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L'ATELIER OBSCUR
Transtormations accélérées de I'éducation scientitique
pendant la Révolution frangaise
E: Jean Dhombres

E: Ecole des hautes études en sciences sociales, Pars

Au sortir de la Révolution . et bien conscient de la
f nouveauté du monde qu'elle avait permis d'instaurer. un savant
francais s'efforgait a saisir la place que les sciences avaient pu
jouer dans la décennie pendant laquelle fut institué le citoyen et
renversé la monarchie . Chez un mathématicien. ce recours a
I'histoire signait une autre nouveauté, et si l'exercice se
presentait comme une dramaturgie, c'est que celle-ci s'aveérait
indispensable pour libérer les esprits. 1l fallait non sculement
forger le jugement qu'une communauté portait a posteriori sur
: des ¢événements proches -mais éminemunent conflictuels -a
3 toceasion desquels elle avait joué un role reconnu. mais aussi fixer
b pour l'avenir la nature des relations que cette communauté
P entretiendrait désormais avec le pouvoir, sinon avec la sociéte.
Reeit qui ne peut nous laisser indifférent, d’'autant que ce fut la
voix presque innocente d'un jeune homme qui se fit entendre. En
claborant de la sorte son histoire, la communauté savante n'avait-

; clle pas les veux tournés vers l'avenir ? Récemment élu 4 la

lfff premiére classe de Vinstitut ou il succédait a l'astronome

Delambre (promu seerétaire perpétuel), et aprés avoir brillé dans
F la premi¢re promotion de I'Ecole polytechnique (réunie dans les ‘
. premiers mois de Fannée 1795}, Jean Baptiste Biot s'aveérait le

chiantre ideal.

Pour déerire ce passe révolutionnaire et pour vanter le
tromphe des Lunueres dans les manifestations de i scienee de
Fan 2 et de T'an 3 . Biot inventajt une étonnante  metaphore |

celle de ” Fatelier obscur . L'imageD | aussi inattendue que belle,
avint Lavantage de faire apparartre les savants comme des artisans
appliqués au travail. collectivement responsables des réussites ‘

techniques mises au service de la défense nattonale, mas

i i

wmdhviductement trop obseurs pour quon les accusat de tounte

particapation a des factions polingues ou, hotresco referens | a
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l'organisation de la Terreur. L'obscurité de la forge cache et
protége le forgeron, mais elle exalte le feu qui dompte le fer et
crée I'outil. Quel était ce feu auprés duquel les savants s'activaient
? Quels étajent les outils qu'ils préparaient? Comment formaient-
ils leurs tacherons ?

Les réponses a4 ces questions ne sont pas
indépendantes et nous révélent la pédagogie d'unc ¢pogue, tant il
est vrai que les savants du temips explicitérent cux-mames les
linisons. Une pratique pédagogique nouvelle était en place. Pour
micux faire entrer dans les esprits ce que le compte-rendu de
Biot avait d¢ja martelé en 1803, un autre mathématicien écrivait
deux ans plus tard un Essai_sur I'enseignement en général et sur
celni des mathématiques_en particulier. La vrate speécialité de
Sylvestre Frangois Luacroix était l'enseignement . et son réle était

d'autant micux assure qu'il disposait de la reconnaissance de ses
pairs en siegeant lui aussi a la premiére classe de 'Institut (celle
attribuée aux scientifiques).

On comprendra encore mieux l'importance dévolue a
I'éducation si l'on ajoute que la Révolution dota la majorité des
savants d'un métier de professeur. A la carriére d'un d'Alembert ,
disparu en 1783 et qui n'enseigna jamais d titre professionnel.
s'oppose par exemple celle du naturaliste Georges Cuvier,
professeur au Muséum d'Histoire Naturelle depuis son arrivee a
aris en 1795, ou encore celle du mathématicien et méeanicien
Siméon Denis Poisson, qui exerca l'enseignement dés sa sortie de
I'Ecole polytechnique. Mais nous n‘allons pas visiter I' "atelier
obscur " en rédigeant des notices biographiques sur des
enseignants. ou en nous félicitant d'ancétres aussi ardents que
gloricux. Certes le Bicentenaire de la Reévolution Frangaise nous v
meerait ne sommes nous pas  tos prochies du 14 jnillec ?
mais si nous reprenons les faits et les gestes d'un certain nombre
des artisans de la science, ¢'est surtout parce gue dans cet
“atelier obscur " se forgérent  des traits constitutifs de
Tenscignement  scientifique moderne . DVautres choses furent
egalement preparees, mais bientot etfaecees par le temps, De cette
confrontation dmt nautre 1a réflexton. Entrons done dans notre
passe,
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L'atelier des lois: le métre du maitre

Le 10 décembre 1799 (19 frimaire an 8), la loi
sanctionnait les définitions du métre-étalon et du kilogramme-
¢talon : l'uniformité des poids et mesures manifestée par le
systéme métrique devenait partic intégrante de la Constitution
francaise. Le ministre de l'Intéricur gui avait haté cette adoption
n'¢tait pas un pcelitique ordinaire, mais le célébre mathématicien
Laplace que Bonaparte venait de s'associer au lendemain du coup
d'état de Brumaire. 11 voulait sans doute bénéficier de 'aura qui
entourait I'auteur de la Mécanigue céleste dont les deux premiers

tomes venaient juste d'étre publiés. On parlait, dans les journaux,
du "Newton francais . En tout cas, la présence de Laplace
symbolise de facon remarquable 'action dirccte, sinon pressante,
des savants qui n'hiésitaient pas a bouleverser la vie ordinaire de
leurs concitoyens

Outre son uniformité. que des hommes politiques
pouvaient aiscment défendre, le systéme promulgué présentait
une rigucur scientifique contraignante, celle de la décimalisation
qui ordonnait les multiples et les sous-multiples de toutes les
unités sclon la litanie que nous avons apprise  sur les banes de
Fecole primaire:  litre, décilitre, centilitre, millititre et de Tautre
cote, décalitre, hectolitre : tout counue s'ordonnait la série des
longueurs: millimétre, centimetve,décimetre,  cte, Cette rigaeur

portait la miuque indéniable de " I atelieor " des savants. 1l 'y

avait pourtint i rien d'obscur, car ceux-ci imposaient desormais
a tous ce qui avait la clarté de la o . Mais il n'est pas anodin de
resnarguer qul lui seal le prinape de la décimalisation condmsait
meluctablement a changer les noms en usage. Car s1 lon pouvait o
L rignear concevoir F nmtornuser les mesures en conserant pin
exemple le picd dans ie vocabulaire des longneurs,  quitte a
tonrnin une detimtion nonvelie et nationale de sa vatear effective,
1l anrait ete patticulierement génant de prendre e pouce connne
sa dixieme partie alors que toute ka tradition voulatt gu'tl en fut la
dovzicme. La decimalisation imposait Fintroduetion de noms

nonveaus o opat o exemple leometre (un neologisme tite du pree
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signifiant la mesure) ou le gramme, avec lesquels nous sommes
tellement familiarisés aujourd’hui qu'il nous fant faire effort pour
en rappeler I'étrangeté.  Celle-ci éclate cependant si l'on rappelle
le cade qui fut un temps utilis¢ vers 1793, Bref, tout un
vocabulaire nonveau entrait dans la vie du citoyen ordinaire. et sa
semantique savante était congue pour ¢radiquer les conjugaisons
des rapports si divers entre les mille. stade, perche, tonneau,
setier, boisseau, maille, grain et autre pinte.

Bien des savants tenaient  essenticllement a la
decinualisation et. des avant 1789, Lavoisier  avait indique
Favantage de son adoption pour micux souder la communauté
scientitique mondale. Mais il ne cherchait pas a imposer les
unités Jde reperage: 7 Les chimistes de toutes les parties du
monde pourrcicnt sans inconvenicits se servir de la livre de leur
pays, quede queelle fin, pourvu que au lieu de la diviser, comme on
I'n fait jusquiici, en fractions arbitraires. on se déternminat par une
convention géncrale, a la diviser en dixiémes, en centiemes,  en
milligmes 121 Aussi ce fut sans difficulte que FAcademie des
scicnces  rendit rapport fe 19 mars 1791 et proposa le svstéme
decimal * qui répond a Uechelle arithmetique

et dir conp doit
"¢tre préferé pour les mesures d'usage 7. Cette décision fut
adoptee avee celérité par la Legislative, e 30 mars du méme
mois, en meéme emps gue des propesitions ¢taient faites pour la
valeur des unites fondamentales elles memes. Lunité de longueur
serait la dix milhionicme partic du quart du mendien terrestre
dont la deétermination saflisanunent precise  etait anssitot lancee

par une equipe compnsite de savants supervises par FAcadenue

des seicnces. Uno minimum de coneertation paraissait tontetos

indispensable pour quune telle deéciscon trouve le consensus des
pavs vorsins, et Yon pouviut esperer quen prenant le temps, et en
y metiant guelque dogte, les hens recemment forges pin les
astronomes trancais et aneglais a Poceasion de Ta ioncethion
géadésique entre FObservatoire de Greenwich et cehut de Paris
emporteraent I'assentiment,

Ansa surprenant gue celia passe pavatie, ce ne farent
pas les politiques gqui powsserent o badoption ananediate d un

naouvean svsteme, mas les sivants cox o memes, an l'i.\l]ll(‘ de
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braquer topinion des académies ¢trangeéres. A leurs veux, la
qualité des mesures géodésiques réalisées au cours du XVIe
siécle permettait sans difficulté de fixer un meétre "provisvire”. Or
puisque le plus difficile était de rendre transparentes les
nouvelles échelles décimales, il était préférable d'agir au plus vite,
pour profiter du vent de reforme qui balayait la France entiére.
Les savants acceptérent du coup de se préter au jeu de la
propagande, car au-dela méme d'un systéme national et slormatif,
ils s'engageaient a diffuser cet esprit rationnel fait de précision
qui €était intellectuellement profitable a tous. tls rédigérent done
des rapports explicatits que le gouvernement s'empressa de
diffuser. Le fondateur de la classification des eristoux selon une
base geometrigue rationnelle, Rene Just Hady . pourtant
cmprisonné quelque temps a I'été 1792, composa une Instruction
sur_les mesures_deéduites de 1a grandeur de_la_terre, uniformes
pour toute la République, et sur les calculs relatifs a leur division
decimale. sortie avec le printemps ., le ler avril 1794,
Malhenreusement. l'excellent physicien ne savait pas étre court
en restant  exact, de sorte que  son instruction culminait 3 224
pages. ce qui éti:it beaucoup trop si l'on envisageait une diffusion
vraiment populaire. Malgré les récriminations dans les
départements,  I'Instruction _abrégée réalisée dix jours plus tard
comportait encore 147 pages.

Ainsi, sortamt de leurs laboratoires et de leurs
academies, les savants se heurtaient de front a la difficulte de la
popularisation. Mats ils n'avaient guére la possibilite  de
tergiverser, car les responsables politiques  leur enjoignaient sans
ambages de faire court | sunple, et clair. En cherchant a étre
utiles, tout  en rendant visible linseription de fa sciencee dans
Nation. In communaute scientitique adoptait sans rechigner e
rvthme  particalicrement  rapide  de  la vie  politigne
revolutionnaire, notamment jacobime. On ne compta aucnn
abandon, ct les savants s'adaptérent @ la situation. Certains
cherchérent, notamment par des méthodes graphiques et des
tableanx,  a rendie plas visibies les relations precises de tontes
les mesures anciennes avee les nouvelles | 11 serait interessant

pour mn pedagogue de retracer ces essais didactiques dans lem
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variété entre 1795 et 1800, et on pourrait peut-étre en déduire
les voies d'apprentissage préférées a cette époque. On trouverait
dailleurs dans ces textes le moule de bien des exercices de caleul
qui figureront dans la besace des instituteurs de la [lle
République. 1l y cut en tout cas une floraison d'ouvrages |,
puisqu'en 1799 environ 13% des titres nouvellement imprimeés
en France et portant sur des matiéres scientifiques  etaient
spécifiqguement consacrés a la métrologie. Muais deés 1803 ce
pourcentage tombait de moiti¢, non que les nouvelles mesures
aient ¢t¢ remises eno ocause, mais parce que les manuels
scientifiques les meorporment  desormais dans Farsenal edueatid
B Les manuels anciens tarent remanies. A titre d'exemple,
prerons celui de FLP.Silvestre, qui ¢tait dabord sorti en [787 puis
édité a nouveau en 1809 " @ lusage des pensionnats ot des écoles
chrétiennes . Si Tauteur ne se résolvait pas a abandouner fa livre
d'un paids de 16 onces, le mare de 8 onces, Tonee de 8 gros, le
gros de 3 deniers ou scrupules et fe serupule de 24 graius ou
deux oboles cte, il n'en indiguait pas moins avee netteté que © les
savarts ont proposé ot le gouvernement a adopté 7 des mesures
nouvelles dont il dressait la liste et dont it fournissait le schéma
explicite. Cependant il fallait aller au-dela des lecteurs de livres

scientifiques comme des  eléeves des ccoles  secondaires,
Articulierement  significatit est entre 1790 ¢t 1800 e
doublement des titres de manuels arithmetiques a Fusage des
marchands. % Ce systeme meétrique ¢tail effectivement defendu
bee et ongles par e monde savant qui s averint o mihtant et
produetif,

La nouveauté meme de ce svsteme rendait ditficile son
emplol snmedin et genéralise 5 elle suggerait une autre methode,
Elle rendait possible Faction aupres des plus jeunes dont on
devait attendre un effet de contagion. Aussi sa diffusion tat
camilisee par lenseignement, avee forte pression aupres des
maitres afin gu'en utidisant le systeme métrigue a Fexcluston de
tout autre, ils le propagent. Ecoutons Fexhortatton de Laplace
destinee a plas dvan mither d'eleves de Tlieole normale, ceax gin
devatent devera les institutenrs de la Republigue: & Lun des plis

wiles objets o vous ocenperont, apreés etie retowrnes dans vos
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départements, sera de faire connaitre a vos concitoyens, et
spécialement aux instituteurs des écoles primaires, ce bienfait
des sciences et de la révolution "3, Le savant devenu professcur
indiquait ici les deux sources de la modernité, et manifestait de
la sorte un véritable mihtantisme . La rationalité du systeme
métrique paraissait le garant de son unmiversalite | que Fon devait
au besoin soutemir par la coercition. On se trouve bicn ¢n
présence d'une pédagogie engagée. et sa reussite dans le cadre de
la France du Directoire donne a refléchir. Pour les  adultes | qui
ne pouvinent aller sur les banes des ccoles, e goonvernement
prévovait une forme de pédagogie incitative, quexplicitait, le 17
pluviose an 9. le chimiste Chaptal devenu a son tour ministre de
IIntéricur du premier Consul. I commentait a Pintention des
préfets un arréte sur etablissement  d'une  nouvelle
administration locaie des bureaux de pesage. mesurage et
jeaugeage publics, dont les revenus ¢ventuels devaient aller aux
communes. La morale ¢t la bienfaisance renfor¢aient la loi qui
devait s'imposer: © Le gouvernement compte trouver dans
lexecution de son arrete

1" Une garantie contre la fraude, que linfidelité des
peseurs ctomesureurs ol souvent Cprouver du commerce .

2°Une ressource offerte aux communes pour acquitter
leurs charges et soutenir les hospices

3 Un moyen prompt et facile de familiariser les
ctoyens avee les noureaus poids of mesures .

L'atelier modeéle: la science ploie I'éducation

En 1798 un professeur de mathematiques a 'Eeole
centrale de la rue Antome employait le mode du present pown
resumer sa confiance dans Fetablissement du systeme metrigue:
La raison et lutilue commune triomphent a la longue de
lignorance ot de la orongine”. 2 Cette latte contre v routine

prenant un caractere positif en soi, et Thomme qui parkat nsi

n‘abusait pas de la rheétorique. Tous tes savants de 'épogue

réevolutionnaire le disent et le repetent a Fenvi @l scienee etait
jenne, elle nnphoguat Te choanpement et cest dabord enelle que

s ettt manmtestee ane revolution, celle que Lavaisier et son




groupe imposeérent a la chimie. La metaphore gui passait sur
toutes les lévres ne s'était pas encorc affadie.

Cette lumiere ne pouvait rester sous le hosseau, et ses
effets devaient étre partagés par tous. H fatlait done fawre passer la
modernité dans l'ensecignement. En preéface a un vohumnenx
Traité de calcul différentiel et de_caleul antegral de 1797, Laeroix
s'etait déclare © frappe des difficultes que presentait Uetude de

UAnalyse et de la Geometrwe transcendante, par Datervalle qur
separait les ouvrages clomentaires les plus otendus, des Memoires
oli sc¢ trourdient consignes les nouvelles découvertes ™ 0 Son
ouvrage avait pour hut dyv remecher. Naflons pas tnugmer et fa
repetition de la querelle des Anciens et des Modernes, niallons
pas cruire gue Laomodernmnte se justibaat par elle gieme, comme la
mode. Cest parce que fes pgrands geometres do XV e sede
avaient donne  une pertections T g laomarche de Tanalvse, en
élaborant des methodes generales, quil convenait de revorr 7 la
manicre de présenter les véntes connues avant cux . Une telle
révision pouvait paraitre attentatoire a la narure mtemporelle de
la verit¢ mathématique . ¢t Ton vit des responsables misteriels

prendre le som dindiquer que fa sohdite des miethodes mportan

dans le dévoilement des objets mathematiques: Préterez done
duans lUenseignement les methodes generales; attactiez vous a les
presenter de la maradcre la plus simple: ot vons vernrez e nweme:
temps quielles sont presque towours Tes plis tgetles o0 Pins
taciles, mais surtout plus fertles, car on techierehuat avant tout
Linventvate, L possibilite d adapter Ly cenerabite dane methiode a
des CIreonstances vaneées

Nous semines guelgue pea hlases desanr ce fangage
poratant neud o b b du XVHle siecie, pour avorr depa entendua
ressasser cette rhetongqire a propos odes Hrathenratigues
mesdernes  dans des annees sonante Lanaloge test pas torthaete
et socictogue anran tout o bet roeesn de sonbiener gue danes ce
cay comie tots de la Revolution, il ampoirtaat de chianger
dechielte, et par consequent de pedagoge Vers 1950 0] fallan
entter dans une cdneanon secondasre deonesse P TP thee o
Furcence de b cncrre b et indispensable e paser gvec e

tempes bl par exemple tate appietidee phos v et g plos




grand nombre de gens les procedures de fabrication de la poudre
a partir du salpétre, et la préparation de ce dernier a partir des
produits récoltables sur le sol francais. Mais T'objectif etait
délibéréement plus ambitieux puisqu’il convenait de rendre les
personnes ainsi formees capables de se transformer a leur tour
en éducateurs afin de répéter. pour Tavantage de hien dautres
encore, lapprentissage  initialement  suivi. Le principe, comme
dans une réaction en chaine, ctait de béncficier d'un ettet
multiplicateur. Telle fut ia conception qui présida a la mise en
place de I'Ecole des armes en février 1794 ( pluvidse an 2) . On o
souvent souligné¢ le caractere improvisé de cette formation et,
par contre-coup.  celébré sa réussite sans peut-¢tre sullismmment
chercher a determiner les factenrs qui la garantirent. Car il faut
depasser le recours a Fenthousiasme revolutionnaire qui, walgre
le langage d'un Barére, ne saurait toujours permettre de " casset
des briques” @ "L'Ancien régime aurait demandé trois ans pour
avoir des ¢coles. pour former des ¢léves, pour faire des cowrs de
chimie et d'armurerie. Le nouveau régime a tout accélere. 1l
demande trois décades,.."®

En fait, en collant a la science en trair: de se faire, on
trouvant un modéle nouveau de formation  qui fut adopté a la fois
pour I'Ecole normale de T'an HI, I'Ecole palytechnique, FEcole de
Mars et I'loole de canonnage et de navigation, Et ce malgreé des
contenus de formation tout a fait differents les uns des aontres
puisque les objeetifs ¢taient distinets @ former des soldiats
techniciens dans les deux derniers cas, des ingénicurs dans le
deuxiéme et des instituteurs dans le premier. La modernite
permettait une innovation majeure gui se lit dans le nombre des
cleves concernes: cenviron mitle pour les conrs sur le salpetre,
trois malle cing cents pour 'lieole de Mars (ete 1794), enviton
quatie cents a1 Reole g prendia bientot le quahiicant de
polvtechnume et peat etre mitle quatre cents a 'leole normale
{toutes les deux ayant fonctionné au début de Tannee 1795). Des
eeetits considerables qui tranchaient de facon notone sur ce guoi
existait dans les dernieres decenmes de FAncien segime, Poun
brieser Ta dure contramte temporelle. on augmental

considerablement les masses en jen et Fanadogie saupose avee I
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levée en masse de soldats décretée le 23 aout 1793 par Lazare
Carnot. le mathématicien du Comité de salut public.

Mais pour réussir ce mouvement, car telle était la
logique intellectuelle présidant au systeme adopte. il fallait faire
appel aux esprits les plus novateurs. c'est-a-dire aux inventeurs,
qui étaient en train de se muer en professeurs. Leur intelligence
devait pouvoir transmettre non sculement Pessentiel des
techniques & utiliser sur le champ, mais en outre imfuser Fesprit
de rationalite qui avait guide leurs decouvertes, 9n janvier 1795
le redacteur de Fintroduction aux cours de PlEcole normale
exprinitit fartement ce eredo lorsquil disait que 7 les professcurs
seraient mal choisis sl ctait besoin de les présenter "o En
mathématique, officierent Lagrange, Laplace et Monge. Cest dire
si Fon pensait que ches les mnovateurs la theorie et fa pratique
ctaient indissolublement lices.

De la meme facon, les mues recentes de la seienee ne
devaient pas  ¢tre présentées sculement i Vocecasion de “cours
revolutionnaires”.  Rajeunir les  ¢éerits apparaissait comme une
necessité, A partir de 'an 2, sur la mode de Ta litanie, on paria de
manuels & rediger qui présenteraient les differents dommnes sous
leur jour le plus récent. La logique de la methode revolutionnaire
paraissait ici ¢clatante puisque les cleves de Flceole mormale “-la
semantique du nom est nette- devaient simultancment apprendre
les tacons nouvelles mais aussi bien preparer les nouveanx livres
clementaires dictant la norme de Yenseignement. Si 'on veut bien
mesurer lessor considérable de la production de nianuels
scientifiques frangais sur  la décennie suivant 1795, et examiner
soigneusement les contenus, notamment en mathematiques |
physique, o histoire naturelle, et si Fon tente de les comparer
aux ouvraps preccdenmment en vogae, on ne peut gue constiter
lintluenee majeure de U Eeole nommale!td 0 Contentons noas de
signaler o titre d'exemple que Vorgamsation de o daleebre
‘moderne” dans Penseignement  abandon de la theorie des
proportions, troitement semblable et litteral des equations
polynomiales des gnatre premmers degres, tormnle du binome de
Newton et analvse algebrique des series, centure analvtique de la

geomctrie des droites, des cereles ot des plans tut determinee
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par loriginalité des cours de Laplace , de Lagrange et de Monge
au premier semestre de 1795 . S'il est fort dommage que cette
facon n'ait guére subi ensuite de changements pendant une
cinquantaine d'années, cela ne fait que renforcer le poids
prépondérant de la premiére Ecole normale sur  tout
I'enseignement scientifique frangais

En géométrie par exemple, les manuels nouveaux furent
sufffisamment nombreux pour que P'on puisse assurer que chaque
cléve de Penseignement sccondaire en posscdait unt!9 Laftaire
n'est pas de minime importance, car du coup le professeur
pouvait rompre avee la tradition des cours dictés dont la plupart
des rapports sur les colleges de FAncien regime disent la nocivite,
Un autre mode dactivité, et par suite une autre pédagogic,
pouvaient s’ctablir dans les classes qui, rompant avee la pratique
précédente, ctaient organisées par maticres dans les Ecoles
centrales, ces licux d'enseignement secondaire {et 4 plus d'un
titre supérieur) creés par la Convention avant de se séparer. De
cette distribution découlait une autre conséquence, aussi peu
banate, lindividualisation des disciplines- mathématiques,
physique et chimie, histoire naturelle- et par la meéme celie des
differents professeurs qui y étaient attachés. Ceux-ci avaient pour
mission de représenter la jeunesse de Ia science puisquiils
devaient  couvrir teur domaine jusque dans ses derniers
developpements. Nous en avons conhirmation aussi bien dans les
réponses 4 une enquéte de Tan VI qui fut réalisee par le
Directoire auprées de tous les professewrs, que dans les cursus
scolaires redigés par ces mémes professeurs pour étre soumis a
un jury d'instruction au moment de leur embauche, Méme si la
population scolarisée dans les Ecoles eentrales ¢tait en nette
diminution par rapport a celle des anciens colleges, Fautonomie
acquise par les seences grace o des elasses speciahisees, vaoire 1a
preponderance  de leur enscignement  conjuguees avee i
possibilite de manuels. put cntrainer jusgue dans les écoles
privees un renonvean de L pratigque scientifiqgne . doomoins pom
cette portion povilegiee des jeanes gqun aecedint auxe elasses en

fuestion.
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L'atelier du vraf: I'éducation ne se décréte pas

Une phrase du jeune physicien Arago a son ami le
géographe et naturaliste Alexander von Humboldt tfait saisir
toute 'exigence de précision et de rngueur de la communaute
scientifique @ "Humboldt, tu ne sars vrarment pas écrire un livre.
Tu écris sans tarréter, mais ce qui en sort n'est pas un livre .
c'est wn portrait avquel il manquerait le cadre " A n'en pas
douter, ce cadre eétait au contraire garanti par la démarche
analytque, c'est-a-dire dans le domaine mathématique, par le
traitement “algébrique” des problémes, leur réduction a des
eéquations qu'il s'agissait ensuite de résoudre en adoptant telle
techrigue connue. Seules les methodes analytiques étaient
considérées comme suffisamment générales. Voila pour
Fhorizon de l'education mathématique. on privitegiait les modes
d'attague plutét que les objets . Toutelois. l'appropriation de
cette voie analytique n'avait nen d'automatique : 1l fallart
facihter les acces en s'appuyant sur ce qui était déja connu des
éléeves et assimilé, par exemple les méthodes géometriques
guand bien méme elles s'éloignaient de fanalytique. En somme,
st la visée de l'enseignement était solidement définie, elle ne
déterminait pas une éradication des connaissances précédentes
De nombreux exemples dans les écoles centrales et a I'Ecole
polytechnique attestent cette souplesse et nous font saisir la
difference avec le comportement des protagonistes des
mathématigues dites modernes. A la tin du XVllléme siécle, en
France. une attention pedagogique etait proprement a l'oeuvre.
alors meme que le cuntenu de l'enseignement changeait. C'est en
tout cas une legon qui est utdy aujourdhur et le présent congres
maraue combien l'enjeu est perqu.

Un exempie est signhear b celur de la géometrnie
desaonptive  Monge en devoillait w egles des 1795, et 1a
proposait comme un langage. ecod fwe autant qu'exact. |l
escomptait developper chez les ingen L1 . ausst bien que chez
les artisians, e soucr de la precisien - soin de Fexactitude
Mais tout autant, 1 entendait rendre . o8 les opérations de
Fanalyse on les transposant sous la 1o d'une technique de
representahon qeometngue  Lon d'oppos: @t sa daémarche celle
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du pur calcul et de la géométrie différentielle manipulant les
symboles, Monge “illustrait®. i était pédagogique au plus
profond de sa démarche dinventeur. Laplace, l'analyste par
excelience, avait saisi toute la force de conviction contenue
dans cette géométrnie et se gardait de la dédaigner puisqu'elie
permettait I'analyse : "La synthése géométrique a d'ailleurs la
propriété de ne jamais perdre de vue son objet, et d'éclairer la
route entiére qui conduit des premiers axiomes a leurs
derniéres conséquences. ” ('') Monge pouvait dépasser un
objectif simplement mathématique et déclarait sans état d'ame
au sujet de sa geomeétrie - "C'est un moyen de rechercher la
vérité : elle offre des exemples perpétuels du passage du connu
a linconnu, et parce qu'elle est toujours applquée a des objels
susceptibles de la plus grande évidence, Il est nécessarre de la
faire entrer dans le plan d'une éducation nationale. " (1?) La
gualité de Monge résidait également dans sa fagon de prendre
appui sur des gestes répétitifs des étudiants, gestes qui
conféraient a l'apprentissage mathématique une coloration
d'activité manuelle et presque artisanale. Dans des salles de
I'Ecole polytechnique, des éléves devaient tracer les lignes
manquantes sur une ¢épure préalablement obtenue, afin
d'assimider les tracés de construction. et ils devarent fare
circuler les dessins, pour s'imprégner des techniques un peu
comme on se famiiarise avec une langue étrangére en Jeécoutant
souvent. |l n'y avait nulle honte a agir de la sorte : c'est encore
un point & mediter aujourd’hur. S'il importe de familiariser le
plus grand nombre de gens avec l'argumentation mathématique,
1 faut aussi se donner les moyens de cette famibansation

Pour autant, Monge et les membres du Comite
d'Instruction publique n'établirent aucun carcan national qui
aurait pu imposer un programme strict dans les écoles
centrales  Les professeurs etailent hbres et s devaient
seulement raspecter le cursus qu'ils avaient eux-mémes soumis
au jury d'instruchon. Une lLberté semblable était d'ailieurs
laissee aux eléeves qui pouvaient élire les cours de leur choix
Cette hiberte prohta largement aux mathematiques puisque
cette matiere fut choisie. dans toute la France, juste dernére le
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dessin. Nous pourrions étre jaloux de cette faveur. En 1800, les
inspecteurs généraux n'existaient pas encore, et a vrai dire feur
intervention sous la férule du Premier Consul ne brisa pas
véritablement la liberté des contenus, malgré 'imposition de
manuels "modernes”. C'est qu'il fallut bientdét sous I'Empire
élargir les choix effectués et on peut juger des tendances qui
parcouraient, en mathématiques. la collectivité des
enseignants par la concurrence acharnée qui se livrérent trois
manuels au moins. Il y avait celui considérée comme "moderne”,
di a Lacroix et congu vers 1797. Un texte plus ancien résistait
bien, di a Bézout, mathématicien mort en 1783 dont on avait
malgré tout rapiécé I'écrit. Intervenait & son tour un volume de
conception melangée, algébrisé certes mais rétrograde en bien
des points. dd au polytechnicien Bourchariat.

Si t'éducation scientifique ne se décretait pas, 1l faut
pourtant voir qu'elle s'organisait par le haut et que le modeéle
élinste -celui de I'Ecofe polytechnique- prévalait dans son
enseignement, et a fortiori dans I'image qu'elle donnait.
Fonctionnait a plein rendement |'émulation entre les
enseignants et aussi bien entre les étudiants. Ce tut técond,
pendant un temps,

L'atelier d'aujourd'hui ?

It serait vain, aujourd'hui, de miser sur un phénomene
analogue pour favoriser un renouveau de l'enseignement
mathématique. Non que I'émulation soit une mauvaise chose,
mais parce que l'on ne dispose plus d'un environnement
particulicrement propice aux sciences. lLes mathématiques en
particulier ne sont-elies pas devernues matére a cencours, a
classement ¢t de moins en moins objet de cunosite
intellectueile et de culture ? Les sciences, pendant la
Revolution. étaient largement commentees dans les  journaux
generalintes, comme o Recade  philgeophigue Elles otaent
appréciees et des savants écrivaient d'extraordinarres ouvrages
de popufansation tes sciences tissaient une nouvelle culture &
partir de I'humanisme, culture dont les poetes eux-mémes se
faiswent les heérauts Andre Chener n'ecrivait-il pas . "L'avenir
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appartient aux esprits novateurs. " Novateurs parce qu'ils
recherchaient le vrai, au-dela des considérations plus étroites
de spécialités. Si ies circonstances extérieures sont moins
favorables aujourd'hui, n'appartient-tl pas alors aux
didacticiens d'aider a retrouver i'allant d'un apprentissage ? lis
ne pourront étre utiles qu'en se soumettant a l'exactitude de
'observation et en faisant jouer la pluralité des approches qui
meéle psychologues et mathématiciens. Faudra-t-it une
Revolution pour que teur atelier,  aujourd'hur trop obscur,
inscrive son action dans la structure éducative instituee ?
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BUILDING ON THE KNOWLEDGE OF STUDENTS AND TUEACHERS
Thomas P. Carpenter Elizabeth Fenaema
University of Wisconsin
From the ground up makes good sense for building
Beware of from the top down,
Frank Tiovd Wrieht

Tius paper summarczes the fendings of a series of idegrated studies vestigaring

Bow tedchers wve specchie osearch and hnowledyge about childdiven’s thunking 1o plan

and miplemen: pivivuction o (s grade mathemanes. Tecehers knowledge and

Foltets whoni chiddoen's thoikiry were Tound G be relaiod oostid ot o bsiomiont,

wnd vamng focased o wndersiandimg chiddie's thidkiny resded oo sigmfrean

changes i teachers beliefs and Anowledyge about ther sudents. e classeoom

ontruction, and o studeniy’ pooblem solvoig achievement.

For the tast four years we have been studyving how teachers use research baed
ritow ledpe about childien™ thinking and problem solving to make decimaons oo they plan and
impiement instruction, and how thic instruction atfects then students” fewrmny Althouph
may seem obyous thar teachers should attend to what thea swudents know g plinning and
teaching, Clark and Peterson (1986) report that teachers do not tend to base instructional
decisions on their assessment of children’s knowledge, Qui work challenges this premise.

The project was composed of a series of integrated studies. 'wo baseline studies
conducted during the first vear of the project examined teachers” knowledge and beliefs abowt
thear students’ thinking and problem solviag and how this knowledge was related to their
students' achievement Carpenter, Fennema, Peterson, & Cures, 1988, Petcison, Fennema,
Carpenter, & Loet, 984 In the second year we conducted an expenmental study imvobung
A0 st grade teachers in which weanvestigated how provuding teachenss evpacit researnch based
browledge about children’s thinking aftected their instruction and ther students” achivvemenn
tCarpenter, Fennema, Peterson, Chiang, & Loef, in press, Peterson, Carpenter, & Feanema, in
prossi o In the third sear of the project we conducted a seres of case stadies of sy teachers
fovused an providing o deeper andesstanding of how teachers e knosledee about then
tudeaty” thimmkne o badd upon theor audents’ poor fnowbedee and hose there strdent

vt e ntfluen od e tesult

Ihe reserech reported i ths papet was supported in put byoa grant trom the Natonad
Noence boundabion (Girant Noo SMIDRG8MOMI0 The opimions expoessed e thas paper do ot
neceanly retlect the pootion, polics, or endursement o the Natontd Soence Faundation
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Research Basis for the Studies

All of the studies were based on research on the developiment of addition and

subtraction concepts in vouny children  For reviews of the research see Carpenter, 1983,

Carpenter and Moser, [983; or Rilev, Greeno and Heller, 1983, Verschattel, 1989)  Within
this domain researchers have provded o haghly stioctured anabvas of the development of
addition and subtiaction concepts and shitls as refiected i children’s solutions of dittecent
types of word problems.  in spite of differences in detnls and emphass, researchers in this
ared have reported remarkablhy consistent Dindings across 2 numbes of stadies and have drawn
snclar condlustons about how children sofve ditterent grabiems

The rewemich s Taoed oo a detided anadv s o the conrent domaen The chome
provides a highly pencipied analvaes of probleny tvpes such that baowledee of a tew general
fules s sutfroent o genvrate the comphleee tange of prablems The txvonomy of problem
tvpes provaetes a fromewark 1o adentd'y the processes that children are hikely to use to solve
ditferent problems and to distinguish between problems n terms of thew relative ditticuin
The analysis is consistent with the way that chifdren think about probleais and solve them.
Children imtiadly sohve word problems by dizecthy representing the action or relationsbips
the proeblems When oFildren enter first geade most of them ate e o solve o vatiety of
problems, and the progesses that amituidly are used 19 solve problems do ot appear to have
been earned throuph formal mstauctnon  This infooma! knowivdoe provides a baas teopive
raaning to the tormal operations and syvmbol ssstems that are taovht an schook, proveded thin
hildren are abfe 1o imake the vennections between ther anfoomal knosddedye amd the tormnd
mathematics of ~choo!

Fhe empreat resenrch pooavades o tine pramned analvees of the difterent strateee . tha
vheldren use and e e desels that thes pase thronsh s adgasnme mere g, o
provedutes for solvie ad iten and subtaction poodiem Thic e b doe provpdes teochng.

Faves o better understined childeen’™s tankmye and matth e teen o voven Jesvel of
konowtedye and bl
Hasehinge Stadie-

o ous el stwdre L owee eathered Vaseline g cn beet vt ten hers” Bonosdedyve and

Pelod qleat todente begmme ol bt aad oo o : b relaten tetaeen

Aacher boowtedee and Belets and trer stadent T feanmme o wator benmemy, Foter oy A
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Catey, 1988). We found that fisst-grade teachess were able to rdentity many ot the critical
distinctions between addition and subtraction word problems and the kinds of strategies that
children use to solve such problems. Howevei, teachers' hnowledge was not urganized into a
coherent network that related distinctions between types of word problems to problem
difficulty or children's strategies for solving the problems. In the same study, we found that
teachers® hnowledge of their own students’ abilities was significantly positively correlated with
student achievement on both computation and problem solving tests (r = 32 and 3|
tespectively).

In a refated stady (Peterson, Fennema, Carpenter, & Loef, in press b), we found a
signaficant positive cotrelatine between students’ problem solving achiesement and teachess®
beliefs (r = 3250 Teachers whowe students were successful in problem solving tended to agree
with the petspective that mstruction should build upon children's existiog hnowledge atad thet
the role ot the teacher should be to help students to construct mathematicat knowledpe eather
than to attempt to transmit 11 to them  These same cluster of beliefs were uncorrelated with
students’ achievement on a computation test.

The differences in the ways that teachers perceived their roles is illustrated in the
fotlowing protocc s The first is from a teacher who had one of the highest scores on the
belief's scale;, the second from a teacher who had one of the lowest.

... like the teacher also has to be the learner. She has to pay attention to where

the kKids are, tearn fruom them where they are, and dictate what her next step is

because there are a lot of different learners and learner’s styles. 1 guess learners

must be actively involved in doing work and think about what they are doing and

verbalizing what thev are doing.

It's a big role. | have taught first graders that when they first came in, they

didn’t have any concept of what adding was. .. The teacher has to do it

step-by-step, and you have to explain it daily, you have to go over it until they

start getting the concept. Subtraction was even harder for them to understand. It

took a long time You would have to verbalize it and talk through it almost

every dav, su they would start getting the concept
The Experimentat Study ¢ seaipively Guided Instrugtion

Tn the bisehine stadies we Tound that certam hinds of bnowledee and behets of teachers
were refated to student achievenmient  The purpose of the expenimental study was to determine
whether we could affect positive changes in the relevant knowledge and beliefs of teachers

and whether these chanves would be translated into changes in classtoom instruction and

dudent achievement We St our approy, b Cogmitive!y Gusded Instruction
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The teacher educition component of Cognitively Guided Instruction (CGH s based on
the premise that the teaching -learning process in real classrooms, is too comples o be owlly
seripted in adyance.  As a consequence, teaching essentially is problem salving.  Classtoom
instruction is mediated by teachers’ thinking and decisions. Thus, researchers and educators
can bring about significant changes in classroom practice by helping teachers to make
mformed decissons rather than by attempting to train them o perforn o a specified way,

The staft development gpproach we bave taken has been 1o help teachess understind
chitdien's thinking, give the teachers an opportunity to plan huw o use this knowlhedye in
their chsstoom, and to give them time (o reflect on what happens as a result of using this
knowledge, We have oot deseloped instructional materials for teachers th use with children.
Rather, we have watched o slachers have adapted their own o instructiona) methodologios
include the wwe of then student’ understandings. Teachers hase either dosetoped then own
- Lo tional matends o lose adapted asailable materals

Ihere are direct pacalicly between the way we dealt wath teachers asd the vision we had
of how they might use the knowledye we shared with them about thewr students. The baseline
sudies indicated that, like their students, teachers started with a great deal of relesant
knowledee. We attempted to help the teachers build upon that knowledge and put structure
on ot The process of teaching was perceived as problem solving (Carpenter, in press), and as
such e did not provide ready made solutions for the problems of instruction

The evpenimentad studs Lasted one vear and imvolved 40 e tprade eachers who were
seigned nandomly o oan evperimental or controb group (Carpenter, beanema, Peterson,
Chiang, and Loet, in press), The experimental teachers participated in a4 sweek wothshop
the goal of the workshop was to help the teachers understand how wddition and subtraction
vonvepts deselop an chddren and to provade them the opportunits to explore how thes nagtht
woe that hoowledre Vor aetrocten Teachers Tearned o clasats prablems, tooddennity the
ctateen stratewies that shaldeen use to o soive ditferent probfent, and to relare these aanateese
toothe lecelcand problene o wineh thes are commonly used  Fhas boowledpe prosaded the
Lamework tor everything else that followed, and one and a halt weeks of the four- week
workshop was spent on it

P the remander of the workshop, teachers decuec U ponaples of teetruction that

warht be denved from the research and designed thesr own provcims of nstiaction eed
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upon those principles.  Although instructional practices were not prescribed, the teachers
discussed how to use the knowledge they had acquired in assessing their own students thinking
and planning for instruction.  Specific questions were identified for teachers to address in
planning their instruction, but teachers were not told how they shauld resolve them. These
questions inctuded the following: 1) How should instruction build upon ti. aformal ard
counting strategres that children use to solve simple word problems when they enter first
grade? 2) Should specific stralegies like counting on be taught explicitty?  3) How should
symbols be linked to the informal knowledge of addition and subtraction that children exhit it
in their modeling and counting solutions of word problems?

