axiomatic system of mathematics as free
varibals and for which there must be decleard meaning by interpretation.
From the psychological point of view there must be given evidence for
these fundamental concepts. In the usual way of constructing mathematics
these fundamental concepts are of predicative or set theoretical nature;
the other mathematical concepts, for example the concept of function,
are then introduced by explizit definitions. Concerning the field of
teaching and learning concepts the verbal orientated predicative wey of
concept formation fits to this kind of i1ntroduzing mathematical concepts.
On the opposite the concept ot function 1s fundamental in » constructive
foundation of mathematics which from 1ts philosophy fits to the use of
computers in mathematics. In this case the basis of evidence is 2

thinking 1n the terms of organizing actions ard of functionming.

Concerning the enumerable mathematics both approaches are equivalent by

principle. But this does not mean that they are equal from the
psychological point of view. These different possibilitys of foundation
of mathematics show, that 1t 13 very naive but often found that there
ex1sts a uniguc mathematical kernel of a concept. It may be quite useful
inside a given framework of msthematical foundstions but 1t 1s of no
value 1f one is concerned with a new orientstion of *he fundaments of

mathematics curriculum.

From the cognitive science point of view Schwank (1986) has pointed out
that correspcnding to these two different mathematical approsches there

exist analogous differences in the cognitive structures of human
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beeings: the predicative versus the functions] structure of thinking.
Casestudies with 9 of the deaf pupils have shown, that the destinction
between pedicative and functional cognitive structure is useful to
explain the observed individual differences in the process of concept
formation (Cohors-Fresenborg 1987b, appendix page U39-U42). In a
casestudy with the deaf boy Dietmar it could be shown by Schwank (1986),
that there oxists a deaf, who preferes extremely the predicative
cognitive structure, allthough language seems to be the natural tool to
use it. This boy therefore was all the more handicapped,because his
cognitive structure needs an elaborated language. The teachers regarded
him as not so intelligent. And in our action orientated course using
dynamic mazes he was not successfull (because ,as we know now, we used
them according to functional thinking). But in the casestudy it could be
shown, that this boy could really understand the programming language of
the registermachine, when this was introduced in a way according to his
predicative ccgnitive structure. In the following it was possible to
leed him to a remarkable understanding and success in algebra by a
sophisticated use of denominations and formal symbols.

This example shows, thai the role of language in mathematical concept
formation procestes, especially of deaf, must be further analyzed.
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TRHE FFFFCT (- (RDER-CODING AMD SHADING OF GRAFHICAL
INSTRUCTIONS ON THE SFEED F COMSTRUCTION OF A
THEED DIMENGTONAL ORJIECT

Martin Unoper
tmives 1ty of New South Waler

ARG TALT

Ther s are mary, ertuaticons, hoth an the classroon and an
real life, 1mowbich & three-dimensional ﬁb,]ect must be
conctryncted from diogean.,

Ir the present e sarchy the efdtcrentcy Of high sohool
Ltudents was 2o amined ae thiey constiruacted a 30MA cube $rom 1ts
componente, using snctructione crnsisting of different types
Gf 1s0metric drawings, (The Z0MA cube purrle vonsists of
ceven polycutacal paeces whach fi1t together to form a cube.)
The graphical tnstonctions consisted of an “exploded view' and
a sequenved set of aaewe, Fock chowing & new component being
added to the =truactino. Fach type af 1nstroction was
precentad an o Clear” foarm, 50 that all faces, edyes and
vertices had the same praminenca, ardd 1 o form 1n which
dr aw nye wer e Cehiaded s sk d way as to conyett depths A
coe conzrsting af oa clear e ploded drawing, which was coded
far wrder Gf upEr ety weées pr v ded al s,

Thee wample conay stend Gf 44 Year 7, 40 Year 7 oand 27 Year
11 baoys, cubiyects helog ooamined one at a time, The propurtion
af tear 7 sotaiects who were able to compleote thoe tast
cucre=cfully wae s amall that i c\xn.pnrnruv_: among the mearn
trmes oo e cegsfal completion wers made for this age- group.
bur the other years, the recudte Luggeet that cequenced
drawings are more offective than eaploded views that are not
coded $or order . Fer Yesr 9y all order oded slluntrations
tulben togither Gwhiether eoplod -d vicws o not) were foand to
tie more effpctive thear both 3 lloctrations that were not oded
LT ST TR AQatr, oy Yoar Yobut ot for o rear LT sebjente
the cleer v oploded view Chet wen niot coded f0r order woe 1t
monfticr et s The Tear o or e ot v bt waow, For
tey thie e cuge gy G bie atiy G b eer i e b vk feen b v ene s £ o

f

Lot o deear 1 bt by oon [SETYS FRTs SR U B PR ORI

BEST COFY AVAILASLE




232

THE EFFECT UF ClﬂDER--(JODlNG AND SHADING OF GRAFHITAL
M3 TRUCTIONS ON THE SFEED OF CONSTRUCTION OF A
THREE--DIMENSIONAL QEJIECT

Martin (soper
University of Mew Sout!h bkaler

[ACH GROUND

There are many situatiorns, hoth 1r the classraom and in
real life, 1 which & three-dimensinnal obhject must be
conetructed +rom diagrams, Such disgrams may be in the form
of¢ plane or elevations (‘'orthogaonal views" or “sections'),
they may be percportive or 1sometr 1 drevange, or thes may
take the 4crm ot "erploded views'" ¢ the sort 400nd an
aut cmoti 1 e handbionl e,

Jro the cretruction 1aduetry, plane and clevatione ar e
conmon FOrmars o bransmiscion o8 1ndcrmation about the
obhiect berng manvdactured, and 1n Geography, mape which
represent clevation a. well as layout are used e-tensi/ely.

In Mathematice claveces dealing with toplcs such as merncur aton
ot three dimensional objects and salid geonetr ¢, however,
1sumetric or nerepnective drawinne tend to be cwed most often
vGoddl n and Fandt . 1985, Inastroctions whick accompany
household "ascemble- 1t yourerlé” articley, also, frequentiy
wse Aasonetric or perspective drawings as 1llustratinoes:
skt Lmes such dr awinGgl are coded o that the Gmer nows the
order 1n which the parts 2re assemhled.

Fecent rowcarch (Looper and Bweller, 10 prosei has show
that Grade 7, Grade 7 «rd orade (1 wtudents find 1t morh
Garier te ascemble cubes 1nte eampele polycutiical stractur ec
wher.'h\ihwnm, nstructions whach anviude prototypes o
1sometric dravinge than from soctructiones whach use plane (r
elevations. furthermore, the., focnd no Niféerence 1n
efdiciency fetweesn the use of 4 gmetri1c dravings and
protutvpes ot the strurtures to be ssscemhled, fhia 41ndynag
1oowteord with Metoler ono chepard (19745 who suggected thoat

[T AL & 2 W AR TR TR N O S ISR B PR I VLT ZE Y § IR NUURITS B N S ST SR WAy as e
Strcbor e ates {4,

P thie porecnnt paetear by e (o amITE Y cpesiec] vyt oty b
haab e bool student - v oucd constract o - clid veoam ot
[T I ECS B O ST, I SYWIAT RIS ORI LT ST TN I Y6 IANE L BURI RO R B S FY TL AL
| TIRR I RTINS WIS YL PUR IR RS BES I ERSRTRTL TS X JU N U PR PUR INTE KL Viheto ampoloised with
Pt et e e the anseadl o ocd G, Gloren by sach g s rine s,
ke st at pon ae e G e v mbvir b eea b oot ot
put 1nto pasition, nlthough euch "oroer coding” provides
madditional tatormation, and may ther edor e TRCE@ase cogntty e
toad, 1t meeoed proboble that the foraat woald be more
shticient hecaase s b additional o tntarmation allows better
detetieamieit o d the tash and thus redues the need to engloy
ool and sarar methods, Eoploded views st e, ot wourse,
1ncmety i 0 10 natur ey, It was coniecturerd that inetrucrtionsg
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welng order-coded exploded views would te more efficient than
thoee 1r which the diagrams were not coded 10 this way.
Anuther type of 1netruction, 1r. which both 1seometrac
drawings and arder coding are combined, tabss the format of an
Or dered serlec Gf Vv1itWs, each ehowing a new cumponent being
added to the structure (see Figure 4. 1t wes comyectured
thiat 1y type of 1netruction would be more efficient than
that neing the o ploded-view type of 1sometric drawing.
lecagtric drawings mav Lo "clear” 1 tre sense that all
taFel, 2daee and vertices have the same prorinence (seo, for
prample, Figure 4): an the other hand, they may be "ehaded” 1n
auch & way a3 to suggest depth (as may be secsn 10 Figure S).
Sharding of thas sort was used by Gawlain (198%) and by lzard
CLPRTY tve there appears to be no recearch evidence that
crther ehadtes or unchaded drawings are the easier to
Anter et onti- Tay ask o why such a device 1€ employed at all,

METHOD

Mabpr o=

The deteriale consaated of the ceven compunents 0f &
stantard HGOMY cabe and five cards, each braring an
11Tustratyon, iThe OOMA cube purrle cunsiete of seven
pol/cubical pieces which $1t tngether to form a cube.)  Each
1llustr ation was designed tn accompany the fallowing
Tnstroe oy s

e owonden petes it together to form a cube. Can
toar thas peztle tagather Y The drawings on this
are provided to hielp vou,
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Clevr o wnrodiadd copltoded J1€a see Frovre 1)
Mientint s e cded e ploded siew el Fiaare
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Erafrg oy cequenee of cumulatyve czomateria drawiongsg
Leer et frere baygur e A
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Voot

Sty [ETREI fera Fyhpgure o

vl 4
Tetge b i e (et ey e e wede Y e avds o ernd g edey 1Y
bas e o e barge high byt el kng b g ke B A and one At

time ., bach vabae b wee ceated at o tabile ond precented witth
the -ever SOMAG cube components and an 1llustrated ynstructions

card whireh was randomly selacted from the five avallahle,
he recsca cher recorded the time talen srom the stant
trae cabiet b vivwted the material to the 1nstast when ¢ tasd
vien s cumpletead, A taime ot 10,00 minates was recorded or
Sttt e whio et ot ot ed ttoe tast by that time,
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The estimates of countrasts 1, ¥ and 4 are significantly
cdifferent from rero at the O,05 level for Grade 93 fur CGr ade
11, only contrast 1 <hows significance.

[he reculte of the above statictical analyers suggest
that 1nstructions usinyg sequenced drawings of the type
tllustrated 1n Figuren 4 and S are more effici1ent than thoee
using e«ploded views that are not coded for order, For Grade
‘7, al! order-coded 1llustration: talen together (whether
eiplaoded views or not) were found to be more effective than
tiott 1lluctrations that were not coded for order.  Agalf, {for
Grade 9 but not for trade 1! subjerte, the clear cuploded view
that wae not coded tor order wae not oo efdicrent s the
clear , order coded eapladed view,

For nelther grade wWae any differcnce 1n effectiveness
cotnd hetween clear 1llostrations and ot aded 1l lacter atinks,
Ihye recult Mmay be e.platned oo terme of Metoler and Shefard’s
atatement that ysumetric dravings ot threc -dimensional
polycutncal ctructuree are 1nternalized ac 16 the structure
ttselt were being viewed © 1€ A clear dsanetric drawing ie
én pffective ac the structure, ttion o choded 1sometric drowing

c¢an hardly te more effective. Ttz firnding may not tald, of
course, for 1lluctratione of more complen ctructures,
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NEW CONTEXTS FOR LEARNING IN MATHEMATICS.
Kathryn Crawford
The University of Sydney.

This paper presents a work in progress report of an
exploratory study investigating the initial responses of 25
four year old children to a modified version of LOGO and the
relationships between learning behaviour and the social
context in which learning occurs, The research forms part
of a wider study, involving 450 families, of the social
context of mathematics learning in early childhood. A
description is given of the patterns of response by the
children and gender differences in interaction with
computational medium are discussed, The results of the
study indicate that the effects of socio-cultural factors
are heightened in informal learning situations where self
directed activity is encouraged., Also, that computational
media are a potentially powerful educational tool when used
to structure incidental learning.

In developed countries, increased computer use has resulted in both
qualitative and quantitative changes in the information available to all

sections of the population. Computers and computational media provide

new objective and social contexts in which young children may acquire

mathematical knowledge and use it in purposeful activity. There is a
need for careful investigation of the changing contexts in which
learning in mathematics occurs.

An interactive approach to cognitive activity.

There is increasing acceptance among cognitive theorists that
children construct their own knowledge through reflective activity
associated with their experience of the objective and social
environments, Constructivist theorists (for example, Cabb (1986) and
Duckworth (in press)) have recently described this process in some
detail, Cobb (1986) describes the interaction hetween perceptual
{nformation and prior knowledge as an individual observes mathematical
aspects of reality as follows:

Mithematical structures are not apprehended, perceived,

tntuited or taken in, bhut are instead reflectively abstracted




from sensory motor and conceptual activity, Consequently the
adult observer who "sees" arithmetical knowledge "out there"
is consciously reflecting on structures that he or she has
imposed on reality.

"Cobb and Duckworth, like Piaget (1953), view cognitive development as a
generative process in which a child adaptively responds to experience of
the objective environment.

Some soviet psychologists ((Luria (1973), Vygotsky(1978),
leont'ev(1981)) and Olsen (1987) have placed rather more emphasis on the
relationships between cognitive and social acts, particularly in
relation to the development of abstract concepts such thuse in science
and mathematics, Luria (1973) and Leont'ev (1981), in particular, have
explored the ways in which cognitive activity is constrained by the
social context as well as physical aspects of the envircnment, Crawford
(1986), in a study of children's mathematical behaviour, found some
evidence supporting their position, It appears that differing cognitive
functions are used to process information according to 'ow an individual
perceives his/her needs and interprets the goal of a task. For example,
if a task is perceived as involving self directed, creative activity,
then metacognitive processes are likely to be used to direct conscious
reflection and critical evaluation of efforts to "make sense of" a
s.tuation., 1In contrast, Lf the scclal context is interpreted as
requiring the following of directions, an individual concentrates on the
use of cognitive processes assuciated with accurate imitation., The
latter processes are not normally available for conscious reflection.
Luria (1982) states that the use of different functions results in
qualitatively different epistemological outcomes, Conscious reflection
is associated with concept development, Careful and repeated imitation
results in well automatised routines that are not easily accessable for
conscious review,

The subjects in Crawford's (1986) study were flexible about
adapting their behaviour when the social context fer mathematical
problem solving was explicitly redefined. However, in many elementary
school classrooms in Australia there is an implicit (and often explicit)

requirement to follow the directions of the teacher. Such a social
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context mitigates against purposeful cognitive activity in mathematics.

New contexts for learning.

Booth (1984) has described how the spontaneous pattern making of
young children with paint and paper is influenced by the physical
constraints (e.g. paper shape) of the activity, Technological
environments now make possible new contexts for learning and also imply
the need for new kinds of knowledge. Routine procedures are
increasingly a functlion of machines., There is less demand for humans to
accurately perform highly automatised skills. Higher order thinking -
planning, trouble shooting, and creative problem solving - are necessary
for future purposeful use of technology. Computational media also
provide new kinds of information., For example the dynamic visual
representations of abstract mathematical ideas available in ELASTIC
(developed by A,Rubin BBN laboratories) have not been avallable to
students of the past, Computers also provide new social contexts for
mathematical enquiry. Now a machine rather than an adult sometimes
saerves as a source of information. Also, ideas represented or a screen,

as occurs when children use LOGO, are available for public scrutiny and

discussion. Finally, and most important, computational media are highly

structured and provide new constraints as the basis of incidental

learning during use.
Learning and computers at pre-school.

As part of a larger study of the social context cf mathematical
learning in young children in 450 families, 25 pre-school children were
observed during their initial contact with a modified OGO programme
(Little Logo). At the beginning of the programme the children's ages
ranged from 54 to 60 months,

The time spent at the computer wias described to the children as
"drawing on TV" in an effort to encourage assoclation with other
activities in which free expression and creativity were encouraged, The
children were explicitly encouraged to explore the new medium freely,

In keeping with the rest of the informally organised pre-school
programme use of the computer was not mandatory but during the twelve
weeks all children were encouraged to use the computer either singly or
in small groups. All but one child used the computer on a weekly basis,

An adult in attendance kept running records of the interaction for the
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first half of the twelve week programme and assisted when technical
difficulties were encountered. Technical information about the
programme was presented in three stages. First children were
introduced to the commands of the modified LOGO programme (R L F C then
BDUTH?). After four weeks experience of using the commands and
observing the effects produced on the screen, children were encouraged
to use the same commands to direct a turtle robot on the floor. After
two sessions with the robot the children reverted to "drawing on TV",

Records were kept of the time spent by each child, knowledge of
commands (use of left and right were noted separately), evidence of
planning, whether the child initiated or followed ideas. Printed
records of the children's "drawings" were also kept, Under such
informal conditions the follcwing consistent developmental sequence
emerged:

1. Tnitial random and impulsive experimentation with the
commands. In the new medium this stage appears similar to the
scribble stage described by Booth (1984).

2. Initial attention in purposeful investigation of the new
medium centred around the two features most obviously
different from the topogical constraints of paper and pencil.
These were: attemps to predict where the "turtle" was after
using the H (hide) command and also experimentation with
continuous use of F (forward) until the "turtle" reappeared on
the screen.

3. A gradually increased tocus on the horizontal and vertical
axes, Horizontal and vertfical lines usually represented the
children's first attempts to control direction., The terms
quickly became part of the vocabulary used to discuss the
effects obtained on the screen,

4, Isolated geometric shapes, I!/sually rectangles, squares,

triangles and "circles" (closed curves)., This stage generated
considerable discussion about the repetitive use of the F
(forward), L (left) and R (right) commands. Methods of

produc ing shapes of different sizes were exchanged and

discussed,

o
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5.Planned filling of the available space. For boys this

stage often involved use of geometric patterns in a manner
similar to that described by Booth (1984), for girls there was
less interest in repetition and more interest in detailed

representation of people and eveats,

The sessions in which the children used the turtle robot were of
interest. All children were initially startled and delighted when they
discovered that the ccmmands they had learned could be used to move the
turtle on the floor. The new experience was clearly assoclated
(particularly by the girls) with experience playing with soft toys and
dolls. A "house" and "shops’ were quickly constructed with cardboard
boxes and the robot wis moved about. There was a marked increase in

imaginitive play and planning with work on the video monitor after

children had had experience in controlling the turtle robot on the

floor, The robot wias slow and cumbersome and most soon got bored with
it. However the experience was very effectlve as a means of shifting
the children's use of the medium from experimentation to more planned
and extended activity.

There were several differences in the ways that boys and girls
approached the use of the computer, Sperber & Wilson (1986} would
degcribe the differences as differences in the "cognitive environments"
that boys and girls brought to the task. These can be summarlsed as

follows:

1. Greater initial enthusiasm for computer use by boys.

2. Buys were eager to explore the llmits of the new medium by
themselves whereas girls initially requested assistance more
often, (girls showed greatly increased planning behaviour and
initiative when left without supervision.)

3. Once competence in controlling the medium had been
attained, there were qualitutive differences in the kinds of
representation by boys and girls, In general girls attempted
tu represent people and activities in as much detail as the
medium allowed, boys were more interested in exploration of

and rearrangement of the shapes they had created,
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By the end of the programme there were no overall differences between
boys and girls in enthusiasm for computer use or in knowledge of
commands, Most children were ahle to competently discuss their activity
in terms of distance, direction, horizontal/vertical, left/right, shape
and size., However, the qualitative differences in the use of the medium
resulted in different expressions of frustration with the limitations of
the restricted LOGO programme. Boys were most interested in the
possibilities for translation (and in some cases rotation) of shapes and
repetition of procedures, In contrast, the girls were able to clearly
articulate their frustration with limitations imposed by the [, and R
commands (set at 30 degrees) and their need for more precision in
forming angles, The results support lLeont'ev's notion that cognitive
activity is defined by the needs and goaly associated with a subjective
interpretation of a task. The gender differences described ahove were
consistent with significant differences in parental expectations and
activity choice found in the wider study.

An adult was in attendance for all sessions of the computer
activity for the first half of the programme. Although explicit
instructions were given that children shouid freely explore the medium
with a minimum of adult direction, it was clearly difficult to resist
the temptation to "help". Many children, girls in particular, actively
sought help and felt most comfortable in dependent learning situations.
The situation remained unresolved until illness resulted in the children
managing the computer activities by themselves for a week, There was an
increase in active discussion about the activities and in the planning
and complexity of the resultant "drawings". From that time, adult

asgistance in the programme was reduced to one session per week.

Conclusions,

The tesults of this small exploratory study should not be
generalised. However, the study has highlighted the significant
influence of soclo-cultural experience on learning in informal settings
and the way in which computational media provide new and influential
contexts for incidental learning in young children, 1t is clear that

purposeful creative activity with computational media incidentally
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direct children's attentinn to mathematical aspects of the environment,
However, the socio-cultural associations and per-eptions of
"appropriate" behaviour strongly influence the course of self directed
learning. Even at four years of age, gender differences in the
"cognitive environments" that children brought to the activity were
evident, Boys and girls increasingly used the medium to achieve
different goals and to explure different interests., As a result, they
paid attention to and discussed reflectively different aspects of the
medium,

The study raises 4 number of questions for future research, Some

of these are:

Are the sociro-cultural effects associated with achievement in
mathematics exacerbated or ameliorated Ly less formal settings

ind self directed mathematical enquiry?

Can computational media be used to enhance mathematical
understanding while individuals persue their different goals

and interests?

How do the structures of 4 computational media influeace

incidental learning during use by stolents?

wWith the increased use of micro-computers in schools and new
developments in educationi! software changes in both the social and
physical contexts of learning in mithemitics seem inevitable, However
it these chnages are to have positive edincational outcomes, there is an
urgent. need for resenrch directed at increasing our understanding of the

ahove questions,
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QUELQOURS DEVELOPPEMENTS RRECENTS DES RECHERCHES
SUR LA DISCUSSION AUTOUR DE PROBLEEES

Jean-Phili DROUHARD
Héléne LYNBE FIORAVANTES
Héldni WIEKOLAKAROU
Yves PAQUELIER

U.E.R DE DIDACTIQUE DES DISCIPLINES, UNIVERSITE PARIS 7.

DISCUSSION ABOUT PROBLEMS :
RECENT TRENDS IN RESEARCH AND ANALYSIS

This atudy refers to the conception, the realization,
the observation and the analysis of a teaching approach
for mathematios, ve called "Discussion About Problems”
(D.A.P.), and vhich vas experienced for two years (from
‘85 to '87). It is based on the direotion (by the teacher)
of a discussion among students (adults) about the
statements they make regarding a problem they must have
yet prepared.

The ongoing research focuses on analysis of video-
registered observations, and aims at determining
oharaoteristios of D.A.P. and discovering some rules of
action and interpretation the tsacher uses vhen conducting
a discussion.

One of the ressults ve obtained is that a proocedural
desoription based on ‘“parenthesis" (sub-discussions) is
irrelevant. Hence, ve are working on a nev “theatrical”
point of viev, vhich is based on mathematical contents and
communicational side together.

Comment penser une démarche didaotique qui puisse favoriser
1'aquisition d'un ocertain nombre de oconnaissances en mathématiques
(de divers niveaux), per 1'intériorisation (individuelle) d'un débat
(oolleotif)? La conception théorique, la mise en place, 1'observation
ot 1'analyss d'une telle démarche (que nous avons appelé "Discussion
Autour de Problémes” : D.AP.) sont 1'objet d'une recherche mende
dans le ocadre des séances de travaux dirigés d'un enseignement de
remise A niveau pour adultes. A titre indicatif, le programme deébute
aveo les ocalouls esur les puissances et les fonotions sffines, et se
termine par les coniques, 1'intégration et les nombres complexes (1)

(1) Lo lectour peurra se faire une 1dée de co que peut Stre une séance de D A P. on se référant
Aladescriptionachémat ique qui figure enanhese (N1},
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Un des souocis fondamentaux de notre recherche sur la D.A.P.
consiste A ¢viter, autant que possible,

i (a priori) n'altérent notre interprétation (a posteriori)

i . Toutsfois, on ne peut faire un tel travail d'inter-

prétation comme ei 1l'on était vierge de tout a priori. Il importe

dono d'élucider au mieux notre théorisation initiale et son influence

sur la oonduite de 1'expérimentation et eur 1l'interprétation des

observations recueillies. Pour éviter de “prendre nos désirs pour des

réalités”, i i

(initialement) qu'il se produise, et ce gue pous pensons (maintenant)
gn.il !.; .“i!!.

Par ailleurs, la soientifioité d'une expérimentation didaotique
nous semble dépendre, entre autres, du statut accordé a 1'analyse des
déoalages entre "intentions” (telles qu on peut les reconstituer) et
"réalisations” (oonnues par 1les observations et les analyses).
Considérsr oces décalages ocomme une “dérive” inévitable, qu’'il
s'agirait de réduire par approximations successives, nous parait
risquer de tirer 1l'étude vers le domaine de 1'innovation pédagogique.
Ce n'est pas un mal sn soi, mais cela correspond & un affaiblissement
de la vigilance épistémologique (i) et sort du domaine de la recherohe
didactique. Au ocontraire, nous oconsidérons 1’ interprétation de oces
décalages comme un moyen privilégié d’'en oomnalitre autant sur nos
intentions que sur les oontraintes externes (institutionnelles) et
internes (didaotiques) de la situation mise en jeu.

Encore faut-il disposer des moyens de prendre connaissance, de la
manidre la plus objective possible, du déroulement effectif des
séances , ou, si l'on préfére, pouvoir passer du_ commentaire A
lapalyse, o'est A dire A& 1la oompréhension de la “logique" des
discussions.

La recherche d'une telle méthcde d'analyse a ocommencé dés la
deuxidme année de 1 expérience (1986-1987) et n'est pas terminée.
Toutefois A& 1'oocasion de la phase initiale de oe travail d'analyse,
consistant A& “"découper” les déoryptages, les problémes rencontrés et
les solutions envisagées nous indiquent quelgues résultats oonoernant
les interprétations des situations de type D.A.P.

1. DESCRIPTION PROCEDURALE

Nous avions voulu tester une méthode d'analyse des séances de
D AP reposant sur le principe "procédural” suivant

Une D A.P. peut étre oonsidérée oomme une procédure
complexe de résolution d'un probléme, procédure dont le
déroulement nécsssite d'accomplir des tiches dont certainss
sont elle-mémes des procédures complexes de résolution d'un
sous-probléme, et ainsi de suite

Ce prinoipe pourrait se schématiser comme suit

(1) Bn prenant ce termes dans 1e sens ot 1 'emploient Bourdieu ot al. (1993)
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Prob/léme P
- M
Propositions des étudiants. Pr Pr Pr Pr Pr

. Discussion au
Sous-problémes. SP  SP probléme P, au

cours de laquelle
J- - - 4 apparaissent des
5P e/ o P sous-probiémes
Sp

Sous-discussions

C:) des sous-problémes

tc..
O\ e y

C'est_cet emboitement de sous-discussions dans une discussion. qui
dovait copstituer un princ; iptif permettant de représenter
schématiquement (comme ci-dessus) les D.A.P. sous forme arborescente.
En d'autres termes, dans cette desoription, pour gérer la discussion
(ce qui est la tache de 1'enseignant) il fallait ocontrdler 1la
profondeur des “parenthéses” (c.a.d. des sous-discussions de
résolution de sous-problémes). Ce terme de «parenthése» avait pour
origine, entre autres, 1'interprétation spontandée des difficultés
réellement ressenties pendant la gestion pratique des séances.

Lorsqu'une discussion devenait "illisible"” pour le maitre et pour
les éléves, A cause d'un trop grand nombre de qusstions imbriquées
les unes dans les autres, il était tentant d'interpréter cela comme

1'"ouverturs” (par 1'enseignant) d'un trop grand nombrs de
"parenthéses”

Un tel schéma reste & peu prés vide de sens tant qu'on n'en a pas
¢lucidé les mots-clefs ("disoussion”, “probléme”, stc...) Lla place
manquant toutefois ici pour le faire, nous ne pouvons que renvoyer le
lecteur A DROUHARD et PAQUELIER (1987) (ainei qu'aux publications du
Groupe de Recherche sur la Didactique de 1'Enseignement Supérieur
-cf. bibliographie- pour une préssntation des situations de “Débat
Scientifique”, qui présentent des points ocommuns avec ocelles de
D.A.P.). Toutefois, figure en annexe (A2} un rappel de quelques-unes
dez positions théoriques qui sont & l'origine de notre demarche.

Or ce schéema desoriptif, qui refléte assez fidélement un stade
antérieur de nos oonceptions de la D A.P., s'est révélé mal adapté 2
la deecription du déroulement des séances.

1) Lorsqu on essaye d'analyser un deécryptage selon ce schéma, on
se trouve devant un oertain nombre de discussions ne oorrespondant a
auoun sous-probléme explicite. Pour sauver la desoription, on est
amené A supposer l'existence de sous-problémes hypothétiques.

2) Plus fondamentalement, ocstte premiére oconoeption de la D.AP.
était ocaractérisée par une relative “étancheite” dees niveaux
(mathématique, métamathématique, méthodologique, etc...) Elle
suppossit, en effet, plusieurs types de D AP, : discuseion sur les
solutions mathématiques d'un probléme mathématique, discussion sur

des méthodee proposées en réponss 4 un probléme méthodologique,
oto. ..
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De fait, les problémes soumis au étudiants étrient censés ne
comporter qu'un ordre de diffioulté & la fois (1), Cette premidre
conoeption ne prenait donc pas en ocompte la possibilite
d' interventions & plusieurs niveaux au ocours d'une méme discussion.

Or, une remarque de méthode, énonoée & un moment donné d'une
discussion portant sur un probléme mathématique, peut d'un ooup
rendre sans objet toutes lss propositions de solutions qui 1'ont
préoédée, et donner un oours nouveau au débat, en posant des
contraintes sur toutn_oollu qui suivront. ibili !

basée sur une analyse “procédurale”, qui voulait
qu'une fois résolu le sous-probléme SP, on “remonte”, muni de la
solution de SP (qui ferait alors partie du savoir du groupe), au
probléme P, lequel serait resté “en plan”, sans modification, dans
1'attente de oette solution de SP .

Cette inadaptation ds la desoription aux obeervations éclaire du
coup le décalage entre les préparations des séances (analyspes a
priori suivant un tel sohéma desoriptif, alors implicite) et leur
déroulement. Nous avions observé ce décalage, mais en le wmettant au
compte de la mise en osuvre inadéquate d'une analyse ocorreote.

Par ailleurs, nous avons longtempe continué & concevoir 1'analyse
dees eéances de D A.P. suivant le sohéma initial, alors que oelui-oi
avait cessé de correspondre aux observations, et méme A 1’ évolution
de la théorisation. Ce fait nous parait une exoellente illustration
de la nécessité de porter son attention sur la réalisation effective
dee dispoeitife didaotiques.

3. YERS UNE ANALYSE “DRAMATURGIQUE"

Dire que toute intervention peut influenoer toutes oelles qui
suivent, revient A signifier qu'on ne peut réduire la oléture d'une
discussion & une “fermeture de parenthéss”, dont le contenu entier
pourrait détre oublié au profit de la seule oconnaissance vieée.
Contrairement (pesut-dtre) au "Débat Scientifique”, la D.A.P. ne nous
parait pas {&tre essentiellement un simple moyen d'«aborder les
problémes réellement posés sur lee ooncepts enseignés» {6.R.D.EES.,
1981 communication & PME II).

ly

oompris ultérieurement) A cette connaissance.

Autrement dit, nous sommes amenéds A& penser que lep éncngés (de
divers niveaux) . “hi iLe". _qui
ast_un _¢lément ssseptiel de leur sens . C'est ioci que nous retrouvons
la problematique générale de 1' "jntézioriaation du débat". Pour nous,
oe n'est pas le seul savoir établi lore du débat qui est intériorise,
mals 1°'unité formée du savoir st de son histoire.

(1) Per ezemple, cortains énoncés portaient sur des objets methémat iques parfaitement connus

(notionde multiple, oudquation dupremier degréd ), meis possient des problémes de logique ;
pour d' autree énoncés, ¢'était 1'inverse.
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Toute réflexion didaotique asur 1'institutionnalisation des savoirs
en situation de débat, doit & notre avis tenir oompte de ocet aspect
dee choses.

Ceoi dit, tout oe qui préodde eat présenté en “"forgant le trait",
aussi bien en oe qui oconcerne la schématisation des situations de
D.A.P., que leur opposition svec cslles de "Débat Soientifique” (1)
En particulier, oce qui vient d'édtre dit sur 1'intériorisation des
oonnaiseanoces doit &tre modulé en fonotion de leur niveau:
mathématique, métamathématique, méthodologique, eto. ..

Maintenant, comment analyser de tels énoncés "“A histoire” et
rendre oompte de la logiqus des séances ?

Les diffioultés d'une interprétation prooédurale d'une séance de
D.AP., li¢es au constat qu'il n'asst pas possible d'analyser
séparément le ocontenu d'une séance et son fonotionnement
communicationnal, nous ont amenés, entre autres, A explorer la voie
d'une analyse que nous qualifions de “dramaturgique". Nous cherchons
ainsi A& justifier le découpage des séances en “actee”, “scénes”,
"moments” et "transitions”, en repérant les changementa selon deux
niveaux, qualifiés de “problématique” et “dramaturgique” (qui
ocorrespondent, dans un ocertain sens, au plan du “contenu” et A ocelui
des phénoménes de communication).

4. BERSPECTIVES

Dans la mesure ol un tel travail consiste A “objectiver’ au
maxizunm 1'analyse des obeervations, on prendra ?ltd. 4 ne pas

substituer au sens opératoire des mots employés (%) (sens que nous
sompes  précisément en train d'établir), wune signification
métaphorique dérivée sans contrdle. Ainsi, le déroulement d'une
D.AP s’ apparente plutét, par sa forme, A& une improvisation

collect ive sur un sujet donné, qu'A la représentation d'uns pidce
déja écrite

Cette remarque vaut également pour une autre piste de recherche
que nous explorons A& 1 heure actuelle, consistant A penser la gestion
d'une D AP avec certains concepts tirés des recherches en
Intelligence Artificielle (3] De ce point de vue, déorire la gestion
d'une D AP, c'est mettre en évidence quelques «régles»
{d'interprétation et d'action) de !l'enseignant considéré comme un

«expert» (et ensuite. analyser on guol une telle descripticn se sera
é4cartée des observations ')

(1) LadémarchedeD A P concerneles TravauzDirigés, tandisque le “Débat Scientifique” porte
easentiellement sur les cours : ce qui #st valsble pour 1'un ne 1 est pas forcément pour
1'autre. L' étude decesdifférences faitd siileurspartieodenotrerecherche.

{2) “Actee” ,“scdnes” “dramaturgie‘etc. ..

(3) Enparticulier, nous pansons que 1es descriptions deD.A.P. gagneraient & étre snvissgées
sous forme “déclarative’ ot non pas ‘procédursle’ (ce qui est i rapprocher de ladifférence
do sens ontre 190 Mot s egéror s ot corganiner» 0o rapportant A une discussion).
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Enfin, l'analyse des D.A.P. pourra servir & déterminer un "profil"
differentiel des séancss, ce qui permettra d expliciter ce qui est
caraotéristique de oette démarohe d'enseignement, par rapport & tout
autre type de situation oh “les éléves partioipent”.

En résumeé, cette recherche pourra perwettre d'expliciter les liens
entre les ohoix théoriques effeotuds, les dispositifs d'enseignement
retenus et les pratiques effectivement adoptées, tels que nous
pouvone les oconnalitre par 1'interprétation dee données d'observation.

(A1) DESCRIPTION SCHKNATIOUR D'UNE SEANCE DE D.A.P.
Cette desoription schématique est tirée du decryptage d'une séance
qui a eu lieu le 14/02/1967.

1) L
{seuls les éléves y ayant

propositions et femaZques pur ce sujet
effectivement réfléchi avant la séance proposeront des énoncés ; par
contre, d'autres éléves participeront aussi & la discussion).

2 ) Sous la diotée des éléves, le maftre éorit au tableau les
, v v VYT

j .I1 est & noter que oes interventions se situent A des
niveaux différents :

- solution au probléme,
- remarques méthodologiques sur la maniére de le résoudre,
- questions complémentaires,
etoc ...
L'enseignant intervient pour reformuler (ou faire reformuler) les

propositions, signaler les rapports entre elles (déquivalence,
contradiotion, etc...), mais i

3 ) Le maitre aolligite '
. Do méme que oes dernidres, les nouvelles

interventions se situent A des niveaux divers :

- autorefutation d'une proposition par son auteur,

- énonoé d'une nouvelle oonjeoture,

- contre-exemple A un autre proposition,

- oontestation de ce oontre-exemple sur un point de calcul,

- questions de technique mathématique posées & la cantonnade,

proposition d'une méthode pour résoudre une difficulteé,
eto. ..

Durant oette phase, le maitre donne la parole, transcrit au
tableau, reformule ou fait reformuler oertaine arguments Il met aux
voix oertaines propositions afin d'amener le plus grand nombre
d'eléves A prendre parti personnellement. Il lui arrive d'intervenir
direotement, en tant que participent au débat - et non pas en tant
que maitre dont la priee de parole serait le signe d'une
institutionnalisation. A oce propos, vouloir que le maitre soit
réellement “neutre” au niveau contenu est une exigence sane doute
irréalisable, et peut-dtre méms dénués de sens ou non pertinente. En
tous cas, la "neutralité” du maftre eat une composante variable de
la situation : le vrai travail didactiqus nous perait oonsister &
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comprsndre comment le maitre “triche”, consoiemment ou nor, avec son
statut d'animateur "neutre" du débat.

A d'autres moments, il récapitule, et ocomoente un point de
mathématiques ou le oours que prend la discussion. Enfin, il peut
proposer lui-méme un nouvel énoncé A la collectivite.

4) Lla (sous-) disoussion d'une proposition se ocldt généralement

lorsque personne ne oonteste plus une récapitulation proposée par le
mitre.

(A2) A L'ORIGINE DE LA DEMARCHE
(d'aprés le Cahier de Didactique des Maths 49)

« Moins qu'un cowportement acquis et consolidé par des années
d'études, nous pensions que c'était un certain état d'esprit qu'il
nous fallait modifier. Cela supposait d'agir sur 1'gpsemble du
systéme relationne] (maftre - élédve - savoir) propre a toute
situation didactique. C'est ce que nous avons défini par le triple
déplacement d'attitude suivant :

1

L'objectif ds 1'etudiant, lorsqu’il communique une solution A
1'enseignant, est davantage de gatisfaire ce dernier dont il attend
un jugement de valeur (la note) que de le gonvainore (of. ALIBERT et
al. 1986, G.R.D.E.S 1987). Ceci &'exprime, notamment, dans une
attitude “juridique” (LACOMBE, 1984, 1987, DROUMARD, 1987) par
rapport A l'activité mathématique (ce qu'il "faut” faire/os qu'il "ne
faut pas” faire) (PAQUELIER, 1986).

Dés lors, il n'est pas étonnant que le fait de prendre la parole,
pour proposer ou défendre une solution, apparaisse & 1'étudiant comme
une activité vide de sens et dénuée d'enjeu, puisque c'est le maitre
qui prend en charge la question da la validité de cette soluticn.

et Faize en sorte que )1'étudiant parle du probléme plutét

Trés souvent 1'étudiant aborde la recherche d'un probléme avec une
mentalité de “viotime”, victime d'un jeu dont les régles lui
échappent st dont le dénouement sera son appréciation par
1’ enseignant. Dans cet état d'esprit, il s'agit donc pour .'étudiant
de se “protéger”, en ayant recours A des astuces, des recettss, des
automatismes (of CHASTENET et al., 1987), 'il appliqus dés qu'il
oroit identifier le danger (exemple : ocalouler le disoriminant dés
qu'il y a du second degre.. ).

Le déplacement que nous souhaitions favoriser visait donc
1'aoquisition d'une ocertaine “autonomie” par rapport au texte du
probléme - dire s'il est classique ou insolite, reconnaitre, le ocas
4chéant, s'il est ambigu, mal formulé, envisager des prolongements,
des oconjectures permettant de 1'enriohir .. En un mot, parler
(mathématiquement, ou métamathématiqusment) du probléwe, dans un
discours recherchant ou exposant sa résolution
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L'idés, paradoxale en a ronco, qui est sous-jacente A oe
troisidme point, sst que 1'éléve ne peut acoéder au jugement de
vdritd (vrai/faux) tant qu'il reste A& un niveau formel, tant qu'il
n'a pas été intimement convainou, & un moment donné, que os qu'il
prétendait était vrai (ou tnux').

Cette personnalisation passe, A notre avis, par le débat
contradictoire : lorsque 1°'éléve prétend que tel énoncé est vrai
tandis que son voisin lui soutient mordious qu'il est faux.

En bref, les trois points évoqués ci-dessus concernent :

1 : le rapport de 1'éléve au maftre.
2 : le rapport de 1'é¢léve au (texte du) savoir.
3 : le rapport de 1'éléve & ses condisciplee .»

ALIBERT D. (1987) : Situation codidaotique et délocalisation du
savoir, Publication annuelle du séminsire de didactique des
mtbdmetiques..., U.S.T.M.G, Grencble (& paraftre).