Results.  During the following school year, we svstematically observed in the
cevperimental and controb teachers’ classrooms using a detatled observation scale We measured
the teachers' hnowledge and beliefs, and their studeants learning.  Although instructional
practices were not specitied, CGl teachers taught problem solving significantly mare and
number facts significantly less than did control teachers. CGl teachers encouraged students to
use a variety of problem solving strategies, and they listened to processes their students used
significantly more than did control teachers. As a consequence of allowing students to use
different strategies during instruction and listening to students describe how they solved
probiems, CGE teachers knew more about individual students' problem-solving processes, and
they believed that instruction should build upon students’ existing knowledge more than did
control teachers. Students in CGI classes exceeded students in control classes in number Fact
knowledge, problem solving, reported understanding, and reported confidence in their problem
solving abilities. [n :pite of the fact that CGI teachers spent only about half as much time
eaplicitly teaching number fact skitls as control teachers, CGH students actually recalied

number facts at a higher tevel than control students

We also found that witin the esperimental group the teachers who were most

influenced by the treatment had the highest levels of achievement, At the end of the year
tollowing the experimental treatment, experimental teachers’ knowledpe of their own students
and their beliets about Tearming and instiuction were significantly correlated with stadents®
prablem sotving petformance (r = .52 and .54 respectively).  The classes with the highest levels
ol adjusted achiesement were those ol teachers whose beliefs were post strongly based on the

prrspective that the teacher wa not the uttimate source of hnowledge and that instruction
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should e designed to help children construct solutions to problems for themselves. These
teachers spent more time guestioning and listening 1o their students and less time eaplaining
procedures 1o them  Thes knew more about their students abitities, and their students had the

highest levels of achievement (Peterson, Carpenter, & Fennema, i peess)

The experimental study demonstrated that we can change teachers by helping them
understand children's thinking and that those changes are reflected in what the teachers do in
the ¢lasstoom and in their students’ fearning.  The following year we conducted a series of

Audies of sty teachens who had participated in the CGE workshaop The goal of the case
A was 1o teter understand the nature of the changes we had found o the experomental
wudy Speciticathy  the case studies  were vconcerned  with how  teachers  giined  an
under tanding of their own students and how they used that knowiledoe to build upon their
students’ anformal hnowledge.  In both cases the answers are relatively sirughtforward;
however, in both cases it is not just what the teachers did that was critical, it wiy their
understanding of their students thinking that allowed them to interpret students responses amd
modity questioning or instruction aceordingly.

The eritical element in the clisses in which we observed the most impressive bevels of
problen salving was that the teachers were able to assess what thenr students were capable of
su that they could continue to expand the students’ knowledge by giving them increasingly
challenging problems that were not beyvond their capabilities, By listening to their students,
those teachers learned that thetr students were capable of <olving much more chatlenging
probleans than they previcely had anticipated. They did not simpls give increasingly difticult
problenv, they were able toomateh the probieme to the students gbibites

P ey thier sta bt the teachers did not rely on swostten Gt o foomal o coament
procedures. Inctead aaecanant was an onpoing part of ainstructien The teachers continually
Vhed thear stodents oo descnibe the processes they had ueed tesolve g gnen pioblem Hhe
teashers almost never taucht a lessan deagned to teach speditie procedueres In vroup
decussions they ashed students to evplain how they had sobved a partiwubar problem, and
tadents were encouraesd 0 deseribe alternative solutions Typically tour o five diferent
tatentowanbd e ot o they o sohved g prob o T eoetoad o b ereng work

the tochers abae v ed ctudents tooexplinm therr work sather than chowana them what they did
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wrong., Because the research the teachers had studied provided a coberent framework for
organizing problems and the processes that children use to solve them, the teachers had a
rationale for selecting probiems and a context for interpreting the studeets’ responses,
Cunsequently they knew whiat questions to ask and what to hsten for, Fhey could sttend o
important sariations in students responses and did not have 10 beep tuack of L tarry of
unrelated details.

The teachers built upon students’ mformal knowledge by starting with jroblems thuag
students could solve,  Students spent a good deat of time solving and talking about these
nroblems using a varicty of informai counting and modeling procedures. The teachers allowed
students 1o use procedures that were appropriate for them: and using their hnawledge of
problem diticulty, the tenchors setected and adapted problems, so that different students were
able to deal with problems that provided a reasonable level of challenpe

By talking about how cthey solved problems, children learned to reflect on how they
solved problems and to articulate their saluttons. The modehing and counting strategies that
children used to sohve different problems became more accessible so that they could readily be
applied to a variets of probfems and childien could refate the strategies that they used for
ditferent problems  Once chiideen’s informal steategies were 1eadily accessible and were
objects of discussion, symboly were introduced as wavs ot representing knowledge that
children already had

Prohlem solving wus not himited tu solving word problems A problem-solving
orientation characterized the way students and teachers thought about any situation. Basie
skills and concepts were approached from o problem-solving perspectise. For example,
children Jdeveloped place value concepts out of problem contexts by extending then arformat
modehing and counting stoateeres Clnldren invented therr own abporithms for wolviny il
it proablemy.s Pollowame ooan evample of one such solution

Well, D ptus T 30 so T heaw qts twe hundred and one humdred, so now at's

somewhere in the three hundreds,  And then you have to add the tens on - And

the tens are dand 7. well, um, if you started at 70, 80, 90, 100. Right? And

that's four hundreds. So now you're alecady in the three hundreds because of that

{100 + 200, but now yau're gn the four hundreds because of that (10 + 70} But

you've still got one mare ten  So if you're doang it 300 plus 40 plus 70 you'd have

four hundred and ten But vou're not doinp that So what you nced to do then i

add 6 more anto 10 which w1 And then 8 more 17,8819, 70, 01, 20, M3 N4
S that's 120 T mean 104
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To understand how teachers build on children’s thinking it may be informative 1o look

at a situation i which a teacher missed an opportunity o do so. The example comes from a
dissectation by Chers | Lubindk, who issstudyving teachers' decision making  The teacher Ms,
)., particapated n the CGE workshop, but obviously she has not assimibawed the underfving
principles of the program.
). Wrote on the bodrd
15
EAR]
JooNow | wh canoadd thie for me? Adam
A0
J o How duf you get that?

A Well T hnew that 3 and 3 is 6, 50 30 and 30 15 60 And 5 and § 15 10, and
S0 plus 1005 70

t OK  You have the ripht answer; howeser af Fdid 3 plus 3is 6, and then i
wentto S plus > s 10, and | put that down, Adam, I'd have 610

) Mrode on the Board
N

o33

oly
JooLothat the night anawer '
A Nu.
J. You have the right answer, but how coutd 1 do that to show ir?
A Yo oonuld do Sand 3
Jowel Fean't They dive in diftetent houses

A You adid the tives and then you add the threes

} Welll i cver here an the ones’ howse. What do b e oot BN ber
iy, vou remember femphasis added) what 1 did

In u stimubaed recdbmterview Tollowing the clase, My )0 made the followgny
comment abut the incudent
He [Adim] bt aovers poed way teeexphbun at, but it sasn'c eaplarioy that |
wanted by tovarry the 10 You have so many chidren that will wene Jdown
the T and then po o the tens' column and put down a number there too and
cume up with a three digit answer when it should be two. . 1 thought his provess,
his thinking, was excellent: but he would aot have been able to record it . . He
woult have Faoswn o was weong, but he wouldn't have hnown hew to change it ’
s epeeebathatrates the band of thinking that <tudent< are capable of ) and how we

Hen omie the epportunaty to aapitahize on that tuaking, We should not, howeser, be ton

critical of My 1o She as not qust concerned with whether a stadent has the nght answer She
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asked Adam to explain how he got his answer, and she seemed to understand his explanation.

She was still unwilling, however, 10 let go of her role as the dispenser of knowledge oty to
build upon Adam’s thinking. She was concerned that Adam's procedure wou f result in errons
for him or for other students, however, the examples we have scen in other classrooms
suggests that the concern is unfounded. We have not found that students' in et procedures
are fraught with errors, and there is nothing in Adam’'s response to suggest Uit he ¢ould not

have written his answer correcity.

Although Ms ] does not set embody all of the principles of CGILoshe ds, in

stieting to histen to how her students solve problems.  Phat is the Fist step, Maay teachers
touk some time to adapt their teaching to the principles of CGl, and some only went so far.
We are having teachers question some of their central beliefs of teachers, that thes are the
source of knowledge and that they have a responsibility to cover a speciticd amount of
content. It takes time to change those attitudes.  The workshop alone did not change the
teachers; 1t was histening 1o their own students solve problems that made the greatest
ditterence. The impact of the program and the change in teachers™ behavior appears o be
related to how carefatly they listen to their children and to how much they believe that thei
children’s thinking s an umportant determiner of what can be learned.

Perhaps the clearest example of the effects of listening to children comes from twoe of
the teachers who changed dramaticaliy during the year they participated in our case studies
At the beginning of the year they were mosi influenced by the details of CGE. They used the
tiwonomy ol problem types to include a sariets of problems during instruction, and they
ashed students to descntbe the processes used o sobve different problems. But they did net
really histen to the chibdien o plan matiuction o extend the chiddren’s knowledse  Then

VUISEeTTN W

with instruction and coveniny the material 1 a child had dirficulty explaining
solution, these teachers often would helpy the child in order to heep the lesson moving rather
than attempt to omdecstaad the natare of the Jufwults o encourape the cald o clails the
eaplamition. At the <ume time these teachers telt compelled to cover all the content normally
i therr fest grade cutniculum even though the chitdren in their class had demonstriated that
they abeady underatond certain topres by the way they had solved rebited problems.

Durime the bt thod of the sear as the e two teachess reflected on what thea childien

were tebhing them, they Eevan o chanee. They began to really isten o ther choldien, thes

T — o s it e




began to give students time to explain their solutions, and they tried o understand unclear
explanations. Concurrently they began to act on the basis of what they hnew abaut their
students, They no longer felt competled to caver certain content; their concern became what
their students knew and what they were capable of learning. They tearned that their students
knew a great deal more than they had given them credit for.  They began ta extend the
content they taught ta build upon that knowledge.
Critigal Features of the Program

During the inservice program teachers acquired very exphait knowledpge about chaldren’s
thinking s an open question whether simalar results could be obtiiaed by giving teachers
access o research based knowledge on children’s thinking that focused on less specilic aspects
of problem sobving, but we speculate that the specific knawiedge about ¢hildren’s thinking in
a clearhy defined content domain was critical. The taxonamy of problems provided teachers a
basis for deciding what questions to ask and the analysis of children’s strategies gave them
some insights for what to listen for. As one teacher commented: "I hiave alwass known that it
was important to histen to kids, but befare 1 never knew what questions to ask ar what to
liten for

the information about problems and children®s strategios hid o face saliditn tor the
teachers; it made sense For them, so they were intrigued to see what their students could do.
The problem and strategy analysis pravided them enough structure so that the teachers had
something to hang onto when they started. The analysis of children’s solution procesies is very
robust; when the teachers started to 1alk to their students, the students’ reponses it the
pritterres we hand b ed about For the teachers istening to then own stadent wa the entiead
tactar They beyn to see that ther students were capable of more than they hed anticpated,
ined that they, the teachers, did not bave to explain eserything

Although our workshop focused an just a part of the euthemanes curtizalum, that
Foowledee provided the bes for more far reaching chanes Onee the tonchere sbirted
Ltening to thet ctadents, they were able to exteapolate to plice vatae, ahecothmes, and othe
Gipies e the mathentess currculum; and For many of the teacher it attected how they
trrtened tn therr <tuidents i other suhject areas

Wath reegect bo stadenty Jearning, there appeared o fe ool crtcal clhments

Becau e the teachees had a better proture of b therr student b nesw Cthes were better abde o
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adapt instruction and provide problems at an appropriate level of challenge. For the most
part, it meant giving students more difficult problems. The CGH Yocus on infoaraal problem
sotving legitimized children's infarmal strategies and provided them with the perspective that
what they dearned in school should make sense and should be related o therr read world
knowiedge and that thes hud the abality to figure things out for themselves

Childien were gnen the opportunity to construct problems and solutions that were
meaninglul to them.  This appeared o help children to consolidate thew infermal knowledge
and connect it o a sariety of problem situations. By cncoumging childien to 11tk aboui Low
they sotved problems, the strategios were nade more overt and became objects of effection
for the children  The discussion of alternative strategies had another consequence The
ctuldren learned by listening to other children desenibe their strategees. o thes repard the CGH
clisces shate some Jommon yround swith the reciprocal teaching method of Palinear and
Brown (1984), except that explicit madeting of strategies s a tess central characienstic of CGl
classes,

n_Conclysion

Whether CGI woubld work s effectively at other age fevels and with uther content is an
open question  Farst- grande teachers seem to be especially open to listening to their students,
and they may not be as constraimed by the demands ol content o be covered as teachers in
later grades. Rescarch bnowledype in most other content domuins 15 aot set as detailed or as
robust as the knowledge about addition and subtraction. There alsao may be some unique
characteristics about addition and subtraction that will not generalize well. Childten's
imented strategies tend to be addiive, even when they are dealing with multiplisative
sthtion,

Although roany upar wered questions remain, our teeearch o date soeeetthat eiving
teachers access to research baaed knowledye about students’ thanbange and prottom solving can
affect  profoundiy teacher’ beliefs about learning  and  instruction,  their clhissroom
practices.their bnoswledee about their studenty, and most smportanthy there stodenty” learneng
and behets
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HARDIESSE ET RAISON DES RECHERCHES FRANCAISES *
EN DIDACTIQUE DES MATHEMATIQUES

Colette Laborde

Fquipe de didactique des mathdimatiques

et de l'informatique, Laboratoire 1L.SD, IMAG
Université Joseph Fourier, Grenoble, France

I - Deux cents ans aprés

Il y a un peu moins de deux cents ans en France, la Convention Nationale
décidait que "la révolution qui s'était faite dans le systeme social et politique” de-
vait “s'opérer aussi dans la théorie des sciences et des arts™ (introduction aux

Séances des Ecoles Normales, an IV, Imprimerie du Cercle Social) et quiun de ses

desseins était de "donner au Peuple frangais un systéme d'instruction digne de
b ses nouvelles destindes® (arrété du 24 nivose, I'an 1l de la République frangaise
1 une et indivisible). On sait que les scientifiques les plus prestigieux se sont alors
attachés A développer des réflexions sur les meilleures méthodes d'enseignement

] pour initier le plus grand nombre d'éleves dans les sciences.

‘ Je voudrais transmettre l'idée qu'il souffle un peu de cet esprit enthousiaste et
hardi dans notre volonté de développer le champ de recherche que constitue la
didactique des mathématiques en France et que notre démarche n'est pas exemp-
te de cette tradition révolutionnaire. N'est ce pas aller contre les idées regues que
de chercher & déerire, a expliquer de fagon rationnelle les phénomenes d'ensei-
ghement qui suscitent en pénéral davantage Pempirisme ou l'opinion que le dis-
cours raisonné ?

A une date plus proche de nous dans le passé, a Foecasion de la premidre tenue
en Irance de la conférence de notre groupe (en 1981, a Grenoble), G Vergnaud
introduisait les orientations thooriques et méthodologiques des recherches
frangaises en évoquant non leur caractere révolutionnaire mais leurs différences

de fondements davee les recherches étrangeres. Mon expos¢ esquissera

I'évolution de ces recherches depuis cotte date, en en présentant ceftes les aspects
originaus mais aussi en essavant de les relier aun préoceupations qui animent les
rocherches étrangeres car il me semble, ot le travail efte@tué au sein du groupe
IPMLE y est pour beatcoup, que des Liens objectifs se sont (réds entre nos appro-

2 An Knalish vereron of thic text will be distributed at the Conferopcee,
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ches, ou du meins nos questions, et les approches et questions développées en

dehors de la France.

Je ne pourrai évidemment présenter toutes les recherches frangaises dans lesquel-

les est engagée une centaine de chercheurs. Jai délibérément effectué un choix

pour ne conserver que certains themes. Un des soucis largement partagés au sein

de la communauté frangaise est celui de l'établissement d'un eadre théorique ori-

ginal développant ses propres concepts et ses propres méthodes et satisfaisant a

trois criteres : pertinence par rapport aux phénomenes observables, exhaustivité

par rapport & Fensemble des phénomenes pertinents, consistance des concepts

développés au sein du cadre théorique (Brousseau, 1986). Un large consensus s¢

fait aussi sur Iexigence méthodologique d'avoir recours d l'expérimentation en

interaction dialectique avec la théorie : le paradigme expérimental est congu au

sein d'un cadre théorique, les observations de Texpénmentation  ensuite

confrontées & ce cadre et susceptibles de le faire ¢évoluer compte tenu des trois

i criteres précédents. Lambition d'un te] programme ¢st manifeste et le respect de

4 tels critdres ne peuat étre le fait d'un seul chercheur ou d'une seule ¢quipe, il ne

peut étre que le fruit d'interactions et de coopérations nationales. Plusieurs licux

institutionnels nationaux, ou s'exercent de tels échanges, ont ¢té mis en place en

i France : un groupement de recherche CNRS, un séminaire (3 fois par an), une

école d'eté de deux semaines (tous les deux ans),

11 - Les rapports entre enscignement et apprentissage

Ce que nous appelons didactique des mathématiques en France recouvre F'étude

des rapports entre enseignement et apprentissage dans leurs aspocts qui sont

spécifiques des mathématiques. Une idéologie trés répandue suppose un lien: de

sitmple transfert de Pensvignement vers apprentissage: I'éleve enregistre co qui

ost communigué par Fenseignement avec peat-otre quelques pertes dinforma-

tion. De nombreux travaux conduils au sein Jde PME ont fortement montre 1o

caractere erioné de ce point de vue en mettant en particulier en évidence des

caractéristiques de connaissances construites par tes éleves a propos de notions

arithmdtiques, algebrigues ou géomdtriques non contenues dans le discours de

lenseighement @ ces connaissances sont locales, partielles voire erronces, Ces

constatations laisseat presager de la complexite des liens entre enseignement ot
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apprentissage. Cette complexité est A Forigine et au corur de nos recherches.

Dans une premitre période, les recherches frangaises avaient ent:cpris I'étude de
ces liens en se consacrant A Fapprentissage de savoirs mathématiques dont les
processus liés au contenu disciplinaire étaient encore peu connus. Méme si

'étude des leviers d'évolution des connaissances était alors déja entreprisc et la

théorie des situations didactiques déja développée (Brousseau, 1981), ces ques-

tions étaient abordées par les recherches frangaises, en étant surtout centrées sur
Fact.vité cognilive du sujet, en un mot en se restreighant au sous-systéme savoir-
éleve. Depuis huit ans les recherches frangaises n'ont cessé d'accentuer leur orien-
tation vers l'étude des dépendances entre enseignement et apprentissage, en
cherchant A répondre a des questions du type : Comment caractériser les condi-
tions & mettre en ceuvre dans un enseignement pour permettre un apprentissage
ayant des caractéristiques donndes a priort 72 Quels sont les éléments d'une
description d'un processus d'enseignement qui en assurent la reproductibilité du
point de vue de l'apprentissage qu'il permet chez les éleves? De telles questions
supposent que l'on ait choisi des critéres pour caractériser un apprentissage,
pour juger de la reproductibilité d'un processus d’enseignement.

Le critere fondamental qui conditionne notre approche de ces questions est celui
du sens : Quel est le sens des savoirs que on désire faire acquérir ? Quel est le
sens des connaissances construites par Fapprenant au cours d'un processus d'en-
seignement ?

Les recherches frangaises en didactique ont manifesté la volonté d'appréhender
giobalemint les situations d'enseignement, d'en élaborer une modélisation qui
embrasse leurs dimensions épistémologiques, sociales, et cognitives et qui cher-
che & prendre en compte la complexite des interactions entre savoir, ¢loves et en-
seignants au sein du contexte particulier de la classe ou plus généralement d'une
formation.  Plusicurs approches de tels objectifs sont possibles. On peut ainsi
vouloir reperer les "bonnes” situations d'enseignement et chercher & extraire les

connaissances expertes dienseighants “experimentés” pour caractériser les va-
leurs des variables d'entrée (au niveau de Fenseignement) assurant un "bon” ap-
prentissage chez Feleve d i sortie: Flapproche choisie n'est pas celte-1y, elle con-
siste phntdt a deéerire le tonctionnemeat des situations: d'enseignement conine

colui d'un systéme dépendant de choix et soumis A des contraintes (le systéme
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didactique) 2 dégager ces contraintes et choix, et A repérer en quoi différents choix

provoquent des apprentissages différents du point de vue du sens, cest-a-dire la

construction par les éleves de différentes significations des notions enseignées.

Il - Choix et contraintes du systéme didactique

Un des axes des recherches en didactique a consisté & dégager les contraintes qui

s'exercent sur le systeme didactique et 3 en analyser le fonctionnement. Les plus

importantes d'entre elles sont

1 - les caractéristiques des savoirs & enseigner, en particulior des dépendances

entre objets mathématiques qui doivent étre prises en compte dans la constitu-

N tion d'une cohérence du contenu desting A étre enseign;

2 - les contraintes sociales et culturelles qui s'exercent au sein du projet éducatit

dans la détermination des contenus d'enseignement

H 3 - les caracteristiques du temps de enseignement fixé par les programmes, en

particulier sa lin¢arité

4 - les connaissances des éléves, leurs modes de développement cognitif qui con-

ditionnent 'accts A de nouveaux savoirs

5 - la dissymétrie enseignant-apprenant par rapport au savoir dans les situations

d'enseignement (contrat didactique)

6 - les connaissances des enseignants, leurs représentations a la fois, des savoirs

mathématiques, de Fenseignement, de l'apprentissage ot de leur propre classe.

Ces contraintes s'exercent de fagon conjointe et n'ont ¢té sépardes que pour les

besonns de Fexpositon. Elles plinterviennent pas toutes auy mémes niveauy du

1, 2, 3 ot 4 affectent

“

processus - d'enseignement;  ainsi les contraintes

singulicrement la détermination des savoirs X enseigner (fransposition didactugue)

en amont du processus d'enseignement tandis que les contraintes 4, 5 ot 6

opérent surtout en aval, dans le réalisation de Fenseignement. Les recherches

frangaises ont coutribué a formuler ces contraintes dont I'étude souleve mainte-

nant un intérét plus large daps la communaute internationale. 5i les termes de

transposttion. didactique (Chevallard, 1983) et de contrat dudactique (Brousscan,

1981) sont partis de France pour aller au-dely de nos frontiores, les nécessites

r)
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d'une analyse épistémologique ont aussi été ressenties en RFA ou sont actuelle-
ment affirmées dans des programmes de recherche comme le keseor* Apenda

Project du National Council of Teachers of Mathematics aux USA; © “ples im

plicites qui gdrent en classe les rapports entre enseignants et apprenants ont 6t¢

l'objet de recherches de type cthnographique (par exemple, en RFA, 1a n v in de

Arbeitsinterim, Krummheuer 1983, présente des liens certains avec celle de contrat

didactique ), les représentations des enseignants constituent un paradigme de re-

cherche en Grande Bretagne et aux USA (on pourra a ce propos consulter le rap-

port rédigé par Cooney et Grouws,1987).

Les choix possibles dans la constitution d'un processus d'enseignement s'effec-

tuent en fonction des contraintes auxyuelles est soumis ce dernier. Ces choix

relévent d'hypotheses en général implicites sur la maniere de satisfaire aux con-

traintes du systéme, et la volonté de mettre en évidence l'existence de tels choix

contribue A une meilleure connaissance des phénomenes d'enseignement dont les

§ retombées sont trés importantes pour une formation professionnelle des maitres

afin quils puissent étre & méme de disposer d'outils explicites de prise de

décision on classe, comme le remarque Romberg (cité par Cooney et Grouws,

1987).

Trois types de choix sont fondamentaax, ce sont les choix relatifs a

- la détermination des contenus a enseigner,

- 'aménagement des interactions entre apprenants et savoirs 3 apprendre;

- les interventions et le role de I'enscignant en situation de classe.

1es choix des contenus d'enseignement et de leur organisation reposent sur des

hypotheéses de type épistémologique ot des hypothéses d'apprentissage (Arsac,

1989). Citons a titre d'exemple deux choix qui ont été pronés en France et mis A

exceution A plus ou moins grande ¢chelies Les présentations axiomaliques

lindaires (telle celle ofterte par Choquet, 1964), issues du travail d'organisation

fait par les mathématiciens au niveau du savoit savant ont été proposées pour la

structuration des contenas d'enscignement et ont fortement influeneé les pro-

grainmes dits de Mathematiques Modernes Elles reposent sur Fhypothdse que le

sens des savoirs mathematiques provient de la structure logique hicrarchisée




dans laquelle on peut les ranger; 'hypothdse d'apprentissage qui y est naturelle-
ment attachée est celle d'une accumulation de connaissances, une connaissance
nouvelle venant s'ajouter aux anciennes sans les remettre en question ni méme
les modifier. Ces deux hypothéses permettent de satisfaire de fagon tros
économique aux contraintes de cohérence du contenu d'enseignement et de la
linéarité du temps d'enseignement.

En réaction & ce choix, l'association frangaise des Professeurs de Mathématiques
préconisait a partir de 1972 l'organisation des contenus d'enseignement en
novaux-thémes, le noyau étant constitué "des notions fondamentales qu'au terme
de I'annde tout ¢leve doit avoir acquises”, les themes étant choisis par l'ensei-
gnant et les éloves, “soit pour motiver l'introduction des notions fondamentales,
soit pour illustrer des utilisations de ces notions, soit encore pour nourrir des re-
cherches supplémentaires dont la gratuité donnerait aux éléves un avant-goat
des études libres que devenus adultes ils entreprendront peut-étre.” (Bulletin de
FAPMED n® 300, sept. 1975). Les thémes potentiels sont inrombrables -facture
d'électricité, carré magique, mardes, prix quotidien d'un chien en ville (ibid.
p437)-. Dans ces propositions, le sens des savoirs est fourni par ses contextes
d'utilisation, I'apprentissage se faisant d'autant micux que la méme notion est
rencontrée par les éleves dans un grand nombre d'activités (ibid., p. 419). Une
hypothese sous-jacente est que I'éleve pourra de lui-inéme abstraire les savoirs
mathématiques des contextes dans lesquels il les a utilisés de fagon plus ou
moins implicite. En terme de dialectique outil-objet (Douady, 1983), I'aspect outil
des notions mathématiques est privilégié; en conséquence, les contraintes do
cohérence ot de dépendances des savoirs et de lindarité du temps sont difticiles a
satisfaire (ce qui explique probablement l'abandon rapide par les enseignants de
manuels fondés sur le principe des noyaux-thdmes). La contrainte d'adaptation
de Tenseignement aux cldves est remplie en tenant compte plus des gotts des
¢leves, de leur tamiliarite d'avee les contentes choisis gque de leurs connaissances
ctdeleurs capacites cognitives,

Bifférentes analyses de curricula existants et des hypothoses souis-jacentes relati-
vement a un champ coneeptuet donné ont ¢té mendées en prealable a des recher-

ches sur Fenseipnement -apprentissage des notions concerndes,
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Un autre type de choix s'effectue dans Porganisation des interactions entre sldves
et savoirs & apprendre. Un choix extréme (et qui n'a pas cours en ye visis-
te A laisser linteraction compldtement a linitiative de l'apprenant . - lui
présentant que le texte d'un savoir décontextualisé, d'un savoir sous * + “arme
que l'on pourrait qualifier de concept-definition en reprenant le termc call et
Vinner (1981). L'hypothese d’apprentissage sous-jacente postule l'appropriation
du savoir par l'apprenant sans transformation de sa part, tel qu'il a été furmulé
par lenseignant.

Dans les réalisations d'enseignement, il v a en géndral une contextualisation du
Savoir enseignd, c'est-d-dire Forganisation d'un conteate mettant en scéne le sa-
voir, contexte dans lequel s'excree lactivite de Péleve. Les interactions « - -+ sa-
voirs et éleves se font par lintermédiaire du contexte, du milicu (Brousseau,
1986). Les interactions prévues peuvent relever de différents choix.

Comparons ainsi trois situations introductrices a la notion de symétrie : dans la
premilre, utilisée fréquemment dans ies manuels, on fait plier une figure le long
de sa droite de symétrie et on demande a I'éleve de faire le plus grand nombre de
remarques possibles; dans la deuxidme, on lui demnande de dessiner une droite
telle que si l'on plie la figure le long de cette droite les deux parties de la figure se
superposent, le papier sur lequel est tracée la figure pouvant étre plié; la
troisidme situation ne se distingue de la deuxiome que par l'impossibilité de plier
le matériau rigide sur lequel est tracée la figure. Les processus cognitifs
impliqués dans la réponse de I'éleve a ces trois situations sont différents.

Dans la premidre, on sollicite une démarche inductive de I'éleve (Johsua, 1987),
on espore que de la simple observation il tirera naturellement les propriétés perti-
nentes du point de vue mathématique; dans les taits les criteres de pertinence ne
sont pas fournis par la situation, seul Fenseignant les cannait. L'¢dve est en par-
tie diégagé de la responsabilité de sos roponses et une partie de son travail consis-
tera plus & chercher des indices de pertinence externes a la situation qu'a analvser
la figure : i esten classe de mathématiques, it devra done plutdt s'intéresser 3 des
égalités, A des relations de parallélisme ou de perpendicularité qu'a la couleur de
la figure par exemple. Cette situation doit necessairement étre conclae par Ten-
seignant qui donnera une liste de reniarques. Une analyse théorique fine de ce

type de situation est developpee par Voigt (1983) qui souligne la fréquence de
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tels épisodes dans I'enseignement ordinaire.
Dans la deuxieme situation, I'éléve trouve dans la situation (en pliant) le moyen
de savoir si sa réponse est correcte ou non, mais si le pliage est un instrument de
validation, il est aussi un instrument de solution : I'éléve peut avoir acces directe-
ment a la solution par essais successifs de pliagé et ajustements; la question a ét¢
transformée, il ne s'agit plus que d'exercer une activité perceptive pour faire
coincider deux figures.
Dans la troisidme situation, le controle perceptif est bloqué puisque l'éleve ne
peut plus plier le matériau; la question est bien de mettre en wuvre des
propriétés de la symétrie pour tracer la droite de symétrie. Ce sont ces propridtés
qui constituent Finstrument de solution. En revanche, la situation matériclle ne
fournit plus d'instrument de validation de la réponse de l'éleve et de ce fait ne lui
permet pas de prendre conscience du caractére erroné de sa réponse (par exem-
ple, dans le cas d'un rectangle s'il a tracé une diagonale) et de chercher A la modi-
fier. La situation ne permet en elle-méme gudre I'évolution des réponses des
éleves. [Yune certaine maniere, la situation ne peut étre conclue que par l'ensei-
gnant comme dans la premidre situation,
Ces variations sur un exemple ont été choisies pour souligner que dans cette inte-
raction organisée entre savoirs et ¢loves, deux  eritéres jouent un role déeisif
quant A l'apprentissage visé @ 1) la question A laquelle les éléves répondent dans
les faits; ii) les retours qu'offre la situation A la réponse de l'éleve.
Les interactions entre la situation et I'éldve peuvent provenir directement de Pen-
vironnement matériel comme dans le cas du pliage pour la symétrie, clles peu-
vent aussi tirer leur origine des connaissances mémes de I'éldve, la solution étant
par exemple en contradiction avec sen connaissances antérieures. Les connaissan-
ces de Veleve lui servent de criteres de validité de sa réponse (Margolinas, 1959),
Au fur et & mesure de Favancement dans Papprentissage d'une notion
mathématique, Jes situations peuvent faire davantage appel & des critvres de
validite et ne plus avoir recours A Tutilisation d'un milieu matériel. La mdne
évolution se produit dans Favancement dans la scolarité. Ce sont donc les con-
naissances construites par les ¢leves qui vont servir de leviers d'évolution de ces

IMCMes CONNAISSANLCs
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De nombreuses recherches frangaises ont travaillé dans la conception de proces-
sus d'enseignement A la détermination de telles situations, les i vpotheses
épistémologique et d'apprentissage prises consistant & donner au problenie une
place centrale A la fois dans la signification des savoirs mathématiques et dans
l'apprentissage de I'éleve (Vergnaud, 1981). Les savoirs mathématiques tirent
leur sens de l'ensemble des problémes pour lesquels ils fournissent des instru-

ments de solution; c'est confronté & des situations problématiques que I'éléve en-

gagera ses connaissances anciennes et si elles ne lui permettent pas de fournir

une solution efficace, construira une réponse nouvelle adaptée au probléme dans
un processus interactif d'équilibres et désiquilibres. On reconnait en toile de fond
une hypothese constructiviste d'apprentissage. Dans I'étude des rapports entre
enseignement et apprentissage a propos de diverses notions mathématiques, une
des taches des didactidens a donc été de concevoir des situations-problemes
préservant le sens du savoir & apprendre, dans lesquelles la connaissance & met-
tre en ceuvre et a construire par l'éleve, est entidrement justifiée par la situation
(critere i), et qui permettent une interaction féconde avec ce dernier (critere ii).
Encore faut-il que l'éleve se saisisse du probléme pour prendre en charge "seul”
sa résolution, le lise et cherche une solution de la fagon attendue. C'est 2 ce ni-
veau que peut intervenir I'enseignant (cf. plus bas).

Les analyses théoriques fondant les constructions de situations sont validées
dans la confrontation des phénomenes observés aux phénomenes attendus. Cela
signifie que pour toute expérimentation de situations, une analyse théorique de
toutes les conduites possibles des éléves confrontés 2 la situation est indispensa-
ble. C'est d'ailleurs cette analyse qui permet de donner un sens aux conduites
observées des éleves, ces dernitres prenant une signification par rapport 2
d‘autres conduites qui auraient pu avoir licu.

Une troisiéme catégorie de choix se situe dans la gestion en classe par l'ensei-
gnant du processus d'enseignement. C'est lui qui, par les informations quiil
donne et celles qu'il retient, permet ainsi qu'une situation-probléme soit dévolue
{Brousseau, 1986) aux éldves sans modiflcation de sens pour ces derniers. De
nombreux exemples de changement de signification opérés par les interventions
de l'enseignant ont 6té relevés dans diverses études. Steinbring (1988) présente

un cas de réduction de sens opérée par un enseignant qui, ayant constaté que ses




éleves n'arrivent pas A résoudre le probleme du calcul du périmetre d'un rectan-
gle de dimensions variables x et y, scgmente le probléme en posant la question
dans le cas ou les dimensions sont des nombres concrets, puis demande une
géndralisation du résultat obtenu avec x et y. Le processus de résolution sollicit¢
a été modilié par cette intervention : I'enseignant fait appel & une algorithmisa-
tion d'un procédé qui fonctionne sur les nombres au licu de faire opérer sur les
variables; le sens du concept de variable s'en trouve modifié : on ne lui accorde
qu'une valeur de substitution au lieu d'une valeur d'objet. Cet exemple illustre
bien le caractére paradoxal du contrat didactique : tout ce que l'enseignant entre-
prend pour faire produire par I'éléve les comportements qu'il attend, tend a pri-
ver ce dernier des conditions nécessaires  la comoréhension et A l'apprentissage
de la notion visée (Brousseau, 1984).

Grenier (1988), dans I'étude d'un processus d'apprentissage de la symétrie ortho-
gonale, analyse le cas d'une situation dans laquelle les éléves ont A dessiner la
droite de symétrie d'un trapeze isocele uniquement a l'aide d'une équerre et
d'une régle non graduée. Les contraintes de la situation ont été choisies pour
privilégier l'utilisation par les éléves de certaines propriétés de la droite de
symétrie (incidence et orthogonalité) et bloquer l'usage de la propriété selon la-
quelle la droite de symétrie passe par les milieux des bases du trapdze. Mais les
éleves détournent la régle de son usage habituel et soit la graduent, soit utilisent
sa section comme instrument de mesure pour pouvoir construire les milieux,
procédure qu'ils connaissent bien. L'enseignant constatant le changement de
probléme effectué par les éleves intervient pour poser a nouveau le probléme ini-
tial et insiste & cette fin sur la précision que doit avoir la construction. Mais, alors
que pour lenseignanl une construction utilisant des intersections et des
orthogonalités cst plus précise qu'une construction fondée sur des mesures
approchées, le scul fait d'utiliser une mesure suffit pour les éléves A garantir le
caractére précis de la construction; leur procédure de recours aux milieux s'est
trouvée renforcée par lintervention de I'enseignant.

Douady (1985) a souligné le réle de l'enseignant dans l'instiiutionnalisation des
savoirs ¢'rst-d-dire [a transformation en objet de savoir d'une connaissance qui
n'a ét¢ investie par les dleves qu'en tant qu'outil de solution d'un probléme . Une

connaissance ulilisce implicitement dans la résolution d'un probléme n'est pas
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reconnue par les éleves, elle doit étre dégagée par l'enseignant qui en explicite les
aspects qui devront faire partic des savoirs appris et réutilisables ¢ svite. Dans
un processus d'enseignement, Fenseignant se trouve done aux deux extrémités
des situations probleémes donndes aux éleves, il assure la dévolution du probléme
et l'institutionnalisation des savoirs en ceuvre. Il joue done un role priny tial sur
le sens des savoirs construits par les éléves. Si la théorie développée a mis en
évidence ce rdle, les conditions et variables dont dépend son exercice sont moins
bien connues Elles commencent pour cette raison  étre 'objet de recherches.

En effet, les recherches ont eu tendance A négliger le rdle de I'enseignant. Or les
décalages entre ce que les analyses théoriques donnaient A prévoir du résultat de
siquences d’enseighement et les effets observés ont amené des chercheurs a
prendre pour objet d’étude le réle de I'enseignant dans la class«. Ainsi Robert et
Tenaud (1988) ont étudié¢ I'incidence des interventions de l'enseignant lors de tra-
vaux de groupe d'éleves. Robert et Robinet (1989) ont cherché A analyser les
représentations des enseignants sur les mathématiques et leurs enseignements
qui ont une influence certaine sur les décisions spontanées de I'enseignant en
classe et que la théorie pour I'instant ne prend gudre en compte. Grenier (1988) a
montré combien la marge de manceuvre de 'enseignant est liée aux conduites
des éléves et A son interprétation des conduites des éléves.Les phases de bilan ot
I'enseignant fait le point sur les activités des éléves sont particulidrement sensi-
bles de ce point de vue.

V - L'ordinateur en tant que constituant du milieu

Dans l'organisation des interactions avec les savoirs A apprendre, le role de V'ordi-
nateur a été l'objet de plusicurs recherches ces demidres années. En effet, une
analyse didactique est nécessitée par I'existence de nouvelles situations d'ensei-
gnement créées par la madification du milieu que constitue I'utilisation de l'ordi-

nateur : recherches sur la nouvelle signification des concepts mathématiques

médiatisés par lordinateur, recherches sur les nouvelles interactions permises

entre savoirs et éldves, recherches sur le changement apporté au contrat didacti-
que par l'usage de Fordinateur, les rdles respectifs des acteurs éldves et ensei-
gnants se trouvant modifies (Gras, 1987).

Soulignons cependant que le seul fait d'inclure 'ordinateur en classe n'implique
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pas une seule conception de l'enseignement et que des utilisations différentes

sous entendant des hypotheses épistémologiques et d'apprentissage différentes

sont possibles. Ainsi, une des possibilités originales de certains logiciels tels Ca-

; bri-géomdtre, celle de production de représentations dynamigues d'objets

mathématiques et donc de visualisation de propriétés mathématiques comnie
des invariants dans les transiormations opérées a l'écran peut étre exploitée en

sollicitant des démarches différentes de la part de I'édleve : induction de

propriétés A partir de l'observation ou validation de conjectures par simulation a

I'écran. Ainsi dans Cabri, le déplacement de figures construites par les éleves per-

met de disqualifier des constructions faites «u jugé, le logiciel ne prenant en

compte que les propriétés géométriques explicitement utilisées.

Plusieurs recherches ont 6t¢ mendes sur les interactions entre savoirs et éléves, en

particulier sur la conception de situations jouant sur les caractéristiques de I'ordi-

13
3 nateur pour permettre l'émergence chez I'éleve de nouvelles stratégies de solu-

tion face d un problenie of done de nouvelles connaissances. A titre d'exemple, jo

citerai celle de Osta (1988) qui a congu un processus d'apprentissage de la notion

1 de systeme de référence dans l'espace A trois dimensions dans lequel J'évolution

| des stratégies des éldves est permise par les contraintes du logiciel utilisé, en l'oc-

currence Mac Space. Mac Space est un éditeur graphique conversationnel qui

construit des représentations graphiques en perspective d'objets A trois dimen-

sions, A partir de trois vues sur lesquelles peut agir I'utilisateur. C'est parce que

lexigence de communiquer explicitement 3 la machine les coordonnges des ob-

‘ jets solides A représenter appelle la prise en compte de la structuration de I'espa-

ce particuliere au logiciel que le probléme a résoudre par les éldves est bien celui

de la construction d'un systemne de référence. C'est la possibilité de voir a I'éeran

le résultat obtenu qui est facteur d'évolution des  stratégies des éleves. Un

résultat en perspective non satisfaisant perceptivement les incite & chercher la

raison de l'erreur, cette raison amenant une autre représentation de la solution...

la perception est utilisée ici en tant qu'instrument de validation et non en tant

quiinstrument de solution, la complexité du systeme de référence de Mac Space

ot des objets donnés & construire empdéchant que les ajustements par tatonnement

donnent une solution perceptivement satisfaisante.
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Comme on le voit sur cet exemple, l'organisation de situations incluant 'ordina-
teur repose sur une analyse de méme type que dans un environnement classique.
L’analyse est peut-dtre rendue plus complexe de par le grand nombre de
stratégies permises par certains logiciels, la complexité conceptuelle de ces der-
niers, et surtout de par la représentation que I'éléve élabore du fonctionnement
de l'ordinateur et qui évolue au cours de la tiche en interaction avec la
représentation du probléme par l'éléve et ses démarches de solution. C'est un
élément de complexité supplémentaire qu'il est impossible de ne pas prendre en
compte si l'on veut attribuer une signification aux conduites des éleves et donc 2

la nature des apprentissages effectués.