BOURDIEU P., CHAMBOREDON J-Cl., Pmsm J-Cl. (1983) : Le sdtier de
moloyuo, Mouton (La lhyo) et EHESS (Paris).

CHASTENE? DE GERY J., DROUHARD J-Ph., HOCQUENGHEM S., et al. (1987) :
Enquite sur les uoqu.u Ve Aotu du colloque ‘“Qrientaticn et
dcdecs ..., Universite de Puril-muphino

GROUPE DE RECHERCHE SUR LA DIDACTIQUE DE L'ENSEIGNEMENT SUPERIEUR
(ALIBERT GRENIER LEGRAND RICHARD), (1987) : Alteration of
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ON HELFING STUDERTS CONSTRUCT THE CONCEPT OF QUANTIFICATION
Ed Dutinsky, Purdue University

Abstract

This paper describes a genetic decorpositior of the
matheratical concept of quantification; that is, it gives a
description of what could te the nalure of & subject’s
understanding of this concept in terms of schemas consisting
of objects and processes, 8nd o8lso suggests what specific
reflective abstractions could be used in const"ucl\ng . The
genetic decomposition is besed on e genersl theory of
rnowiedge and its acquisition, the researcher’s mathematical
urderstanding of quantificetion, and an analysis of protoco!s
anc other obeervations of students in the process of learning
this cencept

we 8lso discuss an appruech to helping students learn
qus.hinication besed on owr theary and making use of
computer experiences with the pro?remmmg tengusge 1SETL

Finally, we indicate tre tupe of protlems that studeids
were givan ang the suicess that they had in selving them

introduction

Z.entification of logicel propositions over timie or infimte sets1s
¢riticel concapt underlying @ number of mathematical idess from the
elementary, such 8s the difference between en identity that ho'ds far ail
veluee ard an equaltion with perticular sclutions or the difference belween
8 nroof and & counterexample, 10 the advanced, such as the definition of
the limit or the exioms for 8 group. Many students have serious difficuity
in constructing this concept and this may heip to explain their tack uf
surCess inurderstanding mathematics at several levels

in the work descrmbed here, we heve atiempied Lo under=tard the
pagchetogicel pracess of constructing quentification and use it to design
Istruction, espelinily ueing compulers, that can (oster the deveiolment
of this concept by students 7Thus there are two kinds of ectinity to be
reported.  The first is 8 theoreticd) anslysiz of the rorcept of
quanuficstion and how 1L 1s acquired The secaond ‘s 8 desoription uf te
instructicnal irestment along wilh the recylls ~oiatag

rart cf this work wac done Jointly with B Ellerman ang € Song

’"l'
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Theoretica! analysis

Our anatysis of quantification 1s tased on g genera’ theary derived fram
Piaget's concept of reflective abstraction [3.5,6] we have used 1t to study
mathematical induction [4,7] a5 well as quantification [6] and we sre
presently working with it to study functions, sequerces and hmits (the
lest two with B Cornu)  Accarding lo this thesry [S), mathematical
know'ledge and its acqusition 15 descrited in terms of sctemas
correspording to specific mathemalical corcepls A stherma s g rmre ar
less coherent collection of (ments! or physical) otjzcts and 1nternal
processes which are epplied to these objests A schemais carstructed by
means of certain cognitive activities called refiaciive  &l:lracliors
These activities include salerrcricalon, which 1s the construction of en
internal process relative to & series of acticns that can be perforried or
imegined to be performed on objects, coo~tiagiron,  which is the
construction of & new internal pracess by combining twd or mure existing
processes, reversal which is the crestion of 8 new process by tnverting
an ex1sting prccess, encapsy/alien,  which converts @ process into an
object by seeing il &s a totel! enlity, and gereravralion, n whith an
existing pracess is applied to an object for the first time

Our theory hypothesizes that all objects end processes 1n logica!
thinking are constructed in this way, beginning with prysicai achion
schemas present at birth and continuing on up through the construrtion of
new mathematics at the research level Figure 1 describes our ngtion of

schemas graghically
interior2aton

coordimhon
encapiutation reversa!

generalizshon

figure 1. Schemas ond Lheir acquisition
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A description of the schemas concerning 8 particuler methematice!
concept slong with the refleclive ebstractions by whirh they may be
constructed, is celled a genelic decompasition of the concept. It {s derived
from three sources. The first is the general theory The second is the
mathematica! knowledge that the researcher has about the concept. Third,
the most importent source is the information obtsined from close
observation of students in the process of learning the concept. The
observations can teke the form of clinicel interviews, analysis af student
errors in performing mathemetical tasks releted to the concept, etc. The
researcher sttempts to express the concept in terms of objects and
processes. The next step is to 1ook at the difficulties which the students
ere having and try to see if other students have overcome these difficulties
by appearing to meke perticuler refiective sbstiractions. The processes,
objects, and reflective abstrections are then organized in & form that
expresses the observed development of the concept by the students.

The resulting genetic decomposition is then used 8s & guide in designing
instructional treatment. In our wark we heve relied heavily on settling the
students to perform verious tesks using computers because it seems to us
that certein computer ectivities ere very similer to the refleciive
abstractions and that students who enqgsge in these activities may be more
likely to make the reflective abstractions in their minds As we proceed
through the instruction, the same sort of ctiservations are made continuatly
&ngd the genetlic decornposition is reviced stcordingly  Thus at sny pornt in
time, what we use is only an spproximate dezcrption of how sume students
may canstruct 8 conceptl along with computer sctivities decigned to foster
the constructions n that approximation

we feel that this approsch e very much in the sarme spinit as the
Teaching Expertment of L Steffe (ss described 'n [8]) and the Didactic
£ngineering used in France [1] Our genetic decompesition of quantificetion
is the result of several yeers of theoreiical analysis together with teaching
experiments, extensive observelions of studerts and analyses of these
observations. Here, we concentrate on the resuiting decomposition  its
relation with the theory and the mathematicel nolion should be clear Space
hmitetiors prevent more than brief examplies of hcw inferview pretecols
influenced the genetic decomposition Full deteils will appear elsewhere
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A genelic decomposition of quantificetion

The construction begins with cognitive objects thst are simple
declsrations that may be true or felse. These are made more complex in
two ways by linking several with the standard Ingical conneclors (and, or,
etc ), and by introducing variables to obtein proposition valued functions. In
both cases these are actions on the objects -~ the linking snd the function
action -- which must be interiorized to obtain processes.

The s/ngle-/evel guentificetian is constructed by crordinating these two
processes to obtain the single process of iteraling through the domain of 8
proposition velued function, checking the truth or faisity of the resuiting
propasition and applying at esch step conjunction or disjunclion according to
whether it is g universal or extstential quantification

In order to move on to two-level gusntsficat/ans which are two (usuelly
different type) quantifiers applied to a proposition valued function of two
variables, the subject must encapsulate the above process to see thet o
singie-level gusntificetion has the effect of replacing the function by @
single proposition. If the originel prapasition valued function fnvoived two
variables, the effect of this encepsulated single-level quantification is to
replace 't with & function involvirg one vearieble to which & second
single-level quantification can then be applied  Thus the two-level
quantinicalion consists of parsing the omginel s!siement into two
quantifications and then coordiraling two applications of cingle-level
quantificstion with anntervening encapsulation

For three and hmgher tevel quantifications, the sbove procedure 1s iterated
when there are more than two quantifications, the parsing is non-tnivial
because there are seversl ways 10 graup the statements Since some of them
meke more sense than others, this provides one way to gauge the students’
understanding

Qur abservatiens ysuaily Segin with non-mathernstiical examples in order
to mimmize the difficulty As the students cevelop their concept of
quentification, mathematicel conlent is graduslly introduced Also, our
imtial evemples do not refer to familiar situations becsuse we do not want
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the students to rely on remembered experiences, but rether to construct
objects and processes that might be new for them and must be imagined.

For example, consider the protocols of three students who were asked
what they would do to determine if the following statement 1s correct. They
are teken from o8 course laught by the euthor el & western US. state
university in the preliminary stages of the study

Arricngst all the fish flying around the gymnasium, there is one for
which there is, in every computer science ciass, 8 physics major who
kncws how rmuch the fish weighs

This ctsterment requires, inter alia, the interiorization of three processes
of 1teration of 8 variahle over 1ts domain --- fish, clesses and students. The
following student resporse indiceles an 1teration of the fish, but his
confuston suggests that 1t may be an action not yet internahized it is not
clear if ke is 1terating over students end the classes are ignored completely
Alco, he dues riot succeed in 8pplying quantifications

STUDY 1 wouid collect all of the {ish in the ggm end if one of
them (rsuse) | get one fish you know, | go througheach of the fishes
and then all of the computer stience students know how much thet fish
weighs for each of the fishes no, for one of the fishes

The cernnd student does ceem to have wntenorized iteralions over the
c'acses gnd the ctudents, but perhaps not the Nish

STUD2 Okay, you take 8l this -- you teke the set of fish that are in the
gm and the set of studerits that are in compuler science -- you would
sk the set of all the compuler science classes and the set of all the

stusdents that are in thace compulter science classins and check to <eef

trere was 8 studert 1n ore of those -- yeah, at least ore student in
every ore of the clesies that krew how much one of those fish in the

Gy oweighed  Andgaf that were true you would return trye, and 1f i1t

Tound crd case where thet failed 1t would bie -~ 1f there was one ¢18ss

with ng sfudents

INT Sy, wou' i you dat e‘-‘acﬂg the same Bs

STU02 1 probatly go cless bg Ciwss angd ask in esch (1aes if there was

sumebady who gidnt knew hew mach any of the fieh in the gym
wetlhed

;_NT ;Sg gou wiu'd have shipped the firet set - - you skip the set of
1ehis
T2 Yesh 1 think 4 prebably try and prove of false, rather than

triying 1o prove 1t true

STLO2 apphies Juantifications Lo the two procesaes that she dees seem Lo
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have, but canngt incorporete the fish, even with & prompt from the
interviewer. This may be beceuse she has not encapsulated her two-level
quantificetion to see it as & single proposition velued function whose domain
veriable is fish. Compere this now with the following student who seems to
have encepsulated the two-leve! quantification as & proposition valued
function of the fish and then, with hesitation, seems to iterate the fish over
its domain and possibly epplies the final quantification.

STUD3 Okay, | would look at & set of fish among the set of all gveilable
fishes and [ wou'ld have to iterate over that end of course the condition
is that as soon es | find the first one for which the rest of the long
expression holds, | stop right then end there.

{INT. Can you explain to me what would be the rest of the whole
expression? How would you check thet?

STUD3. Yeah, that was just the first step. [got I'm picking @ fish angd
then | have to stert iterating over o sel of available clesses Here I’
heve to go through every one of them for that fish Ang then | would
have 10 3o through & sel of students in the class Here we're des'ing
with an exists s0 that as soon as we find the first one thiat matches
the rest of the conditions, 1ts fine And then | would run that function
on the student.

INT. what would ycu 8sk sbout the student?

STUD3 | would ask 1f the student kncws the weight of the fish

The stove discussion involves only the object proposition that results
from 8 quantification  There are many other espects to the genetic
decomposition of quantification  These include a schema for negaeting @
quantified proposition and the actron of regsoning about 8 proposition There
s not ¢pace here to gu into these matters so we refer 1o the fisper which
descrities the enalysis rrore completely [6)

instructional treatment

The cslruchioral trestment mapee yie of the prorare g dsn] 30
PSETL whoch g aninterantive "9 g,35% thet s oooorte st of the <ty Ty g
construcls of mathernatics 1 2tander g mattermaticai cotation Lilereng

Towrd et pdntc

e DROJISInTIRy ST AN renLitETante ate rorira

Qe Al Ot ther [rogt
1o Loyt

farquags arg

i r:u-f_,-.“-,. _"
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will tend to inBuce the student to meke the oppropriste reflective
ebstractions necessery to construct the schemas for the concept of
quentificetion,

For full details on the use of ISETL in this end other mathemetical
contexts, the reader is referred to [2]. In this paper, there is only space for
some general {llustrations. For example, the linking of declerations with
conjunctions or disjunctions cen be programmed directly end the student cen
write procedures to implement proposition velued functions. The quentifiers
ere invoked by using the keywords gxists and forall, It is possible to write &
procedure thet will accept o proposition valued function and o finite subset
of its domain and return trye or false as the result of 8 quantificetion. The
use of these procedures can be iterated to obtain higher-level
quantifications. For each step of the genetic decomposition described ebave,
one or more types of tasks with ISETL are used to help the student take the
step. All of this treatment hes been integrated into a full course in discrete
mothemoetics [2).

Results

Again, there is only room for & representetive sample of results. The
following dete is o selection from o single class of 19 students, sverage age
ebout 20, teught by the suthor at & small privete engineering and science
university in upstete New York. This approach has been used by the suthor
and several colleagues ot & number of schools in the United Stetes. The
results seem {0 be generally consistent with whet is reported here. It is
necessory o view these results in light of the fact thet, in the United Stetes
ot leest, students do not usually succeed in gaining much understanding of
quontificetion. The 10 representetive questions ore grouped in four
categories.

A Dxpress the following statement in for mel Jenguege.

1. There is o year in the 1 9th Cartury during which in Potsdem it snowed ot least one dey in
every month,

2.For evary book in the library, thers I3 o numbsr of days (Tess then1000) such thet if the
book fo thet number of deys overdus, thenthe fins is $10.

3. Seme 00 fish statement ysed in the protocols.

8. Magate the following stetament.
4. For everycityin Yormont, thers {s ¢ city in New York which hes the

BESTCoPYAALABLE 20
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sme name.
S. There is o positive number Q such thet for every positive P and for everyx in [c-Q,c+Q),
if Ix-c|Q then [F(x)-F{c)|<P.
6. Same o3 question 3.
C. Describe how gou would determine if the following stetement were true or false.
7.Sams o8 question 1.
8. Sems o3 question 5.
D. Reasoning sbout the fish statement used in the protocols.
9. What can you sey if you know thers ere no computer science classes?
10. Whet can yoy say if there are computer science classes, but none hes & physics mejor ?

Here are the results for the 19 students.

Question: t{ 2 3 4 S 6 7 8 9 10
Percent Correct: 69 47 84 95 S5 71 75 76 82 82

Questions were either given for the students to do in class or as home
essignments. Note that both reletively low scores (Questions 2 and S) came
with stetements involving implicetion. The only other implication occurred
tn Question 8. on which the students did well. One possible explanstion for
the diffeence is that students cen work through an implicetion but, et least
in the presence of & quantificetion, have difficully expressing or negating an
implicetion. The results do not suggest any other gifficuity
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CHILDREN'S LEARNING IN A TRANSFORMATION GEOMETRY MICROWORLD

Laurie D. Edwards
Graduate Group in Science and Mathematics Education
University of Ca.fumia at Berkeley

Research in mathematics education has in recent years focused on two
important areas: the development of fine-grained models of learning, and
the explication of principles and practices in the design of effective
instructional environments. This paper discusses an ongoing research
project which investigates in depth children's mathematics leaming in a
particular kind of instructional environment, a computer-based microworld.
The domain chosen for the microworld is transformation geometry. This
domain is both mathematically rich, and also connected with children's
everyday experience with motions in space. The purpose of the research is
to document the process of meaning-construction that takes place as
middle-school students interact with the microworld, and to use this
empirical data to engineer a more effective learning environment.

Instructional environments for mathematics created in the past decades have in many
cases been characterized by a concemn for making connections with children's experience. For
example, the Logo environment ties computer operations to children's "personal geometry"
(Papert, 1980); we also see an increasing use of manipulatives, for instance Cuisinaire rods, in
miathematics instruction. Such manipulatives and concrete computer environments allow
students to build models of mathematical concepts from the bottom up, basing their
understanding on experiences under their own control (for examples of computer learning
environments, see Schwartz, 1987 and Thompson, 1985). This paper describes an iterative,
principled design for & curriculum in transformation geometry which is centered on an
interactive graphical computer microworld. A microworld is an instantiation of the central
objects and relations of a domain into a concrete form which is accessible to new learners.
This microworld instantiates three Euclidean, or distance-preserving transformations:
translation, rotation, and reflection, as well as scaling and shearing.

The domain of transformation geometry was chosen because it is both mathematically-
rich and at the same time grounded in everyday experience with motion and imagery. Thus,
students bring to the learning situation antecedent conceptual Structures, strategies, and
expectations. The primary research problem has been 1o investigate the interactions between
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the learners' prior knowledge, and the new domain of mathemai‘cal experience presented in
the curriculum. Information about these interactions, including misconceptions, successful
transitions, and conceptual change, is used to build a model of the typical "learmning path”
through the domain, and to modify the microworld and the curriculum.

The objective is to create a plausible model of the way children construct meanings for
the new mathematical entities in the microworld, and to use this model to refine and improve
the pedagogy. A specific focus of the research is on the children's use of qualitative, visual or
imagery-based strategies as well as quantitative and symbolic methods for problem-solving.
The primary analytic frame is genetic task analysis (diSessa, 1982; Kliman, 1987), in which
empirical observations are employed to create a model of the leamer's changing conceptual
structure. This paper presents preliminary results from two rounds of pilot-testing of the
curriculum with fourteen-year-old students, as well as a description of questions to be pursued
during expanded use of the microworld in the near future.

THE MICROWORLD

The microworld presents the learner with a computer screen, representing the plane, a
grid showing the origin at the center of the screen, and a simple plane figure shaped like the
letter L. Transformations available include: slide (translation), rotate, and reflect (all of
which preserve distance); scale (which changes size but preserves shape); and shear (which
changes shape but preserves area). There are also simple, "local” versions of several
transformations, namely, pivot, flip, and size. These simple versions transform the shape "in
place,” rather than using the whole screen, and are intended to correspond to children's initial
conceptualizations of these operations.

One functional activity programmed into the microworid is the Match game. The user is
asked to enter a sequence of transformations to move the center shape uatil it is superimposed
onto s congruent shape placed randomly on the screen. The purpose is to give students
experience with the individual transformations, and with decomposing a complex mapping

2.‘\1



- 26% ~

into simpler operations. It is also expected that students will begin to understand and
generalize about the properties of the various transformations, as they use them strategically to
achieve the goals of the game.

There have been two rounds of pilot-testing of the microworld, with the final data
collection to take place in a middle-school this term. In the initial field test, 65 seventh and
eighth grade students (age range twelve to fourteen) used the microworld in pairs. Half the
students had completed a two-week unit in their mathematics class on transformation
geometry, and the other group were novices. Both groups enjoyed using the microworld,
particularly the Match game. The two groups differed somewhat in their strategies for the
game. The group with previous domain experience tended to use the whole-plane versions of
"rotate” and "reflect,” while the novices used the simpler "pivot” and “flip.” Several students
discovered a fool-proof game strategy which involved sliding then pivoting and/or flipping
the shape.

In the second round of piloting three students were videotaped using the microworld
with the investigator. None of these subjects had previous experience with transformation
geometry, although two (Charles and Joanna) had Logo experience.

THE TASKS

Joanna, Charles, and Lee spent from 1 172 to 3 hours using the microworld and doing
paper-and-pencil tasks. The sessions included time for free exploration and playing the Match
game, as well as for simple problem-solving. The tasks included:

1. Identification of transformations:
Five transformations were illustrated on paper, and the student was asked to name
each and give the correct Logo command.




AT T

2. Execution of transformations:

The student was given six sheets showing the starting figure and a Logo
command, and was asked to sketch the result.

3. Finding inverses:
Working on the computer with the investigator, the student was asked to find the
transformation which would "undo" an operation.

4. Combining transformations (composition):
Student was asked to predict the effect of two transformations performed

sequentially. Then he/she was asked to find a single equivalent transformation,

RESULTS

1. Identification task:

The students were least successful on this task. Out of the 14 attempts (one of the §
problems was not given to Joanna), 9 were eventually correct. Four of the correct responses
were arrivea at following multiple attempts, using either sheets of tracing paper or the
computer for trial and error.  The most difficult of the identification tasks was finding the
center point of a rotation. Out of six attempis, three were successful.

There were two interesting strategies used in the unsuccessful responses. Joanna, when
trying to find the center point of a rotation, tended to select the midpoint of an imaginary line
connecting the starting vertices of the two shapes, as illustrated in Figure 1, In choosing this
point, the subject seemed to be ignoring some of the constraints of the problem - her “center
point” would map the two vertices onto each other under a 180 rotation, but the rest of the
figures would not match. She ilso did not seem to see that the figures differed in heading by
90°, not 180°. She did not use wracing paper or any other methods to check her answer, and
when Tasked her, “Is there any way you can figure it out?,” she justified her answer by saving
"Well, because there's an equal distance between there [from the "center point” to each
vertex), so it could use this point and turn around that.” This response suggests that the
midpoint chosen by Joanna was visually sahent, but distracted her from seekiog the correct

center point [t also highhights the utihity of having concrete or other methods 1o cheek one's

ANsSwWer,




Figure 2: Joanna 's Incomrect Center of Rotaton

A second strategy used in the rotation tasks reflects what I believe 1s a naive conception
about transformations. Several students, including Lee, interpreted a rotation not as choosing
an arbitrary point and then turning the whole plane around it, but instead as a composite
motion which moves the shape 10 a specified point and then turns it around its starting vertex.
This misinterpretation of rotation is consistent with a conceptualization of transformations
which does not think of the plane as the object being transformed. Instead, it is the figure

which is being moved about or changed, with the grid being used to say how much or where.
Some students found imagining a rotation around a point not on or in the figure itself to be
difficult. This might be because of previous experiences with rotations, such as record
turntables, door handles or the hands of a clock, in which the center of rotation is always
within the bounds of the object. A "bridging activity” was used by the investigator to help
students who had this "local” conceptualization of rotation. The students were asked to think
of a string or stick between the figure and the center point of the rotation, and then to imagine
rotating the string plus figure through the specified angle. A more concrete version of the
activity was to have the student perform the rotation with tracing paper, first "pinning down"
the center point with a pencil. Both of these activities allowed the child 1o think of the figure
plus string, .or figure on paper, as one object, and thus were consistent with prior conceptions.

A possible modification of the microworld would address the more general issue of the
students' awareness of the plane as the object undergoing a transformation. The plane may
not be inferred or constructed as a conceptual object by the students because they see only the
“motion" of one shape, and so the idea of the plane as a span of infinite points or locations
may not occur to them. Adding another object to the screen, which is mapped under the same




transformation, should allow the student to realize that both figures, and any other set of
points, are part of a larger plane, and the transformation applies to all the points in that plane.
This modification will be tested when the microworld is used with the next group of children.

2. Execution task:

The students in the pilot group were much more successful at the execution task.
Sixteen out of the seventeen solutions were correct.  Strategies used included visual
estimation, paper folding, rotating and tracing, and use of rulers.

3. Finding inverses:

The investigator worked individually with the students for this task and for combining
transformations, and the specific problems varied from subject to subject. The students were
all successful at predicting the operations which would "undo” various transformations. One
interesting error occurred when Charles spontaneously tried to find the inverse of a slide. He
entered "Slide -120 -123" and then said "I'm seeing if I can get it back.” His first try was
"Slide -123 -120." That is, he reversed the order of the inputs. When this did not have the
desired effect, he thought a bit more and realized he would have to change the signs of his
original inputs ("I have 10 have it positive”). His first impulse is interesting, though, because
it suggests a kind of shallow "symbol-pushing” of the numbers, rather than a precise
understanding of how the Logo commands are used to represent motions of the plane.
Charles corrected himself by making use of the visual feedback from the microworld, and
other students were observed trying various inputs to commands and watching the results in
order to disambiguate their understandings of the operadons.

4. Combining transformations:

Again, the students were in general successful in performing such tasks as predicting the
outcome of 1two slides, and finding a single expression with the same effect. The most
difficult combination was two reflections in parallel axes. The outcome is a slide, and though
it is not expected that students will come up with an algebraic formula to find the displacement,
they can read it off the screen. Joanna and Lee used the screen information to do so. Charles
once again seemed to focus on modifying the Logo commands, at first adding the parameters
of the two reflects and then trying to take the average. After several tries, he noticed with a
little surprise that two reflects don't make a reflect, but instead a slide, and found the correct
parameters.




DISCUSSION

The preliminary results from the piloting highlighted a number of issues which will be
investigated further in the next phase of the rescarch. This phase will consist of expanded use
of the microworld with a larger number of students. The topic of transformation geometry
will be introduced to a 7th grade class at a local middle school, using paper folding and
tracing, the microworld, and class discussion. Five pairs of students, reflecting a range of
mathematical ability, will be selected 10 continue working with the microworld for about six
more sessions, which will be videotaped. In addition to the think-aloud protocol data, the
students will also be given paper-and-pencil measures, such as an adaptation of the
transformation geornetry section of Hart's mathematics tests (Hart, 1981).

The issues to be addressed in this phase include the students' understanding of
transformations as whole-plane operations, and as conceptual objects in themselves. That is,
it may be that students start out by seeing the transformations simply as ways to get the shape
to behave as they desire. The inverse-finding and composition tasks are intended to encourage
the students to consider the transformations as objects which can be combined, and to see that
certain combinations form systems with interesting properties. To further this aim, a new task
will involve selected sets of transformations which make up groups, for example, groups of
rotations around a single point, or the reflections and rotations of a square. The pairs of
students will be asked to explore these special sets of transformations, by answering such
questions as: How many ways can you transform a square so that it stays in the same place?
What happens when you perform two reflections in perpendicular axes? and so on. In using
the microworld to answer these questions, the students will be encouraged to look for
patterns, to generalize, to test hypotheses on different examples, and to document the results
of their explorations in written form .

A second new task will involve using the transformations to generate or match
symmetric patterns, such as wallpaper designs. This activity gives the students more scope to
usc the transformations for projects of their own choosing, and should provide information on
how they think of the transformations once they are beyond the initial learning phase.

The results presented here provide the first sketchy elements of a more complete leaming
path through the domain. The computer microworld gives the students an arena in which to
explore the transformations, starting with single operations and working towards a non-formal
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understanding of groups of transformations. It also provides the researcher with a modifiable
ol for probing the learner’s changing conceptualizations. The next phase of the research will
continue the iterative process of building a model of the learning and using this information to
improve the leaming environment.
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SOME COGNITIVE PREFERENCE STYLES IN STUDYING MATHEMATICS

Dr. HAMDY EL~FARAMAWY

Abstract

The present stady was sorted te explore the cogni-
srve styles roncerming the study of mathemat s, Cogna -
tive ~tvles were focused are Field-independence-sepend-
cocoand ampalsis ity retlectivity, ‘

Samples was chosen from College Students in Menou-
fia Unmiversity-Egvpt, they devided into tw groups
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Fesults indicated that high achievement students in
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cognitive stvle are linked by the concept ot periormance, <ince ahility
implies the measurement of capacities in terms of maximum porformance,
while rounitive stele implies the measurement of character:stie modes
of operation in terms of typical performance. buarther, teo e Pt
althonpt b Lot e e mnrpel nowhrbe copneteve oy Lpatbar
et b range Jrom onoe extreme Ly u(\pn\xl(‘ Ooxlramg

RN Moy rnsboagrc e Uhe trvest peators o bayor Lot
polar dimensions, and Messcichk C1970) Tints these domenao

with otbher o ooy SR ot e oT T, s b e

vee Faoedd dependona

Prowls ool categorasat non,

Coamceptual Ditterent ot o,

Comoartment 1yt oo,

Conceptyal artealar o
i complesit,,

mptesat

nversy

the v
drreaaaen oot . oot

them, Beweser game o e most o lear o st




- 273 -

"Field dependence vs. Field independence", and "Impulsivity vs. Reflect-
ivity", which the present study is concerning.

Furthermore, the researches indicated that cognitive styles has
a potentially important relationship with educational performance
generally, and a student's acadedic choice especially,

Statement of the problem:

1f cognitive style is the mode of organizing or categorizing the
environment, therefore, it must be manifest as a factor in school learn-
ing. Howev.r, there are acumulated researches related that field,
attention should be given to more systematic researches trying to investi-~
gate the cognitive styles influence in learning each of subject matter
in which lead to high achievement. Such researches enables us to esta-
blish map of cognitive styles represent a picture of the variety of
profiles the student uses in his education. Then we could translate
educational and psychological research on cognitive styles into prac-
tice. Accordingly, the teacher ables to consider the individual in
terms of this map, and he could match the student to appropriate task.
The present study however, trying to demonistrates cognitive styles
which should be used by students studying mathematics to achieve a high
level in that field,

Previous attempts:

There are a iot of researchs which examined the relationship bet-
ween academic achievement and cognitive style, Haskins and Mckinney
(1976) found concu. °nt relationships between the performance on match-
ing familiar figures test (MFFT) and IOWA achievement test scores in
elementary school children, but they did not explore information about
the predictive capacity of the MFF with respect to academic achievement,

Also, the differences in achievement between reflectivas snd impulsives-
children identitied as reflectives in grade 4 hsd significantly higher
achievement test scores in grade 5 and 6 those identified as impulsives
(Barrett, 1977),
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Moreover, there are a number of resedarchs examined 1tys relatron-
ship with different cognitive styles and other educational fields such
as, Tamir (1976) who examined the relationship hetween achievement in
binlogy and vognirive preference styles (Analvtical, Relatronal and

Inferential ..

I high schosd stadents with results that <how that lesvels of
cognitive stvle and achievement are related to rour independent varia-
bles, namely sex, schanl envircnment, the nature of the currtculnm and
the attitudes of teachere toward in inquiry-oricented curriculum, Ximy-
“larly, McNaught (1682) has studied the same cogritive styles of secon-
dary school che 'istry studenr and he established a4 significart ~nrre-
lation between these cegnitive styles and differential achievement in

particular tasks in an avhievement examination.

Recently, however, attention has been given tn matching between

teacher's (ogritive styles and student's achievemant.  For example,

Saracho and Dayton (19801 have examined this telationship for 2nd and

5th graders, 36 teachers and 132 children were administered the embedd-
ed Figures Test (EFT) to measure field-independence versus field-depen-
dence (ngnitive <tvio, Children and teachere o0k amitar o aprataye
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expectations of hiph student achievement but mov contribute ta medrum

achicevement and medium tendenc v,
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in cognitive styles tests and their achievement levels in mathematics,

as follows:

a) High achievement students are mare reflectyve than Jow achievement
students,
b) High achievement student, are field-independent than low achreve-

ment students in mathematics.

Procedures and results

Sample chosen in the preosent study are 200 ctadents omafe o

female) representing the fourth grade in the Coblege ob faln e on

Menoufia University, kgypt., Their mean age is 21,7 years.

According to mean achievement in mathemat ics of each =student in

his last year, two groups were cnosen as follows:

27% of the whole sample (n = 8 achieves higher level o mathe-

matics.

27%7 ot the whole sample (n = X501 achieved lower tovel ;o mathe-

matics.

abte 1) shows Yhe Yue aroups by mean of o evercn and 0 vy lue,

Table (1): Clas<ifvcation of groups by mean of v boevoment, «tandard

deveargen aad 0 value,
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EXPLORING CHILDREN'S PERCEPTION OF MATHEMATICS THROUGH
LETTERS AND PROBLEMS WRITTEN BY CHILDREN

Nerida F. Ellerton
Deakin University

Frequently, a direct questionnaire approach is used to explore the affective
domain. In this study, however, an indirect task was used to explore
children's perception of mathematics. A total of 94 Grade 6 children were
asked to write a letter to a friend (who had been ill) and explain what
mathematics had been covered while the friend was away from school.
Through their responses to this task, children revealed their perception of
the mathematics they had recently encountered at school. The results show
that the teaching style encountered by the children is reflected in their
letters. The lack of detail in many of the explanations is interpreted as
either a lack of understanding on the children's part or as closely linked
with the children's low self-esteem and interest in mathematics.

INTRODUCTION

Children's perception of mathematics is influenced by interaction with others - parents, peers
and teachers - in the home, the playground and the classroom.

Just as children are engaged in constructing mathematical meaning fromn the sets of experiences
and interactions that confront them (Bauersfeld, 1980; Labinowicz, 198S; Cobb, 1986), so
they are constructing and establishing mathematical perceptions in the affective domain. As
McLeod (1987a) pointed out, new approaches to research in the affective area are needed, and
he suggested that techniques used in constructivist research in the cognitive domain could be
applied in affective studies.

Increased emphasis on children's use of language in the mathematics classroom has paralleled
the recognition of constructivist approachr in mathematics education. For example, Geeslin
(1977) used writing about mathematics as a teaching technique, while Kennedy (198S)
introduced several forms of writing to his mathematics students, including writing letters about
what they were studying, keeping regular logs and devising mathematics problems about a
specific topic. Ellerton (1980, 1986a,b) and van den Brink (1985) have introduced creative
writing in mathematics by asking children to make up mathematics problems while Mett (1987)
has used journal writing, writing in class and project writing as learning devices in calculus.
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Children's expression of mathematical ideas through the creation of their own mathematics
problems demonstrates not only their understanding and level of concept development, but
also reflects their perception about the nature of mathematics (Ellerton, 1986b). In contrast, a
direct questionnaire approach tests responses to researchers' pre-formed notions about the
affective domain (McLeod, 1987a), and there is little, if any, opportunity for students to
express their own ideas about mathematics.

As individuals, we reveal our attitudes towards a particular area of human endeavour through
our facial expression, vur body language, what we say, what we write and what we do. These
actions reflect our thoughts and our feelings. Some tasks provide more useful mirrors for our
thoughts and feelings than others. Actions that are well rehearsed (involving an automatic
response, for example) will elicit less affective response than actions which stem from novel
tasks or situations that need interpretation before they can be translated into action. This is
consistent with Mandler's (1984) analysis of mind and emotion which interprets affective
responses as arising mainly from the interruption of plans or of planned actions.

Thus observing a student who has been asked to solve a page of symbolic problems will
provide limited affective data if this is the type of activity the student encounters every day.
However, by providing a task which i- more open-ended, and by allowing students to apply
their own interpretation and emphasis within the task, students reveal more of their perception
of mathematics and of their attitudes towards the subject.

WRITING LETTERS ABOUT RECENTLY STUDIED MATHEMATICS

In the study reported here, the following task was given 1o 94 children who were in their final
year of primary school (Grade 6) and who were all about 12 years old. The children were in
four classes in a school set in a low socio-economic suburb of the provincial city of Geelong.

Imagine that you have a friend who has been ill and has missed about 3 weeks of
school. Your friend has scnt a message to you, asking you to explain what the class
has been doing in mathematics so that he or she can do some extra work at home to
catch up.

Write a letter to your friend describing what mathematics you've been doing in class.
In the letter, don't forget to give examples of some of the mathzmatics questions that
your friend would need to be able to answer so that he or she could catch up. Make
sure you explain how to answer these questions.

Table | summarises the children's responses. Some children described only one mathematical
topic; others described several areas. Each topic or area listed by each child has been recorded
in the table. Thus the number of topics listed by the children will equal or exceed the number
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of children. Brief background details concerning the four mathematics classrooms u.ed in this
study are given in Table 2. Note that the teachers were not present at any time either while the
children were given the task or while they were working on it.

Table 1: Mathematics topics described by children in this study
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Table 2: Background details of mathematics classrooms
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Of the four teachers listed Ir E had intentionally tried to integrate mathematics across all areas
of G cuttivuum, When he saw the wnite-a-letter task, he telt uncertain about whether the
children would be able 1o identify mathematics from the contexts in which he had presented
different topics. Pie graphs., for example, had been introduced in geographic and expenditure
settings. Some children in this class initially responded to the write-a-letter task by telling me
‘We don't do maths’, to which I responded Just think about what maths you've done’

The most striking aspect of the Jata presented in Table 1 is the spread of mathematical
examples given by children in Mr E's class in contrast with the narrower focus of responses
by children in the other classes. This suggests that, not only were the children able to identify
as mathematics the topics presented in other areas of the curriculum, but they were broader in
their interpretation of the t1ask than their peers in the other three classes. They did not restrict
themselves to only one specialised aspect of mathematics. Most children in Mr E's class
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identified at least 2 topics, and only four children listed just one area. This contrasts strongly
with Mr U’s class in which each child described only one mathematical topic in the letter.

Except for two children, all those in Miss C's class described either long division, area or
percentages as one of their topics. One of the two exceptions described tables practice and this
could be interpreted as being associated with estimations and calculations for long division.
The other exception was a boy who listed 'addition sums' as the topic. His achievement on
other mathematical tasks was low, and may indicate a reluctance on his part to describe long
division, a topic in which he had little confidence.

Similarly, in Mr L's class, only three children did not include fractions as one of their topics.
The exceptions (2 boys and a girl) achieved very low success rates in simple mathematical
tasks, and found it difficult to express themselves in their letters. The girl, for example, wrote:
'We have had some maths but not much maths. We have been doing sheet nearly all the time'.
She continued by (cleverly) avoiding a description of the maths on the sheet by writing: T will
ask Mr L. if he could get some of these sheet and I will give them to you on Friday'. Both
boys gave multiplicaton examples. The letter Mark wrote is reproduced below.

Deas, Lonne

U bawe dowqy Wb of
%ﬁ\uq°cfﬁf
u(]\j (o(_)d Rom Morn bXb:bb Wq:gl

X = 1Y\ Iy
X8 Z (- \BX5=75

Again, one gets the impression that the children were being careful to keep their letters within
the limits dictated by their own skills.

Mr U. placed less emphasis on mathematics than the other teachers, spending about two hours
less per week on the subject than his colleagues. He had been revising different areas over the
weeks prior to the task described here, and the children's responses were consistent with this.
In general, the letters written by the children in Mr U’s class were very brief and contained less
descriptive detail and more symbolic notation than those written by children in the other three
classes. On the other hand, letters written by children in Mr E's class contained more

descriptive detail and less formal algorithmic process description than those composed by other
children. The letters written by Miss C's and Mr L's children concentrated on describing the
processes involved in the calculations.
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CHILDREN'S LETTERS REFLECT CLASSROOM EXPERIENCES

The children's responses have echoed their experiences in the mathematics classroom. Where
algorithmic detail has been emphasised, this is reflected in the children's responses (Miss C's
class), and where mathematics has been consistently presented as short episodes on one topic,
this, too, is mirrored (Mr U's class). In sharp contrast are the broader mathematical
experiences of children in Mr E's class in which mathematics could come into the discussion in
any subject area. The children’s letters mirror this; they are more general and cover a broad
topic range. Mr E's children have perceived mathematics to belong to more broadly defined
areas, with no single topic standing out in importance for attention in the letter, although
graphical representations (which had been encountered most recently) were referred-to by more
than half the children.

SOME EXAMPLES OF LETTERS WRITTEN BY THE CHILDREN
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From Miss C's class
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From Mr U's class X;ﬁ
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It Josn,
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A USEFUL TOOL FOR STUDYING CHILDREN'S PERCEPTION OF MATHEMATICS

Providing children with a situation in which they need to describe recently encountered
mathematics achieved the following:

1. Tt de-emphasised individual children and helped them to focus on someone other than
themselves. It was then not obvious to the children that their responses could reveal personal
attitudes and perceptions. (The question did not simply ask 'What mathematics have you been
doing recently?’)

2. The task forced several decisions such as: What is mathematics? What mathematics have
we done recently? Can I describe it? How should I describe it? What does my friend need to
know? What can | leave out? In Mandler's (1984) terms, the write-a-letter task is an
interruption which will arouse the individual's nervous system. This response will make itself
apparent as surprise, frustration, enjoyment or the like, and this, in turn, will be reflected in
the type of written response given by the children.

A brief letter with no detail may imply little enthusiasm for mathematics (or poor
understanding). for example. Several children used the opportunity to boost their self-esteem
by saying that these problems were casy, or, like Mark in the letter to Lonnie, ‘I think I can
them good’, Generally, the children controlled their own emotions sufficiently 1o keep them
implicit in their responses rather than explicit. However, an example is reproduced here in
which the child's emotions were stirred to the point of becoming dominant in the letter.

The letter to Ben is really a cry for help ’O L\ M K}-«

from a child who is finding mathematics n

very difficult. This task proved to be a e o Jﬁ%
powerful way of tapping his feelings ) ! }( M
about mathematics, and helps to

establish that this indircct method

provides a valuable way of gaining

decess to the affective domain,




-~ 287 -

REFERENCES

Bauersfeld, H. (1980). Hiddeu dimensions in the so-called reality of a mathematics
classroom.Educational Studies in Mathematics {1, 23-41,

Cobb, P. (1986). Making mathematics: Children's learning and constructivist tradition.
Harvard Educational Review 56(3), 301-306.

Ellerton, N.F. (1980). An extension of Piaget's theory of cognitive development. Research
Report, Victoria University of Wellington, N.Z.

Ellerton, N.F. (1986a). Children's made-up mathematics problems - a new perspective on
talented mathematicians. Educational Studies in Mathematics 17,261-271.

Ellerton, N.F. (1986b). Mathematics problems written by children. Research in Mathematics
Education in Australia (December ), 32-44.

Geeslin, W.E. (1977). Using writing about mathematics as a teaching technique. Arithmetic
Teacher 70, 112-115.

Kennedy, W. (1985). Writing letters to learn math. Learning (Feb.), 59-60.

Labinowicz, E. (1985). Learning From Children. Menlo Park (Cal.): Addison Wesley
Publishing Co.