V - Formes de fonctionnement du savoir

Brousseau (1981) a montré qu'a différentes organisations du milieu correspon-

dent différentes formes de fonctionnement du savoir : certair.es situations appel-

lent des connaissances implicites en action, d'autres sollicitent de la part de
I'éleve l'explicitation des connaissances (situations de formulation) enfin une
troisiéme catégorie de situations requiert la justification par les éléves de leurs
explicitations (situations de validation). Les situations d'action ont été l'objet
d'une attention particuliere depuis longtemps et sont les mieux maftrisées en par-
ticulier du point de vue des rétroactions du milieu. L'influence de l'école
piagétienne est certaine quant a I'importance des préoccupations des chercheurs
pour la question des rapports entre conceptualisation et action.

Plus récemment, les liens entre conceptualisation et formulation, entre concep-
tualisation et validation souldvent un intérét plus large qui est allé de pair avec
I'apparition de recherches concernant des niveaux scolaires plus élevés (au dela
de la scolarité obligatoire) qui exigent des niveaux de conceptualisation impli-
quant formulation et validation. Des recherches ont montré les liens dialectiques
entre le statut cognitif des objets mathématiques chez les éleves et les formula-
tions ou les validations mises en ccuvre par les éléves A leur propos (Balacheff,
1988).

En particulier, les formulations usuclles du discours mathématique requidrent un
certain niveau de connaissance des objets et relations mathématiques: ils doivent

étre suffisamment décontextualisés et détachés des actions des éléves. Des objets
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géométriques tels que points et segments doivent étre suffisamment dégagés de
leur contexte et perqus comme des objets indépendants pour recevoir un codage ‘
a Iaide de lettres par les ¢leves @ ainsi un segment vu seulement comme bord
d'une région, c'est-a-dire li¢ A une région, n'est pas codé par les éleves (Guille-
rault, Laborde, 1986). Inversement les exigences de fomulation conduisent I'indi- ‘
vidu 2 envisager autrement les objets mathématiques; en effet des problemes ‘
spécifiques posés par l'activité de formulation obligent A de nouvelles analyses
conceptuelles. Par exemple le vocabulaire adéquat manque, la complexité du dis- ‘
cours & produire est trop grande parce que les relations envisagées entre objets ‘
sont trop complexes. La prise en compte de I'interlocuteur A qui est destiné le dis-
cours conduit A expliciter des données jusque 1A évidentes pour le locuteur, ‘
,f; l'oblige  prendre conscicnce d'éléments implicites dans sa démarche, A opérer ‘

|

. une distanciation et une décentration des objets afin qu'ils puissent étre saisis par

I'interlocuteur uniquement par des données verbales. ‘
A contrario, la question se pose de la construction de situations d'enseignement ‘
permettant I'apprentissage de la formulation en mathématiques. En effet, les for-

mulations spontanées des éléves en mathématiques contiennent souvent des im- ‘
plicites et des ambiguités. Usuellement le procédé pratiqué dans I'enseignement ‘
est la monstration, on demande A l'éldve d’imiter le discours de I'enseignant ou

du manuel. Des situations permettant une construction de formulations précises ‘
et non ambigues en réponse A un probléme ont été congues. Deux

caractéristiques sont utilisées pour permettre une telle construction : la dimen- ‘
sion sociale de V'activité langagidre et sa finalité. La formulation de I'éleve est ‘
destinée a un pair 2 qui elle est néeessaire pour réaliser une activité subséquente
qu'il ne pourrait réaliser sans cette formulation. Le fait que ce soit un pair incite
les éleves A veiller A la qualité de leur formulation pour que leur camarade
réussisse Vactivité qui en dépend. Un des problémes non encore résolus de ce
type de situation est que les retours de la situation s'effectuent par le camarade
lecteur qui dans certains cas interpréte des formulations erronées selon le sens

= voulu par I'éléve producteur de formulations. i

V1 - Conclusion

Les recherches frangaises sont diverses mais animdes d’un esprit commun que
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jai cherché & communiquer dans cet exposé. Deux mots peuvent le résumer :
hardiesse et raison, hardiesse de vouloir construire une rati.nalité des
phénoménes aussi complexes que recouvrent les rapports entre enseignenment et
apprentissage. Les résultats acquis ces dernidres anndées donnent cependant A
penser quie cette hardiesse n’est pas inconsidérée. Le débat scientifique, parfois
vif, au sein de notre communauté contribue sans nul doute A cet avancement. Je
souhaiterais qu'il continue de s’ouvrir A la communauté internationale pour y re-

cevoir une validation.
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MATHEMATICAL LITERACY FOR ALL:EXPERIENCES AND PROBLEMS
Paolo Bocro,Depurtment of Mathematics,University of Genoa

For the past 1S years | have been co-ordinating teaching innovations for compulsery
education (which in ltaly is the same for all pupils from 6 1o 14 yedrs of age).Our projects
involve an high numnber of pupils (over 4000 this year,of mixed social-cultural
extraction)tn this lecture | will concentrate on the aims of these activities (mathematical
literacy at the highest possible level for all pupils) and on some of the cultural and didactic
choices made by us 10 reach these aims(in particular:construction of concepts and basic
mathematical abilities through activities concerning the knowledge of imporwant aspects
of natural and social reality).These aims and choices are,on one hand,related to the
celebrative framework in which PME-X11l is inseried.and on the other hand are related to
the topics discussed in some lectures given during the recent PME meetings,

1.INTRODUCTION

From the start of our activities,the aims of mathematical literacy for all the pupils have been
closely tied to the general educational aims of schooling .This has led to the construction and
experimentation of a complete teaching project,for between 11 and 14 year olds,in mathematics
and experimental sciences(in ltaly,these subjects are taught by the same teacher),and then to a
project for primary schools(6 to 11 year olds)which includes all the main subjects taught in Italy

at this scholastic level.
The changes occuring in the extra-scholastic situation,the experience gained in the project
experimentation, the difficulties met,the progressive refinement of our skills in analyzing the

! work in class and the ever increacing companisons< with international researches have induced us
to modify the mathematical and cultural  aims pursued and the methods of reaching them,
Nevertheless  some of the original characteristics( in particular,the allocation of the didactic
work to all the pupils ,and the emphasis on teaching mathematics as an jnstrument of knowledge
for _important aspects of social and nutural reality) have remained as they were

initially. Today,these two characteristics form a pair tied together not only as an ideological and
cultural choice,but also on the basis of didactic considerations : in fact,in order to construct basic -
mathematical concepts and abilities in all the pupils it seems necessary to us to insert the leamning
" ‘tionalization”

aims in contexts rich in meaning and motivation for the pupils;plus,the '

processes conceming reality seem to develop tinguistic skills and reasoning capacities needed to

systemize and work the mathematical concepts constructed.

These considerations link the contents of my lecture to the contents of other lectures given at
PME meetings during the last few vears.In particular 1 refer 1o the Lesh PME-IX lecture
(problem solving in “realistic” situntions:(19)),and to the Carraher PME-XII lecture
(development of important mathematical skills outside the school environment,in real life
situations:(11)).The quoted researches justify the hypotheses(which also have similarities in .33
psycholinguistics:see (15)) that the "context™ in whicli the problem situations faced by the pupils
are inserted does not only affect the resolutive strategies adopted by them,but can also influence
their learning processes and their cognitive develupment My lecture is dedicated to the deepening
(on the basis of our expericnee) of the relationships that exist between the sttainment of the aims
of mathematical literacy (ambitious but necessary) that we propose to reach with all the
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pupils,and the cultural and didactic choices relating to the “context”.

This lecture 1akes into account the research work carried out within our group and the
discussions undertaken with other ltalian researchers (in panticular, M.Banwlini Bussi,P.Guidoni
and M.A Mariotti). The critical re- examination of the subject-matter and  the draft version by

E.Ferrero have been of precious help.

2.0ON THE AIMS OF MATHEMATICAL LITERACY IN COMPULSORY EDUCATION

1 would like to first mention the gints which 1 consider must be achieved by all the pupils
during the compulsory education period with reguard to the requirenients for a non-subordinate
insertion into society,and for participation in the cultural and social runsformadons wking place.

The list of aims takes into consideration:
- explorative work which some members of my group have been engaged on for

years,examining in detail professional performances at various levels
- an analysis of the requirements for cultural and operational instruments for the choices in

everyday life(both at "private” and "public”level)

- the preparations necessary to continue studying with success both in the schooling
- subsequent to compulsory education and in adult further education programmes. The study
i made by Bordieu (9) highlights certain selection mechanisms ,based on the social cultural
extraction,which operate at higher scholastic ievels.At the lower levels,the school canno.
- normally close or reduce the gaps in the basic abilities(in particular logic-linguistic skills)
' amongst the pupils due to the different social-cultural origins .

The final aims,which in my opinion today justify a programme of mathematical literacy for
compulsory education,can be expressed in general terms as follows(for details,see section 6):

A) mathematical modelling,such as the capacity to recognize and represent existing elementary
quantitative relationships between variables of economic,physical and environmental interests ,
in deterministic and stochastic situations(from the arithmetical modeliing level of a8 common
word problem,to a level of formula modelling)

B) command of symbol systems governed by syntactic "rules”,with the capacity to perform
some elementary transformations buased on these rules and to perform progressions to
represented meanings and their consequent return( interpretation and transformation of simple

formulae,substitution of values in formulae etc.)
C) capacity to interprei(at least verbally) logic operations set out according to various rules,and to
suggest(for simple significance probleins) resolutive algorithms thas can be handled by

programmuble electronic devices
D) capacity for mathematical reasoning(at least at recognition level of the validity,or less.of
simple conjecture,and the managemient of simple precise deductions from data or hypotheses).

E) mastery of elementary mathemittical vocabulary necessitry for subsequent mathematical studies

and for participation in basic science education.
These aims concein both the pragmatic dimension of mathematics and its cultural dimension as
an instryment of knowledge = at the service of the other sciences and as an ghject of

knowledge. The necessary links for triining in computer science are also taken into consideration.
With regand to the mentioned aims.in the past during our class work we encountered serious

difficulties in obtaining acceptable percentages of final success, There follows a brief summary of

these difficulties which scem to interact negatively.especially in the case of pupits from modest
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social-cultural environments (Refer to (6) for a deeper analysis )
- linguistic deficicncies connected with the command of the spoken linguage as an instrument of
thought. Above all,these affect the attainment of aims B).Cj and 13 * 1t they do also
influence the other aims.
- cultural factors concerning the conceptions that the pupils have about mathematics in general
and certain mathematical contents in particular,plus those they have about t. iomend to be
modetied
- metacognitive deficiencies concerning the capacity for thought on procedures and mathematical
formalisms and the management of logical reasoning
- factors inherent 1o "didactic contract™(10)
Sections 3,4 and 5 will be devoted to the analysis of some  theoretcal tols and practical choices
that we ntilize to interpret and  face these failure factors.

Another faiture factor which is usually encountered in cases with pupils with learning
difficulties or in "difficult” classes is the choive that many teachers make for the quality of the
"intermediateains followed in these circumstances. The current temptation of the teachers is,in
fact,to direct the work of the pupils with leaming difficulties towards activities having little
mathematical "value"(Chevallard) (use of stercotyped patterns for problem solving,application of
caiculation techniques.etc.).It is true that by doing this some bonuses are secured for the weaker
students,but it is also true that the gap with respect to the other pupils inevitably increases as
regards final aims.For this reason,we feel that a strict orientation of the "intermediate” aims
towards the mentioned final aims is of prime importance.In practice,we engage pupils in
independent problem solving activities (not guided by pre-established solution patterns) as carly
as the first years of the primnary school; a growing importance is given to thoughts on the
concepts and the mathematical procedures introduced during problem solving; we try also to
graduaily develop awareness about the different mathematical formalisms.In this lecture it is not
possible to delve into greater detail regarding this aspect of our curriculim planning.A few
examples can be found ‘n section 6.

In our opinion,another choice necessary for correctly orientating the work of all the pupils
towards the highest objectives is that to parallel the aims which must be reached at each imoment
with 100% of the pupils with aims which must be initially proposed to all the pupils,even

without immediately obtaining from them high percentages of success and autonoiny.,

For example,with regard to the writing of processes,after approximately one and half years of
primary school we expect all the pupils to be capable of independently writing a linear
sequence of the simple actions necessary for obtaining a certain "product”which has been soon
produced in class.All the pupils however have already been “exposed” o more complicated
writing tasks(writing of processes in which simultaneity,iteratives,checks,etc.are used).
Another example is that of the gradual approach 1o the meanings of division:at the end of
grade 1 (6 10 7 years) we are content if only a purt of the class knows how to calculate “how
many drawir.g sheets of 200 lire can be bought with 900 lire” and at the end of grade 11 (7 to
R years) we are saiisficd if only a part of the class knows how to divide 7000 lirc amongst
the 21 children in the class These aims,howevermust be achieved by all the children by the
end of grade HI.

This choice scems to be suitable for "forcing”(through immersion in a social context in which
oue talks of certain things,they are represented,they are seen “done”) all the childien o extend the
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"nearest development zone” (Vygotskij).necessary because under the guidance(individual, if
necessary) of the teacher the independent mastering of the aim being pursued is achieved.
Finally,we note that the choice to insert the teaching of mathematics in activities regarding the
knowledge of reality allows this continuous paralicling of the more advanced aims with aims that
all the pupils are required 10 reach at a certain moment.In particular,at the starting of compulsory
schooling,the children recognize.above allthe “real world feature” of the topics  witn which

they are faced (for examiple:“calendar”,"buying and selling”);this allows all the children to feel
involved in the problems they have to face (even if only a part of the children are self-suificicnt in

mathematic resolution of the more difficult problems).

3. KNOWLEDGE OF REALITY AND THE LEARNING OF MATHEMATICS
The previous considerations lead us to the heart of the argument that I would like to develop in
more detail in this lecture. This concemns the choice and didactic use of suitable "contexts"linked
to the extrascholastic experience of the pupils as a decisive element in the mathematical literacy
process, to overcome some obstacles and difficultizs mention~d in the preceding section.
3.1 Necessity of a specific theoretical framework

The choice to “reconstruct” the contents and the sense of knowing mathematics with the pupils
by means of teaching "by problems” well framed in "actual” topics motivating the pupils to the
intellectual effort necessary,belongs to the tradition of educational innovations (activism) in Italy
and in other countries.Our initial activities followed this stream. At the start of the 1980s,the
difficulties that we had encountered forced us to reflect upon the theoretical tools made available
by the research into the teaching of mathematics at international level.Our difficulties concemed
the need to render the planning of the didactic situations regarding “reality” more flexible and
productive within the group,the need to interpret correctly the achievements and the obstacles
met by the teachers in class ,especially during the mathematization processes, the lack of
instruiments to communicate in g "transparent” manner our ideas and proposals ouside the group.
Analyzing the existing theoretical tools ( “re-framing” of mathemathical knowledge(12);
“tool-object” dialectic(16),"conceptual fields"(25), “learning environment”(22),"realistic
mathematics”(24)), Fobserved that the problem of the choice of context is taken into account
only from the point of view of the  specific mathematical learning aims,with a resulting
“episodic” feature of the "contexts"in front of the organic unity of mathematical curriculum.In
our experience,on the contrary we — ascertained the strong influence that the cultural quality and
the organic unity of the "contexts” chosen may have  both on general (logical, linguistic,
metacognitive...) competencies and on strictly mathematical competencies. This called for an
integration of the existing theoretical tools according to our experiences and  our needs.

Elements which I consider justification for expanding the theoretical frame in the organic unity

sense of the "context™ in which the mathematical knowledge is re framed can also.in my opinion,

be obtained from the history ot culture (143,(21) and from the studies of ethnomathematics 111),
3.2 Ficlds of experience semantic fields and conceptual fields

"FIELD OF EXPERIENCE” is a sector of the experience (actual or potential) of the pupils
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identifiable by themn,with specific characteristics which render it suitable (under the guidance of
the teacher) for mathematical modelling activities,posing of muthematicat problems,etc.Examples
of fields of expericnce which we widely use in the projects for secondu: o« " w ! radfor primary

"o

school are as follows:"Machines”,"Commercial exchanges”,"Product: « i class™,"Sun and
Earth","Genetics","The calendar”, "Automation”, The house in territory ”, “ivatural pumbers”,...
Each field of experience can be seen from three points of view:that of th'  +cher (“internal
context” of the teacher),that of the pupil (“internal context” of the pupil; e vations,mentat
representations, etc.), and that of the elements making up the field of expeticnce and of the

exiting relationships between them (“external context™).

These three points of view are uscful for compari g and analyzing the dida. 'ic problems of the
fields of experience in which the external context is at least in pant attemptable by the pupil in
"tangible” direct terms (as for “productions in class”), of the fields of experience in which
the external context is attemptable by the pupil in intellectual terms (as happens with "natural
numbers”,with pupils who have a good practical mastery of them),and of the fields of
experience in which access at an intellectual level to the external context is,for a large
part,controlled by the teacher or from books( as in the case of "Genetics").

In the first three grades of the primary school,we prefer "fields of experience” of the first
lyﬁe.which are present anyway in our projects until the end of compulsory
schooling.Amongst the possible fields of experience of the first type,for the first years of
primary school we choose those for which it secems the “external context” can be better linked
to the extrascholastic experience of the pupil and to the adult experiences,richer in links and
relationships accessible to the pupils and meaningful from the logic-linguistic and mathematics
point of view.A partial description of these choices will be given soon.

In general,programming didactic situations in a particular field of experience must lead to a
“project” on how to make the internal context of the pupil evolve in time,making full use of the
restraints of the external context to force the leaming process towards the set aims.

All this gives rise to the problem of representation,which must be taken into consideration both
for the transfer of relationships present in the internal context of the teacher and the pupil to the
external context (under the form of identifiable “signs™),and for the development of the thought
processes in the “internal context” of the pupil (in particular,the representation serves as an
instrument of thought for relating the restraints deriving from the external context with the
mental images).(Section 4 is dedicated to some aspects of the problem of representation).

In the end,we sce that the ficlds of experience do not only evolve with respect to the
representation which they form and which gradually transform into the intemal context of the
teacher and above all into the internal context of the pupil bat,in certain cases,also for the historic
change in the external context {one thinks of the field of experience of “"Machines™)

The fields of experience demonstrate a certain rigidity.due to their intrinsic nature of broad
contextual references identifiable by teachers and pupils.From a didactie planning and analyses of
the teaching-learning processes point of view,it can be useful to introduce a more analytic tool
which,though safeguarding a unity of context,allows the substitution of one field of experience
with another more saitable for the circumstances,witiout compromising the re-framing process
of certain mathematical contents.For this reason,] propose the concept of "semantie field”,

"SEMANTIC FIELD" is an aspect of human experience (real or potential)which appears to the
researchers,in one or more fields of experience,as unitary,which cannot be broken down

further,and which can be “rationalized” through pertinentintense and meaningful use of
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mathematical concepts and/or nuthematical procedures,
A few examples of semantic fields present in our projects and which o me seem to possess,in a
symbolic manner,the characteristics of the previous definition are: "purchases”,"calculation of
product costs”,"routes covered on foot”,"batuncing of levers™,"representation of the visible
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environment”,"time of the month”,"time of dav”, "history time","sun shadows’
The semantic fields must also be thought of as parts of the fields of experience in
historic-evolutive terms,from three points of view:the “external context™ point of view,the
"internal context of the pupil”point of view and the"intemal context of the teacher” point of view.

In my opinion,the link of semantic ficlds with education needs is assured by:

- theoretical evidence:in the a priori didactic analyses of many basic concepts of mathematics,one
senses "meanings” which may be thought refated to many fields of experience joined together in

common problem situations which then identify a semantic field.
For example,in the a priori analyses of concepts of angle, parallelism and direction,meanings
are identified which may be referred back to the problem situations regarding the “sun's
shadow"(a semantic field which can belong to different fields of experience:from that of the
relationships between "Earth and Sun" ,to that of "Orientation").In the a priori analyses of the
concepts related to the model y = a + b/x ,references can be scen to problem situations
inherent to the calculation of “production costs"(this semantic ficld can be inserted in the ficlds

‘ of experience of "class productions”,"industrial productions”,"commercial exchanges”,cic.)

i - empirical evidence:from our experience, the behaviours of the pupils often correspond to the
didactic a priori analyses; ; common leaming processes and strategies are observed  in problem
' solving situations which can be associated to common semantic fields,even if insened in different
4 fields of experience

- - historic-anthropological evidence:by analyzing studies of the history of science (21) and
: ethnology (1),many examples of common conceptual constructions and working strategics can
3 be found built up in different fields of experience.In this case also,it is possible to find common
semantic ficlds which gather together the problematic situations faced by different populations in

different eras.

Having the concepts of ficld of experience,semantic field and conceptual field ©  .aud,(25))
available,those concerned with didactic planning and those cerrying out didactic rescarch can
utilize work instruments of some benefit to:

- plan flexible didactic innovations,sct out according to a double curriculun (based on “ficlds of

experience”identifiable by teachers and pupils,and on "conceptual ficlds” justified by current

disciplinary systems and cognitive processes analyses) which productively and iniensely interacts

in the "semantic fields".
- analyze,in particular.the capacities and difficulties that are met in the didactic practice of the

reality-discipline interlacing. ‘
With these thearetical instruments available,we are reconsidering the structure of our projects -
for the primary schools and comprehensive schools,graduatly locating deficiencies and -~
inconsistencies and evaluating the implied efficiency of the choices made in the past.
To give an idea of the present structure of our projects,] will make a few examples:at the start
of the project for the primary schools,at 6-7 years , the field of experience of "commercial
exchanges™ and the conceptual field of “additive structures” are interfaced in the semantic field
of “purchases” (about 150 hours of work in the classroom)(2) . The same conceptual field of
the “additive structures” is also interlaced with the field of experience of “calendur”in the
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semantic field of "time of the month"(about 80 hours) and in the semantic field of
"weather“(about 70 hours). Then,at 7-8 yearsthe field of experience of “class productions”
start to interlace in the semantic field of “calculation of production costs”with the conceptual
field of "multiplicative structures” and the conceptual field of the "acditi - wres” At the
end of the project for the compulsory schoola 13-14 years,we hay - . ot examples of
interlacing,such as that betweeen the field of experience of “muchn . e conceptual
field of “multiplicative structure” in the sennntic fickd of “bakmang of levers™about 30
hours).

3.3.Teaching-learning problems linked 1o ficlds of experience concern. o realicy”
When referring to our  work n the primary and comprehensive schools,it seems that the choice
of suitable fields of experience relating to natural and social extra-scholastic reality offers the
following opportunities for mathematical tterucy in compulsory education:

- lear-cut use of the externad conteM for conceptiwlizing -we are gradually bocoming aware of

the need(with regard to the analyses of the processes of learning that are recorded in class,and
with regard to the management of the problem siwations by the teacher) to distinguish betwecen
the different types of problem  siwations proposed to the pupils in our ficlds -t experience.For
example,there are  situations in which the adaption of the pupil to the restraints of the external
context is natural enough,and the duty of the teacher becomes relatively easy. b can involve

both aspects of natural reality and aspects of social reality.

An example of the first case concerns the geometric modelling of the relationship between the
length of a shadow and the altitude of the sun : starting with the comparison between the
spontaneous ideas of the pupils (the majority of whom initially are convinced that,in the
morning,the sun's shadow is longer at 11 o'clock than at Y o'clock,because the sun is
stronger at 11 o'clock),then  followed(if necessary ) by observation and direct
measurement,most of the 9 to 10 ycar olds construct,in an irreversible manner,the “lower the
sun-longer the shadow" model which can be gradually developed with the aid of the teacher
into a synthetic geometric representation .An example of the second case is the emergence of
distributive strategies in payment probleins of the type:"What is the total cost of four
pencils,each of which costs 320 lire ?" The nature of the "structured material” of money
(external context) and the expericnce of use of money already acquired by the children
(internal context) prompts them to separate the 300 lire and the 20 lire according to:
320x4=(300+20)x4=300x4+20x4

Having started in our group (7) to analyze the reasons why certain problem solving situations
stimulate in the children themselves an effective and sufficiently spontaneous adaption,these
seem to differ according to whether one is dealing with adaption ticd to perception(therefore
immediate compliance with the restraints of the extemal context);or 1o conceptions and habits
present in the social context (usually acquired through the common language and behaviours)
which are prompted by the problem situation set;or to thought mechanisms which seem to
oceur "spontancously” in the interior context of pupils (for example,when a 7 year old is
mentally solving a problem of “change”, a neut preference for completion strategizs is
observed the same one used throuphout for "giving change” in shops,even if the children
haven't yet expericnced buying in shopsh

There are however problem solving sitwatons in which the work of concept construction and

maodelling requires the teacher to guide the work agamst the obstacles that originate from the

common language.from widespread cultural concepts(4).from the most spontaneous perceplions

that one has for a certain situation,and maybe even from primitive models rooted in the mind.
We have various examples to illustrate this:in the analyses of the shadow phenomenon,the 9
year old childien realise that (at the sime hour) the longest nail casts the longest shadow,but
the mujority think that when changing nailiit is the difference betveeen the length  of the
shadow and the length of the nail that stay constant not the ratio (probably a primitive
additive modd comes into play,or an immediate interpretation in additive terms of the verbal
expression "if the length of the nait increases, then the length of the shadow
increases”). Another example linked to the previous onc.is that of the analyses of the "balance
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conditica of a lever”.It is not easy for a 13 year old to arrive at modelling in tenns of
“constant product amongst the applied force and the distance of the point of application from
the fulcrum”.In spite of the non-homogeneity of the dimensions,inany youngsters put forward
the model " F + D = Constant” (it is possible that this derives from the fact that,at a verbal
level the expression “as the force increases the distance decreases” initially suggests an
additive model). Another situation which must be carefully handled by the teacher is that of
probability modelling (according to Mendel's laws ) of transfer of the hereditary characters
.In this case,obstacles arise caused by the lack of a directly accessible extemnal context that can
be reasonably interpreted,as well as by concepts of common meaning on inheritability.

You may ask,would it no1 be better to avoid those types of situations now considered to be
somewhat ineffective for conceptualizing mathematics.In reality these are compulsory stages
(significant even from a historic poim of view) if one wants the pupils 10 gradually understand
that there are levels of "intuitive evidence” and "intuitive " ways of thinking which must be
exceeded if a rational and working command of certain phenomena is 10 be reached,and that
mathematics may have an important role in this passage from intuition to rationalization.
modelling (bases of algebraic language) activities, The considerations up to this point are directly
linked to the problem of the development of linguistic competences regarding the various
languages important for mathematical activities. The work in suitable fields of experience allows
the pupils to be "forced" to use the different languages in a precise and pertinent manaer,and to
develop the verbal competences linked to mathematical reasoning and the construction and
mastery of algorithins.Referring back to (8) and (17) for further investigation into this aspect,]

would just like to briefly mention a few examples.(See section 4 for further considerations).
The first concerns (at a syntactic level) the field of experience of “class productions™.ln the
individual recording of the production of a plum-cake,some children write that"you break the
eggs and then you separate the whites from the yolks".The immediate performing of these
“instructions” shows(immediately from the clear facts) the inadequacy of the linguistic
expression used and the opportunity to pass to different expressive forms.Another example
concerns (at a lexical level) the use of the term “direction” with the meaning of "common
property of parallel straight lines” or “a dot on the horizon”,overcoming the ambiguities that
"position” leads to when it refers to needles of compasses,shadows,spirit levels,in the work in
the semantic field of the "sun's shadows").
development of correct and preductive metacognitive artindes: - these concern,in particular,the
recognition of the necessity 1o make hypotheses,the comparison between the mathematical model
put forward and the modelled reality the comparison between different models or diffecent
risolutive procedures.the analyses and comparison of different forms of mathematical
representation. The presence of an objective material extermal context.linked to the normal
experiences of life,offers (when the child still does not have sufficient experience in mathematical
contexts) extraordinary opportunities.
For example,let's consider the phenomenon of the shadows,and the problem  situation in
which the range of shadow directions of a nail needs to be completed ,a few shadows onl
having been traced (for example,the directions of the shadows at 10 o'clock and 11 o'cloc
need 1o be traced,the shadows a1 9 o'clock and 12 o'clock are traced). The child can refer o a
complete range recorded on other days (but then he must make the assumption that the angles
through whicn the shadows revolve are of the same amplitude) .or consider the day's
shadows and assume that the shadows revolve through equal angles in equal time.In any
case,these assumptions need verifying.and this in wm leads to a refinement of the
measurement and recording ethods. Then comes the problem of semi-darkness...on the
subject of which it is still possible to make assumptions and maodels,and then try to obtain the
instruments for their veriﬁ&uon...
')
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The complexity of the “real” problem  situations allows the development of the capacity for
kypothetical reasoning and modelling through the inescapable restraints and obstacles present in
the external context of the semantic field. This complexity of "real” scmantic {iclds,which at first
may appear 1o prevent formation in the mathematics field,is very in' - nant 1o develop
competencies at linguistic and netacognitive level (above all with pupils wlo have not had the
opportunity to develop them in their social-cubwural environment).(See also section §).

4 LINGUISTIC ASPECTS OF MATHEMATICAL LITERACY

In our experience,for several years(at least until 1981) we have tended to overlook the
linguistic aspects of mathematical literacy trying from time to time to adopt those linguistic
representations which seemed to allow the pupils a more direct access to nuithematical concepts
and procedures(in particular,in the activities of mathematization).We gradually became aware
that this underestimation of the linguistic aspects and the "naive” didactic choices made in the
linguistic sphere,produced a very weighty selection for the weaker pupils(in panticular,for the
pupils with a poorer social-cultural background).The planning of complex strategies,the
explanation of concepis,the comparison between different strategies and deductions were almost
barred to the pupils who did not know how to handle the hypotheses,comparisons etc. using the
verbal language. We thercfore started to dedicate an increasing amount of attention to the
development of the verbal language as an "instrument of thought™.We then realized that a more
detailed examination of other aspects of the verbal language and other languages used in
mathematics was required,in particular with regard to the algebraic language.i will now review
some aspects and difficultics inherent to the development of linguistic abilities which,from our
experience,we feel relevant .at the same time limiting myself to the verbal and algebraic
languages.These problems have been widely studied at an international level in recent years (in
particular,! refer to the work of C.Laborde(18)).1 will attempt to highlight some points which I
feel require further investigations .
VERBAL LANGUAGE at present seems to be the heart,not only (obviously) of the expression
of concepts and procedures and mathematical reasoning.deductions and thoughts,but also of the
heuristic aspects and planning of the resolutive strategies for mathematical problems. Thanks to
the extensive"practice” of writing which we provide for in the primary schools stanting from
grade Lwe have realized (in terms that we are starting to clarify:(17)) the critical functions that
the hypothetic reasoning seems to have in problem solving as an instrument of construction and
management of a fictitious “space-time” in which the pupil groups together the alternatives to

explore,makes attempts,restructures the initial problematic situation gradually acquiring new

information... The numerous records that have een accumulated seem to indicate a clear
"following each other” between the emwi gence of these fornms of reasoning and the effective use
of verbal language in problem solving and spectfic activities previously performed in - particular
ficlds of experience(especially "Productions in class”, "Sun and Earth”, "Machines™ ),

Of course the evolution towards more sophisticated and specifie verbal language forms (such as
those of mathematical “deduction”)starting with the verbal forms of expression developed in the
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fields of experience,must be guided by the teacher.However.it seems that if the children posséss

the level of factual deduction it is possible (also by acting on metacognitive aspects:thoughts on
reasoning methods,and using past experiences in the fictitious space-time of hypothetic-heuristic
reasoning) 1o reach the level of mathematical deduction (including “reductio ad absurdum™
1).This does not seem at all possible with pupils incapable of efficient verbal handling of the

hypotheses at factual level or with those not having the quick-wittedness necessary for mentally

movjng around in "unrealizable” settings (20).

ALGEBRAIC LANGUAGE : in relation to the different functions that it assumes in internal
mathematics and in the work of mathematization,and in relation to our experiences,it seems that
the difficulties and obsticles that the wecker pupils encounter need 10 be investigated in greater
detailand the suitable didactic strategies for overcoming them found.

- stenpgraphic function: :it is apparently taken for granted and widely used as common
practice. Various difficulties and risks are concealed in it which have strong repercussions on the
learning levels and attitudes of the pupils towards mathematics,both at the start of,and
following,compulsory education.We think that algebraic notations are in general introduced into
the school too early,and that their dogmatic introduction as stenography of verbal expression can

generate obstacles.
Considering the first point,it is well known that in the arithmetic problem solving situations ]
many pupils concentrate their attention on the choice of the sign (and not of the meaning !)of Y
the operation to perform on the numerical data ;this sign subsequently activates the working
3 of the calculation for producing the answers. We have veiified that by greatly delaying the
introduction of the signs (by which time many meanings of the operation to be "put in signs”
i have been acquired) and setting,in the context of our fields of experience, arithmetic “realistic”
] (19) problems without explicit numerical data (with the request to “indicate which data is
1 needed”,and to "put forward the resolutive strategy in general”), the final percentages of
success in the solving of word problems can be varied considerably (sec section 6).
With regard to the second point,the following aspects seem panicularly important.In the first
place,the fact that many numerical expressions and many formulae are not consistent when
expressed in verbal terms (the most natural order in which the calculations are verbally
expressed is different to the order in which the algebraic expression is written).In the second
place,the fact that while in the algebraic language a letter keeps its meaning throughout
subsequent transformations of the "formula context” in which it is inserted,in the verbal
language,the value of a certain word (for example,"number”) is defined by the linguistic
context in which the word is inserted: let's say "the sum of two consecutive odd numbers is
obtained by adding to the first number,which can be represerted by an even number plus
one the saime even number increased by three” and we write :E + 1 + E + 3. "E” does not
only mein “"even”,but first means “an even” the second time it means "the sune even”. The
clarification of these aspects (following(18)) has allowed us to understand some of the
difficulties that pupils regularly encounte: in relating verbal statements and algebraic
representations (for exatiple,the tendency for pupils to use the same letter in the same context
with different meanings); it has also allowed us to plan specific thought activities on this
argument with pupils.
- trangformation fitnction : both in the mathematies field and in mathematization activities the
transformation of & formula into another according to the algebraic transformation rules offers

some decisive advantages; this situation,however,is 1.0t easy to handle at didactic level.One of

the advantages is the possibility to determine,usang purely formal means the equivalence of

ditferent formulae,
For example,this occurs in the mathematical sphere when the construction of the formula to
calculate the area of a nghtangled trapezivm is suggested. From two different
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decompositions,two formulie are obtined.and these must produce the sanwe numerical result
(when substituting "numbers” to “letters”) as they concern the same figure However it is
interesting 10 induce the pupils to reflect on the fact that it is possible to reach the same
conclusion by lnLnsforming one formuka into the other: L

[

The same can uls:h:\ppcn in modelling activities.For example,when r('l'c:lcnniuing, that for the
calculation of the cost of a product unit,two different formulae can be used (linked to two
different ways of thinking of “unit cost ":as "total cost divided by the number of product
units”,or as "cost incorporated in the single unit of the product+ fixed cost divided by the
number of product units”): U= (n.C+F)/n U=C+I/m

Another advantage derives from the possibility of "discovering”(in the mathematization

activities,or in the internal mathematical activites) relationships between the variables which are

neither “evident” in the original verbal expression,nor in its transtornuttion into formula.
As an example consider the following problem : "A person lends a sutm of money C) with
compound interest i Ginnually ). How nuch toney should he expect after o years ? " From the
formula Cm = Co-1) + i.CMn-1)  we can obin by simple transtormations:
Cin) - Cro). (i

We muay sumnurize in the tollowing digrams the mental operaaons connected with the

"ransformation function” :

FORM 1 — FFORM 2 FORM 1—> FORM 2

SEM | —> SEM 2 SEM 1 —— SEM?2
For the pupils,the "commutativity” of these diagrams is not entirely evident It seems that many

of the difficubtics cncountered are at a metacognitive level Howeverthe gradual conquest of this

form of awareness seems without doubt necessary for the aim of mathematical literacy (in its tum

rigidly connected to necessities deriving from the growing computerization of many human

activities.Some of these difticulties examined are already often encountered in the use of standard

professional sofiware).

5. "TOOLS OF KNOWLEDGE” AND "MATHEMATICAL OBIECTS”

The work carried out in the ficlds of experience largely results in the construction of concepts

and procedures which,however,often remain_at animplicit opecative levelithen the pupil is not

able to recognize them , transfer them o other fields, connect them with other coneepts  or

meanings. The problem of how 1o “wrange” the coneepts in i consistent and explicit manner for

the pupils has  often been discussedithe two most common ways in Italian schools

(and,possibly,abroad) are,on the one handthe theoretical arrangement accotding to traditional

patterns and,on the other.the theoretical nrrangement according 1o more recent and rigorous

points of view. Teaching research has emphisized the aced to carmy out o systematic work on the

mathematical "objects” constructed at wn nnplicst operatve leveltas "tools "(1o) of knowledgerin

order 10 "de-contestualize”(12) and "instituonalize"(10) them Moreoverteaching research has
often emphasized the need to (re)-conggruct arrangements of mathematical knowledge in

pupils.according to their need to do so,rather thin o impose them
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Considering the teaching and cultural choices made in our projects,we have also to face the need
to deal.relatively autonomously (with respect to fields of experience related to "actual”
reality).with basic mathenuatical issues,which cannot be brought about in a natural and direct
way,as "instruments” of knowledge of reality {e.g. natural number properties,operations with
fractions,geometrical conjectures and demonstrations of theorems such as the theorem of
Pythagoras,etc.),even though they are based on concepts -such as the concept of number,or the
concept of the right-angle triangle-largely and directly used in "real "situations.

In our project for comprehensive school.approssimately 40% of the work on mathematics is
presently devoted to the arrangement of the concepts introduced in the fields of experience and to
the internal developments of mathematical knowledge.In order to plan this work consistently,we
have been taking advantage of the opportunitics offered by the history of mathematics,although
not in the traditional way.In fuct,we do not provide duta on the history of mathematics as a
“distraction” form,or a further enrichment of the usual work on mathematics,nor do we introduce
work situations which attemipt to recreatethow suceessfully ?7) the debate on centain problems
(e.g. incommensurability) of certain historical periods.Instead,we try to closely interrelate a
statement of facts,changes,ete. on the historical evolution of certain mathematical arguments with
pupil activities,in which they are ashed 1 compare the mathematical activities "before”and “after”
a certain innovation or discovery the advantages of one formalism with respect to

another,common language and mathematical language and so on.
This approach has a number of important technical and cultural aims (connected,directly or
indirectly,with the aims specified at the beginning of the lecture and with that of overcoming
the difficulty which makes their fulfilment on a large scale impossible):
- to convey an idea of mathematics as a result of the historical evolution of mankind,promoted
dialectically by the need to know and master reality and by the internal need for
exactness,consistency.etc.;so we hope to change the cultural concepts of the pupils (and
related environment ) that often hinder the learning process by diventing it to marginal
objectives;
- to make the pupils aware of the crucial issues of the work on elementary mathematics- in
particular,the variety of possible conventions and formalisms-
- to carry out technical activities on some internal aspects of mathematics,within a cultural
framework,thus explaining their significance also in connection with their applications

The approach we have briefly outlined above involves serious problems concerning both
linguistic and metacognitive competencesias we mentioned before,it is highly selective for those

pupils who cannot master hinguistically compartson implication and hypotheses ,nor can they

"decentralize” the concepts used or formalisms produced,and so on.Notwithstanding the
difficulties met,we feel that the the work in the "fields of experience” . which sets the basic
concepts and procedures necessary for the work on matheiaties ,can also prove very useful in
constructing the hinguiste and mictacogninye competenves needed(see section 3.3).

So far,we have examined the work we have carried out w stimulate reflection on mathematical
objects and procedures in comprehensive schood (114 year olds). With a view 10 a gradual and

consistent work starting at the begmmng of primary schoola refleetion on the mathematical

mention two of these activities,
-age group 7-R:after the pupils have learnt how to perfonn payments using coins in a number
of ways,they are asked to compare all the different ways of paying for instance, 100 lirb,using
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hialian coins, and all the ways of breaking down 100 as a sum of two or niore numbers...

- age group 8-9: children are asked 10 compare the calculation strategies produced by them
trying 1o solve division problems of various types,within the ficlds of experience of the
project(c.g.to divide a 23000 lire cost betweeen the 19 pupils in the class; to find out how
many sheets, 21 em wide,are needed to make a paper strip 450 cm long); the main ain is that
of gradually reaching (being aware of),by sclecting the more econumical and general
strategies,a universal algorithm for the written calculation of division. This activity - refated to
various researches carmied out in other countries (23 ) (24) - is very important ,since not only
does it lead all the pupils 10 reason and learn a written calculation technique (page 193 in (
23)),but also accustoms them to a significant performance from a metacognitive point of
view,and,furthermore,seems to bring about a decper und more uniform mastering of the
different meanings of divisicn (for turther details on this research,see(8)).