McLeod, D.B. (1987a). A constructivist approach to research on attitude toward mathematics.
In J.C. Bergeron, N. Herscovics, C. Kieran (Eds.), Proceedings of the Eleventh
lrggrnggonal Conference for the Psychology of Mathematics Education, Montreal: Vol. 1,
133-139.

McLeod, D.B.(1987b). Beliefs, attitudes and emotions: Affective factors in mathematics
learning. In J.C. Bergeron, N. Herscovics, C. Kieran (Eds.), Proceedings of the
Eleventh International Conference for the Psychology of Mathematics Fducaticn,
Montreal: Vol. 1, 170-180.

Mandler, G. (1984). Mind and Body: Psychology of emotion and stress. New York: Norton.

Mett.sg.[.és(71987). Writing as a learning device in calculus. Mathematics Teacher 80(7),
534-537.

van den Brink, F.J. (1985). Discussion paper presented to the Working Group Principles of
Teaching Design at the Ninth International Conference. Psychology of Mathematics
Education, Noorwijkerhout, The Netherlands, July, 1985.




THE ATTITUDES AND PRACTICES OF STUDENT TEACHERS
OF PRIMARY SCHOOL MATHEMATICS

Paul Ernest
University of Exeter School of Educattion

A group of student primary school teachers were studied with
regard to : Knowledge of mathematics (subject specislism’
Attitude to mathematics, displayed Confidence and Liking of
pathematics teaching (during practice), and Approach to
msthematics teaching (open vs. closed). The Mathematics
specialists tended to have positive attitudes tc
nathematics, and to {ts teaching, but varied in their
approach to teaching mathematics: only 40% adopt a creative,
problem solving approach. The students with low levels o’
knowledge of mathematics are more varied in their responses.
It seems that attitudes to mathematics are less significant
for these students than attitudes to teaching mathematics,
which (latter) ccrrelate with teaching approach.

It is often ciaimed tha’ there is an important relationship tetween the
attitudes of teachers., especially tco mathematics, and effectiveness of
teaching (Bishop and Nickson 1963). The argument 1is that teacher
attitudes influence student attitudes, which have 8 powerful influence
cn learning Indeed a number of researchers have found a significant
correlation betweern teacher attitude and student achievement in
mathematics (Begle 1973, Bishop and Nickson 1382, Schofieid 1981:
Recesrch has shown that the picture is more complex tnan this
simple argument suvggests, for two reasons First of all, although many
researchers have confirmed the existence of a relationship, the
correlation between mathematical attitude and schievement {s wesk (Begle
1979 , Bell et al 1983). The second source of complexity is the multi-
dimensional nature of sttitude to mathematics. Recent attitude research

distinguishes & number of different components of attitude to

sathepatics as a whole, as well as to specific mathemstical topics

(Aiken 1976, Schofield and Start 1978, Kulm 1980, Bell et sl 1983). In
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sddition, there is also the teacher's attitude to the teaching of
mathematics. A priori there is every reason to believe that attitude to
teaching mathematics may be just as important a factor. On the basis
of these considerations a question arises: what 1is the relatienship
between attitudes to mathematics and attitudes to its teaching? In
addition to interest 1in the achievement outcomes of mathematics
teaching, the Nineteen Eighties has seen an increased concern with the
approach or style of mathematics teaching. Official bodies such as the
NCTM (1580) in the U.5.A. and the Cockcroft Committer (1982) in the U.K
have strongly recommended the adcption of & creative, problem-solving
aspproach to the mathematics teaching. This raises a second question: to
what extent are student teachers' attitudes related to their style of

teaching mathematics?
THE STUDY

This is a report of an investigation of & group of student primary
school teachers, with regard to their attitudes towards mathemstics, and
their manifested attitudes and practices in teaching mathematics. In
addressing the above questions, the study focusses on the variables:

1. knowledge of mathematics (on the basis of student course specialism’
2. attitude towards mathemstics <(a combination of their 1liking of the
subject and confidence in their mathematical sbiiity»

3. Liking and enthusiasm for the teaching of mathematics, and

4. Confidence in their ability to teach mathemaiics <(as demonstrated
during their first period cof practice teaching:

5. Teaching epproach in mathemstics <(creative and exploratcry versus
narrow and basic computation skills crientes)

The samrle consists of 30 students attending a EBachelor of Eduraticn

Degree course at an English university In additicn te their primary

teaching studies, each student specialises in an academic topic: [0

study Mathematics or Science as their main ascademic subject (henceforth,

the MAS students). 20 study French, History or English (the FHAE

stvdents). The sample consists of the 30 students whose supervising

tutors on teaching practice cooperated by completing & mathematics

teaching observation schedule.

Jilt,
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KNOWLEDGE OF MATHEMATICS

The MAS students all have a pass in Mathematics at GCE 'A' level,
indicating successful specialist study of mathematice from 16 to 18
years of age, anu 1in addition, they study mathematics in thelir
unde{graduate course. None of the FHAE stuaents (with one exception)
have a pass 1in Mathematics at GCE 'A' level, nor do they study
mathematics in their undergraduate course. All 30 of the students have
passed Mathematics at GLE 'O’ jevel (at age 16) and have taker. & Frimary

Mathematics Curriculum course as undergraduates.
ATTITUDE TO MATHEMATICS

Attitudes were measured by means of a questionnaire, adapted fron [utton
(1965), made up of statements concerning liking of and enthusiasm for
mathematics, and confidence in mathematics. The overall scere is taken
to give an undifierentiated measure of 'att!tude towards mathematics (as
s whole)'. Marks range from 15 to 7% and & score of 40- 50 is taken as
indicating & neutral attitude to mathematics. Scorec of over 50 (&() are
taken as indicating & positive (very positive, respectively) attitude to
mathematics.

The questionnaire was admirictered 4 times Jduring the l& months of
the course, and the overall pattern of attitudes remained more or less
constant over the four testings; there was no significant shift in
sttitudes to mathematics. The test-retest reliability of the last two
testings is 0.86. Responses to the questionnaire (fourth testing; are

shown in Table 1, below

TABLE 1 : Student Jeachers' Attitudes to Mathematics

STUDENT GROUP SIZE MEAN SCORE S.D. INTERPRETATION
OVERALL 30 48.2 10.8 NEUTRAL
FHAE 20 44.1 10.2 NEUTRA

MaS 10 56 6 &5 POSITIVL




1
considerable spresd in the attitude scores, particularly in the FHAE

As the large standard deviations in Table suggest, there is a

students. This is shown in Table 2, below

TABLE 2: The Distribution of Attitudes Lo Mathematics

ATTITUDE TO ALL (3O0) NUMBERS OF NUMBERS OF
MATHEMATICS STUDENTS MAS STUDENTS FHAE STUDENTS
VERY POSITIVE [ >60 ] 3 ow 3 30%) [CIER (e} 3]
POSITIVE [ >50 1 12 (40%) 6 (60%) 6 (30%)
NEUTRAL { 40 - 50 ) 7 €23W 1 (10%) 6 (30%)
NEGATIVE [ <40 ) 6 20% O 0% 6 (30%)
VERY NEGATIVE ( <30 ] 2 (7% 0 (0% 2 (10w

Table 2 shows that one half of the 30 students have & positive attitude
to mathematics, and that one quarter cof the students have & negative
attitude to mathematics. In terms of subject groupings: almost all of
the M&S students (90%) have a positive attitude to mathematics, and none
negative. The picture is quite different for the FH&E students, only 30%
of the students have a positive attitude to mathematics, leaving 70%
without a positive attitude to mathematics (a subject they will be
required to teach to children). Fully 40% aof these studerts have a

negative attitude to mathematics
OHSERVATIONS OF THE STUDENTS' TEACHING

During the first teaching practice 8ll ot the student teachers taught
mathematice for & clgnificant proportion of their time (a mean of 3.5
hours out of 15 hours per week: 23% ). Supervising tutors completed a
questionnaire on the students’ teaching of Msthematlcs, focussing on a
numter of factors, including the student teachers’

1. Confldence in teaching mathematics

2 Liking and enthusiesm for the teaching of mathematics (this includec

30&




- 202 =

professed liking, as well as enthusiasm displayed during the tesching of
mathematics)

3. Teaching approach in mathematics: creative and exploratory versus
narrow and basic computation skills oriented, as evidenced by the use of
problem solving and investigation tasks, the use and encouragement of
exploratory discussion of mathematical ideas, the degree of
concentration on basic computational skills and the teaching that there
is 8 single correct method for each mathematical task.

A summary of the observational data 1{s giver in Table 3, below.

TABLE 3: Observatjonal Dats_on Students®' Teaching of Mathematics
ALL MAS FHAE
STUDENTS STUDENTS STUDENTS

CONFIDENCE IN TEALRING MATHS

Contident in Maths Teaching 20 (67%) 9 (80%: 11 (55%
Lacking in Confidence 10 (33% 1 (10% 9 45%

Like of Maths Teaching 21 (0% BB 13 ehBYy:
Neutra: o (% [ g otith
Diglike ¢f Maths Tea:thing TONEd Sota RN

APPE ORI N OGN TRA HING MATH,

Lreatyve & Farloratoey [P 4 47 4 Y
intermeiate (n Ajpr a0 1F L Faen oo R LA
Narrow & Lomputation ur.enteg 6 2% 3 0% ERN )
Tatiw Chow At rwe thgrde ot oacl of  the gtydent teacher= are

confident at.our their tea hing of mathematics, and this jncluges nearly
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all of the M&S students (90%), but only just over one half of the other
students (55%) Almost one half of the non Mathematics and Sclence
specialists (45%) lack confidence in their ability to teach mathematics,
an activity which is likely to occupy & large part of their professional
life.

Again, about two thirds of ail of the ctudents (70% 1like, or
display enthusjasm whiist teaching mathematics, and this includes most
of the M3S students (80%) and about two thirds of the other students
(65%). Abcut one quarter of all of the students dislike the teaching of
mathematics, and do not dizplay enthusiasm while teaching it, whatever
their subject spectalism (20% of MLS students and 25% of FH&E stuc:a:nts),

With regard to their testhing approach in mathematics, about one
quarter (27%) of the <stizents employ & creative ani exploratory
approsch, one fifth «l% employ a narrow, basic computational skills
oriented approach, and cne haslf are intermadiaste in approsch (53%). The
proportions of student teacherc employing the spproaches varies with
specialism. Most (65% of the FH&E students employ an intermediate
approscn, while most cf the MyS students employ one of the more extreme
(that 1is, more strongly chara:zterised® approaches to the teaching of

mathematics, namely 70% (M&3' ae opposed to 3%% (FH&E:.
THE RELATIONSHIPS BETWEEN THE VARIABLES

Considering the stutert= with high levelis cf knowledge of mathemstics
tthe MiZ studentsi: they tend to have poeitive attitude: to mathematics,
tend to ke confident with reguro to tneir ability to tesath mathematics,
and tend to like an3 drcplay  euthusimsm during the teaching of
mathematics. Hoiwevor, trece grtudents do not tenc to adep! a creative,
expicratory Aapproath ‘o the teathing of mathematics, cnly a sizable
minority (4l of  the~r do Anather tzabie minority i adopt A
narrow, basic  computAation skilje wprosath to the  teaching  of
mathematics. This second grouping does not consist of those M&S students
with less positive attitudes, lower levels of confitence in, or liking
of teachirg mathematice. On the cnntrary, the students with the most
positive attitude to mathematics ana the student with the hignest level

of confidence in teaching mathematics belong to this group. Thus it
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appears that for some students, the teaching approach adopted is

unrelated to the other variables considered.

A conjectured explanation for this involves the students’
conceptions of the nature of mathematics. MAS students are likely to
view mathematics more as a precise, structured body of truths and
methods, or as a more dynamic, creative problem solving activity. Either
way, the students can have positive attitudes and a 1iking and
confidence in their teaching of mathematics. What is likely tc vary s
their teaching approach; students with the former view may tend to
approach school mathematics as a rather narrow, computational oriented
activity. The latter view may lead to a creative, exploratory approach
to the teaching of mathematice (Lerman 1983, Thompson 1984, Ernest
1887). This conjecture acceounts for the varyirg teaching approaches of
the MAS students. Needless to smy, it remains speculation and requires
further empirical investigation (currently in progress).

Concerning students with low levels of knowledge of mathematics
tnamely the FH&E students): there are no correlations between any two of
confidunce in teaching mathematics, liking of teaching, and attitude to
mathematics. This s perhaps surprising, and is contrary to the
experimenter's expectations. With regard to teaching approach, there is
s correlation with liking of teaching mathematics ( for FH&E students
only): & creative, exploratory approach to the tesching of mathematics
is correlated to some extent with the students' liking and displayed
enthusiash in the teaching of mathematics. However this correlaticen s
not statistically significent (Pearson's product moment coefficient
takes the value 0.32, which 1is not significant at the 5% level, using
the F-test?

It seems that the FH&F students are atle tc separate attitude to
mathematics, and attitude to its teaching, and that other factors than
these have more influence on confidence {n teaching mathematics. It can
be :onjectured that 1iking anc enthusiasm for teaching and teaching
approach are buth influenced by the students' conceptions of the nature
of mathematics. A narrow, {nstrumental view of mathematics as a set of
facts and skills is likely to lead to a basic skills oriented approsch
to tesching mathematics, and an attitude to teaching mathematics as an

« interesting chore. A more crestive view of mathematics is more likely
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to lead to a creative, exploratory approach to teaching, and enthusiasm
and liking for the teaching of mathematics.

What this study suggests is that attitude to mathematics may be
less important than many previous authors have assumed. Mathematics
specialists do have & positive attitude to mathematics, but their
knowledge of mathematics 1s likely to lie behind this, and may be the
wore important factor. For teachers with lower levels of mathematical
knowledge attitudes to the teaching of mathematics may be the more
important attitudes., as it {s these that are associated with & more
creative, problem solving approach to mathematics, in the present study.
It has also oeen conjectured that the students' philosophy of

mathematics may be an important underlying factor.
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CONTEXTS AND PERFORMANCE IN NUMERICAL ACTIVITY AMONG ADULTS

Jeffrey T. Evans
Middlesex Polytechnic, Enfield, U.K.

This is an ongoing report from a study of the ways
in wnich the performance of adults in numerical

activity may be related to the context. In
scanning the literature to see how the concept of
“context”, and its relationship to performance,

are discussed, I find that a variety of aspects of
context are focussed on, yet the way context is
specified in empirical work is often somewhat
flimsy. Further, many studies which purport to
view context as important still report results in
a way that suggests that it is something drafted
on to a “"generic” skill, or neatly separable from
an abstractly-conceived task .

This paper is about my attempts to apply an
alternative analysis to interviews with adults
about a range of numerical problems.

THEORETICAL FRAMEWORK

A literature review of the idea of ‘context” suggested the
following aspects were important for mathematical activity:
material resources e.g. computational technology; ¢goals,
beliefs, values; language and ‘'codes”; basis in a social
group, social relations; emotional charde (e.g. Maier, 1880;
d’'Ambrosio, 198%5; Cobb, 1986, Carraher and Schliemann, in
press).

Yet most research which purports to study different contexts
allows only a fairly “one-dimensional” variation. Thus, for
example, the U.K. Assessment of Performance Unit (A.P.U.),
initially took different "contexts” in the written tests to
mean different backgrounds for word problems; e g., whether a
question on ratio was about scorind in a game, or about
sharpening numbers of pencils (Foxmgn et al., 1983, pp.151ff.),

d1y
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However, the APUJ, first in the one-to-one practical tests, and
from 1987 in group practical tests, has extended its work into
other aspects of context mentioned above : language (both
written and spoken answers); the material resources
(specifying the calculators, etc. available), and social
interaction (in the group practical interviews).

Also, ethnodraphers have aimed to describe in detail the
numerate strategies used in work and everyday life (e.g. Lave
1985, Carraher and Schliemann, in press). These studies
document the digstinctive character of "folk maths”
stratedies, and their effectiveness, in context. However,
their use gutside their normal contexts is problematical
thus, for example, the Brazilian street vendors who
successfully perform many relevant calculations daily in their
heads find ‘“"similar” ralculations, using pencil and paper,
outside the market context, much more difficult, and make many
more errors.

In releting performance and context, the fundamental problen
is that of deciding whether completing the two types of sum,
which would eppear the same to a mathematics educator, are
“the same task in different contexts"”, or ‘different tasks”.
Of course, in order to make comparisons between performance
levels in school and ‘“practical” contexts, as several
researchers have done, you must presuppose that the answer to
the above dilemma is "the same task in different contexts"

On the other hand, some researchers have challenged this
position (e.g. Lave et al., 1984; Walkerdine, 1988). They have
insisted that mathematical activity and context cannot be
neatly separated : they are mutually influencing, and both are
shaped and made meaningful by the larger activity or
practice(s) of the subject. The latter are themselves shaped
and made meaningful by language. Most practices have some
numerate aspects and include procedures for making
calculations, measurements, etc.

Practices make available certain “positions” (of powsr) to
people; thus, for example, formal education makes available
positions as "teacher” and "pupi!”. Positions may be different
for different social groups - or cultures; thus "going cut for
dinner” may have a different meaning for men and women.
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For

a person in a given situation, a particular practice (or
occasionally, more tharn one) is "called up” as relevant for
makind sense of 1it; this conditions their conception of the
"task”, what “skills" they deploy, and the "emotions”

experienced.

These ideas led to two research questions for the interviews
discussed below :

Question (1) Which practices are called up by the problems
posed in the interview ?

Question (2) What are the differences in performance between
practical maths and school maths in interview ?

In response, my provisional conjectures were

(1) There are two main practices with related positions,
available in this situation, viz.

(T) Collede maths, with positions : teacher/student; and

(R) social resear~h with positions : researcher/respondent.
Here, (T) may tend to be called up far more frequently than
(R)

(2) To the extent that (R), rather than (T), is called up,
students will have more access to "skills” etc. from practices
other than school maths. They will experience fewer negative
"emotions”, and will "perform” better.

METHODOLOGY

The setting was a U. K, Polytechnic with a relatively high
proportion of ‘'mature’ students (over 21 years of agde,
returning to study after some years of work or child-care).

A number (n=25) of interviews were conducted in 1965 and 1886
with Social Science Jdegree students at the end of their 1lst
vyear ( which includes a maths/stats. c¢nurse). They were
prosented with a number of “practical” problems - . g reading
graphs, deciding how much (if at all) they would tip after a
meal, deciding which bottle of tomato sauce ihey would buy -
and were asked three questions for each

(1) which of their current activities it reminded them of;
(ii) how they were thinking about the question , and their
answer; and :3 ! :)
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(iii) what ¢the problem reminded them of in their early

experiences with numbers.

In order to ascertain which practice was called up, 1 drew

on various indicators (Walkerdine, 1988, Ch. 3)

(A) the explicit discursive features of the task/situation

*x e.g. how the task was introduced, in the interview ‘“script”
as "maths”, "test”, “"research”, "views", etc.

(B) “"unscripted” aspects of the researcher’s performance

* e.g. different verbal or vcecal signs for "correct” and

"incorrect”’ answers,;

{C) respunses and comments given by the student during the

interview :

* the language used in answering the problems;

* especially the response to question (i) above;

(D) reflexive accounts

*e.g. the ways in which I had been in the position of "maths

teacher” to each student.

The indicators of "performance’, its "level" and quality, were

* what the subject said while thinking about the problem;
* how it was said;, and
*x the apparent "correctness” of the response.

RESULTS

Some findings have already been reported, especially about
gender differences in affective response / maths anxiety
(Evans, 1987). Here, several ‘“episodes” from one interview
will be presented, to show how this methodology can be applied
to the interview transcripts, and to illustrate the results.
These relate to interview no. 10 - male, middle class (by own
occupation) / working class (by parents’), aged in his
forties. He had worked in the money markets in London’s
financial area before joining the course, to qualify in Social
Work or Town Planning.

1. As with all students, a number of practices with numerate
aspects were called up at different points of the interview,;

or exampie 31()
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- providing for a household, by considering whether to
install a water meter (in response tn a pie-chart showing
water use by various sectors of the economy);

~ schoo! maths and collede maths ;

- several work practices (see below).

What was rather less typircal was his ability to think across
soveral practices in the same episode. For example, in
response tn a graph showing how the price of gold varied in
one day’s trading in London. students were asked @ "Which part
of the graph shows where the price was rising fastest? What

waus the lowest, price that day?”

JE ¢ Dees that remnind you of anything that you do these
days. or you’'ve done recently?