6.RESULTS SO IFAR OBTAINLD AND RELATED PROBLIEMS
A reliable assessment of the results obtained by adopting the teaching and cultural approaches we
have mentioned before is not casy:as often happens in these circumstances,it is difficult to assess
how much the results obtained depend on these choices and how much they depend on other
choices which we make and are not aware of.or on the quality and attitude of the teachers who

volunteered to experiment these projects,

Vis A vis,] would like 10 point out the work conditions of the teachers who experiment the
projects:they must take part in at least one mecting a week (average length 2-3 hours),plus
extra meetings in September and June (at the beginning and end of the school year).The
meetings are usually organized dividing the 200 teachers of the team according to the age
group of the pupils or according to the the topics to be discussed,and are co-ordinated by
university researchers or teachers-rescarchers.In these meetings,teaching suggestions and
materials proposed by teacher-rescarchers mixed groups are examined and discussed ,the
learning difficulties recorded in class are analyzed and interpreted,proposals from other
meetings are compared and documentation and research materials from outside are examined.

Another difficulty in realiably assessing the results depends on the assessment methods used:the
main risk is to mix up “learning results reached in depth and permanently” with the results of
mere adaptation to superficially acquired schemes,activated through the "format” of the tests to
which the pupils are subjected,or through a terminiology that recalls standard strategies,cte..In
view of this,we have been trying to refine the methods and nwans for assessing learning
results;we have also tried to set a wider range of lcarning assessing methods: not only standurd
tests with  opew answers (which all pupils taking part in our projects undergo from 2 to 4-5
times a year),but also "analyses of episodes” (accurate recording of whatever happens in the
classes,"observing” work sessions over 2 hours long)and “case analysis”(study of individual

pupils,particularly at a very low level for very long periods,e.g. 2-4 years). The entire set of

these learning assessment instruments used in our projects has allowed us 10 provide the

following general information on the results we have reached, which would be interesting to

compare with different socio-cultural realities and ditferent teaching approaches:

with the primary schopl project. by working on all the main subjects taught in lialian prinury
schools(with particular reference to linguistic education):

i} at the end of the first year,we can have 90% of the pupils at a "primnary alphabetization”
level,consisting of the ability,on the part of the pupil,to manage additive composition,additive
breaking down,and completion problems (up to the level: "1 would like to buy something that
costs 900 lirg; T have 400 lirg,how much more do 1 need ?) 1o read the temperature on a
thermometer,to complete a sequence of numbers with 2-3 consecutive blanks(up 10 30) (for
example:"fill in the blunks:11,12,.......,16........,19,20); the same children should also be
able to produce a written text telling in a comprehensible way “what was done at school during
the morning”,and to comprehend a simple descriptive or narrative text;




ii) the percentage of success(with reference to the same skills ) virtally reaches 100% during
the second year (it should be noted that in laly failing the first year is rare;in the region where
I work,less than 2% of the pupils fail in their first year). Thus ,only children with serious
handicaps affecting their mental funciions never reach primary alphabetization
(brain-damaged,Down Syndrome children and serious cases of autism); in Italy these children
are placed in ordinary classes with other children(with specialized teachers dedicated 1o them)
iii)we can,by the end of the 2nd year have 80% of the pupils solve measurement-division
problems,manage their first sharing-division problems ,neatly wnite the operations required 1o
carry out a common activity,write precisely and represent graphically a route,measure and
compare heights(in cm) and represeat such heights in scale on graph paper;

iv) by the end of primary school,95% of our pupils reach a level by which they can solve
problems in which they are asked to divide a given sum of money (e.g. 85000 lira ) between
23 pupils,deciding the operation for themselves and carrying it out;measure two segments
drawn on paper,assessing the difference in length between themn; measure angles and drawn
angles of a given measurement;represent on a “blank ruler” a decimal number; make a graph
{on paper graded in millimetres) relevant to a table of data,choosing the suitable unit of
measurement for the axes;“read” distance in scale; put into writien words a production
activity, with checks and choices.. It is interesting to note that this success rate does not vary
much between classes of middie- high or low social extraction;

v) again at the end of primary school 807 of the pupils can write a general procedure on the
grounds of some particular exarnples worked by them  (e.g. a procedure for the caleulation of
the area of an irregular plane fiyure by triangulation)solve a word problem requiring a chain
of operations (with no intermedisie back up questions);put into words a procedure for
ordering two names ; draw a model for the logical behaviour of the key x on a calculator
respecting prionity of operations It should be noted that virtually all children in Laly reach the
end of primary school and that in our classes the percentage of children who are made to
repeat one year even due to long absence does not exceed 3%.

With the comprehensive school proyect by the end of compulsory education (in faly 14) we
have the following results:

vi) betweeen 9 and 95% of the pupils can carry out the activities desernibed in item iv)

vi1) approximately 75% of the pupils are able to solveautonomously, problems requiring
mathematization through formulae and/or equations for a physical or economic situation (aim
A,scction 2);to find out whether a geometrical or number property applies only to some
numbers(or figures) and to identify cases in which it does not apply (D);10 recognize and
explain the difference in meaning of the sign = in the following statements BASIC: X=X + 1
IF X=1 THEN 130(B);to make an algorythn: to sum the cubes of the first 50 odd numbers (C)
I should be noted that in the classes where our teachers work,approximately 15% of the
pupils fail at least one of the three years and approximately 5% of the first year pupils do not
finish comprehensive schoolithus,the success rate mentioned above goes down to 70% if the
whole population of pupils starting the first year is considered.

The data indicated in vi) are apparently contradictory with those mentioned in iv):the percentage

of success in the same type of problem seems to be higher at the end of primary school rather
than at the end of comprehensive choot s 1y because the pupils stanting our project in
comprehensive school are at much v lesel than the pupils who fimish our experimental
primary school and pupils can pot Ciwans catch up in the three years of comprehensive
school. The above data also show thac e more qualitied goals Gnoview of the ams indicated in
section 2) reached by the cad ot connprelion e schoolewhen the project is cammed out only
during comprehensive school) account tor satistactory results only in 7 cases out of 10,1t is
difficult 1o assess whether this depend, on,

- the fact that it is actaaly mposabie tor the papils 1o reach the more ambitious learming
targetsthecause of the genenc and cuv gotmenial sitnanon of te weaker pupils)

- the fact that it is difficult, with childien over THto work on the basic Jinguistic verbal skills

which are of tantamount importance wnreachimy sach targets,
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- the fact that the teacher of mathematics works with the class only 6 hours a week(out of a total
of 30 hours/week).which is not enough to work effectively with the weaker pupils in the ficlds
related 1 the teaching conteacto linguistic and logic skills and to metacognitive aspects,which
are often dealt with in a conuadictory way by the other teachers.

Possibly,each of these three aspects might play a significant role;indeed,the targets we have
considered are difficult to reach,although we do feel that the pupils who end our primary school
project are closer to these aims than the pupils who finish our secondary school
project.Finally,we have noticed that-the socio-cultural extraction of the pupils being the same-
where the methodological-teaching approach is along the same lines as the mother tongue teacher
(who also teaches history and geopraphy and works with the class 11 hours per week )ihe

leaming results are remarkably higher by the end of the three-year comprehensive school project.
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RE-EXPLORING FAMILIAR CONCEPTS WITH A NEW
REPRESENTATION

Abraham Arcavi
Weizmann Institute of Science, Israel

Rafi Nachmias
Tel-Aviv University, Israel

This paper is a preliminary report on how did adults with solid
mathematical background re-examine familiar concepts in the light
ot a representation unknown to them  They ewplored the concepts
related to the notion of hnear functions using the Parallel Axes
Representation within a computer-based environment developed
especially for that purpose. We briefly describe the representation
and the environment, we analyze cognitive episodes observed
‘ during our subjects’ work and discuss potential implications of the
use of new representations to re-examine concepts in mathematics.

Introduction
“Thinking is hard work. Once we have understood a mathematical process, it is a
’E great advantage it we can run through it on subsequent occasions without having
i to repeat every time (even though with greater fluency) the conceptual activities
involved. If we are 10 make progress in mathematics it is, indeed, essential that the
' elementary processes become automatic, thus freeing our attention to concentrate

on the new ideas which are being learnt - which in turn must also become
automatic.” (Skemp, 1987, p. 61)

This "meaningtul automation” process i1s one of the powerful tools of mathematics
learning (and mathematics creation), which was noted by many mathematicians
before the Psychology of Mathematics became an object of explicit study. Alfred
North Whitetiead, for example, discusses at length the "enormous importance of a
good notation” and the nature of symbolism in mathematics: "...by the aid of
symbolism, we can make transitions in reasaning almost mechanically by the eye,
which otherwise would call into play the higher faculties of the brain. It is a
profoundiy erroneous truism, repeated by all copy-hooks and by eminent people
when thgy are making speeches, that we should cultivate the habit of thinking of o
what we are doing. The precise opposite is the case. Civilization advances by
extending the number of importamt operations which we can perform without
thinking about them. Opnrations of thought are like cavalry charges in a battle --
they are strictly limited in number, they require fresh horses, and must only be
made at decisive moments.” (Wintehead, 1911, p. 59)

8
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This process is closely related to the human capacity to represent and encode
mental objects, and work within representational systems, and is indeed a
necessary condition for significant progress with new subject matter.

On the other hand, Freudenthaf (1983, p. 469) writes: "I have observed, not only
with other paople but also with myself ... that sources of insight can be clogged by
automatisms. One finally masters an activity so pertectly that the question of how
and why is not asked any more, cannot be asked any more, and is not even
understood any more as a meaningful and relevant question.® Following
Freudenthal, we suggest that there may be some advantages to undoing the
automation process, namely to direct our attention to reviewing the "source of our
insights® which somewhere in the past were incorporated to our mathematical
background as autornatisms. Using Freudenthal's words, our purpose would be to
engage in an "unclogging” exercise. One example of such an exercise dealing
with the concept of variable is described in Arcavi & Schoenteld (1988). In this
4 paper we present preliminary results of another “unclogging” exercise, this time
concerned with the notion of function, and particularly with the notion of linear
function.

The exercise consisted of the re-examination of function-retated concepts in the
light of a representatior, unknown to them. Qur purpose was to observe how do
competent students and adults think and investigate when they are exposed to a
representation of functions with which they were unfamiliar, although the concepts
were known to them.

The notion of function is usually learned and "mastered” via two main
representations: the algebraic and the Cartesian system. A student who has
learned and mastered the notion of linear function will know, among other things,
what slope and intercept points are, how to manipulate and operate with them,
and how they are represented algebraically and graphically. A detailed
description of the knowledge framework for linear functions, which includes both
the concepts the connections among them, is provided in Schoenfeld, Arcavi &
Smith (in preparation).

In this paper, we first describe the representation used in our exercise, the Parallel
Axes Representation for tunctions, and the microcomputer-based environment
designed for its exploration. Then we present and discuss episodes that occurred
when the representation was investigated by competent adults and students.
Finally, we suggest cognitive and educational implications for discussion.

.....

Parallel Axes Representation (PAR)
The Parallel Axes Representation (PAR) consists of two paraliel vertical axes
(number lines). The axis on the left is used to represent the domain of the function
and the one on the right is used to represent the co-domain. The mapping of a
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number (pre-image) in the domain to its image in the co-drmain is represented by
the segment that joins them, called the mapping line . A mapping line in PAR
encapsulates the same information as the Cartesian point, namely it represents
the pre-image--image pair (or in the Cartesian terminology the abscissa-ordinate
pair). Thus, a function, which is represented i the Cartesian plane by a set of
points (in general a curve), takes the form of a bundle of mapping lines in PAR.

The following figure shows the representation of f(x)=2x-1. By picking a specific
mapping line and following its trajectory one can read from the graph, for example,
that 0 (pre-image) is mapped into -1 (image), 3 is mapped into 5, etc.

-5

-5

It becomes apparent that some of the concept names linked to the notion of linear
function are strongly loaded with Caresian connotations. For example, “slope”.
The name suggests precisely what we visually perceive in the Canesian Graph: a
certain measure of the inclination of the line with resg .t to the x-axis. Whereas
in PAR, slope -- [f(xp) - f(xy))/[x5 - x,] or alternatively the m in {{x)=mx+b -- is
reflected in the co-domain as the "expansion® or "contraction™ (combined with
"reversal” in the case of negative m) of an interval in the domain.

PAR also provices with a further opportunity to visualize the notion of slope: the
mapping lines of a given function (extended where necessary) intersect in one
and only one point (except when m=1). This point we call the focus. The location
of the focus with respect to the axes is related to the value of m. Whenever m>1,
the focus will lie to the leht of the x-axis, if 0em<1 the focus will lie to the right of the
y-axis, and for m<0 the focus will li¢ between the two axes. The following figure
illustrate the focus location for some members .f the family f(x)zmx.

i oty ot kb o




f(x)=2x f(x)=-x f(x)=0.5x

Since each focus defines one and only one linear function, we can represent in
PAR a linear function by means of the focus alone. This feature ot the
representation enables to view a function as one single entity, and operate with it
as such.

Another idea which has a very different appearance in PAR is the notion of "fixed
point™ of a function [the pair (x,x}}. Whereas in the Cartesian system it is not
visually salient, in PAR, a “fixed point” (we should rather call it a "fixed napping
line *) is represented by an horizontal mapping line, perpendicular to both axes.

PAR may also support the visualization of composition of functions. By adding a
third parallet axis, and by letting the intermediate axis act as both cu-domain of the
first function and domain ot the second, one can visualize two functions and their
composition.

These characteristics make PAR potentially rich as a medium for our "unclogging”
exercise in which, by virtue of the exploration of the representation, one has to
L.npack certain automatisms developed during the experience of using the
Cartesian plane. In the process, some "taken for granted” issues have to be re-
examined.

The computerized environment

The computerized environment, designed for the purpose of exploring PAR, was
programmed in Lightspeed Pascal for the Macintosh. It provides users with a tool
for computations and graphing, which relieves them from the burden of tedious
and time-consuming work. The computernized environment has the capability of
graphing a function given in its algebraic form, in PAR and in the Cartesian system
simultaneously. It allows for juxtaposition of the representations; superimposition
of graphs; on-line change and control over certain graphical features (scaling,
precision up to two decimal digits, drawing speed, etc.). In the environment, linear
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functions can be graphed with their focus by extending the mapping lines when
necessary. in addition, there is an option to hide the segment bundie and show
only the tocus. A typical PAR screen is shown in the following figure.

& File Ldiv Focus Options Windows Functions

Rigebraic = =M PRR
¥ = 20X-30
Y = 04X+26

Cartesian

04X *« 26

A more detailed description of the environment is available in Nachmias and
Arcavi (1988). A copy of the software is available from the authors upon request.

The study

For the purpose of this study we invited adults and advanced high school students
with solid mathematical background to paricipate in the "unclogging” exercise. In
this exercise we requested them to investigate how the focus location is related to
the parameters m and b in {(x)=mx+b. Although the general goa! was stated,
they had the freedom to choose any approach they wanted, taking advantage of
the features of the computerized environment,

Each of the students worked alone during 2-6 hours in separate sessions. Our
approach for observing their work was naturalistic. We requested the students to
think aloud and to share with us their immediate goals, their expectations and the
way they settled their surprises whenever their predictions were differant from the
computer feedback. Two observers and a tape-recorder were used to document
the sessions. Occasionally the subjects were asked questinns to clarify what they
wera doing.

Analysis and discussion of selected episodes
In the following we present two episodes which occurred during our subjects’
investigation of linear functions in PAR,
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1 - RA is a bright 16 year old high school student in the 11th grade. He takes
mathematics and physics as a major. He is highly motivated, and when he was
toid about the experiment he gladly accepted to take part. He was then introduced
to PAR, and was asked to investigate it freely. He started by looking at linear
functions with negati*< m and, after about 10 minutes, he “discovered” the focus,
namely that all the mapping lines intersect in one point. He concluded that foci are
located either in between the axes (when m is negative) or to the left of the x-axis
(when m is positive). At this point he was asked whether he saw any possibility for
the focus to lie to the right of the y- axis. His immediate reaction was "no®, probably
because he thought that he already exhausted all the cases. Without any prompt,
he decided to think more carefully about that.

His reasoning proceeded as follows: “If we are to have a focus to the right of the
y-axis, a mapping line from say 3, will have to end up in a "lower* number. Do we
have any lines of that sort? Let's lock at the Cartesian. if 3 goes to a smaller
positive number, we will have a line which goes up to the right but below the
diagonal [y=x} in the first quadrant, therefore, oh, that's right, we will have lines
with slope between 0 and 1°.

This analysis of the Cartesian system led him to conclude that for 0< m<1, the foci
will be to the right of the y-axis. Then he noticed that there are “regions” in the PAR
system which have "same sizes" [left to the x-axis and right to the y-axis] but
correspond to foci locations for different "domain sizes® of m [(1. o0} and (0.1)
respectively]. He then decided to go back to the Cartesian system in order to look
for traces of that puzzling "asymmetry”. After some thinking and expenmentation
he realized how the same "asymmetry® is/viewed in the Cartesian system.
According to him he never thought of that before. At the end of the session, he
spontaneously said: “the work with PAR, helped me to put together loose ends in
the knowledge | had".

In this episode RA used the computerized environment in order to explore
characteristics of the new representation on the basis of the known representation.
In his exploration he relied very much on the translation between the two
graphical representations. First, the transiation helped him to discover the
unknown properties of PAR and then it supported a more careful look at some
propenties of the known Cartesian system that went unnoticed during his previous
instruction, and which probably did not hinder his performance in standard
Canesian problems.

2 - RO is a graduate student in instructional technology. She has a B.Sc. in
general science. She explored PAR during four sessions with a total time of about
6 hours. She was very thoughtful regarding the questions she posed 1o herself for
exploration. Whenever her predictions were at variance with tha computer graph,
she patiently stopped to reflect about the source of the discordance. Al a certain
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point in her exploration she correctly summarized all the possible locations of the
focus as a function of the parameter m in 1{x)=mx+b. When she referred to the
case where m=0 in which the function y=0x+1 appeared on the screen, she
correctly concluded that the focus will be located on the y-axis at 1. In order to
assess to what extent her conclusion was general for any value of b, she was
asked to predict the focus location for y=-3. We did not pay much attention to the
difference in format between the computer would have displayed the ‘unction
{y=0x-3) and the way we actually posed our question (y=-3). Therefore we were
surprised when the following dialogue took place:

Q: What do you think we will obtain for y=-3?

RO: It's not a function ... without x, right? This will be a point in PAR. [Then she
immediately drew correctly the Cartesian graph of y=-3] ... In the Cartesian for
every x we will have -3. When y=-3 we will have a parallel [to the x-axis} fine in the
Cartesian, which means that it's not a point [in PAR]. ... Wait ... but it does not
depend on x, in fact what the b does ... is to bring all the mapping lines to b.

Q: So [what is the representation] fory=-3 ... 7

RO: it's a point.

3 Q: Where?
RO: I'm trying to think what is a function... ... In the Cartesian we will have a
parallel line... ... For every x we will have y=-3, that is to say that all the mapping

3 lines will meet at y=-3. ... Now I'm trying to think... The first time you asked, | said a
point then | said a line {in the Cartesian] now again | think it is a point...

This episode was indeed ephemeral, and very quickly RO was able to analyze her
momentary confusion and overcome it. However, it is an interesting illustration of
the "unclogging"” role giayed by PAR. RO, knew that, in PAR, y=0x+b would look
like a segm.ent bundle with their focus on the y-axis at b. She also knew that y=-3
was a line parallel to the x-axis in the Canesian representation. However, when
working with PAR, she first related y=-3 to a point in the number line representing
the y-axis, rather than to a function. The source of her confusion was the possible
double meaning of y=-3 (@ constant function and the ordinate of a point). The
underlying double meaning of y=-3 came to the surface because it was reinforced
both by particular features of PAR and by the context. PAR highlights that y=-3 can
be regarded both as or.e element of the co-domain as well as a constant function.
Moreover, RO was working with the "focus only” option, according to which a
Cantesian line 1s represented as a single point in the PAR window. She was not
confused when she was working with the form y=0x+b in the algebraic window,
however had 1o struggle for a white to realize that the source ol her conlusion was i
the double meaning of the form y=-3.

Atter using symbols such as y=-3 in the Canesian and aigebraic representation,
for many years, RO was not explicitly aware that they may carry ditfferent but
related meanings. However, while working with an unfamiliar representation, she
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needed to "unclog” her conceptions and to re-examine the similarities between
the represented meanings in the light of their differences.

initial conclusions

The above episodes, and several more which we intend to present at the
conference, share one characteristic: the exploration of PAR brought to the fore
issues which weare underlying people's well established knowledge and
automatisms within a certain knowledge domain.

These finaings raise several questions, that we believe, need to be addressed in
both theoratical and empirical studies related to mathematics learning:

- The role of a representation of a mathematical idea seems to go beyond the
mere goal of having a tool to handle that idea. Could it not be that by introducing a
new representation, we are not only establishing a way to express an idea or a
concept, but also re-examining and consequently learning "more* about those
ideas and concepts?

- If new forms of representation have the benefit of "unclogging” certain ideas, and
thus increasing our knowledge, does it make sense to talk about knowledge in all
or nothing terms? What exactly does it mean to "know" a mathematical concept? it
by redirecting our attention to *known" concepts we are able to "know more™ about
them, it would make sense to talk about partial and incremental stages of
knowledge, rather than in terms of a zero-one situation.
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LA CONSTRUCTION DU CONCEPT DE FIGURE CHEZ LES ELEVES DE 12 ANS
(Gilbert Arsac, Université Lyon 1, 43 bvd du 11 Nov 1918, 69622, Vilieurbanne
CEDEX, France)

Abstract :Geometry is generally the field choosen to initiate students to the use of
reasoning. In France, for instance, it occurs for twelfth children. This learning leads
to an overthrow of the preceeding school use which is that geometry is essentially
the art of making accurate drawing : now, it will be necessary to argue about
figures and it is no more possible to be satisfied with mere ascertainement. If we
take a constructivist hypothesis for learning, we must therefore find situations
where mere "reading” on the figure leads to a failure from the point of view of the
child himself. Such a situation is presented here, and we give results of
experimentation in classes.

1)Problémasque

Le programme national de mathématiques de I'enseig ‘ement frangais comporte
en ciasse de cinquiéme (c'est-a-dire pour les éléves de 12 ans) une "initiation au
raisonnement déductif” et les commentaires des programmes privilégient ia
géométrie comme domaine de cette initiation. Or, en géométrie, I'appel au
raisonnement suppose la reconnaissance de linsuffisance de la constatation sur
le dessin, ¢'est-a-dire le renversement de l'usage établi jusque la dans les études
de I'enfant. Dans les classes précédentes, I'enjeu du travail de I'éléve en
géometrie était de tracer des figures précises, et de constater par simple
observation ou par une mesure a l'aide d'un instrument un certain nombre de
propriétés. Si I'on veut amener ['éléve & démontrer, ce qui sera 'un des objectifs
des études de I'année suivante, il faut donc au préalable avoir leve I'obstacle de
l'evidence du dessin. Si I'on élimine 'appe) a l'autorté de l'enseignant imposant
dans la classe une nouvelle regle suivan! laquelle on ne doit pas uniquement faire
appel ala figure, et sil'on se place dans une perspective constructiviste, on doit
donc chercher a batr des situations dans lesquelles ‘appel a fa figure conduise a

un échec du point de vue de ['éleve.,

Un premier but de la recherche présentée ici est de construire un exemple d'une
telle situation et de vénher par une expenmentation dans les classes si cette
situation provoque bien la mise en echec des conceptions relatives au role du
dessin que nous supposons présentes inibalement chez les éléves. Un deuxiéme
but est de montrer quelle conception de la figure peut alors remplacer chez les
élevas leur conception imtiale et d'axaminer expénmentalement si cette
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conception se met bien en place ou s'il y a stagnation, voire méme régression,
étant donné la mise en échec de la conception initiale, chez les éléves. Ceci
nécessite un minimum de mise au point théorique sur le concept de figure auquel
nous procédons maintenant.

Nous distinguerons dans la suite le dessin de la figurte, désignant par dessin le
dessin concrétement tracé sur une feuille de papier (ou dans le sable pour
Archiméde) et par figure l'objet mathématique dont le dessin n'est qu'une
représentation.. Ainsi, la figure est un élément du "monde mathématique” et non
du monde sensible. L'exemple archétypique du carré et de sa diagonale, laquelle
est commensurable au c6té sur le dessin, mais non sur la figure, rappelle que
celte appartenance au monde mathématique lui confére des propriétés
éventuellement contradictoires avec {a lecture cu la mesure du dessin. C'est que
les constituants de la figure {points, segments) peuvent étre considérés comme
ayant un statut d'objets idéaux (point de vue grec; ou comme simplement définis
par des axiomes (suivant un point de vue moderne). Pour notre propos, comme les
considérations précédentes ne peuvent pas étre exposées a un enfant de douze
ans, it nous suffira de retenir les conclusions : la mise en place de la notion de
figure comportera toujours un rejet de I'expérience sensible du dessin au profit
d‘une conception plus élaborée de la figure. Ce rejet peut étre constaté sur des
exemples beaucoup plus simples que celui de la diagonale du carré : ainsi,
limpossibilité pratique de dessiner une tangente a un cercle n'ayant qu'un point
commun avec le cercle conduisait Protagoras (Dumont 1988, fragment B7 de
Protagoras) & rejeter la géométrie parce qu'elle est contradictoire avec le
témoignage de nos sens pour lesquels la tangente et le cercle se confondent sur
une certaine longueur. Il est plus difficile de délinir positivement quelle conception
de la figure peut étre proposée a des enfants de douze ans. L'expérience semble
toutetois montrer que la figure peut étre considérée a cet age comme un dessin
"qui serait infiniment précis” ce qui permet de rendre compte a la fois de deux
constatations contradictoires : I'échec de I'appe! a la précision de la figure et la
possibiité d'améliorer presque sans fin cette méme précision.

2) Choix d'un probleme
Nous sommes parlis de la constatation suivante : lorsqu'on pose aux élaves le

probleme “de l''n¢galite tnangulaire™ sous la forme suivante (ou une forme
proche)

Chousis trois nombres a, b, ¢, est-il toujours possible de trouver un tnangle dont les
mesures des coles soient ces trois nombres ?

e AR T e A s




O SR 3 4% e e

la plupart arrivent & trouver, grace a des essais sur plusieurs dessins, l'inégalité du
triangle c'est-a-dire l'idée que le plus grand cdté doit étre inférieur & la somme
des deux autres, mais en général ils n'arrivent pas & décider si l'inégalité doit étre
stricte Qu non. Ainsi dans cette situation, la difficulté & conclure & partir du dessin
apparaii naturellement aux éléves et non comme une question artificielle soulevée
par l'enseignant. Cependant I'expérience montre aussi que cette question est
noyée parmi toutes celles que peut soulever le probléme et n'apparait pas
forcément comme primordiale aux yeux des éléves. Pour permettre que le débat
se centre sur ia question qui nous intéresse, nous avons donc décidé de fabriquer
un énoncé amenant directement sur la question qui met en cause l'appel au
dessin. Il s'agit de I'énoncé suivant :

Existe-t-il un triangle dont les cétés mesurent 5cm, 9cm et 4 cm ?

Cet énoncé concentre effectivement la question sur le cas qui nous intéresse, ce
qui améne d'ailleurs a éliminer le cas général de l'inégalité triangulaire. En
imposant une unité de mesure et des mesures précises des cétés, il permet
d'assurer que tous les éléves auront le méme dessin, et donc que I'impossibilité
de conciure a i'aide des seules mesures devrait apparaitre plus paradoxale
encore.

3)_Situation expérimentale, hypothéses,

Bien que ce probleme ait été proposé a des éleves travaillant hors classe, nous
relaterons ici ce Qui s'est passé en classe : ce probléme a été expérimenté dans 8
classes ou les eléves travaillaient par groupes de quatrc et dans plusieurs d'entre
elles ces groupes ont été observés et enregistrés au magnétophone par des
observateurs. Les résultats obtenus ont ensuite été analysés. En définitive,
'observation porte sur 10 groupes d'éléves dont 8 en situation de classe dont il
sera principalement question ici. La situation de classe utilisée ccmporte une
organisation trés précise que l'on peut trouver en Arsac (1988) ou Balacheft
(1988) . Nous n'en donnons ict Que les #tapes essentielles -

-dans un premier temps (une heure environ), les éléves
recherchent fe probleme par groupes de quatre ; pendant ce temps, I'enseignant
nintervient pas, en tous cas pas sur le contenu du probléeme. Ce premier temps
s'achéve par la preduction collective d'une afliche dans chaque groupe,
comportant une reponse a la question posée et une exphcation destinée a
convainere les autres groupes de Ffexactitude de cotte reponse
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-dans un deuxiéme temps {une heure et demie environ) les
éléves débattent, toujours en groupe, successivement de chaque affiche.
L'enseignant intervient ici comme “président de séance”. Cette partie est pour lui
la plus délicate a gérer et fait donc l'objet d'une organisation trés précise. Cette
deuxiéme partie se termine par une “institutionnalisation™ ; a partir de ce qui est
apparu au cours du débat, I'enseignant indique aux éléves ce qui doit étre retenu.
Dans ce cas, il s'agit essentiellement de l'insuffisance de I'appel au dessin pour
conclure

Décrivons bridvement quels comportements nous nous attendons a observer chez
les éléeves et les hypothéses que nous désirons contréler ou infirmer.
Conformément & ce que nous avons observé lors de préexpérimentations, nous
nous attendons a ce que les éléves commencent dés la phase initiale de travail
individuel a tenter de construire le triangle a l'aide de la régle et du compas.
Autrement dit, initialement, leur représentation du probléme est la méme que si on
leur avait propose l'exercice qu'ils connaissent bien : construis un triangle dont les
cétés ont pour longueurs 5, 9, 4. Nous taisons méme I'hypothese que pour eux
tout triangle dont on demande la construction existe : ceci est bien ce qui résuite
de la coutume de la classe. C'est pour ne pzs renforcer encore ce qui peut

apparaitre pour nous dans cette situation comme un obstacle d'origine didactique
que nous avons choisi de demander si le triangle gxiste et non pas "peut-on
construire” ou "peut-on tracer”. Ainsi a priori nous pensons que l'idée que le
tnangle peut ne pas exister ne pourra résulter que d'une impossibilité rencontrée
dans le dessin par certains éléves mais que la réponse majoritaire devrait étre - il
existe car nous avons reuss: a le construire.

Notons gue ceci implique un "blocage” dans certains groupes ou Funanimité se
fera sur I'existence du triangle. Dans ces groupes. aucun débat de validation ne
devrait apparaitre puisqu'il y a accord et que I'hypothése de non-existence du
triangle n'a aucune raison étre envisagee : le contrat didactique (g'est-a-dire les
habitudes de fonctionnement de la classe) et la construction géométrique militent
pour Fexistence..Dans d'autres groupes au contraire, les positions devratent
diverger et le debat s'engager immediatement. Ainsi, les groupes devraient arriver
dans un état hétérogéne au moment de l'atfichage puis du aébat : certains dé;a
engagés dans le débat et ayant en somme la reptéseniation du probldme que
souhaitent les experimentateurs, d'autres pour qui l'atfichage va changer la
représentation du probléme et qui devront s'investir dans le débat sans avoir
eprouvé déja leurs arguments au semn du groupe Notons que cec) exphme
cortaines particulantes de 1a situation de classe par tapport & une sttuation “de




laboratoire” ou les éléves auraient & chercher seuls ou en petits groupes : a priori
on peut tabler dans une classe sur un éventail plus large de réponses.

Pour nous résumer, nous attendons de I'expérimentation d'une part I'émergence
de centaines conceptions, essentiellement l'idée suivant laguelle, en géométrie
l'appel au dessin doit suffire pour prouver une conjecture, conception que nous
pourrions désigner comme une conception “réaliste” des oojels de la géométrie.
Nous espérons aussi que cette conception sera contestée par une autre
conception plus “intellectuelle™ qui arrivera a concevoir que dans ce cas les points
doivent étre alignés, mais si ceite conception existe, nous espérons aussi
découvrir par I'expérience sur quoi elle est fondée. D'autre part, nous avons congu
la situation pour qu'elle fasse apparaitre des conflits socio-cognitifs entre les
différentes conceptions et nous désirons vérifier 'existence de ces conflits et
surtout leur effet.

4) Resultats de 'experimentation
4.1) Les conceptions

On voit apparaitre effectivement les deux conceptions attendues, sous des formes
que nous allons préciser ci-dessous mais on voit en outre intervenir une autre
conception, inattendue celle-la, suivant laquelle l'existence d'un triangle dépend
de l'ordre de ses cétés. Revenons maintenant plus en détail sur ces trois points :

-la conception réaliste de la figure : elle se manifeste d'abord par
la confiance dans le dessin : les premiéres constatations sont définitives pour ces
éléves. Elle se manifeste ensuite par le désarroi quand plusieurs dessins faits par
le méme éléve ou par des camarades se révélent contradictoires : nous avons
souvent observé dans ce cas une activité fébrile de construction d'un grand
nombre de figures. Elles se manifeste aussi chez certains éleves par une position
analogue a celle de Protagoras : deux cercles tangents (ceux que I'on trace pour
construire le triangle) sont confondus sur une cenaine longueur, ce qui permet
dailleurs de régler éventuellement le cas de dessins contradictoires. Cette
conception réaliste apparait comme tres stable et résistante aux arguments
avancés par las tenants de la conception intellactuelle : le constat sur le dessin a
un statut trés fort. Au niveau du langage, lors des débats avec les tenants de la
conception intellectuelle les éléves réalistes teront appel au témoignage de 1a vue
: "regarde” et a famélioration technique du dessin : “refais le, tailte ton crayon”. Le
mot précis evoquera pour eux le soin apporté a la construction.
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-la conception intellectuelle de ia figure : nous caractériserons
cette conception par la conduite suivante chez I'éléve : trés peu de dessins, voire
pas du tout, ou des dessins symboliques qui ne proviennent pas de l'activité de
construction du triangle a la régle et au compas mais en donnent directement le
résultat anticipé par I'éléve, c'est-a-dire un segment avec un point marqué. Au
niveau du langage, lors des débats avec les tenants de la conception réaliste, ces
éléves argumenteront en faisant appel a la réflexion : "réfléchis, raisonne” et a une
figure idéale normale : “normalement, ¢a devrait se couper sur le segment”. Le mot
"précis” pourra se rapporter chez eux a un “dessin partait”, a ia limite le dessin
précis s'oppose a tous les dessins concrets. Lors des débats avec les autres
éléves, 1a source de la conviction de ces éléves, lorsque nous avons pu ia repérer
est toujours hee a la perception graphique des propriétés du cercle : en langage
mathématique, tout se passe comme si ces éléve voyaient clairement les
propriétés du type suivant : deux cercles tangents extérieurement sont de part et
d'autre de leur tangente commune ou encore : I'hypotenuse d'un tiiangle
rectangle est plus longue que chacun des cotés. Autrement dit, l'incertitude
engendrée par le dessin sur le triangle proposé est levée en abandonnant le
résultat concret et contradictoire de la construction et en se ramenant a une
propriété dont on est sur. Cette derniére cerlitude est elle méme d'origine
graphique (il ne peut en étre autrement vu les connaissances mathématiques a cet
age) et I'attitude de ces éléves ne peut étre qualifiée d'intellectuelle que parce
qu'elle manifeste I'aptitude & lever l'indécision sur un dessin en le ramenant & une
construction dont le résultat est suffisamment certain pour qu'on renonce a la faire.
Ces observations n'ont malheureusement pu étre faites que dans un nombre limité
de groupes (trois sur huit) elle montrent en outre que chez les eleves réalistes, la
perception de la figure peut étre fort dittérente, en particulier les propriétés ci-
dessus décrites ne leur paraissent pas du tout évidentes.

-la conception sur V'ordre des cotés se mamifeste pendant le
travail de recherche dans !es groupes par la volonté de tester fa construction en
commengant successivement par les trois colés proposés et en ne s'étonnant pas
de trouver des résultats différents. La solution finale proposée par certains
groupes d'éléves explique alors que le tnangle existe ou non suivant le coté par
leque! on commence pour le construire. Cette conception permat daux 6léves de
rendre compte de résultals de construction éventuellement contradictoires. Les
attitudes des ¢léves sur ce probleme sont trés tranchées : pour certans il est
evident que l'existence du tnangle deépend de Fordre des ¢otés, pour d'autres,
c'est le contraire qui est évident. Nous avons pu constiter que cette conception
persiste chez dus éléves de treize ans, dans la classe suivante, et une interview




d'éléves nous a confirmé sa solidité. La recherche ne nous permet pas pour
linstant de donner des résultats sur ses relations avec les deux autres
conceptions. Notons que, du point de vue mathématique, c'est un autre aspect du
ccncept de figure qui est ici en jeu : une propriété dune figu:e est en fait, en
général, celle d'une classe ¢'équivalence pour l'action d'un groupe (ici le groupe
des isométries)

4.2) Les contlits socio-cognitifs et leur évolution.

Ces conflits peuvent étre observés a deux niverux . pendant la phase de
recherche du probleme, dans les groupes ou des conceplions opposées
apparaissent, et pendant la phase du débat entre les groupes. Disons tout de suite
que dans toutes les classes observées, les trois conceptions ci-dessus
apparaissent au niveau des groupes, avec des dosages divers. Au niveau des
affiches produites, 1a troisi¢me conception n'apparait pas dans une des classes
observées.

Le conflit essentiel, qui nous intéressait de plus au premier chef, se situe entre la
conception sensibie et la conception intellectuelle de 1a figure. De maniére assez
surprenante on constate que, au niveau des groupes, toutes les issues possibles
peuvent étre observées : passage du niveau sensible au niveau intellectuel, stalu
3 quo sur chacune des deux positions et méme, dans un cas, régression du niveau
intellectuel au niveau sensible. Au niveau du débat dans la classe, c'est 1oujours
la conception intellectuelle qui finit par 'emporter, méme si elle éiait minoritaire au
départ, mais il arrive que cette conception, méme une fois institutionnalisée par
I'enseignant reste seulement majoritaire, et non unanime : la conception sensible
est bien disqualifiée chaz les éléves, a la fois sur le plan cognitif, en ce sens
qu'elle échous a résoudre le probléme pose et sur le plan social, par l'autorité de
I'enseignant, mais chez certains éleves elle est simplement disqualifiée, mais non
remplacee par une autre a laquelle i's n'ont pas accés. Dans ce cas, il y a en
somme regression. Rappelons toutefois que cetle ¢tude ne porte que sur les
phénomenes qui interviannent pendant les deux heures que dure I'observation et
ne préjuge pas des evolutions a fong terme. Soulignons aussi que. bien que 1a

finesse des observations necessaires exclue une étude de type statitique, ce
dernier cas ne sembie corcernér qu'une minorité d'etéves. It pose toutetais le
probleme de l'efficacte des debats coanitifs dans le processus Japprentissage

Sur ce contany

L.a conception sur l'ordre des cOtes pose des problemes plus dilticiles a résoudre.
Elle wentre pas a proprement parer en confitt avec les deux autres - nous n'avons
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pas observé de débat trés approfondi dans les groupes a ce sujet, parce que les
groupes se montraient souvent unanimes sur ce point, ou bien que le débat entre
les deux autres conceptions y apparaissait comme prépondérant.

L'expérimentation confirme donc ta présence des deux conceptions attendues
mais en fait apparaitre une troisiéme sur laquelle la recherche doit se poursuivre.
Elle conlirme en panie les résuitats de N. Balachet! (1987) en ce sens que
largumentation des éléves reléve de "I'expérience mertale” lorsqu'ils partent de
ia conception inteliectuelle et de “I'empirisme nai!* dans l'autre cas. Notons
toutefois que les nécessités du débat aménent les tenants de la conception
intellectuelle a argumenter éventuellement sur le terrain de leurs interlocuteurs,
c'est-a-dire l'appel au dessin et que ici ia procédure de raisonnement est
imbriquée avec la construction du concept de figure et en est indissociable. Ces
deux derniéres remarques peuvent indiquer des causes de la limitation qui
apparait dans {'évolution des conceptions a partir des conflits socio-cognitifs. Une
autre cause dont nous n'avons pas ici parle en detail est la prépondirance
fréquente des considérations de nature sociale {types de relations entre eléves)
dans l'apparition des conflits et dans leur résolution. Enfin les résultals apparus a
propos de I'étude de ce probléeme particulier et dont certains sont encore &
confirmer, seront & confronter avec le comporiement des éléves devant d'autres
énonces,
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THE ROLE OF QONCEI'IUAL MODELS IN THE ACTIVITY OF PROBLEM SOLVING

Ferdinando Arzarello
Lpt. Mathaomatica
Universita” di Torino
Via Carlo Allxrto, 10

L0128 TORENG (Ttaly)

SUMMARY. The notion of conceptual model is used to study the  activity of
verbal  problom  solution in pupils (7-13 y.o.). Problamn solving is

described dynamically as a process ot transformations fram same  basic

intuitive models, intogratod with pupils” culture, and expressed by

natural language, into more elaboratod and formal ones. The main  foatures
of such transformat ions are studicd and used to get hicrarchies tor arith:

met 1cal and lagical problones.
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A major point in studying problem solving 1s to 1nvestigate ik

transformations  from basice to elaborated conceptual werde e

probloes,

In the author ‘s opinion, thinas are clear enodh for arithmetical

o

but not so for other fivlds. Yet, sam of these, e.g. logical problems,

to b particularly stimulating and pramrsing for clartfving the connectons

between  (somel  basice oconceptual  omodels o and (the correspondinag) more

elaborated ones,
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works Iin the relatively well known febd o of  arithinetweal probloms,  doee

sgnificant exanples are allustrated:  namely,  when  transtormations and

translations of models are performed in conformity, neutrality or opposit en

cany

the phenomenon of hidden interference appears, It s so possible to detine

same examples of cognitive hoerarchies for arithmetieal probloms, whaich e i

involved than usual ones. The Tant part of the pager

more dynamie and less

describes author 's ongoing studies in the tield of togical problone,
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{subtractive) problems of separation with unknown resuit (a - b

papil, particalariy

when of low nathematical abilities,

= ), the

makes ues of o omadel

of real wental or physical) separation, coto..

1.1 Additive problems.

Looking more closely to additive
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{11} To manage multaplicative probloms, a more canplex  elabworation  of
the text is nevded, This 1s the caase o two sivieal fate, whitch soom o be
mISSinG in the additive case, that

a)  the phenomenen of  wnat cail  nmidden | interfcrenee
conceptual madel tsed in the process of s

b) a cluser connection between devpe and e
of a probloem.
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Pupils are vy sensitive to such changes in the logical and linguistic
ot a provlem, on the contrary, they genorally show a goxd  control
variarions in the text (which reveals  a remarrable difiorsne.:

proboliosi. (O cours thoy are as much seqentrs e
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regoare:: the (concrete) ase of propositional connectives and or gaantiters
neial way,
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HOM TO SEE EQUALITY IN THE OIFFERENCE: AN OLD PROBLEM WITH
EDUCATIONAL VALUE

Luciana Bazzini, Dipartimento di Matematica, Universita' di

Pavia, Italy.(*)

Summary

Starting from two large-scale investigations of the abilities
of children aged 6 and 11, we will look at the results
concerning the ability to grasp similarities and regularities.

In the framework of curriculum development in primary school,
the focus is on mathematical activities which wunable the

children to develop such ability.
Then the results obtained with two groups of children, whose

teachers are developing such itineraries are provided.

Introduction

The purpose of this paper is an investigation of children's

akird 4 i

ability ¢to discover hidden equalities in contexts where

differences seem to be pre-eminent.
This investigation is mainly based on the critical analysis of ;
tests, which have been administered to school children aged

to 11.
The educational value of this ability is generally known. It
can be regarded both as a specific mathematical ability and as

! a general intellectual ability.

In fact, according to Wenzl (1934), a mathematical ability is
the capacity to establi-h meaningful connections in
mathematical material. Blackwell (1940} pointed out that

mathematical abilities can be ainterpreted as abilitien {or

solective thinking in the realm of quantitative relatiocnships
(quantitative thinking). Alsoc Lee (195%) dealt with the ability

to succeed in mathematics as the ability to understand the
basic concepts of mathematica and to manipulate them,

Gnothe other hand, the ability ro see repnlarities ia connected

to the general tactor "g" and a high correlatien har been {ound

intolligence tests,

between teats loading on the fac.or "g" and

(#)This work has been supported by the National Reaearch
Council and by the Ministry of Education.




The investigation we are carrying out originated from the
analysis of a large-scale test's results. The data we got at
the end of primary education revealed that children have a
serious incapacity to grasp invariants. Consequently, a deeper
investigation of children's abilities seemed useful at the
beginning of primary schoocl and a critical analysis of the
mathematical curriculum in its entirety.

In particular, the Didactical Research Group (Nucleo di Ricerca
Didattica) of the University of Pavia has been focusing its
attention on the development in achool of mathematical thinking
and activity in its double face as an instrument to understand
the real world and an opportunity to go towards abstraction.
Didactic itineraries are proposed and evaluated.

I will give details as far as they concern the above mentioned
ability to grasp equalities and invariants.

The origin of the guestion

Let me begin with just a few words to describe the ferment
which is pexmeating Italian primary schools, in consequence of
the arrival of the New Government Programs for primary schools.
They were the result of the innovative routes drawn from pilot
experiences and now represent a stimulus towards new
directions.

In this framework, the necessity of knowing the real school
situation, in which innovation should be inserted as suitable
as possible was evident. In order to do this, the Institute for
Research and Teacher Training of the region of Lombardia
carried out an investigation of mathematical and lainguistic
abilities in school children at the end of primary school.

The  test  Jdealiny with mathemat.cal abaatities (for the cake of
clarity we call 1t M1) was ejiviiy administered at  the
beginning of the school year 198v.. " to 1 sample of 1500 pupils
(aged 11) attanding schools in Lomiardio.

In consequence  to  the great voriety o *teaching styles, the
test was conceived to be 1n ace. fnice with a standard teaching
model:; that is a compromise betw en tratlition and innovation.
It must be noted that the test, coasisting of multiple choice
items, did not suit the standaid models -t evaluation.

Let us focus on the following items, wiiih are significant for

our aims. They are reported t. pnther with their difficulty
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index, which is equal tonp - 1 / n - 1 (where p is the ratio
between correct answers and all answers given and n is the
number of choices) if n<5 and is equal to p if n25.
I Complete the following sequence

6 13 20 27 - 33
I1 Complete the following sequence

2 & 3 6 1Y 8 5

IIT Look at the figures C and D

i
1

Only one sentence is correct. Mark the right sentence.

- figures' perimeters are equal

- perimeter of C is greater than D

- areas of C and D are equal

- area of C is greater than D

- area of D is gr-ater than C. D.I. 0.03

Children revealed a different behavior in facing items I and
II. They mastered the sequence involving one additive operator
(¢7); this is probably iue to the habit of doing similar
things. Sequence Il was not mastered by most children . They
did not succeed in grasping the rule which was not immediately
evident.

Item III was the most difficult of the test. Almost all
children were not able to recognice the invariance of the areas
in two very familiar figures. We suppose that the concept of
area and the formula for its computation in the triangle were
well known. The presentation of the item was not very farmiliar

and this could be a disturbing element. However, the complete

tailure the childien had in this item revealed their incapacity ™™

to apply their knowledye in a ditterent context. The visual
perception hlocked the cognitive process. Children di1d not
succeed in overcoming perception and seeing the hiddoen
invariance. Hence, the atimulus to investigate if and how
the mathemat ical ability to grasp similarities can be improved.




Let us consider the results of a similar investigation (called
MO) that was carried out by our Research Group in order to get
information about the mathematical abilities of children at
their beginning of primary school.

This investigation was the starting point for research
concerning the development of mathematical curriculum in
primary schools. As is well known, at every level of
instruction, the previous knowledge in one's possession has a
basic role in organizing the new materials of knowledge. The
New Government Programs for primary schools emphasize very
much the importance of an initial investigation of children's
abilities and recommend a systematic collecticn of data about
the pupils' cognitive processes. The test MO was administered
firstly to 300 6-year-old <children at the beginning of the
school year 1985/86. In its final version the test was
administered to 480 children at the beginning of the school
year 1986/87.

For the sake of clarity we call Group R the first group
{N=300) and Group B the second group (N=480).

Neither group was randomly chosen. However we believe that they
are, for our purposes, representative of the first grade
children in the province of Pavia. The greater majority of our
children had previously attended nursery school. The initial
investigation (test M0} was conceived in accordance with
familiar tasks that children usually face in kindergarten. The
following items are significant for our aims. We also report
the difficulty index for group A and group B.

1 Continue to colour

Continue to colour

Red i

Blue "1

Gr.A D.I. 0.82 Gr.B D.1.0.88

BEST COPY AVAILABLE

i ﬁh T




0.87 Cr.B D.I.

Gr.A D.I.

Continue to attach (°)

o f e aon N R
N ‘ t‘ T Cl'_-'_:\( ﬁ’ fﬁt IU-"

65

Gr.A D.I. O. Gr.B D.I. 0.38

Children revealed a good mastering of rhythms. This ability was
probably developed in nursery school. Nevertheless, the results

are encouraging.

# Another interesting item concerned the invariance of number.
k The teacher shows the child seven little sticks and asks him to
i count them. Then the teacher moves the sticks and asks the

child: "How many sticks are there now?"

The answer is correct if the child does not c¢ount the sticks
again. The difficulty index was 0.52 for group A and 0.04 for
group B. We did not investigate the reasons wunderlying the
we get, For our aims we considered the invariance

difference
of numto r tc be a scarcely mastered ability.

The initial investigation MO, which I have only partially

deaeribed,  provided vz uzeful intormation on the pre-school

chilidren's knowledge,
Then the proposal ot a Jidtactie curriculum and  its

oXpreLentatian an tne clanuuonm CAme as a4 Jonseguenc .

Wit v oy anto derarl,  we must note tha it wan haipghly

s doeot ndd L9} the

L N PR LT L [ I P AR act it

tevergray o camilaraties in o Jdrtbbovern: Conte Rt

*qonn, For oexampeie, teachers foew ed onosegquences aned

At LT et

rhegrtmes,  rhe are and analysas of the calendar and ot temporal ‘

the  antvoductyon ot arithmetic concopte by mean:, of

e

-
sover gl approaches, the Jdiscovering of arithmetic laws.

(°) The children have at thear diaposaition cards with designs.,
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Our group faces the problem of evaluating the curriculum's
validity in different ways. Basically, the evaluation lies
- in the results of objective tests, which are equally
administered to all pupils periodically during the
school year;
in a qualitative analysis of children's products;

in teachers' reports, on the ground of their experience.

We report here the results of objective tests: it must be noted
that, due to the absence of some pupils, the two groups have
not been tested in their entirety. However, we do not consider
this relevant in the data collection.

The items have been estahlished by all the researchers and
teachers, who are taking part in the research, in accordance
with the pattern of wusual activities. For each item the
percentage of correct answers seems to be a good measurement of
the item's difficulty.

At the end of the second grade, the following item

Continue

x|
-4
p

was mastered by Group A at the rate of 84% and by GCroup B at
the rate of 85%.

Thus, the results are convincing.

In the third grade teachers also gave emphasis to numerical

sequences. At the end of the school year, the following item

Continue
0 1 10

was mastered at the rate of 65% (at che moment only the data of
Group A are available).
At the Dbeginning of the fourth grade, Group A faced the

following items:
104
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2) and explain the rule.
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We got a correct answer percentage of 44.8% in item 1 and of

20.5% in item 2. These results indicate a rather g-<? ability
to see regularities. Sequence 1 was not easier than sequence
11 presented in the test Ml and it has been mastered at a

e higher rate by ycunger children
as expected, the verbal explanatior ¢f

We observe here that,
the procedure is not an easy task. Just half of the children
who mastered the sequence were able tc describe the rule
gave rperfect explanations: s-me of

precaisely. Some children
them saw the ccnnecticn "number and its half", some others
discovered the rule: -1, +3, -2, +&, -3, +5,

And, finally, an item which 1is located in the framework of
We administered it tc Group A at the end

geometrical activity
of the first term of the fourth grade.

The item is:

Fred has two pieces of cardboard 1ike these

According to you, are the perimeters of the two pieces equal or

different? wWhy?

Lad 3 nrrene respepca rare Sf 61N, lurme pupils ewpresced

wery  precizaly  the idea that the perimeters are equil even if

unte st racoarch 1 oaty iy AR progress, it otz crwiooe,y oot

penzibee ¢ araw final cenclusions. But o o we  can o mare some
preliminary remarks. When the pupils of Group A and Group B

we will be able to gave

have finizched their primary education,
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more precise results.

From the preliminary results has come the suggestion to insists
on analogies and regularities every time possible.

We also think that this objective, which is present in most
programs, is not always adequately translated into didactic
practice. The attention to regularities is developed slowly but

surely. This attention is the basis for overcoming many
difficulties connected to the identification of structures, to

the legitimization and use of symbols, and to the procedure of
building an abstract model.
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EXPLORING CIHILDREN'S PERCEPTIONS OF MULTIPLICATION
THROUGIH PICTORIAL REPRESENTATIONS

Candice Beattys and Carolyn Maher
Center for Mathematics, Science and Computer Education
Rutgers University
New Brunswick, New Jersey 08903 USA

A task based interview that focuses om children’s recognition of
multiplicative structure in pictorial representations is described. A
rationale for its use and examples of children's performance are also
given. Children's responses reveal differences in recognition of
multiplicative structure from the perspective of several models: area,
array, Cartesian product, grouping, number line, and stacks. Some
children disregarded irrelevant data and/or modified the data to
obstracted a multiplicative structure. Inappropriate responses inciuded
inattention to measure, a disregarded for meaning, a view of
mathematics as written symbols, and atteation to surface fealures.

The notion that children structure representations out of familiar elements is basic to
constructivist perspectives on learning (Davis, 1984). These representations, as
Vergnaud (1987) indicated, are shaped and refined by a whole range of experiences from
initial, primitive concepts to advanced, complex ideas. If the conceptual development and
refinement are based on a child's experience, then the range of those experiences is
critical.

For muluplication, Anghileri and Johnson (1988) identified procedural rules and an
equal grouping model as traditionally the most commonly represented in schools. While
presently it is widely accepted among math educators that this model is too restrictive,
student performance continues to reflect traditional practice. This is evident in refated
studies by Fischbein and his colleagues (Bell, Fischbein, & Greer, 1984; Fischbein, Deri,
Nello, & Marino, 1985). They observed the inflexibility of the student model for
multiplication and concluded that, for most children, multiplication remains linked to an
implicit model, repeated addition.

Steffe and Cobb (1983) concluded that the iterative scheme is the essential
component in the construction of the concept of multiplication (and division). They claim
that the child structures experience in terms of his concepts, and that particular
implernentaticn of the multiplicative concepts consists of giving meaning to representation.
If, as they suggest, concepts give meaning to representation, then expioring how children
distinguish among representations could provide insight into their conceptual
understanding.
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The use of multiple embodiments allows children 1o demonstrate their
understanding of a mathematical concept. However, it may be that certain models do not
occur to the child. The range of variability and the breadth of understanding of a concept
that do not occur are unlikely to be considered or explored. By their nature, pictorial
representations add a prompt. Using pictures as referents, children have the opportunity to
explain the external representation, or as Vergnaud suggests, signified, and then relate it by
means of a signifier, their natural language, or any symbol they choose.

Certain questions emerge that suggest further study. Given a range of situations,
visually different in terms of multiplicative representation, do children perceive any of them
as related to multiplication? If iterative schemas are the essential material in the construction
of multiplication concepts, can children recognize these in a variety of situations? In cases
where they fail to sce multiplicative structure, what distinctions do they make in terms of
the feature of the picture? Can they recognize differences in representations that are not
multiplicative models? And finally, how do they deal with these models, i.e., do they
dismiss them or modify them in a way to impose a multiplicative structure?

In order to begin to explore answers to these questions, a task-based interview was
designed and administered to children who are part of a city-wide mathematics project. The
purpose of this paper is to describe the instrument, give samples of children's responses
across the variety of multiplicative models considered, and suggest ways to classify
children's behavior.

Background

‘Three clinical interviews were developed and administered by project staff to assess
and monitor over time children's understanding of various aspects of multiplicative
structure. From eleven K-8 elementary schools (8 public and 3 parochial), a representative
sample of 60 children from grades 4-6 was sclected and given two of three intervicws
designed to assess their understanding of multiplicative concepts. This paper describes a
samples of children's performance on one of these, recognition of multiplicative structure

from pictorial representations. Samples of children's performance selected from fifteen
intervicws are given,

Six models for multiplication (area, array, Cartesian product, grouping, number
line, and stacks) were pictorially represented using ten related pictures (A-J) . Two other
pictures (K-1.) were included as distractors, suggesting additive situations. Figure 1 shows

the pictures used.




N "
W 9 oW

Flgure 1




112

A child was asked to pretend to be a teacher who wanted to explain multiplication to
second graders. Then pictures were shown and the child was asked which could be used
and, for the ones selected, how they could be used. For the ones rejected, each child was
asked to explain why. Each interview was videotaped. Excerpts from these videotapes
(some showing correct responses and others incorrect ones), clinician’s notes, and
children’s written work provide the examples for this report.

FExamples
Discrete Array (Picture A - the crowd)

Marita: There is a baseball game..This boy wanted to know how many
people in the stands, 3 times § equals 15...Let me see if 1 can group them
up.. I'll group them up in sets of S, there's 3 (encloses 5 people in 3 groups )
Ife knew § times 3 equals 15.

Roberta: ...you could put the problem easy. Five times 3 equals 15 or
3 times S equals 15 (pointing to corresponding parts correctly)... They could take
this one (Pic. A - crowd) and think up a problem, and then show § times 3 on
this (Pic. J-5's number line). Five - 1, 2, 3 (showing 3 hops) 3 times.

John: 1 would say: llow many people in rows?..These § (pointing to
top row) times these 5 (pointing to 2nd row), 285.

Al: There's 3 people that are black and 12 that are white. Well, you
can count them and see how many you have and then you get your total.
Three times 12 equals 36 and you can count them 1, 2, 3, ..18. Int.: What
about 367 Al: Well (10 sec.) It's just times tables. If you have it here, you'd
g0 12 times 3 equals 36 - there's three people in black. 1 don't know it. 1
can't get it (counting) 15?7 (colors hair) I just colored in 5 peopte with blondc
hair. There's 5 people with blonde hair; there's 9 people not blonde. Five
times 9 equals 45 - but that's not the answer.

Stacking and Grouping (Pictures B and | - donuts and gingerbread cookies)

Nicki (N): It only shows adding. It doesn't show nothing about
multiplication. Interviewer (1) Show me where it shows adding. N: Five her
(pointing 10 top shelf) and § here ( pointing 10 bottom shelD and you just plus
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them...unless it's $ times $ (indicating the same rows). It equals out to 25,
It's § plus $ equals 10.

Chris: There are 10 groups and there are 3 people in each group.
Each person (cookic) has 2 buttons. So now you have 10 groups, } persons
in each group and each person has 2 buttons. Ten times 3 equals 30, so if
there are 30 people and each person has 2 buttons it's 2 times 30 equals 60
buttons.

Area: (Picture C)

Nicole: Because it doesn’t say nothing about multiplication. It
doesn’t give you no explanation on it and it just ...it's only blocks with
squares and you don't know what its's telling you.

James: This picture of like some squares...this picture would come
out to like a times table chart..you'd fill in numbers on it,

Number Lines.’(l’iclurcs D and J)

Keith: (Referring to D) Eight times 8 equals 16...no, 8 plus 8 equals
16 no, 8 times 2 equals 16.

Keith: (Referring to J) Can't use this for multiplication, but you can
feach kids to count by §'s,

Shawn: All I know ahout these is adding and subtracting.
Natural Groupings: (Pictures E and G - eggs and footprints)

Chris: (Referring to  E) There's always 12 eggs in a dozen...every time |1
go shopping with my mother, she always gets 12 eggs in these cartons,
There are 12 eggs in cach carton and there are § cartons. You multiply 12
times §.

James: (Referring to E) There's eggs times the cactons. Five times
(counts every cgg) 60. Five times 60 equals 300. Int: Is 300 anything in the picture?
James: (nods no).
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Lynn: (Referring to E) Twelve (indicating the cggs in the Ist carton) times 4
(pointing to the last carton. Int: What would you say to a student who says, Why did you
only use these 47 Lynn: Because this one (pointing to the Ist carton) is the one
that's going against all of them (indicating the last 4 cartons).

Joe: (Referring to E) I'd use this for - like J times 2..Like these 3
(pointing to the 1st 3 cartons) times these 2 (pointing to the 4th and 5th carton), 6.
Int.: Where's the 67 Joe: It's not there until you times the cartons. Int.: Three
times 2 will give you what? Six cartons.

Nicole: (Referring 10 G) 1 rejected it...cause it's different. [t has like
adding. Tt just has pictures on it, like blocks with your shapes. It shows
you shapes. Like it doesn't show no numbers, or nothing. And stars isn't
part of math.

Kim: (Referring to G) It's adding, has plus signs in it.
Distractors: (Pictures K and L)

Chris: (Referring to L) You can use it for multiplication for candles, but
you can't do it if you're going to tell how many are lighted (pause) because
there are 3 cakes and 7 candles on each cake. Seven times 3 would be 21
candles.

Robin: Three times 7 equals 21, You could say 3 pictures were taken
from a birthday party. All 3 pictures had cakes with 7 candles on them.
How many candles in all? Three times 7 equals 21.

Cartesian Products: (Pictures F and 11 - clothes and nonparalle! lines)

Chris: (After identifying 12 combinations, the interviewer asked) Int.: So you
have 12 different outfits? Chris. No, but 1 could change it around 12 times.
You change them like this (rearrunging them), that's 3 times 4 equals 12,

Observations
Children's solutions underscore the differences among them yet point 1o some
commonalities. Some children scemed Lo see mathematics as & description of something
sensible and others did not. Chris immediately recognized that there are 12 egpsina
dozen (making reference to shopping with his nusther) and reasoned that 12 eggs in cach

1i7
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carton and 5 cartons result in 12 times 5 eggs. He also clarified to the interviewer his
meaning in the combination problem (that he did nor have 12 different outfits but rather
that he could change it around 12 times.) In contrast, John and Al seemcd ne' to be
concemed with what it meant to multiply numbers of people by numbers of people.  Their
inattention to measure and focus on abstracting symbols with which to operate ted them to
make up a multiplication problem that had no meaningful relationship to the pictu. ..

Joe was not only inattentive to measure (he was comfortable in multiplying
numbers of cartons by numbers of cartons), but seems to fall into a category described by
R. B. Davis as symbol pusher (personal communication, January 26,1989). Notice Joe
pointed to and multiplied the first 3 cartons by the next two to obtain 6; when he was ashed
where the 6 was, he replied: It 's not there until you times the cartons and
indicated six cartons. Kim, for the footsteps problem, also appeared to focus on the
symbols (she remarked, it's adding, has plus signs in it.) Lynn multiplied the
number of eggs in one carton by the remaining nuinber of cartons to produce her solution

of 12 times 4. James recognized the quantity of 60 in the egg carton picture (he counted

eggs) and multiplied the number of eggs by the number of cartons containing eggs (hence,
his statement of 5 times 60 equals 300). Also, Nicki's attempt to relate multiplication to the
donut picture resulted in her using numbers that could have referents in the picture.

An example of a child who successfully related the meaning in one model to another
was Roberta. She recognized the appropriateness of two models, array and number line,
and suggested how they might be related. Contrast this to Keith who recognized that
Picture D could be used to tcach multiplication but not Picture J, and Marita who changed
the array model to one of equal groupings.

Some children were able to disregard irrelevant features and abstract a multiplicative
relationship. Chris, for instance, suggested that if you disregard that the candles were lit,
yout could talk about 3 cakes and 7 candies on cach and, therefore, use the picture to show
7 times 3 equals 21. Robin had a similar strategy and also disregarded lighted candles.

Other children (Nicki , Shawn, and Nicole, for example) did not recognize
multiplicative structure. Nicole (in the footsteps picture) focused on the markings in the
footsteps to conclude that it doesn’t show no numbers, or nothing. Chris, on the
other hand, scemied to recognize a three factor multipli. rtive relationship in the gingerbread
example (recall that Chris said: ‘There are 10 groups and there are 3 people in
each group. Each person has 2 buttons) although he expressed this as a two factor
relationship in two different statements (10 times 3 equals 30 and 2 times 30 equals o).

Children attended to iteration differently. Successful students were not distracted
by variations in visual elements, but those children who were unsuceessful seem to




impose a requirement that a condition for iteration (¢.g., size, color, group amangements)
was that the clements should be identical. Pictures provided situations which scemed to
stimulate cognitive conflict and resulted in some children’s inability to resolve differences
between pictorial and symbolic representations. The varicty of responses both within and
across pictorial representations from this small sample suggests the benefits to be derived
from a more detailed analysis of children's thinking in this domain. Work is in progress to
extend the current preliminary analysis to a larger sample as well as to monitor the change
in students over time and after an intervention has taken place.
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AFPFECTIVE ASPECTS OF P'HE LEARNING OF MATHEMAT!ICS
IN A MULTICULTURAL sCHooL*

Manjul Beharie and Yanum Naidoo

University of Darban-Westville

This paper addresses the guestioon of what 1t feels tihe to
Tearn mathemat tes at o nmulticeltural school, Uthongathy,

in KwaZulu/Natal, South Afrivcac 25 pupils from threo race
groups were interviewed weekly atter school. All bat tour
pupils (representing all three race groups) initially
expressed positive teeolings towards mathematics, but later
interviews probed more deeply nto teelings towards teachers,
teaching method: , triends fror other race groups, boarder:s
and day schalars, and into pupi s’ perceptions of the
relevance of maithomatyeo in their daily Hives and future

careoers.,

Background: the «chool and pupils

The first of the multiracial New Era Schools Trust (NEST) schools
in South Africa, Uthongathi, opened in January, 1987. Generous
funding from the Chairman's Fund o! Angio American and de Becors
ensures that pupils who can pass thy entrance tests @re not
prevented by financial conriderations trom attending the school.,

A balance in nurbors i« maintained between pupils from various

cultural groups, and hetween day scholars and boarders, The 25

pupils an the mathematyer project, whs wore anterviewed by the
tour recoarchers (Man gl Lol Yooam Naidoo, Anita Froeso nd
project Teader Nopma presre oo Inlbran, Black and white
race arodpsoanostamdaed. ar b ot e, gqrades 7,08 and 9y,

:

Thirteen pupils were boys and twelve were girls; fourteen were

* A paper by Presmeg and Frank oports on cognitive aspects of

the Uthonrgathr recearch,




bcarders and eleven were day scholars. Although, theorctically,
socioeconomic status is not an excluding factor at Uthongathi,
in practice the pupils tend to come from high or middle SES
homes. Of the 22 participants who had fathers at home, eleven
reported that their fathers had professional carcers, and a
further four had fathers who were managing directors in
industry or commerce. Eleven of the mothers, too were profess-
ionals. So the attitudes and feelings expressed by these pupils
may not be genceralisable to pupils trom ditterent home back-
grounds and they probably differ from those of pupils in
segregated schools (as a follow-up study in 1989 will investi-
gate). But one interesting aspect of the attitudes reported
here 1s the extent to which race disappears over time, as a
criterion for evaluating friends, classmates and teachers, in a

school such as Uthongathi.

Manjul interviewed six above average achievers in mathematics
in standards 6 and 7. She reported as follows:

"The favourite subject for most of them was maths. The average
home that the participants came from was more cor less middle
class, with one or more parents being professionals either
empioyed or self-employed (careers ranged from teacher or head-

master, to lecturers in scrence or geography at university, to

marketing execcutives, lawyers, ministers, building in.poctore

and secretaries), These pupils seemed to be socialised into
thear own culture (Indian, African or Chrictian culture.} bt
wore al«o exposed to a grrat deal of Western culture (technotos
Greal caltare; " Moot o these pupilc were onvisaging trarning
for protessional carecrs, and thear parent took an apterest an
thear schooling. In anterviews they were articulate, contident
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Several of Yanum's below-average achiovers in stds 6 and 7 also
consideted protessional carcers. she wrote,

It is intoresting to note that all four males inter v, t hiave
ambitions that tnvolve mathas,  Katide (std 7, Black) «oots to
be an engineor tng surveyor, Nilesh (std o, Indian) a cooputer
scientist; Sandile (std 6, Black) and Gragen {(std 7, Indian)
both want to Lecoro doctor 3 istd 7, White) wants to he
G opilot . sy Wiate !l wante to work with handicapped
childron, L wovedd rrem o the traditional female carcer®,
Unlaike the other o pantle and the pupils in Manjul's group,
two ot theoo panil, S e oand Cindy, were rather guiet and
withdrawn in 1nterview:s, opcaking seldom or giving vaguge
anawers, and appearing o ek contidence,  Both pupilh were
trom tatherloo s hore

Anita ($I1x average achlever: ) s boand 7 and Narma {(seven
std 5 puplls) gl noted a tendency for therr pupils to have
profe sicnal career aspirations,

Attt itinde: Sithienmatiosn, toachora gl teaching

Gragen 1o a centipdent el outsperen puptl, a boarder who feele

"vory comtfortabie” at Uthengaths,  In his initial interview

with Yarenes he ! Polike math, eupecially when you concent -

sebnegpient interview an which

prupade advedd : s the following conversat jon

W peer feedy

GRFAGEN Goi e o witho ot it matceh problem, he hears
another pupil <peraking - ecasily disturbed): That's onc

1

Geesd e lewer ey ot woth o your traend,

b} Y

GRAGEN: No, 1''m not cirever, My father would like to think I'm

ool at mathe s py tather s a qood mathemataieran, he

v)
v b




got As trom class 1, say from std 5 ... he did well,
when 1 owas in the government school 1 used to ask ham
to help with my maths homework, but then my tests, my
reports, 1 did bad, o001 Jike to impress my parents,
Several of Yanum's pupils were ambivalent in therr "liking”
for mathematics., KATIDE said, "I just come to Tike 1t becausne
prople have been saying to me maths s the most pmportant
sulyjoct, It oyou don't do it o you won't getoa job o-ose 1 ocame to
like it." LISA described the feeling of power which masteory
of mathemat i can v I Tike 1t whoen it's sort of bacie,
I tee] wort ot powerial whoen Tocan work cut something., Tt
encouraging when you put a whole lot of numbers and it come,
out correct.”
Manjul's interviewees were more likely to speak of onjoymont
of the challenge which mathematics provided:
TEBO (std 6, Black) : It's an casy subject. It like teases ry
brain, and 1 l1ike maths exerecises. It's a challenge,

KERRY (std 7, wWhite) : 1 enjoy the challenge of calculating,

Maths 1s necessary, a challenge.

With regard to her averagr-achicvement pupils, An:ita reportod,
"In the firet anterview, all six pupils insisted that thoey
"loved! 1 "hiked' maths, but an time went on, they ctarted
disour tareg preblerms they were experioncing in the gbjes

@t iro. theeo preblema woreo associated with gt ptudos
tegoben ot b : KRN NANTASHA {(atd 6, Indian) 1,
don't underotand some thaings. 1 otry my beot " Anata reportod
that HNata b acpoended heavidly on andes g ta b bor o intervayw,

I I TR

Ihis wan evideont itn many anterviews when Shie anked,  fwhat
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that rule called?’ 1In talking about maths she said that it's
easy and logical because 'you just have to rememboer * alost,
Hence her difficulty 1n working cut €4, Whoen she b racndty
remembering rules, she takes a guess at the answer "

Natasha expressed very negative feelings towards hor oo hematios

teacher So, too, did TAMMY (std 6, wWhite), with the oame

teachor

TAMMY Wolva o gort thi s math teacher, Mioe She dean't

oxpbain progs woated Dbttt hnow whot Y gqoanyg
Ghe gets vo cro wathoyou, Lot Tofand them foard

thiu porcoent g, Lo Dtve gaven up o wlith Mo

Anita reported, "Here agaan g b ot all races have dittis
with teacher:., and Lonon “ace with the same teacher,
Uthongathy, the pupiis have all united against Misg

attempt to get rid ot her.  Although Migse 15 White and

15 Tammy, there 13 no racial bias on Tanmy's part, she too
spoke out against Min:

By way of contrast, all four interviewers recejved favourabie
commonts about Mr eoan Indian rathemataes teacher. The
following commoent v typicais

LISA (etd 7, Whito!

st bk as B Bnowes e anie

[ RO B % PR

1f they draw on the board oand

Atitt g o i PR FEE horesltaraetral

espocially shonld be thear perconal cognitave ntyie:




and frames of emotional and value inferences, alter these if
necessary, and use this cultural/racial and cognitive understand-
ing constructively in relating to the individual needs ot each
pupil.”

Attitudes to friends from otheor races, boarders, the school

All four rescarchers found that pupils named individuals from

all cultures among theair triends, but that there was a tendency

for their best friend to belong to their own race group.

BHAVNA (std 6, Indian) eoxpressed the position articulatedy:
How Wiy shitierent race groups get on?

BHAVNA wWhen 1t comes to speaking and mixing we do that very
well and thoere 1s no racial barrier there, bat you
would fand an close triends we gencerally stick to o,
same race group. That's not done intentionally; n
my opinion it's done because we come from similar
backgrounds and environs and you enjoy certain things

in lite and you feel comfortable. (Manjul's data.)

Although some pupils commented that they had been lonely when
first adjusting to the school, all expressed positive {ecling
about attending Uthongathi,  The following comments are typicaei:
THAMY (atd 7, Rluck) 1 1t's good for us to study together,
tohelps the other race groups to fand ot
peaples oo0 Maybe we think that they apess
cther s language and that they are ittoron
shdn't Lother about tiew
differont caltares o0 but as you got to know them
W ttoy wor b ot thinge and thoy ane hnw VOU W e

out thingn and you can help each other. (Manjul ' dat i

5t ST COPY AVAILABLE 1o




R

MARC (std 7, 1adian) : 1 have learned how to communicate; at

first it was quite hard interacting with ot.. . race

groups. It wasn't difticult but most people wore wary

Like 0t you sand something you were not e how

the othor person will think/feel (.. you may oitend

1t

thom ... but atter a woek we got used to

(Manjul'. data.)

Lother me at all now.,. 1

Whito:

CRALG

work wWith o cther o gunt o an 1t they were the same,

(Manjul's data.)

Ao the Miriendly, relaxed

KEKRBY (ntd 7, Whato o

(Maninl'e data.)

Yanum reported as foliows:

“Uthongathi bedrng the tirst multicultural school one would

expect a lol of problems with pupils adjusting. However, this

and realistic on

15 not the care; the ctudents are vory mature

this issue. KATIDE (std 7, Black) had the tollowing to say

Ttural sehool, during the first inter-

about being in oa onlticu

view: 'It's okKay. e Soweto', and the following to say

during the fonal aetorview (six omonths later): 'Last year 1

wasn't freoe L. onow 1t onice, {'motree, yes, I just feel o ar

i owan at o hone. Then notornch o ob o difference, It 1 ot

mucet o or o probder toone, A faret Towas not tree and |

that

Wt

"I Taike gt

interview sad,

very el s We wore tree to say whatever we -

thoogghyt nore”, et g Ber oot anterview with Yanum, when

telt about mixing with other cultural groups, she

She

arkod how

sayd, " T Aottt oactually notyee g v

126
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Pupils in Anita's group pointed out that rather than division

into race groups at the school, there was a division into

boarders and day scholars,

TAMMY (std &, White, boarder) : There is quite a big division
with some of thom, I found that at tirst., This was
before 1 had day pupil friends, now I don't tind 1t very

machi, Welte ot oot ke a bees' nest, Ne !

re annrde i
e I Boat-ders are the bees, basy haaviog thear
whon the day puparla core, they're Jihe
arnd, Yol Know, Wt goet cross,  amd when theey

tome and we o don't Tike them

A odogts terrtory L. yon

The positive mers o Uthongathi comes auross clearly in

following extract trom Yanum's datas

.
GRAGEN ¢t 7 hae an Indran father and a Coloured maother an

being at this school he feels very comfortable, “... 1 really
cnyoy TiIxX with aother people (.. no you see when 1 owar rrmall
T re.lly dis worry about eolour because my mor's oo Colosred
and rmy Jdad'oan Indioan H0O fon't really care about 1t
wWhen 1 oocame to this school 1oteel nore relaxed, 1 fteodl really
bappy CeaTetnin Teobate 1 Conee talkan:
P gl b g ongt oy
ar o then
Do b o tbhana L
White don't play with me,  You know, once you goet to know thes
e triendlier thoan ovon thiny, 1t
e borg b
Arknowledgemens . The regearchers wish o thank

remher e ot b onaathy owhe o ra e
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A CONFLICT AND INVESTIGATION TEACHING METHOD AND AN
INDIVIDUALISED LEARNING SCHEME - A COMPARATIVE
EXPERIMENT ON THE TEACHING OF FRACTIONS

Alan Bell and David Bassford
Shell Centre for Mathematical Education, University of Nottingham

ABSTRACT

In a3 comparative teaching eaperiment involving two classes tagght fractions by the
same teacher, a conthict and mvestipation method shows superior nntual learming
and good retention over two months, while a wadely used woheme of individual
purdad -discovery booklets shows very poor retentien

Introduction

The design of teaching has receved attention in the plenary sesstons ot
several recent PME meetings, In 1988, Nesher argued the importance ot the
teacher’s role in designing learning environments - and for designs which
ensure that common misconceptions are exposed and dealt with
Streefland showed how children's own creative productions in response to
open challenges could involve them in much worthwhile mathematical
activity.  In 1985, Treffers and Goftree reviewed types of mathematics
curriculum and argued for a realistic mathematics teaching rich in the
transitions  from  reality to mathematical models  (horizontal
mathematisation) and in the development and exploitation o

mathematical refationships and the processes of abstraction and

generalisation (vertical mathematisation). At the same meeting Douady

described a teaching sequence based on the “tool-object dialectic’, designed
to provoke the construction of the notion of real number.  In 1987, all the
plenary lecturers were devoted to constructivism, and henee to a theory of
learning, and by implication, of teaching  The research reports have been
proportionately less concerned with teaching, but more with the
description of pupils’ conceptual development  None ot the teaching
theories discussed has been the subject ot comparative evaluation apainst
more traditional theories, though they were supported by internal evidence
and argument, based on widely supported psvehological prinaples To

encourage the spread of such ideas through the educational sestem o s




important both to offer developed methods which a teacher could
experiment with and also to present evidence to convinee practitioners that
the methods are worthy of the effort required to put them into practive
The present experiment aimed to compare the eftectivencess of two teaching
methods and hence to indicate the relative predictive power of two
theorics. Method A was a system ot learning trom a very popular scheme
of individualised booklets, containing gently graded guided discovery
material (SMD 11-16).  In Method B, the pupils worked in groups of 3 or 4 a1
fairly hard challenges involving the production largely of their own
examples; these challenges were devised by the teacher and the discussion

of the groups' conchisions was handled by him.

Method A is related to the following theoretical principles: a) that time on
task is a highly significant variable and is maximised by individualised
work; b) that individual differences within a class in previous attainment
and in learning capacity demand individualised learning tasks; ¢} that the
experience of success is highly important in the development of
mathematical competence and confidence. Method B depends on the
principles a) that misconceptions need to be exposed and the conflicts
resolved by discussion; b) that individual differences can be satisfactorily
provided for by working with open-ended (and open-middle) problems and

by pupils’ generation of their own examples.

THE EXPERIMENT

In the experiment, two classes of 10-11 year old pupils were taught by the
same teacher. The two groups were closely matched on the basis of the
pre-test and on previous attainments.  All had had simitar mathematical

experiences previously.,  This included some recent work on {ractions

The groups each had 9 lessons of about 50 minutes each over the course of

three weeks on the topic of fractions  Group A was taught by using the

individualised booklet scheme (SMI), group B by the method ol




investigation, conflict and discussion.  The content of the booklets was
taken as defining the field of work; the material for t subict and
investigation lessons was devised by the teacher, by choosimg a et ot critical

problems capable of chatlenging the pupils, to cover the same

TEACHING METHODS

Method A - midieidial Pooklets, qurded discovery (SAMP)

These booklets are atiracuvely illustrated and refer to practical contexts
wherever possible o this unit, tlags, farm animals, windows, cars and
trains entering tunnels appear. The questions are gently graded and it is
intended that pupils ot all levels of ability should be able to work steadily
through the material without meeting difficulties which resard their
progress. A summary of the material appears in the list below.  Each
section of work consisted of some ten to twenty questions of the kind

indicated, and in the case of numerical questions, often considerably more.

Meaning of fractions (planc regions)

Fractions of numbers e.g 1/30f 12....3/5 of 15

Reverse problem: given part, find whole, e.g. picture showing 4
panes of a window, rest covered by a curtain; visible partis 1.3,
how many panes in whole window?

Fractions of an hour.  Minutes as 60ths.

Addition of fractions, 3/4 hour + 1/2hour - ... ; 24 hour +

1 Y hours

.

Comparison of fractions, ege 374 or /57 using srips
Equivalence (using stnipe)

Deamal equivalents, ep 4710 14 004

Method B - Conflict/investigation method
The list below pives o summary of the material used and sonue o the
additional questions bearing on the same point generated by the groups of

pupils
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1. Meaning of fractions; need for equal part, e Divide a square

into halves in as many ways as possible. (Use squared paper).
(Iiscuss, explain, justify).

2. Meaning of fracuons, some equivalence, +, -, ¢.5. Share 3 bars
of chocolate amongst 4 people ... 5 people. Share 2 %4 bars
among 4 people. Find as many solutions as possible. Make up
own questions,

3.  Comparison of fractions, ¢.g. Which is bigger, 4/5 or 3/4 7 (no
method specified: pupils to discuss)

4. Equivalence, ¢.g.  Find all fractions equal to 4/5; then groups
make up own, e.g.

Reduce: 16 56
K2 o4 .
5.  Addition e, Find 1/2 + 1/3. (Methods used: Rectangles,

Minutes, Equivalent fractions.)

Classroom organmisation

In Method A, pupils worked individually at their own pace through the
booklets; at the end of each booklet they marked their work from an answer
book available in the classroom, and answered a further set of test
questions. These were shown to the teacher, any difficulties discussed and

then the pupils proceeded with the next booklet.