5 Er, some of the work we done in Phase One <the first
tw terms of the College coursed, but, 1f you ask me
straignt out of my head, what it reminds me of - I
worked onrce with a credit company and we had charts on
the wall, trying tc¢ galvanise each of us to do better
than the other (JE: uh huh), and these soddin’ things
were always there and we seemed to be slaves to the
charts. .. < 68 lines of ucranseript>...That’s what that
reminds of - a bad feeling in a way - [ felt that a
human being was beiug Judged by that, hit of

paper. ... <pp. 3.4 nt the transeript>

tlere we notice that the student, 1s reminded both of his course
“Colleuter mathy” - and of his earlier practice of manapging a
sl teean,
o ctadents, negative affect is part of school maths
or Colls = v ang. For several subjeects, including this one in
cpioavke, bad feeling 15 assoclated with “work maths”
it episode,  the student begins by mentioning

‘oYlege waths, then seems to link work maths with it

Ju . Does it remind you of Phase One?
o Youhh  ,  well, we done some of the aquestions like
this, and ,er, the RUN ovar the RISE and that Kkind of

thing...<% sec.>...trends, I suppose if yuu were gudging
a Lrend ...<2 lines of transcript>...l like the fact (
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can do & chart now (JE : uh huh), but even to do a chart
like that now , I couldn’t sit down and do it straight

away...<3 lines>...With maths

basic things all the time....<pp.10-11>
Here he uses the language of College maths, describing the
gradient as "run” over 'rise” . He then seems to call up work

practices at the same time, given that the terms ’trend’
(rather than ’gradient’) and ‘chart’ (rather than ’'graph’)
were not used in the teaching in Phase One.

4. We now need to consider whether this apparent ability ¢to
transfer elements from one practice to another will help in

performance. In this second episode,
gradient as “"run” (XZ-X1) over "'rise’

the inverse! At this stage it is difficult tc know whether
this is due to a memory slip, or tc a more basic
misconception. In the next episode, he is asked specific

questions about the draph

JE . Right , okay, may 1 ask you which part of the graph
shows where the price was rising fastest?

S : If I was tc make an instant

one, but nbviously want to make it on a count of the

line, wouldn’t I? <JE : You’d?.

Uh huh> as it goes up...<25 sec.>... eleven over six
and ten «ver six, so that one’s right - in the first
one. ..

JE ...< 2 lines>»... And , um what was the lowest price
that day?
5 : This one here - five hundred and eighty ...<1 line>

..went higher at the close, for some reason. . <p.12>

Here we note that, when he is asked to compare the gradient of
two lines, he makes a perfectly accurate “instant decision”,

presumably drawing on his work expe
impelled tou count a line’, which I t
the gradient by counting squares on

maths. There he gets the correct answer - confirmed presumably
by his earlier work practice decigion - though his
calculations are approximate, as ig

..> 1'd count a line <JE

1 have to go back to the

he heas described the
(Y2-Y1) - whereas it is

decision, 1'd say that

rience. However, he feels
ake to mean : calculate
the graph. as in college

his reading of the lowest

318
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price. At the end of the last episode, he is back in the
“"morey market" practice, as shown by his speculating about the
graph’s doing “higher at the close, for some reason...™” Here
it appears that the successful transfer from work practices to
collegde has supported his performance in the latter.

PROVISIONAL CONCLUSIONS

Analysis of the remaining interview transcripts 1is underway,
aimed at critically assessing these developing ideas

1 We can make a reasonable judgement about what activity /
practice a respondent has called up, by using the indicators
discussed above. These practices are pervasive in shaping or
"constructing” task and context.

2. What practice has been called up will relate not only to
the "correctness” of performance, but also to the landuage and
reasoning used with the problem.

3. More confused , less “correct” performance may be observed
when school / college maths is called up, not only because of
memory failure, “"misconceptions” etc., but alsc bacause of
differences in familiarity, and the emotional charge that is
part of a practice. Put another way, familiarity is affective,
as well as cognitive. (cf. Evans, 1887).

4. Other practices , and their numerate aspects,are not always
positively chargded affectively. Therefore, the learning of
school maths is not necessarily helped by drawing on practical
maths examples (see also Adda, 1886).

%. Nor 1s the "transfer” of "skills" or concepts from school
maths to practical maths - or from non-school practices to
school or rcollede maths - at all straighforward, because of
differences in language, resources, social relations and
emotional associations between different practices. (For
further specifics, see Walkerdine, 1888, Ch. 4).
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PRE-SERVICE TBEACHERS CONCEPTIONS OF THE RELATIONSH
BETWEEN FUNCTIONS AND EQUATIONS

Ruhama Even
Michigan State University

ABSTRACT

Knowledge and understanding of the relationships between functions and
equations as perceived by prospective secondary mathematics teachers (N=152) in
the last phase of their professional education was investigated. They were asked
to write a definition of a function, to indicate how functions and equations are
related to each other, and to find the number of solutions to a quadratic equation,
given a positive value and a negative value of the quadratic expression. The
findings suggest that these students hold a limited view of functions as equations
only, they do not have a way of making sense of the modern definition and lack
the ability to relate solutions of equations (algebraic representation) to values of a
corresponding function (in graphic representation).

Teachers' subject-matter content knowledge and pedagogical content knowledge
influence, of course, their teaching and therefore their students’ learning. Teachers get their
professional education from both subject-matter and education courses. But we do not
know enough about the knowledge they have and how they use it. This study concentrates
on prospective secondary mathematics teachers’ knowledge and understanding of one of the
most important concepts in mathematics - the concept of FUNCTION.

The relationships between functions and equations are part of the concept of function:
here we will report on this aspect of the prospective teachers' knowledge

BACKGROUND OF THE STUDY

We will deal with two factors of the relationships betwecn functions and equation:
Or » has to do with the role of equations in the concept definition and concept image of
functions. The other has to do with the relauonships between values of a function a d
solutions to an equation.

a) The role of equations in the definition and image of functions.
The definition of functions has changed during the last two centuries. While an 18th
century function was an analytic expression, representing the relation between variables,
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with its graph having no comers (referred to as Euler's definition), in the 20th century
function came to be a subset of the Cartesian product of two sets in which each member of
the domain is paired with exactly one element of the range, or a less formal definition: A
correspondence between two sets that assigns to each clement from the first set exactly one
element from the second set (Dirichlet-Bourbaki). 200 years ago functions were equatinns
that described the relation between two variables using algebraic expressions. Today's
definition of functions is not so limited. Functions do not have to be graphable, to be
representable by equations, and their domain and range may be sets of objects other than
numbers. Malik (1980) claims that the necessity of teaching the modern definition of
function at school level is not at all obvious. He says that Fuler's definition from the 18th
century covers all the functions used or required in a calculus course, and up to this stage
one never confronts a situation where one has to use the modemn definition of function.
Malik concludes that since only a particular form of functions is used, the student
unconsciously accepts this particular form as the definition. Other studies also show that
while students are being taught the modern definition of function, the old one serves as the
concept image for these students (Marnyanskii, 1965; Markovitz et al, 1986; Vinner and
Dreyfus, in press). Secondary teachers are expected to teach functions according to the
moxlern definition which is used in current texts. What is the concept image of functions for

them? Is it the earlier one or is it the modermn one? What will they teach their students and
why?

b) Values of functions as solutions to equations,

Conceptual knowledge is knowledge that is rich in relationships (Hiebert and Leievre,
1986). Sometimes it is easier to solve an equation by looking at the corresponding function
(if it exists) and relating she solutions to the graphical representation. For example, the
solutions of anx™+ .. +a,x + a, =0 are the x-intercepts of the graph of the function
f(x) =anxM+ ... a, x + a. Flexibility in moving from one representation to another allows
one to see rich relationships and to develop a better conceptual understanding. So, when
given a familiar algebraic expression in a problem situation it is desirable for students to be
able to mike connections between the expression and its corresponding function's graphical
representation. How flexible is the teachers’ understanding of function?

METHOD

The subjects of this study are prospective secondary mathematics teachers in the last
phase of their professional education, they are finishing or have already finished their
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mathematics methods class. Almost all of them are seniors, a few are juniors or post
baccalaurete students. This group was selected so that the description of their knowledge
will reflect the knowledge teachers have gained during their college education, but before
they start real teaching in the field. The subjects come from eight mid-western universities
in the U.S.A. who agree to participate in the study.

Data is being gathered in two phases. At the first phase, an open-ended questionnaire
is being administratered to the subjects. Information gathered from a written questionnaire
is sufficient for a general description of some facets of the teachers' knowledge, but is
limited and sometimes hard to interpret. In order 10 overcome these difficulties the second
phase includes interviews with about 10% of the subjects. By probing, asking subjects to
explain what they did and why, asking for their reactions as teachers to students'
misconceptions and asking questions which are related to the questionnaire but require more
general, longer or more thoughtful responses, a more accurate and detailed picture of the

subjects' subject-matter content knowledge and pedagogical content knowledge may be
developed.

RESULTS

The report here is based on the first phase which has already completed. 152 subjects
have answered the questionnaires.

a) The role of equations in the definition and image of functions,

When asked the following question: Give a definltion of a function , 33 subjects (out
of 146 who answered this question) defined function as an equation, an algebraic
expression or a formula.

_.. "A function is an equation with a one-to-one correspondence between the variables”.
— "An equation which satisfies the following requirements..."
"A function is a numerical expression that ..."

A strict categorization was employed to subjects’' responses. Unless the words
"equation”, "algebraic (numerical) expression”, or "formula” were mentioned, responses
were not included.

When asked the question: How are functions and equarions related to each other? , an
additional 26 subjects said that functions are equations or that rules for functions are
equations (without any additional remarks that some functions may not be representshle by




equations).
"All functions can be written as equations, but not all equations are functions"
"They're the same thing."

. "Afunction is really an equation."

47% (59 out of the 126 subjects who answered both questions) relate functions only to
equations in at least one of their answers.

Table 1 categorizes the responses to the two questions with regard to the relationship
between functions and equations,

Table | - Categorization and distribution of responses to relationship between
functions and equations in the two questions.

Relationship between Defined function as an equation®

functions and equations® ]
No

l
Yes No  answer |Total N

7

26
26
2

Functions are equations 1
Equations are functions
Some functions are equations

2 39
8
1
Some equations are functions 3
9
3
6

35

8
21
46
21
T 170(6)

Other
L No answer

3

[
[
i
[
i
|
i
1
‘

(a) As an equation, an algebraic (numerical) expression or a formula.

(b) We didn't distinguish between responses that considered equations to be functions or
only rules of functions, etc.

(¢) The total is greater than the number of subjects since some subjects belong to more
than one category, i.e., 6 subjects claimed that functions and equations are the same
thing, and were put in the first two categories of the question about the relationships
between functions and equations.

35 subjects responded that equations are functions. At the same time about half of
them included in their definition of function the requirement of having one and only one
image for each element in the domain. These two contradict each other. Not only that, but

4 ) A
foty
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as an answer to another question, a significant number of subjects gave "circle" or "elipse”
as examples of graphs of functions.

b) Values of functions as solutions to equations.

When asked the following question: If you substitute I for x in ax? +bx+¢ {a, band
¢ are real numbers), you get a positive number. Substitusing 6 gives a negative number.
How many real solutions does the equation ax® + bx + ¢ = 0 have? Explain. 45 subjectr
(out of 127 who answered this question) gave the correct numerical answer: 2. But only
18 subjects (14%!) got this answer by referring to the graph of a quadratic function and
using the Intermediate Value Theorem:

"Two. The graph is a parabola bv its very naiure. If it is positive and crosses the

X-axis, 1t must cross it again.”

"2. This is a parabola. the graph will be either U or " depending on if ais + or—. If

x = |, then y is above the x-axis. If x = 6, y is below the x-axis. I therefore must

cross the x-axis, The parabola is symmetric, so there will be 2 x-axis intercepts.”

8

4
I e

\ b | x
/!
About the same number of subjects (19) claimed that the number of real solutions is
two since a polynomial of degree 2 has two real solutions’

"2 real solutions because it has an order of 2.
"2 because it is of degree 2"

A large group of subjects (201 just "played” with inequalities without reaching any
conclusion.
"a+rb+ce>0 3a+bb+csh”

‘a+b+c>0 a+6b+ccl x=:bi !E?E_;g
S— 2a
Jhe solution is real when \];7 4acisreal”

"atb4+cn) a4+ bh1ccl a+b4ec>8a+6h4g
0> 35b + Sa
-35a > 5b
-Ja>b
a<-1/1b"

Another group considered a. b, ¢ to be variables and reached the condlusion that there
are an infinite number of solutions

30
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"Since x = | we have the equation a + b + ¢ = 0. There are infinitely many real
numbers which satisfy this equation”,

"a+b+c)>0 (WBa+6b+c)<D ac<h

(=) many - dependent on changes in band ¢

"“a+b+c>0 36a+6b+c<0. Infinite, because if b=c = 1then 4 aninfinite

number values for a that work".

Table 2 shows the distribution of numerical answers and methods of solution used by
those who answered the question.

Notice that 8 subjects did use the intermediate value theorem but did not consider the
special given function and therefore found only one real solution,
" _P‘l real solutions - because it will cross the x-axis in one place.”

Table 2 - Distribution of the numerical answers and the methods used to find the number
of real xolutions.

Methaod of solution # of solutions
1 2 oo other no answer wtal N
intermediate
value & graph 8 18 - -- 2 28
inequalities
or equalities 1 3 4 2 20 30
2nd degree
polynomial 1 19 — — 4 24
a, b, ¢ are
variables ] ! 9
other 2 12 1 f n
no
explanation 2 3 7 | 13
ol N 14 45 3 5 2 127
| P — - - - — — - - - —— it - - —— e e —

[
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DISCUSSION

In general more than 20% of the prospective secondary math teachers defined functions
as equations. Up to 50% of the subjects showed signs of having equations as the concept
image of functions. Even if, as some might claim, this is not important for the functions
he/she meets while teaching secondary school, the teacher is expected to teach the modem set
definition of function. This might be problematic if it is meaningless to the teacher. It also
may contribute to the discrepancy between concept definition and concept image of functions
in the next generations of his/her students.

The meaningless of the modem definition to the subjects is also represented by the
number of prospective teach:rs who emphasized the requirement of having one and only one
image tor each element in the domain but ignored this idea while dealing with functions
elsewhere. This might be an explanation for the statement "Equations are functions”.
Another explanation might be that they ignored some equations when making that stateri.cnt,
In this case it seems that they lack a rich and flexible understanding which would aliow them
to see a global picture.

A lack of rich relationships, which characterize conceptual knowledge, seems to prevent
24bx+c=0, to a graphical
representation of the function f(x) = axZ + bx +c. 80% of the subjects did not make the
connection. Eisenberg and Dreyfus (1986) report similar findings when in a course which
stressed the graphical method of solving inequalities, only 5% of the college students opted
for the graphical solution on the exam. Another interesting finding shows that more than 1/4
of the prospective teachers gave answers which don't make sense at all, such as oo and even
3,4 or 5 as the number of solutions of a quadratic equation. ls it because their knowledge is
constructed in bits and pieces without connections?

the prospective teachers from relating the given equation: ax

The discussion here is based only on partial results from the questionnaire. These
results point to some directions which will be further investigated through interviews. More
complete findings will be reported at the meeting.
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AN EXPERIMENTAL STUDY OF SOLVING PROBLEMS
IN ADDITION AND SUBTRACTION BY FIRST-GRADERS

CAQ FEITU AND CAI SHANGHE

CURRICULUM AND TEACHING MATERIALS
RESEARCH IRSTITUTE, CHINA

ABTCTRACT. The experiment held in 3 classes of 2 primary
xhools stressed the study of the range of the problems in
addition and subtraction that should be solved by first-graders,
the structure of the relevant teaching materials and the
methods of teaching for the development of children’s
problem-solving and thinking abilities. The results of the
experiment indicated that first-graders are able to learn to
solve general problems in addition and subtraction if the
teaching materials are well-organized according to the inner
link of the problems and the teaching stages are appropriately
divided according to the characteristics of children's cognition,
and the selection of appropriate teaching methods, especially
the emphasis on manipulation, the guidance for the children
in analysing the information given in the problems an their
relations and training them to express their thinking in
language greatly promote the development of their
problem-solving and thinking abilities.

| Background and Purpose

Thete are certain difficulties in teaching low-graders to solve problems

1n addition and subtraction both at home and abroad Many children don't

get good results in their studies. There are quite & few causes, among which

are the probiems both in the teaching materiais and methods. Studies and
l') N

; .
[y J

4
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experiments on how to teach low-graders to solve problems in addition and
subtracton have been carried out both in China and in other countries for
the past few years. And there exist different views. For instance concerning
the range and the types of problems in addition and subtraction , some
people in China censider it is enough to divide the problems into 2 groups:
problems concerning the relation between the sum total and the partial
number and problems comparing the difference between 2 numbers. M.
Moro of the U.S.SR. thinks the following three types necessary : problems
showing the meaning f addition and subtraction , problems comparing the
difference between 2 numbers and problems telling the relation between
the known number and the result in addition or subtraction. M. Riley and
others of the U.S. hold that problems in addition and subtraction should be
divided into the following categories: changing, equalizing , combining and
comparing. As to their arrangements, some favour the separate teaching in
the first two grades, while others (including M Moro) maintain the teaching
1n separate groups in the first grade. As to the teaching methods, some
researchers in our country prefer to teach the children the types of
problems and their names as well as the formula showing the numerical
relation for each type of problems. But there are quite a few who don't
agree to such kind of teaching.

For this purpose, the present experiment lay more stress on the study of
the follwing questions.

{1) How should the range of the problems in addition and subtraction be
decided? Generally speaking, can the first-graders learn to solve these
problems?

(2) How can the problems in addition and subtraction be arrranged
according to the psychological characteristics of the first-graders so that
they will be easy to learn ?

(3) How should children be taught to solve the problems in addition and
subtraction and helped to develop their thinking ability?

I1 Process of the Experiment and Improvements

The following improvements in the teaching of problems in addition and
subtraction have been worked out in our experiment:

1. The problems appeared in the experiment are identical to those
appeared in the math teaching materials for low graders with the increese
of problems for finding out the subtrahend. And one-step prodblems in
addition and subtraction should be finished learning in Grade 1.

2 The problems are arranged in the following stages:
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(1) Solving problems shown in pictures at the beginning of Grade 1.
Gradually one of the informations given in a problem is shown in figure
instead of clearly drawn out.

(2) Solving problems with both pictures and characters.

(3) Solving word problems, which are divided into three groups,
proceeding from the easy to the difficult.

(4) Doing exercises in problems for supplying missing questions or
missing data and making-up problems after the learning of each type of
problems.

3. The methods for teaching problems in addition and subtraction are
improved.

(1) The manipulation with objects by children themselves and
demonstration by teachers are strengthened.

(2)The structure of the problems and anatysis of numerical relations are
stressed.

(3)The ways of soiving the problems are closely linked with the meaning
of addition and subtraction.

(4)Pay more attention to the guidance and inspiration for children to
think.

(5)Give more exercises in comparison and variation.

Our experiment was first held in 3 classes of 2 urban primary schools.
The teaching materials were compiled by ourseives. And we prepared the
lessons with the teachers taking part in the experiment before each class .
Wo listened to most of the lessons, took notes and looked over the exercises
done by the pupils. There was a quiz for each stage. All the notes and the
results of each quiz were studied and anaiysed.

111. Resuits and Analyses

1. During the 1st term of Grade 1 the transition {rom problems in
pictures to word problems is successfully reaiized.

2. 0ur experiment proves that the arrangement of the problems in the
teaching materiais is conformed to the law for children’s cognition--
“action, perception--image--concept’. When children are taught to solve
problems at the beginning, manipuiation with objects by themseives should
be strengthened, because, compared with mere demonstrations by
teachors, it will deepen the children's understanding of the meaning of
addition and subtraction and enable them to gain vivid impression on the
structure of the problems, make clear their numerical relations and choose
the correct way for solution.
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CORRECTION RATE FOR 6 PROBLEMS IN 1ST TERM, GRADE |
(Final Exam)

Protlem | Problems | Problems Problems Average

type for the sum/| for remainder | for 1 addend | correction rate
Number of 92.7% 91% 928 9188
pupils with -

correct
|answers(®)

2. Pupils in the 2nd term of Grade 1 can learn to solve some rather
difficult problems in addition and subtraction.

CORRECTION RATE FOR THE PROBLEMS LEARNT IN 2ND TERM, GRADE 1
(Quiz after Learning the problems)

Problem [Pro. for | Pro. for Pro.for | Pro.for | Pro. for | Average
type |minuend| subtrahend|difference ja number| a number|correction
between | large smalier | rate
2 numbers than than
another | another

Number
of pupills 90% | 8978 948 19768 | 9648 |938%
with :
coffect ‘ 939%* | 949%*
answers :

L5 2 SN RS B L
* Prob! s with data described in the opposite way

The experiment shows that while teaching the problems for finding out
the minuend or the subtrahend, if we link them with the problems for
fin. 3ing out the remaindet, help the children to make clear the relation
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between the known and the unknown through diagrams, they can be
understood to be the variations of the problems for finding out the
remainder and can be solved by the children applying the meaning ot
addition and subtraction that they have learned to the new circumstances.