For Method B, pupils were arranged into four groups each of three or four
pupils. Pupils were asked first to make their own individual written
response to the given challenge, then to discuss this within the group and
arrive at an agreed conclusion.  Following this, there was a class discussion
1 which the conclustons of the various groups were put tonward and the

correctness and other merits of each solution considered.




OBSERVATION OF THE TEACHING

The teacher recorded the following notes about the progress o

Group A

Few dithicultios, bttle or na stress, quiet and orderly work

A remarkable change in attitude and motivation 1+ 5 tughly
enthusiastic at the outset to bored and lethargic near to the end
Interaction between pupils loss than usual, and little opportunity for
class or group discussion, as the pupils were at different stages in their
work  However, more teacher-pupil discussion than usual

Pupils of lower ability found security in having the rules and methods
given to them by the booklets.

Booklets encouraged an artificial enthusiasm to complete the work,
more for the status of commenting ‘I'm on Book 3, which are you

on?” than for the satisfaction of learning and understanding

In Group It

Teacher's role much more prominent, required an expertise in
generating and guiding discussion, encouraging the shy to participate.
Knowledge of the main misconceptions was also required.

Pupils needed first to make a written response before any useful
discussion could ensue.

Pupils needed guidance in developing their ability to discuss,

No boredom, but increasing interest and involvement.

In the group contributions to class discussion, the spokesperson

should not always be the most able or vocal,

No limit on the Jevel of ditficulty.  Often pupils were able to
demonstrate their learning with quite dithicult examples ey
cancelling 168/216

Atmosphere sometimes noisv;  stressful for teacher compared with

Group A




Several pupils discussed the problems with parents.

Most rated the work very interesting but quite hard

THE TEST

The test was mainly taken from the test material provided with the booklet
scheme;  hence most of the questions were very similar to those quoted
above. There were some items not explicitly covered in Method B. These
were the reverse problem (given the part window, find the whole), the
addition of mixed fractions and whole numbers, eg. 23/4 + 1'/2, the
explicit connection of fractions with time ( parts of an hour in minutes).
The connection with decimals is also made in the booklet teaching but this
does not appear on the test. On the other hand, the test contains a few
items in which harder fractions appear.  Some such fractions were treated
in Method B, but not in Method A, Overall, the test had a slight bias in
favour of Method A.

Comparing the content of the test with the content of the teaching of the
two groups, we note that the test contains some material which is clearly

covered in Method A but not, at least not explicitly, in Method B.

Attitude questionnaire

At the end of lessons 3, 6 and 9 for each group the pupils answered a very
short set of attitude questions. These asked them to rate the lesson as 'very
interesting’, ‘quite interesting’, 'not very interesting’ or ‘boring’ and in a
similar way to rate how hard they had worked and how difficult thev found
the material. The general conelusions trom these are given in the notes on

observations of the teaching,

Test Results
For each group, the post-test was given immediately at the end ot the
teaching an the delayed test 7 weeks later, after the summer holidav, The

results are shown in the table below;
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RESULTS
Mean Scores (Max 1) “an o
P're Post Delayved Prosposa
Group A IN:1)
Individual Bookkets IS4 2l 150 + 18

Group B ON = 1Y
Contlict/ Investiration | IS I I ¢35

N s the number ot pupils presend for all thea
Ditterence on borderbine of 50 sigmticance

Ditterence highly signihicant at 0127 Jevel)

g

Discussion

When noting the dramatic fall in the performance of Group A to a level
below that at which thev began the experiment, it should be remembered
that all of the pupils had had some tairly recent experience of fraction work
before the experiment began; so both groups have probably begun at a level
somewhat higher than might otherwise have been the case. However, the
result shows clearly that the learning of Group B has been well retained,
while that of Group A has been substantially jost. This i, a result much
more striking than than might have been expected but it is consistent with

the observations made during the course of the teacung and it has

survived our somewhat sceptical scrutiny.  We believe this is a genuine

result. We cannot daimoat as a definitive and generalised result, since the

oxpertment was performed with only one pair of classes. The matter is ot
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considerable importance since the scheme from which Method A was tahen
is in use in a large proportion of British secondary schools. It has some
visible merits in terms ot presentation, and is generally well liked
Howcever, a number of teachers have misgivings regarding the depth ot
learning which pupils achieve with it There is clearly a case tor more
extensive experiments to be conducted, to see how far the results obtained

here are typical.

But this experiment shows not only the comparative ineftectiveness ot the
individual booklets; it -hows also the high level of learning, retention,
involvement and enjoyment achieved with the method of conflict and

investigation.  This methed deserves to be more widely adopted.

These are the practical outcomes. From the theoretical standpoint, the
results call into question the theories on which Method A is based, that is
that an appropriate way to respond to the wide differences in rates ot
learning and of prior knowledge which exist within a normal class is to

provide individual materials. The conflict, discussion and investigation

method provides for flexibility and creativity in the response of the pupils

and thus gencrates an activity from which the class as a whole is able to
learn more successfully. On the question of whether the exploration of .
relatively small number of well chosen problems can promote learming,
which covers the whole field of the topic, the experiment shows that it can

indeed do so.
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SOME RESULTS OF A LARGE SCALE EVALU (. 7ON
OF THE NEW SYLLABUS AT FRENCH COLLECTH 1L.EVEL
(611 GRADE TO 901 GRADE).

Antoine BODIN

Institut de recherche sur 'enseignement des mathenatiques
UNIVERSITE DE FRANCHE COMTE
BESANCON - FRANCE

Abstract:

The seting up of a new syllabus at French college iovel has
provided the opportunity of undertaking a large scale evaluation of its
implementation including the ohservation of the results achieved by the
students. In this paper we will present only those observations which
are more particularly linked with psychological questions. They
essentially concern the difficulty of pinning down the notion of
competency and the influence of certain variables on the results

obtained by students: the gencral context in which the question is set
and its relationship with other questions in the evaluation, the
formulation used and also the stakes the evaluation has for pupils...,
variables concerning the population taking the tests (age, gender, ...)

The aim of this paper is not to go as deep as possible on each
subject (we rescrve this for further papers), but only to provide the
participants with an overview:,

I) General deseription of the study,

Since 1986, in France, a new syllabus has been implemented at
“college™ level (dower secondary level), It began with the 6th grade levet
(1986) then continued at 7th grade (1987) and at 8th grade (1988). The

renovation of this syllabus will be completed this year with the
implementation of the 9th grade syllabus,

Changes in the content are considerable and could be presented to
those interested during the meeting. Tn this document we will only insist
on the existence of an official list of "required competency” for cach

et e Ao e Bk 10 s




fevel. These lists, which, at ecach level, state more than 100 items of
proficiency, will also be made avalable at the meeting.

From the very beginning, the French Association of Mathematics
Teachers (BOOO members), with the help of the Institute of Researsh on
Mathematical Education of the University of Franche Comité has
investigated with care the implementation of this new syllabus. In order
1o do this we made the decision to use as much as possible the human
ressources of the Association, remiaining in constant contact with the
teachers involved, using many questions proposed by them, and
returning the results to them as quickly as possible (results and first
analyses within six months of testing). In fact the model used is close to
that of responsive cvaluation as presented by R. Stake.

2) The difficulty of grasping the reality of mathematical
knowledge

Our main concern is to say something consistant about individual
or collective knowledge. IFor a long time we have been becoming more
and morc aware that this is far from simple. Several previous studies
(already published clscwhere) have helped us to highlight a set of
difficulties in testing. Here are some of these points:

- The Place of a given item in a particular test can modify
significantly the rates of correct answers. So can, for a given time
attributed for the test, the general length of the test in which the
question occurs.(by simple suppression or addition of other items).

- The operationnalisation (i.e. actual form taken by the question)
chosen for checking a given skill is sensitive to such a degree that
the change of only one word (even an article) can produce strong
differences in the results. So, what can be said when question is
“dressed” differently ?

-The formulation of questions may carry wrong ideas ahout the
knowledge concemed. These errors can be due either to a lack of
mastery on the part of the teacher-evaluator in the domain
investigated or to his desire to make the questions simpler. I: the
two cases, wrong conceptions of students will not be detected and
the validity of the operationnalisation used will not be assured.
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-The formulation of questions may carry so much that is implicite
that a correct answer is more a sign of similarity in the ways of
thinking of the questionner and the answerer than an indication of
knowledge.

-The information gathered depends, 1o a large extent, on the form of
questionning. For a same a priori task analysis, according to the
form a question takes: open, half open, shut or of Q.C.M type, the
same students will not give the same answers. We have much
evidence of the fact that the behaviour of a given student in one
form of test can not be predicted on the basis of his results in
another form. Only the a posterion study of the procedures used by

students can explain such a difference. Nethertheless the problem of

determining what competency might be remains whole.

In the APMEP study. the tests used are built in such a way that the
3 syllabus in its entirety is covered. Each student do not take all the tests
' ' (there are 10 tests and 48 different ways to participate to the assessment).
but we managed to be able to linked most of the results.

As far as "requiered proficiency” is concerned, we observe that less
than half of the students show mastery in more than half the questions
asked. Fortunately, we took the precaution of linking our study with
former ones, and, in all cases, the results observed now are better than
those of the last ten years. So, it is not possible to incriminate a drop in
students’level. At the very time when the authors of the syllabus think that
they have reduced the requirements at these which should be attained by
80% of the students, we record that lesser than 05% of the corresponding
questions meet this condition. Reducing the requirements to this of the
questions really mastered would certainly have for first effect to reduce
the teaching at a few mcaningfullless tricks. So that is the actual
possibility to enact ofticial requirements which is put into questions.

Most of the tests are "puzzled”, i.c, are made with questions taken in
different arcas, so that the mutual influence of items on cach other is
reduced. Nethertheless, in a few classes, "homogencous” tests were used
(i.e. regrouping questions from the same arca). It is hardly surprising
that in the case of homogencous tests, the results obtained are much
betier, but this again leads us to reconsider the question of competency.




For an cxample, here is one guestion for which the difference
observed is important.

When this question is included in a "puzzled” test, the rates of success is
29%. When included in a "homogencous™ test, the rates of success is
51%.

John buys a radio alarm clock costing 240F.
The shopkeeper gives him a reduction of 601,

Express this reduction as a percentage

[ Answer: l
Ntem D17

Hereunder, we show questions asked at 6th grade level, conceming
axisymmctry. Contingency tables arc presented when some students
passed two of the questions (which is not always the case - for instance,
no student passed both A19 and C18). The results confirm strongly what
is alrcady known (sce Grenier,D.) But what about competency ?. When
can we say that a student is "able to draw the image of a segment line in

ey

an axisymmetry'"

13y
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l Al7 I R=41% I CONSTRUCT the image of the segment (AB]
in the axisymmetry with ro-nect to (D).
D

(s ]r=a5 | ’

)
CONSTRUCT the image
of this triangle in the
axisymmetry with respect to (D).

/(D)

DRAW the image of this triangle in the - -
. A DRAW the image of this fqure in
mmet .
axsy Ty with respect to D the jaxisymmetry with respect to (D).

[

(D)

Ci8} R =39%

Draw the image of the segment [EF} in the AppB16
axisymmetry with respect to (D). (D) [ PP

In the contingency tables below, O indicates failure, 1 indicates

SUCCCSS,

Al17 Al9
1 f 0

309 | 17% Yo%) 29%

1% | 42% 4 %] 24%

What precedes is only an example. The study allows us to make such
comparisons in many domains. Up to now, we have used a probabilistic
imglication coefficient between items introduced by Gras, R.(See Gras,

teriatibindniide b o




R.). A study in progress is trying to give mcaning to the notion of
competency by using an extention of this coefficient to classes of items.
The first applications of this method will probably be presented at the
meeting.

Some of our tests called "required”, aimed to cover closely the
official list of required proficiency, while others, called "complementary”
scek deeper skills. The obvious assumption that “who can do a lot can do
a little” is more than often shown to be false.

Here is a scattergram of the results of a sample of 1600 students out
of 1600 different group classes. It shows the relationship between their
general results to required proficiency (EX-TOTAL) and to decper skills
(COMP-TOTAL). Indeed the correlation is high (r = .705) but we can
estimate at 25% the proportion of students for whom the results obtained
are quite contradictory.

y = .705x + .421, R-squared: .5
400 " i A N a R

COMP- TOTAL

0
EX- TOTAL

}) The influence
observed

of student's involvment on the results

In our assessment, teachers had the right to use or not the
students'results for their own evaluation . Qur only requiremient was that
the students be wamed beforehand.

One third of the teachers (out of the 1500 involved) seized this
opportunity. The results show a significant difference between the two
sub-populations, The study is not finished but we can hypothezise that,
for a given question, the difference between the rates of correct answers
of the two groups and the rates of non-answers is linked with the geteral
difficulty of the question. We will have more complete results in July.
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4) The influence of gender on the resufts observed
In our study, the difference between the resulis of gic - nd this of
boys are highly significant, and this, in every arca and for almost every

particular question.
Questions C12 and C13 shown below will serve as a puarticularly

sticking example.

The distance between Pans and Lille
is 300 km by motorway.
A truck takes 3 hours to cover this distance.
A car takes 2 h 30 min for the same trip.
What is, in kmi/h, the average speed of the truck ?
of the car ?

e 12

- [ Average speed of the truck f....... km/hw
l Average speed of the car : kmU
‘ Hem “C1Y

A

Item C 13

Girls
2%
RERS

Item € 12 Boys

N%

Correct answers

Correct answers

Non-answer

0%

Non-answer

It scems that the differences are particularly marked in the case of
questions concerning ceveryday living: percentages, scales, areas.
volumes... However this tendency is less marked if the questions are more
abstract. We are studying the hypothesis that the form of the questions
induces these differences. It would scem that as soon as the answer
demands an explanation, the girs perform as well as the boys.

Why do we pay attention to this variable of gender? In fact, many
other variables are observed, but this onc takes on particular interest.
First, it is unknown by ordinary class-room evaluation, secondly, while
much more girls than boys enter 10th grade (49% out of a age class

against 37%). much less pirls than boys enter further mathematical




studies (04.1% of a age class against 01.8%). In these conditions, any
attemps to better understanding of the differences observed can be
valuable.

In conclusion

As annonced, this paper gives some genceral infornmation on a large
scale evaluation , stressing on some particular points which will be more
developped in the oral presentation and in further papers. Others points
such as general context of teaching, assumptions made by the teachers,
and so on... are also investigated, and in centain cases could be tinked
with the results overwiewed above.
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GRADE 8 STUDENTS' UNDERSTANDING GF STRUCTURAL PROPERILES [N
MATHEMATICS

Lesley R Buuth
James Coob uUniver,ity
Australia

Abstract: [t is suggested that students' ditficultie« 1n algebra
are in part due tu their lack of understanding ot vari.aus
structural notions in arithmetic. AS part of a wider study, this
report describes an investigation of Grade 8 students' understand-
ing of commutativity and association for addition and subtraction,
. and their understanding of inverse uvperations. Findings to date

. indicate that these students have a very incumplete understanding
of these ideas, which causes difficulty in distinguishing between
allowable and unallowable transformations of numerical expressions,
It is suggested that this may well hinder their understanding of
algebraic simplification and manipulation,

The central aim of this study is to identify the extent to which
students in Grade 8 have acquired understanding of certain
structural properties in mathematics which may be considered

fundamental to the learning of mathematics in general, and of

algebra in particular.

Whilst ample evidence exists to show that students can have

considerable difficulty in algebra with the meaning of letters

and with various a<pects ot algebraic notatiun {e.g Kuchemann,
1981, Kieran, 198]; Booth, 1484, 1488), dittrculties have also
been observed in students' understanding of various structural
notions such as eguivalence {Behr, Triwanger & Nichols, 1980,

Kieran, 1981; Filloy & Rojano, 198%; Booth, 198/ and the re-

thetr inverses {(Booth, 1YE7).

lation between nperations and
ha«, in tact, highlighted the tinding

farlier work by the author
Cdrfticultipc an algebra are often due to pre-

that students
existing lacks in
related specifically to the use of letters (Booth,
Such undersandings have been suggested to relate to the meaning

artthmetical undersianding, rather than being
1984, 1987).

of numerical (as well as algebraic) expresstons, and to the

relationship between different kinds of problems and the number
Brown, 1981)

sentences which model them (Booth, 1981, 1984,

Both these areas of difficulty can be viewed as difficufties in
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understanding various structural aspects of mathematics In

the case of the meaning of numerical expressions, the structural
notions involved may include association, commutativity, distrib-
ution, and the relationship between cperations. These properties
are important both in understanding the medaning ot the expression
: itself, and in distinquishing those transformations of the ex-
pression which are allowable from those which are not, In the
case of modelling a problem situation by a mathematical express-
ion, what is required is a recognition of the structural iso-
morphism between the problem situation and the mathematical

i statement apprupriate to its solution. The relevance of both

kinds of notion to successtul pertormance in algebra is clear

Students who do not understanding the structure of numerical
] expressions and their allowable transformations may well not
: understand the same transftformations applied to algebraic express-
ions. Similarly, students who cannot represent an arithmetical

problem by an appropriate numerical model may be unlikely tu
understand the generalised (algebraic) model for the class ot
problems for which the particular arithmetical problem in

question is an example.

Clearly, 1t the essence of algebra is attentioun tu and under-
standing ¢f the structural naeture of mathematical relationships
and procedures, then students who lack this appreciation are
likely to have difficulty with the subject. The study revurted
here aimed to investigate thys idea by examining students’

understanding ot c(ertain structural features fundamental tu

algebrarc thinking, and to exploere the implicatians of the

identi1tired levels uf understanding for students’ performance

on varinusy dalgebrare tasks This repnrt 15 counfined to one

aspect of the study, and focuses un students' understandinyg «f

inverse aperations, assoctation and commutativity., Other asperts

af the research will he reprted elnewhere,

ME THOD

The general rodel tollowed was that ot survey testiog todliaed
Yo

by indivaiduael interyview The purpose nt the testing was
that studentc gy

obtain 1ntormation un the kinds ot replies

th tasks requiring them to make specitic use of the structural




1deas under study (see Table 1), and on the prevalence of the
various kinds of response. The findings from the te,ting were

then elaburated and supplemented by data from individual inter-

views with 3 subusample ot the students tested

The data reported here are for 120 students trum tour mixed-
ability Grade 8 classes (age 13 years) The students have al)}
commenced algebra within the context of an integrated currviculum

1n mathematics and are at the end of their first year of such
study. The typical algebra countent studied includes substitution,

simple linear equations, and algebraic simplification and manip-
utation. All 120 students completed set A and items B{(l) and (2)
(see Table 1). Half the students then completed items B(3) to

B(7) {(n:60), while the remaining students completed set T (n:60),

The tests were completed within one half-hour session.

Following administration and analysis of the class-tests, a
subsample of 20 students were selected for interview on the basis
to the test

items.

of their answers

RESULTS

Table 1 shows the percentage of specifarc categories ot response

to the test items under study.

PARGINGS

Operationc:  ltess than nalf the -tudents cuorrectly

Inverse

selected an inyverse uperdat an without recourse to numerical

cutytrtutton, even o the oebe! cane of o additaron ot % oy
Borters ALY and A2G) . Subostituting 3

resulted 1o a correct

multipircation hy

numerical value tor the vartvable ysually
response for the addition steny but not tor the multipiication
the magnitude

ftem where the comman response was a subtraction,
upnn the original sybstitution value chosen,

ot which dependnd
invotving two ditterent aperations (1tems A{3) and

In the 1tems,

responses was much fower (3%)

A{d4)), the propurtion of correct
had answered the single-operation 1tems

the tw.-operation 1tems typically gave one
¢he indics ing a knowledge of inverse ororat.
b
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Thyse students b

cnrrectly but no!

of two responses:
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jons but not nt the grder in which operations have to be undone

{as tn the response Qx3-¢23+42, sce Vvtem A(3)), 4nd one in which
the numerrcal part of the expression was simplified (hence
shuwing a lack of awarenecss ot the meaning of the initial state-
ment} and then the i1nverse ot the resultant operation applied
(as 1n the respanse Qx3-2¢1, where the numerical part ‘x3-¢°
had been first simplitied to ‘xl'}).

Lommutativity and Assoeration: MoLt students (n 120} seemed to
be familrar with commutataivity of addition {(item 8(1)). 25 per-
cent alsu erronecusly extended this to subtraction (rtem Bie)),
supporting findings documented elsewhere {(e.q, Booth, 1954),
When more than cne aperatien was involved, however, studenty
appeared ta whuw cenniderable confusion gver the meanaing of
expressions, an evidenced by therr apparent difticulty in
distinquisting transtormatrons which maintairned egquisvaloence from
thuse which drd nat. bor example, while the exprescion contain-
1ng enly additing was clearly easiest tor the students «amplet-
1ng the rest of et B (n:60), with all students selecting a
currect alternative tor 5834247+93 (item B(3)), only 6C percent
appeared to recoqnive that all the given expressions were eqQuiv-
alent The expressian containing only suybtractions (item B(7))
was less well bRandled, with only 20 percent selecting the correct
alternataive, and this praportion dropped to appruximately 10
percent 1n the case of expressions itnvolving both addition and
subtractyon (1terms B{4) to B(e)). ELvidence frum the interviews
showed thet tudents tended to focus on only part of an expression,
1gnoring 1ts tunction within the expre<sirn as a4 whole For ex-
ample, 0 percent ot ctudents gave the response 19.7-7.343 K

as e quivea et oo T e B 4 (vtem BUY g, Those anterviewed

typreally achieved this by focussing on the part

which they were tLappy to commute to 7 4e2,r regardiess ot the

context v owhich vt oappearved Studenty were, howeyer, 41,0
able ta conider o ore complex ‘parts’. In the same 1ftes o
example, 17 percent chose 3.8+7,4-19.7 as an equivalent altern.

ative, apparentiy hy treating the ariqinal expression ay

19,7- 00,8780 and commuting this {erronegusty) to (om0 19,7
Many of the same students simyiarfy chose o83-978¢74y a0 an
alteanatave tor 4exe749-684 (item B(4)},
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Other tindings ot anterest trom the intevviews included the
belref by students that while addrtion expressions could be
rearranged at least in one form or another, there were no re-
arrangementy pousible tor subtraction expressions {(see 1tem
B{7) where 23 percent stated that none of the alternatives

was equivalent) For some students, this belief also extended
to expressiaons containming mixed additron and subtraction op-
erations (e.qg item B(5)) Also of interest was the tinding
concerning the neec¢ to calculat> Whilst conceding that it
might be puscible to dictinquich between whole number expressions
which were equivalent and those whick aere not simply on the
banrs of nspection, worme 10 percent of the students considered
that this could not be in the [ase ot expressions contain-
1ng decrmal o trac i Vothe Patter casve, 1t owas consaidered
necessary U catiuadte The o values tiret, bhefore equivalence
could be determined Tt perpaps provides turther evidence
that some student: do not appreciate the structural similarity

between exprecsions contarning ditterent kinds of elements.

The items containing brackets (~et () were generally handled

more successtylly than those wrthonu! This appeared to be due

to the fact that tre bragctete all wed students to carry out

their tendency to ‘clump’ the cxprecarons anto parts mare easily,
by actualiy providing the par*s tor then. Inspection ot the
Correct alternative s cach 3tes show. that an aimost every
case the 1ntegrity 1 ¢ stateront oan brackets i< maintained

.

The anly exception to thry ae e giterrative correct expression
(787490 ARG an ttem TUA e wbach tne hrackets themselves are
rearyangen The prop cnoor e tante selecting thie as correct

war 4 relatigel ) Toa T8 peent Parang the interyview., student:

typreally rejyeo tod tho G o tree grauhide that “}nu can't

me oy e begoayt

In "t A el vt oot taneny 0 comng e phitras tiony
was matntained, with appraoximately 20 percent of students
selecting a coreutad cptteacts o notn each ctem (rtems (5} tno
| Irtere ety o wro 3 mgch stranger tendoency to
commute the aheie eaprenen (e q oo Ayl tor

19 h-(R . 2-0.4), 4wy, vather than comaute subtractions within

brackets (e q. 1/ DU PR R R txplanations qiven in
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interview mainly related to the belitet that while it was not
atlowable to commute single subtractions, this was allowable n
the cave of compler espressions 1nvolyving ubtraction There
widn Sume sugoestion that this 16 turn was prompted by a reluct-
ance to o allouw an ¢apression such ay 3.4-%.9 (which students can
‘see' as berna impoessible in terms of the beitef that “you can't
take a brgger number from a smaller ane”}, whereas it t$ not so
immedrately obvicus ta the students whether (3.4Y-3.3)-15.6

T et has o nature vt

Oievall Perrormance: In o ferme o averall pertormance, nonly
OO tade ity aave Corren U oreaponaes teoaldl toyur

ot the 8 T A () pore st the oybset b i ctydent .

v et v Gt vy ttom oo reity ard o aammyiagriy ono

student g Rl Sty correct responaes teogll o 1tens, 1n osetl ()

Tk ; tadont were cuvpeect hyt deyr Tk o amroaian af apgp

o the Calterrataives an o atem O

The qereral tinding Fisoamvestygatien ceems te he that many

Grade 5 L Tujente nay el A very anconpiete ynderntanding of the
meaning and allovabtie transformationyg of numerical expressinns
invelt.ing addit oo and ghtractrer . Thrs weyld not appear to
Stand “nee o yvery daod otead oy Cherr antroduction teoalgebraic
raniputaty oy ownd anderd tndicoates a lew trnan de<irable leyel

¢t onumeracy A currently defined by many mathematics syllabuses
Whiltat the gmpoartance b wtrgctyral understandings of the bind
addrec pd! ! RN ka. heen clearly rocoantsed in past

sy llavu e the tees o placed on Tnyrter Taws

norny
the et to e mathermattos! programmec) ) the problem
[ R AL N T R R Poand e gioes bl by et hedpatig tader

e nder ot : ! Appresiate thelr agnrtyoans e (o
sequertly ot s e oo,k the tdean ot the oy D abge

as too formal, rather than try to battle with the challenge of
mavina the sdra, thomopiyvpe moyrp antellagible, In view ot the
cngeang o pre hlesr b ctgdentg e algebra and tnoomany o ther
arcan ot ot orral o mathematas s oot iy he that we made the wiroony

decraron
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LTIy BReDU SND K THR /N RTCHHNND

THE ERCERSTITY OF Cab G

“Based on case studv research with students studving to be
elementary teachers, the authors propoce a view 0f mathematics
aducation that questions the assumpttons surrounding mathematice
and teaching., It g a wiew that centers around the process 3f
Gaihang tryct gn o zelé, an ctydents, and 1n mathematics 3z &
Tabiect, Fedagigicdll cuch a wiew leads to studerte and
tearhers who can think creatovely, have a higher mathematics
el meatvem and are wgtenamigs o andiosdyale,

Mathemat v 14 matwed on conditians and aszumptions, the questraning of
which ted to ron-Euctidgean geometries *¥line, 1782y for sample., Eut to do
et et g, one s 4 be fent gncec tr aned ar biognd Lo the

conuverticongl etz feed: to heliene that cuch limits were created b

Cther human:, ymd theradore Car be questioned and altered, 1t 1¢ this
attityde ot nnt deelinn raund by cconventional Ttmiots or assumptions that we
e 3% “uncanditicnal matnemat e 1t 12 o3 uiew that il be descrabed

here n terms 6 mathematice edusation, especiall. as ¢ relate: te
1

stydent: ztuyd. b elarent e, vegohers,
The peont to be made 10 that man. stydent teschors o and twachers dael

bound by the eduiatianar ondrtoons placed on them by what the, cee ac

2

eoperte S otme preyer ot agthar b, s tadtbonke or cyrracylum quuides dor

evample, Rt tod oo are thes hognd by surh conditione, the. haow Titila

1. Thyz rezear K ternan when the zecond aathinr wat 3 ¥ dent tearher ard

tegan partic pat g on o4 Tanag-term case tuds it the $irst author,  Thoc
ressarch hiac bepr ectended to tnclude case studies of other ctudent

teachers ar wall,
)
152
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trus® in themcelues ac decision mavers, Thie tack ot trust intertwined
with tear of mathematics gets mansfested as & clinging to the textbook,
curriculum guide, and lescon plar, Thie un turn leads to a mechanistic
gtvle of teachinq, ahu hence learning,

We propcce a view called “unconditicnal mathematics”, a process
requiring trust 1n celd, the ctudent, and mattematics as a subsrect, Such
truct nuoluee being able ti tahe riske, to make mictakes from a positron
Ot crurage of dear, o Y gbe o tarth chyerkegaard, 1985 thet
fleaitl e bourcted teachong froce: 0! s clee apto student leasrnitg, g
the rect ot ths paper | 4ty e Cc e weptacatad, uth the reader €

real sation that e ot e ity herw,

Trust 'n seld 2 a aitizal element ¢ this process, because (t refers:
to the teacher 1n the clascroom, The procecs of teaching tnhuolves an
avarenees and a consoicusnec: serndrtive to st 1s oicurrang with the
tearher and betivern téearner an tudents, Trhs sensitiocty could e
labtelled "Viving n the moment" 4 ctyte that 1< marked bv no consc)ous
awareness of pact or future, a ctate that 1o at the heart of the practice

of len, (See for eaample, Hant, 19750 19RT, 19EG, ) What 1z ogmportant atout

Tivang on the mament on et o cgroat preaeibls e fearful or anvioous inh

the moment bwrauce -yl e Cogreqns Wher e thank oabegt the pact ar
)

futyr.,
P verme b Y, 0 e Seomemen 4T ettt mangee e aben i

3% & flexubilit., & tlow ot instryotizan that depends on observations and

2. Lrvang an the moment sebria et Yhgd b pavt e part ot the prezent,
So tn Vive in the moment one recids to tntegrate past and éyture, For
example, memor e may surdaie guroong the precent and part of the moment e
sometiow acknowledrning those mamer g,




acknueledgments of what 1z occurring 1n the teacher, the studente, and 1f
the interaction betweern students and the teacher. 1t requires a tesscn
plan of cource, byt importantl, rejuires o release, s letting o

plan to aliow for spontanerts,

For example when verithon., a student teacher, taught smattematics, his
fear ard anxtetres took crer, He clung (literalls' to the textbont,
watehed the clock crnetar el worered about whether or onot he was Cheeriny
Fore leszcop plan,  te cwemed totalle ynahle te rateh thOIe Student Commert:
Of usttaone thoat gt 3 e g Hamoand the b < actra. b fhe Mgl Y !
B O T I O T LI Sy b ard Yearronyg,
shudent canén ) LR "w?v'-"-'_d"‘gl’g Yt

driappeared whet e ta,,nt mathemat g

URComE D tabilenats ot the sgbaent, o
that needed breabang throggh”,

How qoes sré Break throgch ar ” We see Tuch a provess
razted on o Jeriian poachstheraps and as drret ;r~-»:-".mg Aty Myarernes
fears, ther. the acwrosledgment of them to the self and *C nthers by g
vivee to o then oo ety oyt artioniating the dexre, s b paseable o the
conteat that ennbez dtem, the mathemat i crc clazercom, Foar evample, %«

toreeti. vascing b uncoméortableness woth mathemat cs WITH the ctident:

feartooby, svethorn. 051 have Leer on the was to avercori g

Piage e, o pcthan Quld have nhewded 34 3ttderent war
GF b . . P Searhar gt qbvagt vy ctgdernte . fecbead o4
Wik, the Pt . b an aathe b an [rez-

“Dover ouer® studenti, 4 Tiberator. wiew rooted ar dralague . tweer teacher

Toous cngrcoe i 0 et rezearob Labar qtuyre dealat gt e wnf e
"math ansciet.

marament, Sudfire 1t tn fa. that thye s not the plare tn

deal with this literst, e, What ceems to be lacking however, are mans
detarled arcount s of rrgvoaduals who canquer euyrt 4par and descraptinng nd
the procece that «lirued them to do cq,
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and studente 1¢ needed 'Frerre, 19700,

Such a literator: view however rune Con

power and auttarct., netinee posohetagical s

tradition that (& 4all redemptron based,

than being creation-centered, and hence teac

fall ‘redemption based spiritualitiec are pat

trust, emphaztyze contral Cather than fett:ing

than creativit., sra 1

than the now ana mabiny Yhe ¢t 0 boanpen 0o

When a twacher . abie o 1ioe the b

ol

trust in o the ctodents, That ta, Yrioing (n ¢

from lesson plane, curricula, the et rnorms

There 1¢

a trust that pv planning and then |

students will learn what! 1§ nececsar. daor

faiture are part ot the loarrang procees,

B. eshibiting such trust,

teachery

mistakes,  Thew acknewiedys and accept orrne

them as learning devices, Much as the proces

ang Staces (985

Tn an atmespdhier e S8 Fo 0 Naecnr

ttery

and far ciewinag errars v darpc o4 bearning,

antiaer , boorwwear g the b e

punrshing of an- deviatians from 1*, The an

the extarnal aythar )b, -« the 4o bpa -, Th

with bittle hyalding oe an ccrernal mathemat

sotving problems in Ihinkiua datbematicallas,

sclutione, has led many metheds ctudents to

and hence teaches

time

them

allow

trary to traditional notions of

ronted anoa sparstyal

tear, rather

tes trust, That s,

rrarchal, do not see faith as
g, emphatice obedience rather

av pAast or tuture roather

Fa, 19R4,

ere and now, there need: to be

e moment frees the teachsr

of educational conditions.

etting oo of the plans, that

te learn, that mictavee and

students to make the(r own

with the purpose of using

s aduocated by Mason, Burtor,

Vottle allcwarce tcr errnr

Fear Yean tn the neor 4

ot thoo and tre

Al wer

swer 15 often the one given b

g, there 1 1t

celf-trct,

voal eense, The process ot

a ook that oéten pétery nn

develcp internal

154
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first the process s érustrating because thev are used tc being able to
tind answer¢ “in the back of the book®, but then thev stop leoking for them
an Leginoa process ot esplaration of and awarenecs of their own

bnowledge.,

We are ted tn ¢ mathemat oz, Thiz 15 ezpecrall. ampartant when
3sRumptirn: aid cin g voioafe relexzerd and are h=id o up o tor o guection, Herwe
TRt byt e ¢ coaticst e about what numtiet te o nroahnot ther
Je bt oy et S wqualr b for e cample, The. my-t dt o5 o0 thear
Owh & feripenTw And trygtt oan ther knguﬂpd;s}, rot inoar exterral espert,
Hoever stugents and tearher: muct slec trust that mathematine ¢ nnt
chaotc «Glejck, 1935%) tut comehow crderly, When open-ended Quecticns are
posed, one: that gquection azeumptionz and’cr ones that could have mere than
cne right ansuer, ztuderts learn that there are not an tnfinite number of
amswers, Byt tuch v zituation evobe: great fear in ctudentss Re one Said,
"the rest *rang .. VU ore telling us 4 > = §Y, Ghe saemed tC
thany *hat eother mathematics means there (¢ one right ancver or there o3
rhans,

Tultoan attityce mas o aqaen be related o what Fox V1932 cpsab: ore e
3 ¢! o otermr o e bgat vty preen a creatinn-centered nne, That -,
the former dwale vn Jualyetic thooking, eirther/or, whereas the Tatter deals
ittt diate gl ok one, bath oand,  Man. ctudente haue trouble thinking

Gratac il b, ena anning that mathematice can have probiems that haoe one

Fight ancwer, at the same time haue problems that hauve mare than one right

aniver , and b)) pnt ke i ytter chace,




R

i
4

What

at t

1< the pecaqegrcal neea ¥or an uncongitronal mathematics? le see

hree 1ntesty red reacans here: creative thinking, mathematical

selé-ezteem, arnc autanom. .

reat

acsum; tion

(v& thynking -rnoclues breaking boundarves, zuestioning

G, DUSIMG new theories, suJvances made 1n science from [opernicus

to Einste n to guantum thenr o Rawkong, JSEEY have tnoalued such

questioning,  The attitude that has allowea fcr such breakthroughs must be

related to

that vouid

e

@ hrgh degree of trust in celd g¢ we have descrbed here, cne
crearte & regt level of celi-esteem, a sence of sutonom.,

rclueron, Katnrsn cpesbs to some of the teguec 1n this paper, tn

relat-un to her ctugent teach(ng e:periences:

inoen
perccnal it
area, that
acknowledg

celteayues

publ ..
cens.  ng
B
LA
the *v ot
[@ave *he

Gather ny
e Lwl b orol

Uuest
discrpline
conver * oo
aCrept rer

crlle tiee

amiring My et [rocect as an educator witt & math ancouc

« 1 have learnec to accept where | am in reiation to the subrect
re, ackrgayledging that | may not alwasc know the ancwer, This

ement occure within mvsel4 (n the classroom and 'n relatiyon with

arg peers,  The r:sr (nuotved 1n ALINg

Both provatel. and
¢ continue' !y rewarded by outeide etimulus that keeps me

MOC Ty aTChg o me mabh process,
tocus wrome proacese n the classroom 1 bring 311 of meerld ante
g e bee e e Thew e glten g oryey, [ yngld te =8 et b
aliv g Fatt tehiind andg ctandd bedor e me o popo e anit ol e gy
S okEn o being oAb kaper bt while 3¢ the came time

ety bt

B oat A o dags Rehoid awbach to borde o oane et

Loning thie eapert role 1nvolves the realization that anw giver
hae a4t arnberent procese which qrows from rulttyral or <or.gl

T e e ey e ot 3l agtee that 1 e T 0 berauar we

tavr anvumg bians that make 1t en, 146 e did not operate from o«

Ayt pefent *tat eoperte the cuombie! | to Gperate 1noa et bait wwan
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iz Sepans gadett Lo il s bl
v PR

arg ftruste that | represente what e 3l! : NEOh, ue M. ot LX)
to agree that § ¢ | = 2, A stuydent 07 e ampié m.gnt argue that 1 ¢ 1
We o a5 tearhere, mioght rump on o el e fhax ¢, coming from
Eottat WE mngie the aRiler a0 *PEretnre the ctudent i wrong &nd
maist a3he 2D LEGMPT I One to became A part e tre oollestiue,

Hiwe 1ar : cemb)irg tho: eaper® role lies Me ta unAerctand

e ctadent ok Ty T e b ptent o oqlilrp i, Shed tam o her

Mot tmocr tart azpe. b g proiess

votn Lterte, ol aieed ey

=M g ate s e ; N R

irG e came goest o e fante o
R : s @t math meant

TUr dacie Ve, e $olineed a4 requier matn o rorracgium o th the

Net Gnle Yeatnung d B3 apiine, uF 2Pty seas wa YR 4 GOl Y,

T oagrteed that WS we e orotr. TR BT R R Y T T A R

Taagenl the ctudente fpened p creaty & math o pEritralitieg Shat

r

reatraed bobh fhe mechan s (6 a oo ent forradiraral diecaplaine while
at the came ¢ me nn‘blu‘u‘r‘-dgl_-d houy the . gasred the Wroeylede. [ i thie 2
weeh Lratlicum we Deyan te aecelop " ST tiat and E-turcgl Yeyzt, euer
1t owe At by et abt arAwsr M Pro e e brew the roght
ranr Bt b preter s bant thae M boan s - e logrne§ ¢
Pruct thie s inb o prrce o b nhgy iy ET . Foberd that e
GOt beanad aur o owen gdagmen b o deqr e Y g eyt N P VE TR
Tearn r_.-vv-l-".:r._]. A0 At ek Mo e Yar owbhat i B ot b ihe
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COMPARISON OF TEACHER AND PUPIL PERCEPTIONS OF THE
LEARNING ENVIRONMENT IN MATHEMATICS CLASSES
Miriam Carmeli, David Ben-Chaim & Barbara Fresko
The Weizmann Institute of Science, Israel
Comparisans were  made  between  teacher  and  pupil
pereepitions of eight facets of the mathematics classroom
environment  diffieulty, speed, inquiry, diversity, satisfaction,
competitiveness, formality and goal-direetion  Questionnaires
ieasiuring  classroom  enviconrment  were  administered in 60
Junior high school mathematios cliasses to [338 pupils and 32
tenchers  Teacher perceptions tended to be more  positive
than pupil perceptions  statistically  siguificant  differences
were found on competitiveness, forinality, Jdiversity, speed and
diffieulty Gradde evel, ability level, sex ratio amd teacher
gender had little effect on teacher-pupil differences
In most school systems around the world, mathematics instruction takes place in
a group context Even if instruction tends to be more individual than collective, W
does not occur n isolation but rather in interaction with a teacher and in the
presence of other pupils who are engaged in similar learning activities. Therefore, the
classroom learning chimate must be considered as an influentiat force when discussing

both attitudes towards mathematics and mathematics achievement, two topics of

considerable concern to educaters and laymen alike

The learning environment, shaped by pupils, the teacher and the curricular
materials, has the potential of influencing pupil attitudes, thereby affecting
motivation to learn and subsequent learning  Scveral studies have clearly pointed to

a significant correlation between achievement 1n various school subjects and the

fearning environment (Anderson, 1973, Fraser, 1986, Hofstein & [3en-Zvy, 1980) In

one study of mathematics classes, conducted by O'Redly (1975), the learning
environment was found to explain 6795 of the variance in average class achievement

scores
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Taking into account these findings, it would seem that teachers would be more
effective If they could accurately perceive not only individual pupil attitudes towards
the study of mathematics but group optnions and the collective environment as well
The purpose of the present study is to determine to what extent mathematics

teachers® perceptions of the learning environment coincide with those of their pupiis

Assuming that the classtoom environment can be conceived as composed of
various facets, then one must ask which facets do teachers tend Lo perceive correctly
and which incorrectly Studies on the determinants of the learning environment n
different school subjects have shown grade level (Fresko & Ben-Chaim, 1986,
Fresko, Carmelh & Ben-Chaim, 1988, Randhawa & Michayluk, 1975 Shaw &

MacKinnon, 1973, Welch, 1979), sex ratio (Walberg & Ahlgren, 1970), and teacher

gender {Lawrenz & Welch, 1983) to influence pupil perceptions In the present study,

an attempt will be made to estabiish whether these variables plus class ability levet

influence the degree of teacher accuracy in perceiving the classroom learning climate

Several studies companng teacher and pupil perceplions have been reported on
by Fraser (1986) Findings from these studies indicate that teachers tend to have a
more positive evaluation of the classroom climate than their puptls Such results are
consistent with research in other setuings which indicate that individuals who have
more authority and responstbilily 1n a setting tend to hold more positive attitudes
towards the setting (Moos, 1979) Accordingly, we hypothesize that mathematr 3

teachers will also regard classroom chimate tn a more positive hght than their pupils




Methodology

Procedure

A learning environment questionnaire was administered to pupils and teache's in
60 junior high school mathematics classes {Grades 7 to 9) Admnistravion ook place
approximately three months after the start of the school year in order to allow the
classroom environment to crystailize In total, 1338 pupils and 32 mathematics
teachers in 6 schools completed the questionnaire Five schools were situated in
economically disadvantaged areas and one school, which was larger than the others,
was located in a middle class neighborhood The teachers, who completed the
questionnaire simultaneously with their pupils, were asked to respond o Items as

they thought their pupils would respond

The Questionnaire

A learning environment questionnaire for mathematics classes was employed in
which eight properties (sub-scales) were examined difficulty, inquiry, satisfaction,
speed, diversity, competitiveness, goal-direction and formality The development and
one appiication of this questionnagire was described at PME-10 by Fresko and Ben-

Chaim (1986)

Questionnaire 1tems took the form of gencral statements referring to the entire
class and a 4 point Likert-type response scale was provided from 1- "It never
happens in my class™ to 4- "It always happens in my class * Sub-scales were
composed of 2 to 5 items  Individual sub-scaie scores were calcutated by averaging

responses on all relevant items  Class averages were computed from the tndividual

pupHi mean scores

e ookt 0 b Gt i
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Results

Use of MANOVA indicated that pupil and teacher questionnaires were
significantly different (p < .0001) The results of a series of t-tests for dependent
samples in which teacher and pupil perceptions were compared by sub-scale are
presented in Table 1 As can be seen, teachers differed significantly from their pupils
on difficuity, speed, diversity, competitiveness and formality and concurred with their
pupis on satisfaction, inquiry and goai-direction In general, teachers rated the
mathematics learning environment as more difficult, slower paced, more diverse, more

competitive and less formal than their pupils

Matched t-tests were performed by sub-scale after the sample was cross-
sectioned separately by each of the following class traits. grade level (Grades 7, 8,
9), 2bility level (high and intermediate), sex ratio (1/3 or fess boys, 1/3 to 2/3 boys,
snd 2/3 or more boys) and teacher gender Results showed that while these
varniables tended to differentiate among different learning environments, for the most
part they did not affect the accuracy of teacher perceptions For example, it was
found that pupils perceived the learning environment as fess satisfying as grade leve!

increased, and teacher perceptions concurred with this view

A few exceptions did exist with respect to this general trend For example, male
teachers tended to err in fewer areas than female teachers, and teachers in classes
having predominantly either boys or girls tended to err less than those in mixed

classes

In ali comparisons, the two areas in which large and consistent differences existed
between teacher and pupil perceplions were competitiveness and formalty  Teachers
_always rated formality considerably tower and competitiveness constderably higher

" than ther pupils Moreover, the one area in which teacher perceptions always
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coincided with those of their pupils was that of satisfaction

Table 1

Teacher and class means, t-values and significance

levels for dependent samples, by sub-scale.