Our experiment also shows that in teaching problems for comparing the
difference between 2 numbers, the key point is to let the children know
the way to solve the problems for finding out the actual difference
between two numbers. They are guided to decide correctly which numbet
15 larger (or smailer) through manipulating with objects and using
diagrams(as seen below).

|
000000 | 000
AAAAANA | 9-€=3
|

Then they are supposed to find out that the larger number (nineQs)
consists of 2 parts: (1) the part similar to the smaller number{(sixA\s)
which is ¢ and (2) the part larger than the smaller number, which is 3.
And if we subtract the part similar to the smaller number {rom the jarger
number, we will get the part which is larger than the smaller number.

As to the soiving of the problems for finding out the number that is
larger or smaifer than the known number, we can consider them to be the
variations of the problems for finding out the difference between 2
numbers. Children are taught through manipulations to decide which
number is Jarger, analyse the relation between the known and the
unknown and find out the way to their solutions.

The above-mentioned prodbiems with data descrided in the opposite way
are taught in the same way. From the results of the experiment, though
this kind of problems are more difficult, there is no obvious reduction in
the rate of correction in the solution by children.

3. Children’s thinking ability is being deveioped in the process of solving
problems in addition and subtraction.

In the solving of problems shown in pictures children are first trained to
distinguish between “What does the problem tell?"and “What does the
problem ask you to find out?" and then select the correct operation for
solving it according to the relation between the above 2 questions. Latar
exercises for suppiying missing questions or missing data are given to the
children. Thus their analysing and synthesizing abilities are developed
preliminarily. Meanwhile. their reasoning power are cuitivated, and their
trouble 1n guessing the solution at random eliminsted.

The same train of thought is applied to the solving of problems with the
same types of numerical relations, such as the problems for comparing the
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difference hetween 2 numbers, and the meaning of addition and
subtraction is also referred to. Since children are able to use addition as
well as subtraction % solve different types of problems , their transferring
ability is also fostered. The flexibility in their thinking is developed
through doing exercises of the variations of the problems and the bad
habits of memorizing the different types and copying the formulas
mechanically are avoided. Moreover, children's ability of reverse thinking
is developed through the solution of problems for finding out the minuend
or the subtrahend and problems with data described in the opposite way,

which are also helpfuf to the development of the flexibility of their
thinking,

IV. Conclusion and Discussion

1. The experiment shows that if the teaching materials are well organized
according to the inner link of the problems to be learnt and the principle
of proceeding from the easy to the difficult and the concrete to the
abstract, and supported by appropriate teaching methods, first-graders can
learn to solve general problems in addition and subtraction.

2. The study of the experiment indicates that excellent structure for
teaching materials in organizing problems in addition and subtraction will
play an important role in helping children to understand and grasp
numerical relations and find the ways of solving problems. It is suitable to
divide the problems in adddition and subtrraction into the following 3
groups according to their numerical relations:

1st group| Find out the sum

of 2 pumbers

Sum & one of addends
known , find out the
other addend

Sum & one of addonds]
known, find out the
other addend

2nd eroup|Find out the

minuend

Find out the
remainder

Find out the
subtrahend

For a number
larger that the
known number
(including data
described in

Ard group

| oppasite way)

For difference
between 2 numbers

BEST COPY AVAILABLE 33

Lopposm way)

For a number
smalier than the
known number
(including data
described in




The underlined one in each group is the prototype, and the other two in
the same group are its variants. The teaching by groups will give
prominence to the numerical relations among the problems and their
mutual connections and be convenient to form cognitive systems with
structure in children's minds. When they see any problem in addition or
subtraction . they will recognize its characteristics more easily, analyse its
numerical relations clearly and choose the way of operation correctly.

3.The study of the experiment also shows that while arranging the
teaching materials for the problems in addition and subtraction, we should
select teaching methods suited to the psychological characteristics of
children. Appropriate teaching methods will promote the successful
mastery of the ways to the solution of different problems and the
development of children's thinking ability. Owing to the strengthening of
pupils’ manipulation by using objects and teachers’ demonstration, pupils
are given more concrete experiences in analysing the numerical relations in
different problems and thus enabdbled to internalize external material
activities into intellectual activities, that is, to use their abstract thought for
analysing and reasoning. In the process of teaching children to solve
problems in addition and subtraction, attention should be paid to the
significance of language in the development of their thinking. Asking
children questions in orders together with manipulation and demonstration
‘will help them to distinguish the information given in the prodlems from
swhat they ask for, understand the relations between these two and know
how to choose the way of operation. All this will urge children to trans{orm
thetr sound language into silent language, namely, to correct thinking There
eusts great divergence among children in their understanding of the
content and facts of the prodlems, their analyses of the numerical relations
and thefr choice of the ways of operation. Since the teachers participating
1n the experiment paid attention to the coaching of backward pupils
according to their special needs, especially helping them to learn to think
and improve their ability to analyse the problems, better results were
achieved. |n the quiz given after the teaching of the problems in addition
and subtraction, only 2.5 8 of the pupils did not pass. And in the final exam
there was no failure. This shows that the thinking ability and abilities for
solving problems of the backward pupils can be raised so long as the
teaching methods adopted are appropriate.
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BEYOND RATIO FORMULA
Fou-Lai Lin

Department of Mathematics

Taiwan Normal University

This paper analyses the concept of ratio beyond reasoning
on non-integral ratios. Some items for testing the
understanding of ratio beyond ratio formula were analysed.
Results of the interviews suggested that the level of
understanding ratio might be deeper than in previous
studies (e.g. Hart, 1981). Errors of a particular
geometric task suggested some ideas for developing items
for further study.

INTRODUCTION AND METHODOLOGY

In the previous proceedings of PME 1-XI, there are about n (n > 35)
research reports on ratio and proportion. All those reports dealt with
the concept of ratio to the depth of the so-called ‘'understanding of
level four' (Hart, 1981), which means that one must recognize that ratio
is needed for the questions, and questions are complex either because
they deal with non-integer ratios, such as 5:7, or because of their
setting. One who can use the ratio formula (a:b = c:d) correctly can
always deal successfully with the tasks used by those researchers.

However, beyond the ratio formula, do there still exist
developmental hierarchies of understanding ratio? This ongoing research
aims to study this problem, Instead of working on searching for the
roots of elementary proportional strategies {e.g. Streefland 1984, 1985,
and Tourniaier, 1986) this work considered the problem from the other
end,

Observing students working in their classrooms, we found that even

very able senior high school students, age 16+, were using a familiar
relation: sinA + cos®A = 1 to solve the question:

334
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“In AABC, given sinA:sinB:sinC = 2:3:4, find cosA:cosB:cosC = 2

As follows: sindA:sin®B:sin®C = 4:9:16
* 1-sin2A:1-sin®B: 1-s1n‘C a (1 4):(1-9}):(1-16) = 3:8:15
cosA:cosB:cosC = J3: [B: JT5.

Referred to the above misconceptualised phase *, we developed an
interview task:

Given atb = 3:4, finda -1 : b -1=

With this task, we had interviewed nine students, age 15+, of
understanding level four from one sample school in the previous ratio
study (Lin et a1, 1985}, and found that only one out of nine could cope
successfully with this task. This suggested that this task was harder
than the items in the previous study (Lin et al, 1985},

Thus, this task, denoted by task A, and a physical task, were used
for interviewing at this beginning stage of our study. Five students of
understanding level four in a senfor high scnool, aged approximately 17,
were identified and interviewed. A1l of them coula cope with task A,
However, their responses were at different levels, These two interview
tasks and students' responses {n the interviews will be analysed in this
paper,

Moreover, in order to investigate some errors students might make

beyond ratio formula, we will analyse the incorrect responses of a
geometric item, which was developed in terms of the task A, in the
national entrance test (1986) for further study in senior high school in
Taiwan. OQOut of about 145,000 examinees, age 15+~-16+, we randomly
sampled 200 copies of the written test papers for this study.

ANALYSIS OF TASKS AND STUDENTS' RESPONSES

Task A
Given a:b = 3:4, finda-1:b-1=7

At the syntactic surface structure level (Skemp, 1982) of the
symbol system a:b = 3:4, we have two letters spatially related to two
numbers. At the deep structure level it represents:

two varfables a and b

an equivalence class defined by an equivalence relation {~) in the
set of ordered pairs of numbers, formally indicated by

(x, y) ~ (3, 4) iffx:y = 3:4

(a, b) ~ (3, 4) but 1t may not necessarily be true that

(a, b) = (3, 4)

(a, b) depends not only on (3, 4) but also an implicit parameter.

Bearing this deep structure in mind, to respond successfully to the
given questionda -1 : b -1 =2, one needs to realize that

33s
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the answer could not be numerica)l
(6) a parameter has to be included 1n the answer
(7} the parameter depends completely on a or b,

During the interviews, the question “what does the parameter mean?"
was asked. Therefore the five interviewees had to go deeper than just
providing a parameter. They were generalizing from their experiences to
the meaning of the parameter. With respect to the answer
a-1:b-1=a3k-1:4k -1, three different levels of responses to
the question "what is k?" were found.

(1) Two, Lin and Yang, out of five viewed k as the integral greatest
common divisor of a and b, and {nterpreted a and b as two
unknowns. Thus k is unigue.

(11) Two, Son and Chou, out of five said k was any non-zero real
number, and interpreted a and b as two variables.

(111) One, Tsai, out of five felt no need to give a closed decision and
said "k is a variable; the number system which k belongs to will
be determined by variables a and b".

Tsai also said that "If we are only given a:b, we couldn't find
a-1:b-1, Wehave to know a:b:1, {.e. a and b needed to be
decided", 1t was surprising in that Tsai mentioned the numerical unit
1, which does not depend on any arbitrariness. With the unit 1, a:b
then depends on only one parameter. Thus with the given condition
a:b = 3:4, a and b can be completely determined.

2. The Physical Task

A thermometer showing 40°C was put into a swimming pool full of
water at a temperature of 20°C, after 3 minutes the thermometer was
32°C. Try to predict the temperature of this thermometer after
4 minutes and after 9 minutes."

The surface structure of this item is similar to the model of
ratio, given three numbers to find the missing value. However, an
implicit hypothetical model based on common sense was required to
recognize that the model of ratio was not appropriate for this item.
The reason for a given time being 9 minutes in the ftem is to examine
how students will reflect while they faced a conflict by a lower
temperature of the thermometer than the water if mode! of ratio was
applied.

The model of common sense was very attractive to Tsaf, who
recognized that ratio was not appropriate for this {tem without any
algorithm,

Tsal: "How can you solve this.... Can't solve it with proportion,
because proportion means temperature will be decreased with constant
speed. Absolute nonsense. When the difference of temperature is
small, the decreasing speed will slow down,*

Tsai himself expressed his understanding of dynamic notion of ratio,
i.e. moving proportionally means moving with constant speed.

NN
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Chou showed his recognition ability after he did his proportional
algorithm on 9 minutes. The other three, Lin, Yang and Son, all felt
happy about their conclusion that the temperature of the thermometer
would reach the same as the water by the time 1t had decreased to 20°C.

In terms of their recognition ability and interpretations of letters
a, band k in a:b = 3:4, a = 3k and b = 4k, 1t seems that the responses
of (Lin, Yang) and (Chou, Tsai) could be grouped at two levels.

Lin and Yang have not shown any recognition ability on the physical
task. They interpreted a and b as generalized numbers and k as the
greatest common divisor of a and b.

Chou and Tsai have strong recognition ability. They interpreted
a and b as variables and k as a variable within a number system to which
a and b belongs, In addition, Tsai's responses provided an index to

indicate how deeply a senior high school student could grasp the notion
of ratio.

3. The geometric task
iven that the perimeter of AABC is 21 and <BAD = <CAD.

(1) find AB:AC = ?
(2) find RE:AF = ?
(3) fMdAAQ:AMG=?
5
B g C
In (1T the necessary information BD:CD was given and an implicit
theorem to relate AB:AC and BD:CD was reguired for a satisfactory
solution. 1In (2), the data about AB:AC and AB + AC must be carefully
inter-related to produce a satisfactory solution. Two segments BE and
CF of length 1 were designed to match the form of task A. Item (2) was
our main concern, and the results are as follows:

Out of 200 written test papers sampled for this study, 53 were
correct, 76 showed no response, and 71 gave incorrect resporses. The
percentage of correct responses, 26.5%, of those 200 papers was close to
the percentages of correct responses in the population of entrance test
data, which was 21%~26% in different areas of Taiwan.

Out of 71 incorrect responses, 7 were non-numerical answers and the
rest provided 20 different numerical answers, e.g. 3:4 (17), 2:3 (9),
1:2 (9), 1:1 (4) ... etc. The number in each bracket denotes the
frequency. Analysing those incorrect responses, we found that

a, all responses omitted a necessary piece of information, either the
perimeter of A ABC or the ratio for sharing with a given sum of two
segments.

b. the relation between the incorrect strategies and the numerical
answers was not in one-to-one correspondence.

We have classified five different error patterns which would
include most of the incorrect responses. :3 .
4 {)
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Segments EF and BC do look parallel, so many students applied
explicitly or implicitly the incorrect relation, EF parallel to B8C,
for their solutions. This strategy could provide different

numer ical answers depending on which implications of parallelism
were used, e.g. "AE:AF = BE:FC = 1:1" and

"AC:AF = EG:FG = BD:CD = 3:4",

(2) The algorithm “AB:AC = AE + 1 : AF + ) % AE:AF = 3:4" indicated
that the student was applying an incorrect pattern
"¢ +1 :d+1 =c:d, Students' responses might be based on their
experience with " a < a = ¢

i « & b +1 by +i

and they may have applied a corollary of the hidden ‘theorem':
"everything is OK as long as you do the same thing to both sides of
an equation” (Lesh et al. 1987),

w

(3) The algorithm "AB:AC = 3:4, 3 -1=2, 4-1=3, AE:AF = 2:3"
indicated that the student was apply1ng an incorrect pattern
"atb = 3:4 —> a = 3, b = 4", Students were attracted by the
surface structure of the symbol system a:b = 3:4., Their attention
was drawn away from its deep structure.

(4) Students might derive an equation with two variables from
AE + 1 : AF + 1 = 3:4, To solve the equation without using the
information AE + AF = 12, they were struggling in performing
certain operations to the equation for their answers, e.q.
identified two variables into one, tried to eliminate the constant
term, etc The following particular algorithm
"MAE + 1 : AF + 1 = 3:4, 3AF - 4AE =1, F£+i+—-—- , AE:AF = 2:3"
reminded us that ratio reasoning is 1nte Xelated to finding
inteyral solutions of a linear equation.

(5) Students might exhibit their competence for finding the sum of two
segments, AB + AC = 14 or AE + AF = 12, and then degenerate to a
Tower level of operation. They intuitively added on some more for
a bigger one and subtracted some for a smaller one; e.gq.

"1 - (3 + 4+ 2) =12, AE = 4, AF = 8, AC:AF = 1:2" or
"21 -7 =14, 14-2=7,7+1=8(AC),7-1=¢6(AB) .. ."

Data on the incidence of th. above five error patterns have been
collected and are being analysed.

REMARKS

The tentative results of the investigation at this stage suggested
that these might be hierarchical levels of understanding ratio and
proportion beyond level four in the previous studies (Hart, 1981; Lin et
al, 1985). This hypothesis requires further investigation,

Referring to error analysis on the geometric task, some ideas for
developing items for further study have emerged. We require:

Jil



items to show the inter-relation of ratio re.soning and finding
integra! solutions of linear equation,

items to test students' images or ‘sense of' or 'stories' that
interpret the operation within a proportion, e.g. changing the
middle terms in a proportion.

more recognitisn items of different understanding levels.
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EYE FIXATIONS DURING THE READING AND SOLUTION OF
WORD PROBLEMS CONTAINING EXTRANEOUS INFORMATION:
RELATION TO SPATIAL VISUALIZATION ABILITY

Carol J. Fry
The Ohijo State University

Abstract. The present study utilized eye movement
monitoring equipment to investigate the relationship
hetween probiem solving behavior and spatial
visualization ability in a coifege sample. Results indicate
that spatial visualization abitity is pasitively related to
the percentage of time spent viewing information
essential toa problem’'s solution and negatively refated
to the time spent viewing nonessential material.

INTRODUCTION

Eye movement research has great potential for examining aspects of

mdathematical problem solving which are not obtainable by traditional
means such as verbal protocols and error analysis. Schoenfeld (198%)
has urged the use of a variety of methodologies to examine problem
solving behavior: "Generally speaking. any methodology...may highlight
some aspects of behavior and may obscure or distort others. [t is thus
prudent to examine particular aspects of problem-solving behavior
from as many perspectives as possible. to help separate what resides in
the interaction between behavior and methodology” (p. 316), The
present study used eye movement monitoring equipment to explore
the refationship between spatial visuvalization abitity and the
percentage of time spent viewing extraneous and essential information
in two-step word problems.

RACKGROUND

Eyve Muvement Resedcch. The monitoring of eye movements has
been widely used in reading research for nedarly a century (for reviews,
see Just & Carpenter. 1980; Rayner. 1978: Tinker. 1958). Relatively
few investigators, however, have employed this technique to study
students’ approaches to mathematical material such as equations,
praphs, word problems. and textbhook prose (De Corte & Verschaffel.
136, 1988; Fry. 1987; Suppes, Cohen. Laddaga, Anliker. & Floyd. 1983:
VYonder Embse, 1987).
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Eye movement monitoring instruments produce a record of the
location and duration of a subject’'s eye fixations. For relatively
uncomplicated mathematical tasks. eye movement registration
provides an unobtrusive way to physiologically monitor infermation
processing strategies. Verbal reporting of solution methods is not
necessary in this research. although such reports can provide
corroborating data on the manner of information processing evidenced
by the eye movement record.

Spatial Skills and Mathematical Performance. Driscoli (1983) and
Suydam (1980) have provided summaries of characteristics that
distinguish successful from less-successful probiem solvers. Both
reviewers report that successful problem solvers are better able to
generalize across problems. identify relevant information. ignore
extraneous information. perceive the underlying structure of a
problem, and readily identify and implement an orderly plan of attack.
Many researchers bhelieve that these characteristics are behavioral
manifestations of underlying cognitive styles and abilities. The
literature on problem solving is replete with studies correlating
problem solving performance (outcomes and strategies) with numerous
variables, particulariy spatial visualization ability. However. the exact
nature of the positive relationship often found between this particular
ability and problem solving performance is not clear. This study was
designed to test the hypothesis that spatial visualization ability is
positively related to the percentage of time spent focusing on-essential
information in word problems c¢ontaining nonessential numerical
information..

METHODOLOGY

Sample. College undergraduates enrolled in the second of two
developmentdl mathematics courses offered at The Ohio State
University served as subjects. The final sample consisted of 26 males
and 11 females: the median age of the sawple was 20,4, and the mean
age was 23.1.

Test of Spatigl Visvaljzation Ability. The Mentat Rotations Test
(Vandenberg, 1971, cited in Vandenberg & Kuse, 1978} wds selected as
the measure of spatial visualization ability. Subjects were given three
minutes to complete each of the two 10-item sections. For edach test
item. subjects decided which 2 of 4 three-dimensional objects differed
from an original in angular ortentation only: cach choice was denoted
with an "N.7 Figure | depicts an item from Part [ of this test,
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Figure 1. Sample Item from Vandenberg's Mental Rotations Test
(MRT)

Lve Movements Eye movement data were collected using the
Micromeasurements System 1200. An 1BM PC-XT containing an IBM
Data Acquisition and Control Board was responsible for presenting the
word probtems to the subject and for collecting and formatting the eye
position data received from the System 1200 computer. Data on the
subject's eye position (horizontal and vertical comnponents) were
updated sixty times a second. A fixation was defined as three or more
consecutive 1/60-second pupil position readings indicating the same
horizontal and vertical positions.

Yord Problems. Fach subject viewed three 2-step word problems
containing extraneous numerical information {(see Figures 2-4).
Subjects were given 30 seconds to view 4nd try to mentally solve each
probiem.

ANALYSIS

A rectanguler grid was superimposed on the text so that the
percent of total fixation time for specific regions within each word
problem coul:f be anaiyzed. Horizontal dimensions varied slightly from
problem to problem due to the varying locations of features of
interest. Grid specifications isolated the following types of information:
the essential numerice! (ESSENUM). the extraneous numerical
(EXTNUM). the essential verbal (which together with ESSENUM formed
ESSTOT), the reldatively nonessential verbal (VEIICLE), and the
question Tigures 2. 3. and 4 show the grid systems and the labels
assigned to each block of information for the three word problems.
The percent of total fixation time within each block was cdalculated by
dividing the total fixation time within that hlock by the total fixation
time for that problem (30 seconds minus the total saccade time).
Scores on the Mental Rotations Test were correlated with each of the
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five fixation variables described above. as well as with the ratios of
EXTNUM to ESSENUM and EXTNUM to ESSTOT.

h fully loaded freight train haping 10 cars and

(12) (veiicLs) | (13) (VEWICLE) (14) (EssENUM)

an engine weighs 1080 tons and js 460 feet long.

a”n (kssTOT) (18) (ESSENWM) (19) {EXTHWM)

The engine ifself weighs 208 tors. Hhat is the

(22) (EssTOT) (23) (ESSENWM) {24) (QUESTION)

average weight of each car?