Teacher

Sub-scale means significance

Difficutry 231 015§
Inquiry 298
Satisfaction 287
Speed 207
Diversity
Competitiveness
Goal-direction

Formality




Summary and Discussion

The mathematics teachers in this study were not always accurate in ther
ssessments of pupil perceptions of the learning environment Moreover, the class

(’:ttalt.s and teacher trait examined here had little consistent effect on their accuracy

&
L4

In accordance with prior research results, It was hypothesized that teachers in
L‘””_l.ms study would hold a more positive view of the classroom environment With
Tespect o diversity, formality and specd, this contention was clearly supported
: eachers perceived the environment as more diverse, slower-paced, and less format
r an their pupis Teacher perceptions of the environment as more competitive may
‘Iso be construed as a2 more positive evaluation Given that five of the six schools
; ave disadvantaged pupil populations whose mathematics achievements are iow, It

it

ms as if the teachers perceived a more highly-motivated environment than did

jtheir pupis

il

Only with respect to difficulty can it be claimed that teacher perceptions differed
{from thetr pupils in 2 negative direction, i @ they perceived the environment as more
“difficult  Perhaps taking into account the relatively low mathematics achievements of

their pupils, they assumed pupils would perceive the mathematics learning

[ environment as more difficult than they actually do

Through the application of an instrument similar to the one employed 1n Lhis
study, mathematics teachers could become more aware of pupil perceptions of the
- learning environment in their classes Strategies could then be empioyed to improve

the environment and a'so increase the chances for effective learning Lo occur
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NUMERACY WITHOUT SCHOOLING

Terezinha Nunes Carraher
Universidade Federal de Pernambuco
Recife, Brazil

Developing new forms of representation is a major activity
in mathematics. Perhaps for this reason, many educational
practices are based on the assumption that learning new
mathematical representation s the route to understanding
concepts. This paper briefly considers a psychological theory
coherent with this position and some evidence on the role of
mathematical representation in cognition. This evidence
indicates that numeration systems may be understood without
writing but that learning arithmetic representations may result
in the re-organization of arithmetic problem solving behavior.
Caution Iis, however, called forth, experimental work is still
needed for causal connections to be accepted.

Russian psychologrists li1ke Vygotsky and luria have
proposed that much of cognitive development c¢an only be
understood if we take into account the systems of
representation (like language] which are socially transmitted
and ovolve from means of communicat ion to meitns of
organization of one's own behavior. In order to prodiuce a
picture of what cognition may look like without language, their
investigations on the role of language 1n the organization of

tehinvior ineluded work with subjects whose linguistie processes

are camerhow limited, Luria and his co-workers studied both

yvoung children Aacquiring language and aphasic patients,

thvestigating the impact of their limited lirguistic abilities
upon performance 1n cognitive tasks. Take Tanguage, mathemat yos
provides  representatjonal  tools which can be used both in
Ihterperasonal Communloation i in the organizat ron of
behaviaor., Lurta (1a6Y) attempted to use in the study of the
role of mathematical representations the same approach he had

profitably use i with language--namely, the anvestasgat on of
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adults who had learned mathematics but later suffered some sort
of brain injury. On the basis of this approach, he
distinguished between the "elementary functions of number” and
the "semantic structure of number'”. The elementary functions
of number, according to luria, include the abilities to ecount
and designate a concrete quantity by a number, to perform
computat ions (especially  addition) with small tone-place}
figures, and to Carry out direct comparisons between
quantities. The semant ic structure of number includes
composing two- and three-digit numbers, which are interpretable
through soci1ally conventioned units (see Gal'perin and
Georgiev, 1969) such as "tens” and "hundreds” and the ability
to compute with larger figures. According to luria, the
semant ic structure of number appears to be mediated by the left
hemisphere--i.e., mediated by symbolic processes since lesions
to this hemisphere result 1n patholoegies in this type of
mathematical ability. In contrast, the elementary functions of
number are retained in left-hemisphere damaged patijents--an
observation which attests to its independence from more complex
symbolic processes. lLuria's approach to the study of the role
of symbols in the organization of mathematical behavior, though
useful and Instructaive, s of limited applicability since few
patients can be foand Tor analysis, Moreover, results obtained
with this method are sometimes JdJifficult to interpret, It a
particular ablity remains intact despite lesions in the left
hemisphere, it is poauib}e to accept its independence from

Teft-hemisphere functionns, However, t he ohaervat jon of

163
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impaired functioning in patients with left-hemisphere damage
sheds very little 1light upon the specific way in which
mathematical representation affects the organization of
mathematical cognition.

This paper attempts a different approach to the same
question of how mathematical representations influence
mathemat ical behavior. [t reviews studies (some of which were
not reported hitherte} on how pre-school children differ from
school-ade children and how uninstructed adults differ from
schooled adults when solving mathematical problems. It starts
from the consideration that some aspects of mathematics are met
by .pvu;wlo in everyday transactions and have become incorporated
1n natural  langnages--for example, comparisons of quantities
{more, less, greater, smaller, higher, lower ete.), numeration
systems {especially in their oral  form), and measures of
i fferent types of quantities (including monetary systems and
measures of length, weight, area, volume eote.). Other aspects
are much  Jless  frequently  encountered outside  school--like
mat hemat ical sentences  with  syvmbols for operations (for
cvample, 120 x 5), representations of unknowns (for example,
P20 4 v oor representations of one variable as o oa function of
another (for example, y = 5 x). Pespite the fact that many
people must an thear evervday lives deal with these concepts,
evervitay bife does not present opportunitiles for people to
learn the same type of representations which are used in schonl
when they deal with  these concepts, Furthermore, natural

fartaage has ot own wavs of eclassitfyind and representing
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mathematical situations which do not map onto the mathematical
representation in simple ways. [t is likely that some re-
organization of behavior must occur so that situations well
understood in  eveiyday life can  be represented in the
conventional mathematical fashion. For this reason, a better
understanding of how everyday representations in natural
language  are  re-organized under the influence of formal
representations learned in school seecms very important for
understuanding how mathemat ical concopts develop.

I we want to reach even preliminary conclusions about
the gnfluence of Jlearning mathematical representations upon
mathematical cognition we must consider both the differences
between pre-school and school-age children and 4he differences
between unschoolted and schooled adults, If one looks only at
cloldren, ade and school-learning are confounded; dl('l\_-r(-m'us
between pre-school and school-age children could either result
from specitfic learning experiences at school or trem general
vognitive development ., 1t cne looks only at adults with
varying desrees of sehoolbing, t he role of mathematical
representations 1n the organization of beohavior 18 difficult to
interpret because  learning new forms of representation when
conceptual understanding s well advanced may have ditfferent
consecquences from learning them nt an  ecarlier  phase  of
Heve lopment

Thae revow will concentrate on two aspects of

mathemat ical knowledge and how they may relate (o conventional

I74)
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representations transmitted in school: numeration systems and
arithmetic operations,

1. Knowledge of numeration systems. Luria (1969) relates
the understanding of the semantic structure of number to its
writing within a place-value system. On the basis of his
vlinical studies and his review of the literature, he argued
that designating a set by the number of elements after counting
1~ preserved in left-hemisphere lesioned patients because all
numbers are treated as single-digit numbers. However, his
patients with left-hemisphere damage had great difficulty in
toading or writing numbers with two or more digits, in reading
arithmet 1c sentences, and in adding two- or more~-digit numbers.
lurian emphasizes how these difficulties in reading and writing
are associated with the other difficulties in understanding
teaindiey

A different wiay of cvaluating the relationship between
mathematical cognitron and knowledee of written numerals is to
Tonk  at what pre-school children  and itliterate adults

anderatand or farl to understand aboat the soncially

anventioned units an the numeration systems they use, Saxe

sy, Saxe and Posner  {(1983), and  cCarraher (1985} have
cavest prated knewledve of pumerat inn systems among il literate
adults and alee chandes in this anderstanding as  schooling
C b place, b wammary,  Suove and Posner found a4 res
crantcatron of aonon base numeration system into A base -system
amane the Oksapmin both in children as schooling wag introduced

e the sallage and n adblaterate adults s commerce hecame an




integral part of their everyday activities, Thus, written
representations of numeration systems are not necessary for the
semant ic understanding of number to be obtained. Carraher
{1985) found further evidence favoring the independence between
understanding properties of numeration systems and Knowing how
to write numbers, About one third of the Brazilian pre-school
children and most of the illiterate adults she interviewed were
able to underutand basic  propeprties  of numeration systems
despite the fact that they had not yet learned the written
notatron used an their culture, Op the bhasis of these studies,
it i possible te concluade that convent ional written
representations are not necessary for the understanding of the
semant 1o structure of number; both the exposure to systematic
teaching and vveryday practices involving money may promote the
development of these more copplex pumericoanl functions.

2. Knowledpge of arithmetic operations. several studies
have  heen  carpred out on how  children's problem  solving
betovaror changes with age ot no explicst consideration was
giver, 1t these studies to the role of anstruction and the
introduction of signs to  represent. arithmetic operations.,
Recently, Carraher and  Bryant (1987) and Carraher  (198R)
nnaltyveed the difference between solving problems correctly with
nny reprecsentation the ieedbtvidual may choose  and  solving
problems with the appropriate s hool  reprecentat jon, Pre:

school children, who had not yot learned arithmetic

representations, fiffered from farst grade children, who had

beoen  taontht the e representations, bt an thear rate of




correct responses and in the strategies they chose for solving
problems. Similarly, adults enroled in literacy programs, who
had not yet learned arithmetic representations, and adults
enroled in third and fifth grade classes differed in rates of
correct responses and strategios in problem solving.
Unschooled adults were better than school children at solving
problems  but they  used in their solutions the Aarithmetic
operations sugdestod by overyday interpretations of the
situations rather than those operations which would be used
according to the arithmetjcal sentences taught an school, kor
example, they chose addition to solve missing-addend problems
{of the form 2 + x = b} and subtraction to solve missing-
minuend problems (of the form x - a = b, These solutions
inficate a representation of the problems in terms of thear
linguistic representations in everyday life rather than in
terms of the arithmetic representations used 1n schoo) (which
would have been b - 4 = x for the missing addend and b+ a =
for the missing minuend problems), In contrast, children and
adults, after some schooling, tended to use solutions
indicat ive of  an arithmetic representation ot the problem
situat ions, This pattern  of  resalts  suggests  that the
tnderstanding of arpthmetic operations is re-ardganized uander
thee anfluence of schooling possibly as a resatt of tearning of
tew mathemat y al representatyons, However, 10 order to mike
assertions  of a4 causal tature, experimental evidence 15

Teceg oty
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STRATEGIES AND ERROR PATTERNS IM SOLVING ROTATION TRANSFORMATION
Chin Chien
Departaent of Mathematics. Taipei Institute of Technclogy

Based on a result of two years project. Taiwan pupil‘s correct strategies and
error patterns were classified. However, features of the approaches used by
those students in solving rotation items sees to be qualitatively different
in nature. As a result of those students performance on the written tests
and the interviews, this paper exasines the reasons of students’ errors ami
explores the ideas of each correct strategies. HMoreover. the relative role
of visual approach and analytical approach are discussed.

INTRODUCT ION

Visual and analytical thinking have been indicated as important features during
children's Mathesatics learning carcer (Bruner, 1963: Krutetskii, 1976: Presaes,
1885: Eisenberg and Dreyfus, 1986;. Bishop (1988) noted that the notion of
visualisation is an important focus in the education process. According to the
relative role of verbal-logical and visual-pictorial components of a pupil's mental
activity, Krutetskii (1976)determined the type of mathematical giftedness of an
individual inte analytie, geometric, and harmonic. Studying the responses on the
vritten tasks which rould be solved by both a visual and an analytical approach of
some experts in Mathematics: research mathematicians, high-school sathematics
teachers, and third year university students, Eisenberg and Dreyfus (1986) classified
thes as being analytical. visual or mixed.

in the CSHS works (Hart, 1981), Kiichemann {1981) described levels of
understanding of rotation in terms of pupil's perforsance on the rotation tesis,
Their facilities varied considerably, depending on the position of the centre of
rotation and the slope of the object, but some lesser influences depending on the
object’s compleoxity, and the presence or absence of a grid. For exasple. children at.
levei | could sketch the image of flag which vas vertical or horizontal, and given
that the centre was on the object. Thildren at level 2 could sketch the fease of
triankle given that the centre was on the object and recosnise that the centre of
rotation had to be equidistant from a pair of corresponding points on the ahivet and
ite image. For level 3 children, they could sketch the image of flan wh it the intie
wae diroct ]y underpeath the end-point, and tried to construct sentuliy 4 b 11w
the centra to the object. Children at level 4 could sketeh the mawe i 11, oy,
vas vertical and the fine fros the centre to the base-point of the flar i. «. .0l
but with a grid, and were berinning to recognize that the angle hotwoin th
frem the contre to corresponding points on the objeet anu it iy o . vty b,
anele of rotation. Then, children at level 5 could rotate anv  tv to thew ),
quarter turn rerardless of its slope or its position relative *o the centrn
Kiichemann (1931} alwn deseribed some approsches which soemt o Lo wied by Prelich
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children. To rotate an object, & child may buiid up the image by locating all (resp.
some) crucial points of the object first, and then adding the rest portions. The
child is using the analytic {resp. step-by-step) stratesy.

Based on the CSKS works (Hart,1981), an adaptation of the CSMS sethodology and
rotation test (Kichesann.1981) vere used in Taivan. In order to make sure that
students could recognize some ideas of rotation transformation, a practical
manipulation of rotation transformation were presented by researchers before the
testing. The written test ( Lin and Chin, 1987) in this study were given to 2811
students aged 13 to 15 years, those samples will be expected to be representative of
the Taivan population of that age.

Taiwvan data shoved that the key feature- which would affect children's
performance were the position of the centre of rotation (item 1 vs. item 4) and the
complexity of the structure of object (item 1 vs. ites 2.3). To English students the
key features were the position of the contre of rotation and the slope of the object.
As appears in Table 1.

T“Mt‘ I
[ten Facility N=2811
Sketch the image of object Taivan (%) CSHS (%)
69 85

1 33 4

h 4 67

o
. 3 44

To a lesser extent, the foatures for Taivan students wore the slope of the
object fitem 6 vi. item 7) and the prosence or absence of a grid lites 5 v, iten
6).but for English students were the cosplexity of the structure of object and the
presence or absence of a grid. As shows in Table 2.

Table 2
Iten Facility N:-2811
Sketch the imave of sbject, Taiwan (%) CSMS 1Y)
R 31 m

Analysine the responces of Taiwan students in the written tests, their corpect
strategies and error patterns vhich could be idontified wore elagsified. Soge
exagples appear in Table 3 and Table 4.
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Table 3
Correct strategies N=2811
Strategy Response Incidence (%)
Sketch the image of object

‘Uonnecting’
Draw the centre of rotation
4A
s

‘Geometrical construction’

‘Trial and error’

Tabte 4
Error patterns N=281:

Response Incidence (%)

Sketch the image of object

=

Draw the centre of rotaticn

This werk aigs:
vt ipves tieate the reasons for each kind of error,

G0t ewplore the undor by ing fdeas o ench eorrnet atratow fen

oY e
Teoeneh corpoct tpatesy antoe : C ot ese students whoae

perforaance vere jdentifiabde o sotstad ample of 70 Student. would

be interviewed.

o

o Interview
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Two kind of items: the sketching image and the drawing centre of rotation will
be concerned in the interviews. The procedure was carried out by following steps.
A. Developing interviev items

The rotations under consideration are fixed to be a quarter turn anticlockwise.
It seems that a successful performance on the rotation consists of a global viev i.e.
recognizing the location of image globally and some specific features i.c.recognizing:
(1) the angle (90") betwveen the lines from centre to one pair of corresponding points
on the object and its image.
{2} the equidistarce of the lines from the centre to one pair of correxponding
points.
(3) the mutually perpendicular between the object and its imace.
(4) the congruence of the object and its image.
Regarding each features, a set of items vill be developed to examine children's

S

recognition about it. For irstance, is flar B the ieawe of flog A 7 vhy

,;&_. 1 y
A B IA A
I - 8
. . <
These three iteas would be used to examine students recernition about 'the

equidistance’. The items developed to examine other fearures are outlined in Tabie 5.
Table 5
Feature Itre

"the global feature’
“the angle’
"the autuaily persendicular’
4
-

A

"the consruence’

B
<
1
]

B. Error analysis based on written tet
fupposed reasons for each error patterns were organired hefore the interviewing.
Some instances appear in Table 6.
Table 6
Error pattern Supposed regson
.recognice "the global feature', ‘the cenwruence’, 'the
putually perpendicular’ and “the angle'.
.fail to recognize 'the equidistance’.
.recognize ‘the global feature', 'Lhe congruence', and
‘the sutually perpendicular”,
fail to recognize ‘the equidistance' and "the angle’.
.recognize “the global feature', 'the congrunence ',
‘the autually perpendicular ', and ‘equidistance’.
fail to recognize ' the angle’.
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t. Interviewing

On the interview, each student was shown the test paper completed earlier, and
asked to explain the answers of some iteas they had completed. In addition, according

g to student s errvor patterns and correct strategies, they were asked to do some items
- which were develuoped for the interviews. The purposes of the interviews were to
examine or revise the supposed reasons of each errors pattarns as well as to explore

the underlying ideas of each correct strategies.

RESINTS

For the convenience of analysis, we use triplet (., , ) to represent tost items,
chiideren’s responses, and facility/incidon-» respectively. Some students’

explanations of both correct strutesies ang  error patterns appear as folloe.
1. Children's idnas of correct strategies

The fundagental reasons of students’ correct strategies are founded on their

recognition of ‘the glohal feature’ and "the congruence'. The maturity of these

reasons might be qualitatively building up by recounizing other specific features and

% depending on the facility of items. This aight be explained by the followins
d interview data.
; 4
: Ao 1 . v_.l .ot
: Students explanation Analysin
. dust like drawing a quarter cf circle, o . recornice “the angle’ only
4 quarter tarn aeans 90° or rignt ansle. by drawire a circice.

anticlockwise, o the image of flag aunt lay

Jown on the Lottt hand oide of the o jeer,

. recoenice Tthe global feature’

L flae is a flag, it is unchasee in <o Corecennice Tthe conprygence’

and shape af*ter rotation,
B~ ., T o

In the interviews, the «tudents who ysed thic stratery reenngized "the glebo!

foature” and "the conpruence’ ac Ghowed in provious cane. In addition, they alvo

reconniced the ansle’ and “the equidistanes’

Students exvplimaton Anaty i
sinee the contre g not on the fh, o0 | need ctabilication.
B _pivot to rotate it, hence, | construct a

dotted Tine which connoet botweon the

haoe point of obgect and the ceatre,

then | ean eotato it ey

-] .
. & quarter turn geans ¢ 50 the anele between LHeORni e

‘the anxle’.
the dotied lines are at rivht nelo,

. Vike dravine a civele, oy, Sy o) el L o Tthe camidistanen ',
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The students wie used this steatesy cecopnioed ail foarare, of

However, theie jdeas wot directly from theie seoartrical kuowinbo.
erviews, they expiained

" I look the contra * 7 as an ariyin iy fane, sinee o

turn aeuns 30° or orthorvnatl, o ! twi i i, and

yot e

wontagents whe o oned thb crear e = iaen g e ang orear wtiateny. They
teded cn eong Jinate TUhe areie an g i tanee ' For Inntanes,
Totew gany timen ta Sind ko ot At il.""' ai
winee the apele between the e “row Sentee ta or ponding
base points on berh Pl iy o Lo sowen e the B helne 8
eauat lometh,”

4y

The crunts who gneg thi Atesy ot anae recuenn o d o teatunea of v o

tat gl mtheetod e pi seozetr i sl e in fnterviow, e of thes

Potween the dines ©og the ontre b cormeonen ding

bace paint on both Slava b, vaquad to i o0 D mane e 0 pyvhe
.

oo minee the e reine of equad feastn, honeo

relate it to the dnoeeehos trramete, ant then cuddents | Care ot *h

ARl wpnre can beosinateueted by Sogr of these oceolen triane e

theredoro s 1 e e that Ul common vt tes o these trraneties Bisht be

the cpntee

Sulewmaient Lo L i d him b eonlirm Rin conaesture, Be g

[CEIRUEES Yo e Lo triange e o Loth Ll the Dines frog the
centrec te e pending ke point, Lo e ey e,

e b et e for g resu e weoamt e e bt

boer ol A ke ot Yol e

2. Rensons of error patterns
Alpost all <rudonts in the nteryiow, resniad the plobal foatare®, “the

enngruenee’ and Tthe mgtually peependieat Howover o thow ] b e ioe 'y

the
v

L owine anbe v

angle’ or PR eqoi il e T Thie mivEt Y oeng e v

it

i A 11 s s it




Students explanation Analysis

. anticlockvise, so the image aust lay down on the . recognize ‘the global
left hand side of the object. feature'.
a quarter turn seans %0° or right angle, then the . fail to recognize 'the
isage and object must be mutually perpencicular. angle’.

. since object is vertical, so the image must lay . recognize 'the sutually
flatly. perpendicular.

. the centre give me a hint. so | sketch the isage . fail to recognize ‘the
flatly base on that point. equidistance .

. nc matter hov you rotate a flag it is still a flag. . recognize ‘the congurence’.

¢ v ——

————

6. (o], Bt 19
p !

Students vho made this kind of error could recognize 'the global feature' , “the
congruence ', and ‘the sutually perpendicular', but failed to recognize 'the
equidistance'. Hovever, they did recognize "the angie'. They said:

“... the angle between lines from the centre to corresponding base-points
on the object and its image is at right angle...., and the base-point. of
the image can lay on any position of the line from the centre to the
base-point of image. ”

A 1A

.11),(818

NI PSR M. I

Students who aade these kinds of error recogniced ‘"the slobal feature’, “the
sutually perpendicular’, and 'the congruence’, but failed to recognize "the angle’.
However, they did recognise ' the equidistance’. In the interviews, they said:

“to rotate a flag in a quarter turn anticlockwise, just like drawing a

circle, . " means centre of the circle and then all its radia must be of

equal length...”

Therefore, it is evident that the reasons of each error patterns are confirmed to
be the <ase as those supposed reasons.

DISCUSSION

Consider ing the relative role of visual-pictorial and verbal-logical components
of a pupil's mental activity, Taivan students' approaches seea to be different in
asture. Because ‘the global festure’, 'the sutuslly perpendicular’ and ‘the
congrurnce’ are visual in nature, students could recognize thes by looking at the
practical eanipulation or doing pratice question, Hence, if a student recognized these
features and relies such on thea to solve rotation itess, then , we say that he uses
visual spproach on rotation tasks. In other words. this approach is characterized by
the predominance of a strong visual-pictorial over a weak verbal-logica! one.
Therefore, the students vho used this spproach could only rotate the objects by their
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limited visual experiences.

Hovever, in solving a rotation item that the position is not on the object or the
structure of the object is complex, students have to recognize scme specific features
of rotation vhich are anaiytical in nature e.g. 'the angle’'and ‘the equidistance’
throuch analysing the features of rotation transformation. If a student recognizes
these features and relies much on them to solve rotation items. then, we say that he
uses analytical approach on rotation tasks. [n other words, this approach is
characterized by the tendency of a strong analytical idea which is based on visual
experiences. Taiwan data showed that many students reflected their analytical approach
on solving rotation tasks cither explicitly or mentally. In particular, a saall susple
of students could apply their geometrical knowledge to amplify their ability in
solving rotation transformation, but there were no evidences for Eng!.sh students.

Additionally, if a student recognires the features of visual approach but fails
to recognise eoither 'the argie’ or ‘the equidistance’ features of analytical approach,
then we say that he uses semi-analytical approach on rotation tasks,

Over 31!, Taivan students did exist these three approaches which were strictly
different in nature. Their spontaneous responses about rotation transfermaticn were in
a visual situastion. Therefore, the students who used visual approach could only soive
easier itoms in rotations. They must ceordinate both visual appreach and analytica!
approach for solving more difficult item.. In order to grasp all specific teatures It
is necessary to develop their analytical probles selving ability.

Acknowlodzement @ The auther iike to express his thanks to Prefessor Fou lai Lin for
his encouragement and helpful comaent in preparing this paper.
REFERENCES

Bisnop. A.d. @ 1de, A Review of Rewearsh sn V0oualisation in Mathematios Hdunticn,
In A. Borbras (od.) Proceedings of PME 12 Vol. 1. 170-176. Vesoprem, Hunsary

Bruner, J. S. : 1983, The Process of Education, Vintage Books, New York.

Eisenberg, T. and Dreyfus. T. @ 1886, On Visual Versus Analytical Thinking in
Hathegatics, In L.Burton and C.Yoylesteds. )Procoedings of PME 10,153-158, Lanidon,

Hart, K.M. : 19%1,Children’s Understanding of Mathesaties: 11-16. John Murray,london

Krutetskii, V.A. : 1076, The Psychology of Mathematical Abilities in Schoolchiidren,
University of Chicago Press, Chicase.

Kuchesann, D.E. @ 1981, Reilections and Rotations, In XM, Hart Children's
Understanding of Mathematics: 11-16, John Murray, London.

Lin, Fou-Lai and Chin, Chien : 1987, Junior High School Children's Understanding of
Rotation, In Lin, Fou-lai fed.) Junior High School Children's Understanding of

Rigid Motion: Reflection, Rotation and Translation, A second year report of th
Kathematics I'nderstanding of Taiwan Students Prograsse (MUT), Departeent of
Kathesatics, Nabional Taiwar Normal University ( in Chinese)

Fresees, N.C.:1985,The Role of Vicunlly Mediated Processes in High School Mathomat e
: A Classroon Investigation, Ph.D. Dissertation University of Cambridge.

152




A SOLO MAPPING PROCEDURE
Kevin F. Collis and Jane M. Watson

University of Tasmania (Australia)

Summary

The work described in this repcrt puts forward a technique for analysing

responses in mathematics. After setting the technigue in a theoreticdl

framework based on the SCLO Taxcnomy (Biggs & Collis, 1%81), the report
demonstrates how it can be used to distinguish ameng various levels of
students' resgcnses to mathematics items.
Thecoretical Orientaticn

During the current decade a number of similar models have been put
forward to explain the increasing complexity of cognitive functicning
observed as children mature and beceme adults (Biggs & Collls, 1982: Case,
1985; Fischer, 1%80; Halford, 1980). The mcdel devised by Biggs and Collis
(SOLO Taxoncmy) has been used quite extensively fcr evaluation purposes in
school content areas (e.g., Collis & Davey, 1986; Collls, Rcmberg § Jurdak,
1986) and it is this model which provides the infrastructure for the mappirg
procedure described here.

OLO medel enables an answer to a particular question to ke

c.ascified ky the way in which 1t s ctured,  According to the model
there are five bBasic categories within the concrete symoclic mode of
i.e., apprcuimately 7¢ years tco 15¢ years)., VFigure 1 (adapted
na_ne
:

$-0%) summarises the key elements o
(L) mven Lha name o! the catersry:r o)
on the individual's werking memorys
level of leogical cperations shrwn by a redponse &
category: column (iv) summarises the consistency and psychological closure
characteristics of each catejory and, finally, column (v) sets out a

metarhor for the o




(D]
$O0LO
description

an
Working memory
capacity required

(G
togicel opera-
tions involved

v}
Response Structure
Cue Response

{iv)
Consistency
and closure

Prestruclurat Minimal:
cue and
response
confused

Dental, tautology,
transduction.
Bound to
specifics

No feil need for
consistency. Closes
without even seeing
the problem

CLee e e XX

LY

tow: cue «
one relevant
datum

Unistructurat

Can "generalize”
only in terms of
one aspect

No fell need for
consistency, thus closes
too quickly: jumps to
conclusions on one
aspect, and so can be
very inconsistent

\
o ® P @I X X

/

K

o

Muiti-
structural

Medium:
cue ¢+ isolated
relevont data

Rejational High: cue ¢
relevant data
¢ inter-
relations

Can °“generalize”
only in terms of a
few limited and
independent
aspects

Rithough has - feeling
for consistency can be
inconsistent becouse
closes too soon on basis
ofisolated fixations on
data, and so ctan come
to different conclusions
with same dots

fnduction. Can
generaiize within
given or exper-
lenced context
using related
aspects

No Inconsistencies
within the given system,
but since closure is
unique so inconsistencies
maey octur when going
oulside the system

Mawimal:
ctue ¢ relevant
dato * inter-
relations «
hypolheses

Extended
Abstract

Deduction and
Induction. Can
generalize to
situations not
enperiencer

Inconsistencies
resolued. No felt need
to give closed decisions
--tonciusions heid open
or quelifiad to silow
logicelly possible
asiternatives

‘R|, Rz. or Rs'

legend: X «irrelevant or inappropriste: ® = releyant; :> = refeyant, abslract a‘;-d hypothetical
{Adapied from Biggs and Collis, 1982, pp. 24-25)
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Although all facets cf Figure ! are important in the aralysis of
learning, it is column (v) which is the focus of our interest in developing
a mapping procedure for the analysis of responses to mathematics items.
Column (v) has been expanded at each of the five levels to show the data
processing which is presumed to take place prior to the response being
given. The following symbols are used in subsequent diagrams:

x inappropriate ¢r incsrrest data, concepts, pracessen or
strategies,
dita given with the potential to cue a respcnse
concepts, processes and/or strategies expected as part cf
the 'Universe of Disccurse' and thus of the understandin
the question,
concepts, processes and/or strategies within the
' kut additicnal to thcse expacted as
part of th C : the question,
[ responses.
These symbels are uned to expand the metarher in Figure 1 by separating the
Cues into the Quention which is5 asxked and the Data which are given in the
groblem, he contral part cf the map contains the Concepts and/or Frocesces
which are empioyed in chtaining a sclution, Finally the Respense componens
of the map is split intc Intermediate and Final parts,
Maprping a Frstlem
The koy element s of the marpint procedure wiil ke
{os provlem set in the superitem format
Collis, Rem 7 Jurdac (1%8€).  This fcrmat requires that

stem which provides bisic information and four questions which are dosigne

with the criteria for the four higher levels of SOLO responses in mind. The

first quasticn requires anly a unistructural level of regsponse; the cecond,

multistructural: the third, relational and the toursh involves demenstrating

the ability t~ make an extendod abstrant response,




= 2x2x2 = 8

3¢ = 3x3 =9

= Ax)

and A7 = AxAxA

Cuestion Find the vaiue cf 42,

Cuestiern 2: Find the value of &4,

stois the value of 'a' 1f (3e1)3

St ion 4 I8 ("‘\1“;)3 = 512, what pairs of who i muzmder valies san

'e' and 'a' taxe between C and 77

5% have an corienting stimulus which alsris the

the 'Universe of Disacourse' in which the preblem 18 ser,  In the case nf the
is achieved by use of a serarate

caszes the nature of the symbolism in the guesticn i3 sufficiant., let us

take tho gquesticns cne by one and map a path which an

follow to cbrain a correct solutien.

1on 1, Find the value of 4<,
Concepts/
Processes

Stem find LY Exponent, Multiply
value —e

> ~H 15
of 42 eup(:)/

Havingt keen a

ted bty the universe ¢©

v

individaal

is cund to rpogi

Next ane finds the required

crnept (¢ the meaning of 42, i.e., 4x

muitipiying to cbtain the response.

Given familiarity with numerals and the four operaticns of arithmetlc,

the wirkiny memery space required is minimal and, as only one propseiseon

(irplyinT one rperation)

In invoived, fmmediate ol vogre oy
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Question 2. Find the value of 54,

Besponses
A Question Dats Processes Intermediote [flnaj

Stem Find S
value
ofr 54 expld)

Exponent, Multiply

125
— 625

The path up to the centeprs/precesses section is similar to that in
Question 1. However, a' this point the student has to recall that the index
shows the number ot facc s and when multiplying in sequerce, it ig
[ nesessary tn menitor the nurber of facters used as one goes aleny. Working
memosy has to ke used ©0 meoniteor the multiplying process as well as te de
the multipiication, thus more than a minimal amount is required and closure

can only come aftar the saquencte ¢f multiplying is completed. In practice

this means: selecting/fciming the first propositicn (5x5) and clesing, 25:

;Ql forming the next propesiticn (25x8) and clesing, 125; forming the next
‘ propositirn (12%xZ) and closing, €25; realising that the last clcsure is the
‘ end of the sequence required. 7The sclution requires a series of disioint

operations wh:le holding in mind how many need to ke rerformed ket-re
stopping.
Quastinon . What is the value ~f 'a' if (as1)3 - 64 2

A typical golution to this g dan would b the followling:

Cues foncepts’ Besponses
Question Duta Processes latermediate Linal

Stem find A Sublrac! @=o————3—

value I (4+1) >______,_.._—‘~’—‘..\ LR
of A VA T

enplVia ‘/ fquahiy ~«
- A7 T g

6% &—" Inverse power




.y
4
3
|

Again it is the concepts/processes secticn which distinjuishes this

level from the lower levels, The notion of treating 'a+l' as a unit and

both the concept and the processing invelved in the inverse power {dea are

quite sophisticared, as :s the linking of these rasults teqgether by means o

-

equality and the selving of the equati:n generated, It can be

seen that a significant kingy memcry lcad is gunaratel not cnly by the
recessary calling-up ~f complex concepts but alsn by the processing cf the

s invalved,  Meni

mathematical ofer.

the way also adds significantly to this load,

f-r a considerable perind to 3allcw all the

necescary pricessing t be completed,

Quastinn §. If (cea+l)? = 512, what pairs cf whole numfer vilues can
fc' and *a' take between C ant 77

A svrizal correct soluticn of this question would ke the folliwing:

"Take the cuke reet of both sides: ¢+« a + 1 = 8:;

chen gubtrastt: ¢ + a = 7; finally, cansider all pairc
cf whole numkers which sum o 70 € and 7, T and {, U anti €,

3 ani 4, arnd 4 ard 3,

Question Data Brocesses Intermediate [inal

stem #ind (cea+1)=8
velue
of A

within

constraints

crac=?

{10,2),12,0),
(3,4),44,?

nol Leve]

o b relevant abstratt o oncent s ko o gncliaded gn she

I the presgent case thin e




f the solution process. The working memory load is much higher than at the
previous level mainly because of the introduction of the abstract concepts
from outside the diata: the selecrion of the appropriate concepts and then
the monitoring of the processes generated by them adds significantly to the
demands. It is clear also that closure must be withheld while conslderably
more processing is carried out cnce the necessity for the introduction of

cutside' abstract concepls is accepted.

This item was designed with the four SJLC levels in mind. Some
eonsiderable trouble was taken to ensure that the questions would elicit a
iired level. The precedure has also been used

successfully with cpen-ended questions and in the analysis of errors which
students make in regponding to pretlems (e.g., Chick, 1988; Chick, Watson &
Collis, 1988; Watson, Chick & Collis, 1988). The latter applicaticn has
implicaticns for remedial inswructicn. There is also an obvicus applicaticn
of the technigue to the task analysis ¢f prchlems before they are set for

students.

The SCLO mrdel is a general mcdel cf gnitive functicning. Thus it
would be expected that any technid which was a legitimate ex-ensicn cf
this base would ke able tc distinquish clearly between the structural levels
of respenses f{cr various rmathematics problems.  In addition, to be a useful
extensicn {n the prasant =-~ntaxt rmust enakle a clear picture to oa

2tainad of o oren 1t s ¢f the coamitive procesgsing involves
from question te answer, ant allow the path foilewed by the re
2rawn, These three considerarinng we arque are encapsulated

rigue dencrired in

In conclusion the research potential of the technique should be
menticned, Topetential restrs oon the basic underpinning of the ©OLO
Taxcnomy jtself in that the mapping procedure follows the racponsa path
Actially traversed by the probiem-solver: it does not reiy on fitting the

e R L LU XY R T catvrerye. Twe o posaibil it ey o0 amd oy,
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LE DISCOURS JUSTIFICATH EN MATHEMATIQUE: L'IMPLICATION DU
LOCUTEUR SELON LA REPRESENTATION DU REFERENLE
Daniele COQUIN-VIENNOT
Laboratoire de Psychologie du Langage - UA CNRS 666
Université de Poitiers

95, avenue du Recteur Pincau
86022 POITIERS Cedex

Ahstract

Children (9-11 years of ager goe wradlen gargumestalion to explam what must be done
to win g mathematical game, Al things bemg equal. the discourse varies accordmg to the
institutional sutuation of production: newrra! wnnvolved formal discourse in acadenie stuations
(FD) / natural discourse wuh the locuwor's mvolvement and marky of centitude in game
situations. The same opposition FD.ND 15 found tn adulty who have to solve a probabiluty
problem according as they have a “scientiftc” or "spontancous” representation of the problem.

Are there any consequences to Fe o drawn av o the teaching of proof  formulations in

mathematics?

Pour rediger une justification mathematique, il est d'usage, dans certaines conditions,
d'utiliser un  discours formel (DF), clest a dJdire un  discours  neutre, impersonnel,
décontextualise... Le locuteur fait appel a des enonces (theoremes, propositions) etablis,

reconnus par l'institution scientifique, it n'a pas bewnin de slimpliquer dans son dis¢ours, ni

de le prendre en charge; it surprendrint Jdhailicars en fe faisant Lleleve qui redige une

démonstration pour l'institution scolaire s¢ trouve dans un systeme de contraintes qui le
conduisent a reproduire ¢e modele de Discours Formel,

Nous montrons dans ce papier, gue 1o varation de certains parametres de la situation
entraine une modification notable du type de discours produit ; cetui-ci peut se rapprochet
d'un discours argumentatil "plus naturel”, meme Iorsque Pobjet de IPargamentiation reste en
apparence le méme dans nos experiences, cestoun referent qui appelle un raisonnement

scientifique.
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Nous nous demandons dans ces conditions si les contraintes impasées 3 Ueléve ne

constituent pas un risque de blocage lorsqu'il doit formuler une preuve en mathématigue.