(27) (QUESTION) | (28) (QUESTION)

Figure 2. Analysis Blocks for Problem 1 and Their Designations

| | ] 4
* * -

Last week, Gene worked 6 hours a day deliueri{ng a total of
{14} (VEXICLE) (1%5)  {FSSENUM) e VELSTOT ‘ (17, i VEHICLE)
l

360 telephone (books. If he nceived $126 fon 5 days' work,

{20) (EXTNLM) (21)  (VEXICLE)

ra

| ECHENIM) oy (ESSENUR)

Mow nuch did Ko earn per houp]
(2¢6) (QUSTIN) | (77)  (QUESTIMN)

T T

Flgure 3 Analvsis Blocks for Probiem 2 and Their Designations

34




‘
|
az VBHICke

(1Y | VENITLE (1= (EXTNUM.

| ] |
; for 4 hours of 1ashing windows in : dopmitopy havingi

v {ESSENIM®

i ! * i
{ Chuck, &1, and %lizabeth received § total of $1286 |
i I |

| |

(15 vEMITIE: | e 1EITLES

5 floors. There were 28 windows op each floor. On

CEBSENL®, 1 (0 CESGeNM (26 TESSTOT b

1 ! !
| i

i the average, hoj nany vindows were washed per hour?

Loy (QUESTIN)

(28} {QUESTION; (29 (QUESTI(N}

Figure 4 Andalyvsis Blocks for Problem 3 and Their Designations

RESULTS AND DISCUSSION

Results of the correlational analyses appedar in Figure 5. Spatial
visualization dability was posttively related to the percent of total
fixation time on the essential numerical and verba! 1nformation in
Problem 3 ( £ = 37 for MRT and ESSENUM:. [ = .36 for MRT and
ESSTOT). Spatial ubifity was negatively related to the percent of total
fixation time on the extrdaneous numerical information { £ = -.56) and to
the two ratios described in the Analysis section ahove t £ = - 53 for
both.) Subjects with high spatial visualization ability spent a greater
percentage of time fixating the essential information and less time
fixating the extraneous pumerical information than did subjects with
fow spatial ability. Although the correlation coefficients failed to reach
significance in Problems | and 2. a similar fixation pattern was noted.

Perhaps the piacement of the extraneous information in Problem 3
contributed to the rohustness of the findings in this particular problem.
The extrancous numerical information was placed in the first line of
Prohlem 3 but in the second and third lines of Problems | and 2.

o
31

i




- 3% -

Further. in Probiem 3. it was the first number mentioned.
In Problem 1. it was the third number mentioned. and in Problem 2, it
was the second. Subjects with poorly-developed spatial skills tnay
attend to extraneous numerical information for a longer period of time
if this information occurs before the essential numbers are mentioned
or before the structure of the prob‘em is apparent.

ESSENUM ESSTOT QUESTION

E:l Problem 1
BBE rroblem 2

05 Signiicance Level | 1 | ~ 30 B roblem 3

Elgure 5 Percent of Total Fixation Time Variables and MRT Scores

34y
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CONCLUSION

The findings of this study suggest that students with well-
developed spatial skills may perform better than students with poorer
spatial skills on mathematical problem solving tasks because the
former can more readily identify and attend to the essential
information in word probtems. To help elucidate any information
processing differences that may exist between subjects scoring low on
the MRT and those scoring high on this test, an eye scan-path analysis
is planned.

The potential of eye tracking research to advance theories of human
information processing and to inform mathematics educators of
individual differences in problem solving behavior appears
considerable. Investigations utilizing eye tracking technology are
continving at Ohio State and are in the planning stages 4t the
University of [llinois (A, Baroody. Personal communication. januvary 15,
1988). At Ohio State. researchers are examining how undergraduates
solve problems in algebra and geometry and what effect question
placement may have on eye movement patterns.
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THE MEANING OF 'X’ [N LINEAR FQUATION AND [INEQUALTY
: PRELIMINARY SURVEY USING COGNITIVE CONFLICT PROBLEMS

Toshiakira FUJI!
institute of Education
Lniversity of Tsukuba, JAPAN

ABSTRACT

In solving linear equations and inequalities in which the solution set
is empty or contains all numbers, the disappearance of x could provoke
cognitive conflict in students., By analyzing the students' way of
resolving this conflict, this paper aims to clarify the meaning of
literal symbo! x to junior high school students of Japan. The findings
are as follows: (1. The disappearance of x makes some students try to
incorporate x in the final expression or conclude that there is “no
answer™. These students presuppose the existence of x and regard x as an
unknown quantity. [ 2. Some students pay more attention to the
operation itself and the structure of expressions than to finding a
concrete number for x, These students try to examine the truth or
falsehood of the intermediate expressions. They may regard x in
equations and inequalities as a variable (- a place holder). {3’ Some
students accept the final expression with no x as an answer on the
basis of their belief that to solve equations and inequalitivs means to
get the final rusult of transforming the expressions. These stuwlents
consider x to be no more than an object of transforming the wyprecion,

I, INTRODLCTION

To students. the meaning of x refers mainly to the form such as x4 or x<#
obtained by solving equations or inequalities, Some, however, understand that x
stands for an unknown quantity and presupposes its existence., When confronted
with an equation or inequality in which solution set is empty or contains all
numbers, cognitive conflict is provoked since x disappears in the final step.
By analyzing the students' way of resolving this conflict, this paper aims to
examine the mcaning of x to the students.

The Japanese students are generally good at solving linear equations and
linear inequalities. However, students may only know what to do without knowing
why, or as in R.R. Skemp's terminology, “instrumental understanding” (Skemp,R.R,
1976). This study provides an insight into this observation because the meaning
of "x" lies behind the students' procedural efficiency in solving equations and
innqualities, [t should be noted that the confusion of literal symbols with
letters of the alphabet does not occur in Japan because literal symbols in
algehra differ from the Japanese written language, Thus, the difficulties
experrienced diffor from those found in Fnglish spoaking nations( hagner,S. 1983
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Y. Instead, it is the abstract nature of, and the unfamiliarity of Japanese
with the literal symbols which is a problem for Japanese. Though the Japanese
seem to be good at manipulating them, this may be superficial. How they grasp
the meaning of the literal symbol x is therefore worth investigating.

A thorough diagnostic interview and teaching experiment is deewed necessary
for complete understanding but this research is limited to the use of cognitive
conflict problems,

. EDUCATIONAL BACKGROUND OF THE SUBJECTS

Owing to the difficulty wmentioned above, literai symbols are carefully
introduced into the Course of Study, which is prepared by the Ministry of
Fducation, Although details concerning contents and teaching methods are 1oeft
to the teachers' discretion. the Course of Study is very influential. Textbooks
are likewise approved by the Ministry,

(1) Literal symbols in prescribed textbooks

Agebra does not exist as an independent subject in school mathematics in
Japan, but algebra is systematically included in various parts of the
mathematics curriculum, In 3rd grade of elementary school, the frame word ({2)
is introduced, and in 4th grade, an additional frame word is introduced. The
following is an example taken from a textbook (4th grade):

A grid of nails spaced lcm away from each other is enciosed by an
[8cm string, State lengths of the breadth and width of the vartous
rectangles formed. If (cm represents the breadth and Acw
represents the width, what is the relationship between OO andA ?

In 5th grade. literal symhols such as "x" and "a" are introduced to stand
for yuantities formerly represented by the frame words.

(2) linear equation and inequaliiy topics ir prescribed textbooks

In Ist year of junior high school, translations of concrete situations
expressed in ordinary language to mathematical sentences using letters and vice
versa, are emphasized, Qalculations of algebraic expressions required for
solving linear equations are studied. Students, then, learn to solve lincar
equations using the attributes of equality.

In 2nd year, students are required to further develop their abilities to
find quantitative relationships, and to express such relationships in a formula
‘by using letters. Computations of a simple formula using letters, and the four
fundamental operations are emphasized. By using properties of inequality,
students learn to solve linear inequalities, (Miwa,T. 1987)

The students surveyed were eighth graders (N 42) at a national junior high
school in Tokyo who had just learned to solve linear inequalities aceording to
the prescribed texthook, It shoutd be noted that they had no prior experience
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with cognitive conflict problems,
M. THE PROBLEMS GIVEN

The following linear equations and linvar incgualitics problems were given
to students to provoke cognitive conflict.
I. Mr. 4 solved the equation 2(X-]) 4.3X as folloks:
3¢-1) 43X
3X-3-4:3%
3% 3%-.3-4
0-1
Here Mr.A got into Jdifficelty,
l. krite down your opinion ahout %r, 3 s solution,
2. Write down your way of solving this equation 3(x- 1) 1 3 und yuir reasons,
11, Solve the following inecquatities, Please show how you worked out the problem
and give reasens for using this method,
T 1 2%26 %
2 20132
Probtem | is an exampir of a problem with an vmp'y solution set, To show
the “disappearance of «" clvarly, the part with whivh “Mr, 4 got into
difficulty” is expressed as "0:1." If it were written as “0X [." students
would focus on the meaning of dividing by 0 rather than meaning of .

The incqualities in problem !l are examples of a solution sel with all
1

numbers and an empty solution set, In & the nu~hor on the rizht side was
increased, because in the pilot study it was found that if the final expression
was given as 0<l, the students would regard the probliem to have “no answer” on

o

the basis that no intuger exists botween O and 1. In 2 studeats got the final
expression (>0, This problem wan given to Jdetermine how the concrpt of x is
influenced by 0.

¥, RESULTS

(1) Overview Findings
The numbor of students who made the corevat apawors are @iven as follows:
Prohlem | Problom 1117 Probtem (18

38 I o4

Students” vxplanations are an foliows:
Prob, 1 Prab, t1 1 Prob, 1172

b expression is ftse(true) 16 () 1
brtemedigte axpression is false(trunds 11 M) 3
Do appeared 5 0
PRI ] { 1
9
ot}

1

e

»
“
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"Note. s Students do not aim at the most simple equations and inequalities
since x disappears in the process of transformation. Therefore, in this paper,
the expressions which students finally got will be called the “final
expressions” and the previous ones the “intermediate expressions.” As for the
intermediate expression being false, the explanation as follows : "In the
equation 3% 1:3X, 3X-1 cannot be equal t~ 3X because we are subtracting 1 from
the left hand 3X. If we substitute 2 for X, the number on the left side is 1
smaller than that on the right side, as in 5-6."

In problems | and J1 &, where the solution set is empty, students tried to
arcnunt for the disappearance of x by the falsehood of the final and
intermrdiate expressions. hut they did not explain of the disappearance of x.
However. in problem 11 3. waere the solution set consists of all numbers, the
fous war on “what x was™ in thiy ineguality, the solution of equations and
inequalities, and “what answers woere” since the final expression is still true
oven if x disappeared, Students werv then forced to clarify the meaning of x
and of solving equatinns and inegualities, In the following section the
students’ explanations tu problem JIT will be considered,

(2) Snswers to Problem I1 &

The students’ answers to this problem can roughly be divided into the
following : X<0 or X<Il, there is no answer, O<ll, and all numbers. The point
which students got into trouble with, as in problems | and 11®, was that x
disappeared in solving the inequality, Cognitive conflict provokes between
previous experience. which states that the answer to an inequality never fails
to obtain an expression containing "x", and the present situation, where x
disappedrs. “Yoreover, the logic in concluding “ no answer” based on the
falsehood of the final and intermediate expressions in problem ! and 11 @ wmay
also cast another difficulty on the students, in this case, students may have a
cognitive confiict butween the situation where the disappearance of x means the
falsehood of the final and intermediate expressions, and the situation where
the final and intermediate expressions are still true in spite of the
disappearance of x, The s naenty’ reasoning reflects two ways of resolving the
cognitive confitet produced by the disappearance of x. One is to persistently
regard the arcwer a0 an oy o on containing xo ond the other 14 to accopt the
answer pot contatning v, b ctadepts e to this inequal ity will be
classificd an follown:

i by giveoag the corren Uoanawer (3 ot
() By giving an answer to ceqlaiein
v By giving an answer not containir,
() By giving no anawer (4 poersons)

(VY Other (7 persons)

(1) Ry giving the correct anneer
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11 students gave the coirect answer, and 10 of these students also gave
the correct answers to the other two problems. As for the students' reasons, 2
students, focusing on DX<1l, considered that 0 is always 0 regardless of what
number it is multiplied by,” The other 9 students focused on the intermediate
expression. For instance, studeat 4, citing the expression -2X<-2X+1l, gave the
explanation that “-2X and - 2X are equal no matter what number is substituted
for x, so that -2X plus 1] is necessarily bigger than 2X." He subsegquently
explained that “since | don't know how to deal with the form 0<7, [ will give
the intelligible form 2%<-2X+1]l which is easy to understand .* From the
student's substitution for x, it can be inferred that he regards x as a variahte

(ji)_By giving an answer to containing »

These students regard x as the answer to equations and inequalities
finally obtained as a result of the transformation. For them, to solve
equations and inequalities is to find th: value of x, thus they try to
incorporate x in the final expression. At superficial level, the answers can be
classified into two types:

T.: X<l or X<11 (7 persons)
Tz:  “no answer” (10 persons)

Students of T, type can be further divided into two: those who answered ¥<Q
or X<]| on the basis of the final expression 0<ll (student B). and those who
made uyse of Xe¢ll-X (student ).

Student B: ] 2X<]2 2X

24+2%<12 |
X<l1
Inswer: X<11 or no answer

Student ? stated in problem | that “it is appropriate to assume 0X X since
O is nt 1. or no answer” giving the above transformation for the same redson

Student C: 2X-2%¢<12 1

Xe2X<i]+X
X<11:X

Student C noted that 1 think 1 have to keep x.* In problem | he also
notes that ® since x must be kept in the final expression, | managed to leave x
by multiplying and adding 5X 3X 1.”

In T, type, there was a student(student D) who tried to leave x by miaking
an intontional mistake in the calculation as follows:

Student 0: 1 2X<2(6 X)

2X<2(6 X) 1
2X/6 X2 |
2X/6-2%/X<]
X/3-1

X>3

Reason: “Recause 1 realized that in this way | could kevp x.°

Student D found the value of x in problem [ to be 42 in a similar way.
roting that "to solve an wquation is to find the value of x, 5o that 3X 3X 0 1~
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nonsense,”  Frem this we may guess that it was not difficult for him to
calculate 29X 3X, This is because he persistently tried to incorporate x in the
final expression, disclosing a “betief” which lies behind the solution of
aquations and inequalitiey,

On the « her hand. tyio T, students finally concluded that there was no
answer.  dome students conciwded ihis besed on the diLappeacance of x in both
the: equation and the inoquulity (student £), and other studeris came to this
cenctusion based on the falsehooi of the final expression ot the vgeation and on
the disappearance of x in the inequality (stwdent F).

Student Er [ X<l 2%
2X-2%<12 |
Oeil > R anseer
Reason: "X disappears in 2X-2X."  (To probdom | he notisd that
“this problem has no answer hecause x disappears,”)

Studont F1r "The value of % cannot bi found be ause x disappears in

2%-2X 0, Hence re answer.®  fln the problem 1 he noted that

“it cannot be that 0 equals 1. 0 is always 0. Honce an answer.®)

Thus the students of Tz type concluded that there was “no answer® since the
resutt of the calculation did not contain x. They are similar to T, type in
that they helivie that the answer to irequalities shoud contain x. That is,
hoth types of students thuught that the soiution to equations and inequalities
is to get a final vspression containing x. For them x is the answer to eguations
and inequaliting naecessarily obtained in the form swh as X a or X<bh.

(i) By giving an answer nct containing x
There were % studenis of this type, Student § censidered that solving
equatiors and anequalities s to calentate on the basis of the properties of
equations and inequalitivs, and that the answer {(even if it does not contain x)
is the final expression,
Student 50 ] 2Xel?2 UX
0eid
Reason:™ 1 found the anawer by caliulating the value in the parenthesis,”
Student i opoied in preblem T2 that an ordinary calenlation would give the
result on the Teft part of this pager. bt there seems 1o ho no answer because
M0 s obvivor Iy false, On the ¢ther hand, he gave O<l] as the answer to the
problem 11770 Tnothe case whore the final vaprescion was true, he considered
Ptote be the answers bt A it were fadee he cond luded fhat there was “no
dAnSwey

(iv) By giving no answer

This tvpe refers Lo students who gave no explanation or  if any. gave the
impression of bring at a loss as to what to do,  Most of the students of this
type conc boded that there was "o answer”™ without RIVINE Ay redason,

) Other
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Students of this type gave explanations which focused ou the division by 0
or concluded that there was “no answer™ from X. 0 bhecause the feft side of the
final expression contains 0.

V. THE MEANING OF X IN LINEAR FALATION AND INFGLALITY

In this section the problem of hos students grasp the measing of x in
equations and inequalities, based on the above results, wiil be discussed,

(1) The Unknown Quantity and the Variah'e

That students regard the x in cquatiovns and inequalitive a4 an unknewn
quantity con be assumed, based on their previous history of leaniag, "u fad 1
was in the process of solving a problem containiag an unknewn quantity that the
equation first appeared Thot v o soive an equdation acant 1o find the
unknown, the existence of which wes assumed, Thopelore <ind ot Tolione that the
rielationship between quantitios is the issue in exprossing b a0
relation fn terms of w. and the existence of x is ant quetioaed, Far stedents
who presuppose the existence of «0 1t iy predicted that they are Nikely 1o get
into difficulty with the interpretation of a [inal cgireaiom hicy doee nat
contain a, Thus the incompatibility with their experivac . w0 e iuee
cognitive conflivt Y g renglts wome atudents. incorrectiy ipearperate N inty
the final expression 7y vt and other students conclude that “vre s "no
answer” based on the Jiaappesrance of x (T type).

On the other hand. tudenis whe seem to repard x a5 a sariable can cin
with the correct anseer on the banis of the intermediate apte oy
interpreting x to take various values. a, ia the oo of tadens T 0
type):

Stadeat "o 2012 2%
Sepdacit 2% weth

!
A
B am:“fas e the ST et pematas the ame oven O f e
add the ame mobae [ U XTI S D RN RS B I TURR 4

sipd

the eapreeccon, Sy sl wi b doc foe 0 e the e
Studnt Tomav vah v o, e Taghor by et gt '

he focuoed on e ateniation o f e DY
attention to faimling 4 oot pomba e sy O\ :
intermediate oxpeoasione . Loy w0 et g G the ey ‘ i el

structare of the o Gon . e o b Af-_':-'w [T L '_\\
SN L T T s why meesr 0 st nte we

et vl e e
iaterme'tate evpressions. T gadivates that thery were wome  tadeats who
wnderstond xoas a varb b o at g b bderYy ) 0n b e mand iy (v
Stademtas who rooarded v e et e G T e
pumtesr N o ey e
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To solve equations and inequalities means to find the set of values of x
that guarantees the truth of th= equation and inequality, As shown in section I,
however, (II)-tyoe students, who thought that the solution to equations and
inequalities can be reduced to mechanical processes, had the tendency to
perfunctorily give an answer not containing x, or to conclude there is “no
answer® if the final expression was false, For these students, the goal of
soiving cquations and inequalities is not to find the value of x, bul to get the
final cxpression by transforming the original cquation and inequality.
Therefore the character x in equations and inequalities is regarded as a mere
element inmvolved in the process of transfurming expronsions. and i 1his sense 4
final expression with no x can serve dgs the unuw r,

VLEONCLESTON

L. Bbere the selution sei 1s emply of containg all aumbers in equations an.!
inerqualitl o e disappearance of x makes weae Studeats fry Lo incurporate x in
the Final «orienion ur conclude that there iy a0 anseer ™, Tlese studeatls
presuppone o e e of xand regard A o e unknown quantly,

“27 Some students pay more attention to Uhe operation itself and the
steeture of oxprensiuns than to finding a concrete nua' or for x, These stydents
ey o evamine the fruth or falsehood of the intermediate exprossions. They may
regotd ki egactions and inequalitios as a variable {4 place holder).

230 Some students accept the final vepression with ae x as &n answer on the
basis of their belief that to salve equations and inequalitivs fawns Lo gt the
finat rewuli of tronsforming the expressions. These students consider x to b
ue more than an object of transforming the expression.
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