CADRE DES RECHERCHES
Pour nous, le discours argumentatif est le produit d'une conduite langagiere (C.L.)

argumentative. Les C1. repondent a des exigences fonctionnelles qui varient selon les

situations - une C.L. est lice 3 une finalite qui fait partie de la representation elaboree par le

locuteur : celui-ci traite I'ensemble des caracteristiques de la situation de production pour se

construire une representation du discours qu'il doit produite a ¢ce mom. 1t-la, a cet endroit -
la, pour cet interlocuteur-la....
1) Bronckart (1985) decrit les situations a partir de configurations de piarametres extra-
langagiers qu'il classe selon trois "espaces™
- L'espace référentie! @ il concerne les notions, relations, schematisations; il correspond

aux représentations a-langagieres elaborees ou mobilisees par le sujet

- L'espace de Pacte de production il est défint par les caracteristiques materielles de

P'activite verbale : écrit/oral; monologue/dialogue....
- L'espace de Vinteraction sociale : it est caractérise par le licu social (institution
scolaire), le statut social de Penonciateur et du destimataire (maitre-eleve), le but vise par la

conduite langagicre, .

I est clair que pour nous ces trois espaces ne definissent pas des dimensions toujours

totalement

independantes (un eleve explique rarement fa solution d'un exercice a un

carmarade par ecrit), dls constituent neanmoins une base utile pour Fanalyse des situations de

production,

Dans les recherches presentees plus loin, nous nous appuyons sur des variations de a

representation

de Tespice referentiel: a) soit provoquees par intermediaire de variations du

lieu social; b) soit snvoquées en anatvsant tes representations des sujets. 7 !

2) Nous analysons dans nos recherches des  discours produits en situation  de
raisonnement. Nous nous sommes pour cela appuses sur los travaux de Grize qui distingue
raisonnement naturel et rasonnement farmel: ces deux types de raisonnement ayant leur

construction propie ot ne pouvant se deduire f'un de I'autre. Un certain nombre de criteres
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permettent de distinguer les discours produits en situation naturelie (DN) des discours
produits en situation formelle (DF): 1a nature des objets, le mode et la structure d'étayage, le
degre d'implication discursive. C'est ce dernier critére repris par Miéville (1984-85) puis par
Espéret, Coirier, Coquin, Passerault (1987) que nous avons retenu.

L'implication du locuteur dans son discours scra marquée par exemple par: la prise en
charge du discours par le locuteur ("je pense que...”), la presence du locuteur dans son
discours ("je choisis...”); la presence d'un interlocuteur personnalise ("Martin, lui aussi....”).

Alors que e caractére desimplique du  discours sera repere  par  les formes
impersonneiles (il semble, il v 3..)

3) En faisant varier directement I'espace referentiel, Esperet et al (1987) ont fait
apparaitre dans des productions ecrites d’enfants (7-14 ans) deux types de discours: l'un
fortement desimpliqué, lorsque Ia question relevait d'un cadre scientifique et qu'il existait
pour le locuteur une reponse correcte unique (ex:  conservation du volume);, I'autre,
fortement implique, lorsque la question relevait d'un debat d'opinion et que plusicurs
réponses étaient recevables (ex: autorisation de fumer a partir de 15 ans seulement),

Dans les deux recherches presentées ci-dessous, nous reprenons cette hypothise
géncrale: le niveau d'implication du locuteur dans son discours sera plus élevé lorsque celui-
ci se fait une représentation "naturelle” du raisonnement a produire que lorsqu'il s'en fait une

representation “scientifique formelie™.

EXPERIENCE 1

(Cf Coquin, Patej, 1989)

La tache: expliquer par ccrit ce qu'il faut faire pour gagner 1a “course a4 207,

l.a "course 3 20" (Brousscau, 1973) e<t un jeu qui s¢ jeue a 2 partenaires. chacun dit un
_ nombre en rajoutant “1® ou "2" au nombre dit par 1'autre. On commence a zero. Le gagnant
“est celui qui reussit a dire 20" le premier.

Les variables

Tére variable: e ficu social ou se deroule 'experience:

.
- 4 'ecole & I'heure du cours de mathematique,; 'instituteur est present et particiye a la

présentation du jeu;
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- dans un centre de loisirs, pendant les vacances d'ete A des horaires et des lieux
habutuels de jeu.

2¢me variable: l.'Age des enfants: 8-9 ans (CE2) et 10-11 ans (CM2). Nous avons au
total 66 enfants repartis en 4 groupes.

Procedure expérimentale

- Presentation du jeu et exécution de 4 parties par bindme.

- Débat oral 4 propos du jeu et en particulier des stratégies gagnantes.

- Réponse individuelle par ecrit 4 la question: "Que doit-on faire pour gagner la course
a 20

Traitement des donnees

Sur chaque protocole nous avons relevé comme marques d'implications:

- Les Prise en charge de I'enoncé par le Incuteur "je pense que ce jeu etait bien”.

- Les Presences du locuteur: le locuteur est present dans son discours en tant qu'acteur;
"jai mis le chiffre 17,7,

- Les Presences d'un interlocuteur unique personmalise “Marine, ¢lle ausst, a gagne

deur fois”

Reésultats

Sttuation jeu

-

Situation ¢ leae

e M e e e e e e .
89 0 Wany ¥
Pourcentage d'enfants qui presentent au moins
une marque Jhimplication

L’hypothese principale est clairement verifiec: en situation jeu, heaucoup plus d'enfants

_s'impliquent dans leur discours qu'en situation classe. Deux interprétations sont 3 mon avis




possibles: (1) L'enfant se construit une représentation du Jiscours qu'il juge comme recevable
dans fa situation ou il est. Il va doac depersonnaliser et desimpliquer son discours en classe,
ou il pense qu'on attend un discours “formei”, alors qu'il s'autorise differents types de
marques d'implication en situation jeu. (2) L'enfant se construit une representation du
référent en fonction de la situation dans laquelie il se trouve: lc jeu proposé lui apparaitra
plus facilement comme un exercice mathematique s'il est en classe et comme un jeu reel, s'il
est en vacances dans un centte de loisirs. Il choisira en conséquence le langage adapté a sa
représentation du referent et non adapté directement a la situation.

L'allure de linteraction "ige x situation® nous incite & pencher en faveur de Ila
deuxiéme interpretation: en effet, si Ia situation agissait directement sur 1a représentation du
type de discours a produire, 'ecart entre DI et DN devrait s'accentuer avec Fage puisque
I'éleve maitriserait de mieux en micux le type de discours qu'il doit produire en classe, Or,
c'est l'inverse que I'on observe ici; maigre la difference Je situation, les enfant de 10-11 ans
reperent bien I'aspect mathematique de la tiche proposée et ¢'est cette représentation
scientifique qui guide lcur argumentation dans les deux cas; on n'observe aucune différence
entre les discours. En revanche, les plus  jeunes se laissent prendre au piége de la situation

qQui crée chez eux des representations differentes de la tache demandee.

EXPERIENCF 2

(Cf Fayoux-Mesmin, 1988)

La tache: résolution de trois problemes probabilistes simples (Maury, 1986 et Baille et
Maury,1988). Dans ces problemes, on demande aux sujets de choisir entre deux possibilités
de tirage, (par exemple 2 sacs de boules ou Y roulettes), pour avoir le plus de chances de

realiser un evenement donne. Dans tous les problemes, le choix est indiferent, I'evenement a

1a méme probabilité d'¢tre realise dans les deux cas.

Les sujels: 88 etudiants de Deug i} de Psychologie repartis en deux groupes. Ces sujets

ont tous requ un cnseignement de probabitite au dveee, mais n'ont pas eu l'occasion de

pratiquer depuis 20 mois, ¢e qui kiisse le temps aux representations scolaires de s*attenuer.




Les variables

1) Le type d’exercice (E; variable intrasujet a8 3 modalités). Les exercices sont de
difficulte croissante; les deux premiers sont relatifs 4 fa quantification des probabilités, le
troisieme a 1a notion d'espérance mathématique.

2) La formulation de Is question (F, variable intersujet a 2 modaiités). Formulation
Personnalisée (FP). "Quelle roulette choisiricz-vous pour avoir le plus de chances que.."/
Formulation Impersonnelle (FI1): "Quelie roulette faut-il choisir pour avoir le plus de chance
que....". Sinon, la formulation des exercices reste identique en tous points.

3) Ces deux variabies manipulées expérimentalement, ne sont la que pour creer des
variations de !a representation des problemes posés aux sujets: cette représentation étant la
variable fondamentale de 'experience.

Procédure expérimentale

Les textes des trois exercices d'une méme formulation sont présentés simultanément,
toujours dans Ir méme ordre aux Sujets. Chaque sujet donne sa repanse et 1a justifie par écrit
sur une feuifle separee

Traitement des données.

{ - Pour chaque sujet et chaque exercice, on determine en fonction d'indices
senantigques et de Pargumentation utilisee, e tvpe de representation du probleme:
Représentation  Mathematique (RM) lorsque fe choix  est fonde sur des arguments
probabilistes pertinents (rapports, proportions) / Représentation Spontance (RSp) lorsque
d'autres argument: interviennent (nombre absolu de cartes, repartition des secteurs sur fa
roulette )

2 - Pour chague exercice on releve fes marques dimplications (Cf experience et les

formes impersonnelles

Résultals

1Y Les representation spontanecs sont plus pombreuses en PP qu'en FI et
qQ

augmentent en fonction de Ly difficulte de Pexperience.
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P

/H

, / f

RSp k™ R5p RM RS
ExLrROICE 2 ExERUICE 2 EXERUICE 3

Pourcentage de sujets qui presentent au mains
une marque d'implication,

Dans tous les cas, l'implication du locuteus est plus forte en FP qu'en FI ceci n'est
qu'un effet d'amorgage de la question. Dans tous les cas epalement, I'implication du locuteur
est plus forte lorsque la representation est spontanee que lorsqu'elle est mathematique, ce qui
correspond a notre hypothese genérale Fn outre, pour les representations spontanées,

I'implication decroit lorsque ta difficulte de I'exercice augmente,

CONCLUSION

11 semble que les sujets laissent Libre cours a leur imphication lorsque 1a représentation
de la situation est moins scolaire et / ou lorsque fa representation du referent est moins
mathématique. En d'autres termes, la non-implication resulterait de contraintes dues au
modele scolaire a propos d'un probleme mathematique. Avant verific des cffets simitaires
pour d'autres marques (connecteurs, marques formelies par exemple), nous nous demandons si
ces contraintes nc conslituent pas un frein a l'apprentissage de la formulation en

mathematique et si un assouphssement du modele ne facifiterait pas cet apprentissage.
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QUALITATIVE AND QUANTITATIVE TIME REASONING
CHILDREN
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ABSTRACT

Our proposal concerns the development of temporal inferences when the information is given in
the form of a hypothetical situation. As far as the qualitative and quantitative aspects of reasoning
are concemed, our hypothesis is that the presence of numerical givens make the task resolution
easier because this verbal information (quantitative) lends to the construction of algebraic
integration rules. Seven problems were presented to fifty seven children of 3 age groups: 6 years,
9 years and 12 years old. The scven problems were of two types, qualitative and quantitative, thus
the children were prescnted fourteen experimental situations. The results show a facilitative effect
of the quantitative wordirgs for every age and every type of problem (equality, inequality).

Although, 6 year old find the qualitative form for the 12= type problems most difficul.

INTRODUCTION

Tempora! reasoning, although very complex, does not seem to be analyzed sufficiently at the
present time, especially concerning its double aspect of having qualitative and quantitative
fcatures.
The traditional experimental paradigm, concemed with the nonkinematic frame (duration, temporal
orders relations), (L.evin, 1977, 1982; Levin, Goldstein & Zelniker, 1984; Levin, Isracli &
Darom; 1978 ; Levin, Wilkening & Dembo, 1984; Montangero, 1977, 1984 ; Richie &
Bickhard, 1987), consists of presenting a child information conceming the temporal order of two
displayed lamps that are each switched on and ofT. This paradigm has been based on a sct of
manipulated objects (c.g. the subject is asked to judge the relative duration of two lamps are
switched on and ofTl).
These studies have pointed out two difficulties for the young child. One is that the most difficult
~ comparisons (o make concem duration and the other is that reconstituting duration from the initial

. - gaccession order {when the final succension order is simulianeous) is of & superior diMicully then

the inferred relative duration from the final succession orders (when the initial succession order is
simultaneous). Despite the fact that the young child recovers the information concerning the —

| Preparation of part of this paper and the research reported herein were supported by grant No
A6301 from the Natural Sciences and Engineering Research Councit (Canada) and the “Conseil de
la recherche™ of Université de Moncton (New-Brunswick, Canada).
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temporut orders (high recall), he or she finds it very difficult 1o “integrate™initial and final tempora
successions.

Our proposal concerns the development of temporal inferences when the information is given ina
form of a hypothetical situation that the child has to imagine without manipulating anything. As
far as the qualitative and quantitative aspect of reasoning is concemned, our basic hypothesis is
that the presence of nuimerical givens make the task resolution easier, because this type of verbal
information (quantitative) lends to the construction of algebraic integration rules by the child. We
point out that the works has been concemned with the “additive structure™ were based on numerical
informations without to take into account the informations of temporal orders (Carpenter, Moser &
Romberg, 1982). In other studics, it appears that the algebraic integration rule construction is
observed in the qualitative tasks, but only with increasing age of the children (Levin,Wilkening &
Dembo, 1984).

THE THEORETICAL MODEL

Below we present the theoretical model proposed by Crépault (1978,1981,1983,1988,1989),
based on the structural stability of certain temporal subsystems. The basic hypothesis of this
model is that there are certain pairs of relations which have priority during the course of cognitive
development. The model suggests that temporal relations are initially dyadic and become triadic
latter. The model suggests furthermore two main types of knowledge which the subject applies in
a given situation: General knowledge and inferred knowledge (this latter type is constructed from
the first one).The concordance or discordance among the two types of knowledge leads through
mechanisms that we do not describe here,to cognitive systems structurally stable or unstable,
respectively.

The structurally stable or unstable systems are defincd by decidable (Rd) or undecidable (Ru)

relations, the Rd being the one leading to only one possible valid inference and the Ru leading to
many possible valid inferences.

The stable and unstable systems structure is comprised of the follow types:
Stable systems Unstable systems

I. {Ru, Ru, Rd} 1. {Rd, Rd, Ru}

2.{ Rd, Rd. Rd} 2. {Ru, Ry, Ru}
One can consider, for example, three stable cognitive systems, each of which is composed of two
subsystems of the type (Ru,Ru,Rd) which,in the domain of temporal relations are:
S-1system: [AF2..AF1..At+] and [BF2--BF1--At-}
8.11 sysiem: [AF2--BF1--At4] and [BF2--AF|--At-)
S-111 aystem [AF2--AF1--At.} and [BF2--BF1--At¢]
Signification:
AFL: sants after; AF2: finished after; BEFL: stants before: ¢/ 2: finished before; At+: more duration;
At-: less duration




These systems constitute the structural aspect (pole) of the model. Finally, we also suppose that
there is a functional aspect (pole) to the model. That is, when a dyadic information is presented to
the subject (c.g. AFi, BF2), it is possible that the two parts of this information activates two
subsystems (c.g. the two subsystems of the S-1 system).In this case we hypothesize the existence
of "primary” rules (R-1) that the subject uses first and "secondary” rules (R-2) that the subjec:
uses afterwards,in order to solve the task.e.g. a/ R-1 : t2 ; R-2: tl
b/ R-1 : t2 ; R-2:At . cetc,

In spite of the fact that the model work only with decidable and undecidable information
conceming inequality and that, in this study, the material chosen use verbal information
conceming equality, the material does not lend itself to the application of the model. Nevertheless,
we will take this into account when we discuss undecidable verbal information concerning

inequality.

METHOD

Matetial

The material consists of seven decidable type problems (where there is only one correct answer
possible) presented by two sentences written on cards. There were two kinds of problems.
Subjects were presented either the relative succession orders for beginnings and for endings of
two lamps or the relative duration and the succession orders for bes;innings or for endings.

The problems were presented in one of two forms: a qualitative form where the relativity is
expressed by the terms “before™ and "after” and a quantitative form where the relativity is
expressed by numbers (e.g."the red lamp goes on at 9 o'clock,the green one at 11!
o'clock”™). Thus,subjects were presented a set of fourteen problems.

Two types of wordings are distinguished:

1)Equality type problems

8) Where the two orders are simultaneous either for the initial point(this will be indicated by t1=)
or for the final point(which will be indicated by t2=). These are problems known as | and 2.
b)Where the two durations are equal. These are problems number 3 and 4.
2)Incquality type problems

8)Where the two orders are not simultancous (t1 ¢ and t2¢). This is problem number 7.b)Where
the two durations are unequal (At¢) and the two orders are not at all simultancous(ti# or
t2¢).These are problems numbers 5 and 6

- The problems can be represented as follows:

1 2 31 4 5 6 7
wording tl= BF1 BFi At=  AFl  At+ BF1
AF2 12= A= AF2 A+ BE2  AFI
Inference A7 A7 127 d? 12?2  t1?  A?




Signification: t1: initial temporal order (order of ignition); t2: final temporal order (order of
extinction); At: duration (of the lamps);

=: simultancous order or equal duration

BF (1 or 2): "before” for the beginning (1) or for the ending (2) succession

AF (1 or 2): "after” for the beginning (1) or for the ending (2) succession

l'.xamnlcs ofgrcsemcd sentcnces

a) Qualitative form

-Simultaneous orders (t1=): ".goes on at the same time™ or (12=) "....goes out at the samc time”
-Equal durations (At=): "...shines for the same amount of time”

-Unequal durations (At#)" the red lamp shines for more time than the green one™

-Non simultancous orders (BF1)” the red lamps goes on before the green one™ or (AF2)” the red
lamp goes out after the grecn one™.

b) Quantitative form

-Simultaneous orders (11=): ™...goes on at 9 o'clock™ or (12=) "....goes out at 13 o'clock™

-Equal durations {(At=) "...shines for 3 hours™

-Unequal durations (At#): " the red lamp shines for 2 hours, the green one for 4 hours™

-Non simultancous orders (BF1): ™ the red lam,, goes on at 9 o’clock, the green one at 11 o'clock™
or (AF2) "the red iamp gocs out ati3 o'clock, the green one at 12 o'clock™

Procedure

The Experimenter (F) familiarized the subject with the task. Then, he E presented the first card
and asked the subject to read it aloud. The information remains available to the child. Finally, E
asked for a judgment from the child , without insisting on a justification, given the high quantity
of problems presented. The qualitative and quantitative forms as well as the equality and inequality
tynes of verbal information were given at random.

Subjects

Fifty seven subjects participated in the experiment,from each of the following three age groups: 19
six-years-old, 20 ninc-year-old and 18 (welve-year-old subjects. The gender of the subjects was
not taken into account.

RESULTS

We present here the principal results conceming the relative difTiculties of the verbal problems
according to: (1) the equality/inequality distinction, (11) the qualitative/quantitative form of the
verbal Information and (111) the proposed theoretical model.

Analysis of the data shows tha( TABLE 1)
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TABLE I: Mean frequency (qualitative and quantitative) of correct answers according to the

equality/inequality distinction

problem Inferred relation Age

equality 6 years 9 years 12 years

tl=, 12¢ ? 34 82 91
12=,11¢ ? 15 67 94
At=, tl+ ? 45 55 70
At=, 12¢ ? 26 33 63

nequality

the, Ate

tle, 12¢
Ate, 12¢

o/ The t1= type problems are solved from the age of 9 years. The observed errors for 9 year old
children are of the type At-.

b The (2= type problems are solved at around 9 to 12 ycars of age. The observed errors are either
of the type At- or At=. Thus, one find a c'~ar difTerence for 6 and 9 years old children for the rate
of the success in inferring duration basc.: on the initial succession orders (t1+) and in inferring
duration based on the final succession orders (12+).

</ The (At=) type problems (double temporal decalage) pose serious conceptual difficultics for all
the subjects. The observed errors in every age are of the types (t1=) or (12=).

d/ The inequality type problems are partially solved by the younger subjects, for whom the
inferences conceming the final succession orders scem to be slightly easier than the infcrences
conceming duration or Initial succession orders. This is not true for the 12 years old .
Furilonmore, the obssrved errors found among the inequality iype probleme are different than
those found among the equality type problems (which normally concemed an equality form).
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TABLE I : Mcan frequency of correct answers according to the qualitative/quantitative distinction

Problem Condition AGE

lype 6 years 9 years 12 years

tQUALITY

1 Ct 42 30 94
c2 26 75 89

c1 10 60 Q4
C? 2t 75 94

al= c1 40 60
ce 31

INCQUALITY

t- c1 68 85
c2 42

C 58 70
o 31

37
53

C-1 : Quanti.ative condition
C-2 : Qualitative condition

The data analysis shows :(TABLE 1I):

a) Generally, the problems are solved better when using the quantitative form than in the
qualitative one. This concerns every type of problem and every age, with some cxceptions
conceming youngcr subjccts especially.

b) The evolution of reasoning competence is very important, given the difference of correct
answers according to age, for both types of reasoning conditions(qualitative and quantitative).
c)For younger subjects (aged 6 to 9 years ), the effect of the reasoning condition appears to
reverse itself for the 12= type problems; success was slightly better for qualitative reasoning
condition for this type of problems.

As far as the presented theoretical model is concerned,we have obtained the follows results
(TABLE 111):
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TABLE I1I : Use of functiona! rules according to the qualitative/quantitative distinction for the
inequality type problems
(grouped according to responses despite of different rules)

Structural system  Functional rules  Qualitative Quantitative
reasoning  reasoning

R-1:AF
R-1:2 R-2.l
R-1:2 R-2:At

R-1:142 R-2: At

R-1: AF

R-1:AF
R-1:AF
R-1:2 R-2:tl

v R S E S

a) The principal functional rules are those of group 1.They are the rules leading to the correct
answer paticrns.

b) The grouping of different systems does not allow for an analysis of the genctic evolution
according to these systems (precocity of the acquisition of one system in relation to the others).
DISCUSSION

The principal experimental results show a considerable efTect for the facility of reasoning based on
the numerical givens (quantitative reasoning). Thus, it appears that the numbers make the
integration and the processing of the information easier, because of its concrete character. The
problem thus becomes "calculable”. This facilitative effect concerns, in general,older children
aged 9 to 12 years. Furthermore,we have observed an "reverse” effect for this facility in favor of
qualitative reasoning for young children aged 6 to 9 years, concerning the t2= type problems
(where the inference concerning duration is based on the initial succession orders, t1%).

This "paradoxical” effect is perhaps comprehensible on account of two facts. On the one hand, the
type t2= problems are the most important cause of difficulty for the young child.On the other
hand,the child is not capable at an early age, to construct algebmic rules because his cognitive
functionement is characterized especially by sequential decision rules which latter become
sigebruic integration rules (Levin, Wilkening & Dembo,1984; Kerkman & Wright,1988;
Wilkening, 1988).

An interesting question to point out concerns the results of studies on "additive structures” where
subjects have to find out what the final state is, kno'ving the initial state and the
transformation. These final.state problems are much easier than others (Vergnaud,1982). Are there

U0




any connections between these results and the fact that children found it easier to “judge” the final
order of successions knowing the initial order and the duration?

This rescarch raises an important question conceming the decalage between the precocious ability
of a young child in duration judgments in experimental situations that uscs a set of manipulated
objects{Levin and al.,1984) and the relatively low scores of |2 year old children in hypothetical
verbal problems conceming similar experimental situations. What is the role of having actual
objects as a support and how do the subjects imagine the symbolic information?

The presented model is a first step at grasping,for a wide class of situations, some aspects of the
genesis of temporal reasoning.On the one hand this model does not work with the equalfity type
problems .On the other hand ,it does not differentiate always between the response pattems in
accordance with the structural systems. Thus, in this study the model has demonstrated its limits
and does not permit us to come 1o strong conclusions concerning its validity.
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Thirty case studies had been made on the kindergartners’ knowledge
of the pre-concepts of number which Herscovics & Bergeron have
identified as plurality and position.Based on percentages ¢f success
to the 20 tasks used, they found a gradation based on the rate of
success for the various tasks. This paper investigates their results
somewhat further and tries to establish the nature of the
dimensionality of the data with a vanety of statistical and psychometric
analyses. On the basis of these analyses, there seems to be evidence
that plurality and position possess distinct underlying factorial
structures.

INTRODUCTION

In our investigation of the kindergartners' knowledge of numoer, we started with an
epistemoiogical analysis of the number concept, that is, an analysis of likely
patterns of construction by the learner. This was performed using the two-tiered
model of understanding proposed by Herscovics & Bergeron, J.C. (1988a) in which
the first tier describes the understanding of the preliminary physical concepts, and
the second tier, that of the emerging mathematical concept. The preliminary
concepts identified were the notion of plurality of a discrete set and the notion of
position of an element in an ordered set (Bergeron & Herscovics, 1988, 198S;
Herscovics & Bergeron, 1988b, 1988). According to this analysis, the concept of
number, which is viewed as both the measure of plurality and the measure of
position, emerges from these pre-concepts. The present paper looks at the data
obtained from 30 case stucies on the understanding of these two pre-concepts in
the perspective of ctatistical analyses, one of the purposes being to determine if
the hierarchies observed are indicative cf an underlying cumulative unidimensionai
scale.

According to the model used, the two pre-concepts of number, plurality and
position, are constructed by the children in three consecutive stages corresponding
to three lavels of understancing named “intuitive understanding®, *logico-physical
-procedural understanding® and “logico-physical abstraction®, the logico-physical
expression referring to judgements, or actions, exerted on concrete sets of objects
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and transformations thereof. To evaluate the children's pre-numerical knowledge,
about 20 tasks were developed in order to investigate the knowledge related to
each one of the three levels on understanding for pluraliity and for position. Table
1 presents these three levels of understanding for plurality and position, along with
the percentage of success (N=30) for the different tasks used.

Table 1-Rates of success for plurality (Q) and position (R)

Intuitive underst Procedural underst Abstraction
Yisual estimation | Generationota set Invariange wi

mcre 100 as much rotation

less 1C0 more displacement

many 100 less contraction

little 97 one more elongation

asmuch 63 dispersion
Piagetian test
hidden (bag)
hidden (card-1 set) 7
hidden (card-C sets)

PLURALITY - Q

Yisyal estimation anergi
befor..ahead 100| before, ahead 100 ‘renversibilité” 100
after, behind 100} same time, 1C0 variability 80
same time together ipyarznce

together 100| after, behind 87 elongation 73
first 100 first hidden 53
last 100 middle hidden 50
between a3 cons. position 33
cons. ordity 13

-4
|
-4
[=]
-
€
-
(2]
[=]
e

Regarding the Intuitive understanding of plurality, the children had to
compare two sets of identical objects on the basis of visual estimation to find out
which one had more, less, many, little (or few), as much. For position, again
on the basis of pure visualization, they had to decide if an object was before,
after, if two objects wera together; in a row, which one was the first, the last,
was between two given objects in a row.

The level of procedural understanding of plurality and position, was based on
non-numerical logico-physical procedures. These procedures used one-to-ore
correspondences to ganerate suts subjected to constraints listed in the second
column cf the above tabls,




For abstraction in the logico-physical sense, we used as criterion the children's
ability to perceive the invariance of plurality and position under various figural
transformations. These involved tasks in which sets of objects laid out randomly ,
wera subjected to rotation, displacement (keeping the same area),
contraction, , dispersion, the elongation of a single row, or in presence of
another one that is kept fixed (Piagetian test ), hiding part of a set by placing it
in a partly opaque plastic bag, or by a cardboard (once with one single set,
and then, comparing it with another set).

In the study of position, one task investigated if the children perceived the
variability of the rank of an ctiect (removing the first object in a row changes the
rank of the remaining ones). The tasks on the invariance of position included the
elongation of a row of toy horses, and the partial hiding of a row of trucks under
a tunnel. Another task investigated if the children perceived the invariance of
position when one of two parallel rows was translated (conservation of position),
and if they could still perceive the numerical rank of a designated car in the
translated row (conservation of ordity). Finally, we wanted to know if they could
Iimagine that executing the inverse transformation would result in the original state,
which is “renversibilité” in Piagetian terms.

Looking at the percentage of success, for each of the six cells, we observe a
gradation based on the rate of success for the various tasks. The most difficult task
for plurality was the one where part of a set is out of sight, leading the majority of
children to believe that there are less in the bag than before (7% and 3%). In the
case of position, the most difficuit task is the conservation of position (two
corresponding cars in two parallel rows have the same position but, if one row Is
moved slightly ahead of the other, they won't reach the ferry boat together, even
when they are called in pairs).

But can we infer, from an inspection of the results, that a cumulative unidimensional
underlying scale exists? In order to find an answer to this question, a Guttman
scalogram analysis was performed.

ANSWER PATTERNS

.. The Guitman scalogram analysis assesses to what extent individuals' responses
“ean be predictsd or “reproduced” from the corrasponding scale scores. This
approach rests on a conception of dimensionality which is cumulative in nature. "it
Is a deterministic mode! of scaling; each value is a single-valued function of the
underlying continuum*® (Guttman, 1944). The degree to which individual scale
scores predict the subjects’ response pattorns is measurec by the coefficient of
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reproducibility (REP). A value of 0.9 or more is considered as indicative of a valid
scale. However, this coefficient is not a sufficient test of scalability because it
depends on the proportion of “correct® responses or item difficulty. The coefficient of
sculability (PPR) proposed by Jackson (1949) is free from this effect and provides a
scalability criterion (the critical value is usually set at 0.60).

in order to analyze the entire set of data using SPSS software (an updated version
of the Goodenough-Edward method), the original pool of items had to be
regrouped into a maximum of twelve variables. The first five variables are related to
the concept of plurality (name ending by Q, for “quantity”) and the last seven ones
to the concept of position (name ending by R, for *rank®). "COMP* stands for
‘compréhension” (understanding), “INT" for “intuitive®, “PRO" for “procedural”, *
ABST" for “abstraction®, “SAC" for “sac” (bag), "QUAN" for "quantity”, “VAR" for
“variability”, "INV" for “invariance®, “TUN" for “tunnel’, "CON" for “conservation”
*ORD" for “ordity” (predicting the result of enumeration to find the rank).

Plurality
COMPINTQ intuitive understanding of plurality
COMPPROQ -~ procedural understanding of plurality

ABSTCARQ Abstraction: invariance of plurality with respect to the
visibility of the objects when some are hidden under a
cardboard.

ABSTSACQ abstraction: invariance of plurality with respect to the
visibility of the objects when hiding them in a bag

ABSQUANQ - abstraction : invariance of plurality with respect to various
configurations of objects (dispersion, contraction,
displacement, rotation, Piagetian test)

Position

COMPINTR intuitive understanding of position

ABSTVARR variability of position

COMPPROR - procedural understanding of position

ABSTINVR abstraction: invariance of position with respect to elongation
of a row of objects

ABSTTUNR abstraction: invariance of position with respect to the
visibility of the objects when some are hidden in a tunnel

ABSTCONR - Abstraction: conservation of pesition wrt a transiation

ABSTORDR - abstraction: conservation of ordity wrt a translation

Three different scales were defined: two separate scales specific to plurality
(INTUIQ) and position (INTUIR), and a unique scale combining the variables
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related to the understanding of both pilurality and position (INTUIQR). Furthermore,
two separate sets of division points defining the scale scores according to two
ditferent rules were used, providing us with two sets of analyses, Set 1 and Set 2.
Set 1 allows a maximum of one error when the number of items per varable is
three or more. Set 2 does not allow any error. Both sets are conservative, the
second one more so than the first one. Based on the very high rate of success of
items related to intuitive and procedural understanding, shorter versions of INTUIQ
(7 iteme), INTUIR (4 items) and INTUIQR (11 items) were used.

Table 2 — Summary of Guttman Scale Analysis

INTUIQ INTUIR INTUIQR
(Plurality) (Position) (Plurality & Position)

Set 1 Set 2 Bet1 | set2 Set 1 Set 2
REP 1.00 |.91(89°) | .85 85 (78) | .89 |.86 (.82)

PPR 1.00 | .58 (.66) .24 22 (1) | .35 1.30 (.39)

Yule'sQ | o .20 (.05) .10 .38 (50) { .08 |.23 (.20)
(% neg.)

* The results of the short versicns are between brackets

The results, summarized in Table 2 (under INTUIQ) show that only the
understanding of plurality as measured in this test and for this group of subjects
seems to form a cumulative unidimensional scale (PPR- percentage close to or
larger than 0.60). Thus, the gradation observed for plurality in Table 1 (based on
success rates) can ncw be interpreted in terms of an underlying unique cumulative
dimension according to the scalogram rationale.Based on increased difficulty, the
following variables can be ordered within the underlying unique dimension of the
concept of plurality: intuitive understanding, procedural understanding, abstraction
{change of configuration), abstraction (visibility of objects, bag), abstraction
(visibility of objects, cardboard).

Furthermore, within the framework of this method, no unique scale seems to
underty the concept of position or, a fortiori, the combined concepts of plurality and
position when considered jointly. This raises the possibility of multidimensionality.in
. grder 18 further investigate the muRidmaensionsitty accorging to differsnt rationais,
namely, explaining variance, correlations and reliability, a series of factor analytic
type of analyses — principal componaent, exploratory and confirmatory factor
analyses, as weil as correspondence analysis— were performed. A tentative trial
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was made to identily possible underlying factors, based on these methods and
provided some interesting results. However, our initial sample is too small to
warrant generalizations.

ANALYSES OF A FACTOR ANALYTIC NATURE

Principa! component (PC) analysis can be conceived as a transformation of the
underlying measurement axes in order to maximize variance. Because of this
emphasis on variance, the 14 items of the test with null variance — namely, the
items related to the irtuitive and procedural variables were excluded for they did
not contribute to the analysis. However, since the remaining items essentially cover
the same abstraction variables, the PC results should complement our
understanding of the dimensionality. More precisely, the remaining items cover all
the ABST-variables defined earliar. As previously, three separate analyses were
putivinted. vne lur the concepty ol plurally, one lor the concept ot pusilion, and o
third one combining beth concepts. Table 3 presents the results of these analyses.

In Table 3, the joint analysis {Q&R) shows the existence of six orthogonal factors
{uncorrelated) explaining 76.4% of the variance. Three of those factors pertain to
the undc. .tanding of plurality (cf. analysis of Q) namely, the same abstraction
variables that are found at the most difficuit part of the cumulative Guttman scale:
abstraction — change of configuration, abstraction — visibility of objects (bag),
abstraction — \isibility of objects (cardbeard). This seeming contradiction (a ynique
Guttman dimension vs {hree principal components or factors) is resolved if we note
that

multidimensional tests can be confused as unidimensional tests if the
multiple dimensions have proportional contributions to each item, In
such a case, scores on a test would represent a weighted composite
01 the many underlying dimensions (Hattie, 1985).

The other three factors are related to the concept of position : conservation of
position, conservation of ordity and a mixed factor defined by three variables;
variability of position, invariance of position with respect to elongation and visibitity
of objects. This last factor presents a negative loading of =0.65 for the variability of
position, as opposed to two large positive loadings for the visibility of objects (0.93
and 0.88). Furthermore, the @ cortelations between the underlying items of the

vanabifty of position (ABSTVARR) and the visibifty of objects (ABSTTUNF) are -~

negative (-0.47 and -0.33). This suggests possible separate factors for those two
variables.

21




- 210
Table 3 - Summary of the principal component analysis

Analysis %var. # factors | Description of factors % var.
explained explained

1.Q 725 1 — ABSTCARQ 37.7
Plurality 2 — ABSTSACQ 248
3 — ABSTQUANQ 10.0

2.R . 1 — ABSTORDR 30.9
Position 2 — ABSTTUNR 251

ABSTVARR
ABSTINVP

3 — ABSTCONR 16.5

J.Q&HR . 1 — ABSTQUANQ 26.5
Plurality 2 — ABSTVARR 14.7
and ABSTINVR
Position ABSTTUNR
3 — ABSTSACQ 11.9
4 — ABSTCARQ 11.4
5 — ABSTCONR 6.3
6 — ABSTORDR 5.5

... . When the focus of the analysis shifts from explaining the total variance to
, explaining the matrix of intercorrelations, a factor analysis (FA) model is used: it
g allows for orthogonal and oblique (correlated) factors. The.resulting joint analysis of
= plurality and position yields the same factorial structure as for PC, with an
explained varance of the same order of magnitude, namely, 69.4%. Most factors
are orthogonal (with the exception of factors 1 and 6 presenting a low correfation of
: approximately 0.30). A confirmatory maximum likelihcod analysis (variance
- @xplained: 63.8%; probability of chi-square test = 0.57) confirms those results and
further supports the seeming distinct factorial structure of plurality and position.
Finally, graphical displays of dual-scaling analyses (a version of correspondence
analysis) leads to the same conclusion.

For all the methods, it is important to note that the joint analysis combining both
~ plurality and position, recovered the same structures as the separate analyses and
-0 naw mixed factor appeared. The consistant absence of confounding of the
i tactors pertaining each to position and 1o plurality, lends empirical suppon to the
conceptual distinction proposed between these two concepts.
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CUOUNCLUGION

We have seen that the empirical dimensions of the data lends support to the
theoretical definitions of the variables. The methods we used, the Guttman
scalogram and a variety of factor analytic models and techniques, supgort the
conciusion that the set of items seem to be multidimensional in nature, but with
distinct structures for the two preliminary physical concepts of number —plurality
and pcsition. Furthermore, the factors underlying plurality seem to constitute a
cumulctive unidimensional scale.

Whether the intuitive and procedural understanding of these two pre-concepts,
which were not included in the factor analytic analyses, define four uncorrelated
dimensions of the same type as the six ones pertaining to the abstraction of
plurality and position is a likely proposition but cannot be answered at this stage,
since the success rate of the underlying items was very high and therefore, caused
the correlation matrix to be ili-conditioned. it is worth noting that the structure found
proved to be quite stable and this, over the various methods used.

A final caveat is in order with respect to the iimitation of the study stemming from
our relati--  small sample of subjects (30). Further analyses with larger samples

are envisaged in order to confirm the proposed multidimensional structure of the
pre-concepis of number. It should however be noted that the group studied was
highly homcgcneous with respect to age {mean: & years and 9 months; standard
deviation: 3.5 months) thus eliminating vanability of age as a possible source of
efror.
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PROTOCOLS OF ACTIONS AS A COGNITIVE TOOL FOR
KNOWLEDGE CONSTRUCTION

W. Dorfler, University of Klagenfurt, Austria

Abstract: This paper endeavours to develop a model for the consiructive activity (of a
learner) which potentially can result in the cognilive development of (certain types of)
mathematical knowledge by the learner. This model will be a special case or application
of the general and fundamental theses: knowledge is the (cognitive) product of material
and/or mental actions (operations) and the reflection by the learner on his/her aclions,
their structural properties and their results or outcomes. What are specifically the actions,
their means and tools, their outcomes (products, results), and how they are reflected upon
depends on the intended knowledge and partly also on the learner and his/her cognitive
status.

Introduction

The guiding context and the main stitnulating basis for this paper is the genetic epistemo-
logy as developed by J. Piaget, see among many possible references PIAGET (1967, 1970
and 1972) and BETH/PIAGET (1966). Especially appropriate for my intentions are inter-
pretations of Piaget's positions given by E. VON GLASERSFELD {1988). He cites Piaget
among others with the following sentences which could be taken as a general frammework

for what follows:

“Toute connaissance est liée & une action et connaitre un objet ou un événement,
c'est les utiliser en les assimilant & des schémes d’action ... Connaitre un ob-

jet implique son incorporation en des schemes d'action, et cela est vrai des

conduites sensor - motrices élémentaires jusqu'auy operations logico-mathé

matiques supericuris.” (Piaget 1967, 1415, 17).

“Dans le cas de 'abstraction logico inathématique, ... ce qui est donné est un

ensemble d'actions ou d'opérations préalables du sujet lui-méme, avec leurs

résultats” (Piaget 1067, 366).

... la construction logico mathématique n'est a proprement parler ni inven
tion ni découverte: procédant par abstractions réfléchissantes elle est une con-
struction proprement dite, ¢'est-a -dire produisant des combinaisons nouvel-
les.” (Loc cit. 367).

In a way my paper tries to substantiate notions like “construction”, “reflection” and
“abstraction” by offering an operational model for the case of mathematical concepts.

What does it mean to construct one's knowledge?
One central thesis of constructivisni asserts that ali kinds of knowie!, .l an individual

possesses is his or her personal construction. This refers as well t. the knowledge which

B8




B R e s 5 s ot 0t 8

213

is acquired in a didactical situation like it is provided in a traditional school setting. In a
rather negative way this thesis can be interpreted such that knowledge cannot be received
in a passive and only receptive way by the learner from any kind of teacher (human,
book, computer). But this does not tell us anything about liow we could conceive of
such a personal construction of knowledge. The term “personal construction” is a very
suggestive one which might seduce one not to ask for an explanation and a more detailed
description of the (cognitive) processes which make up the knowledge construction and
which lead to certain knowledge products. Assertions like “knowledge is the product of
the activity of the learner” are not of much help for didactical purposes like the planning
of teaching-learning situations. What is needed is a deeper insight and understanding of
how knowledge is developed by the learner through his/her activity and of what are the
mutual relationships and dependencies between the activity and the resulting knowledge.
We should be able to describe in a8 much more operational way what “constructing one's
knowledge” can mean and how one could prompt the learner by didactical measures to
carry out the adequate constructive activity.

Alienation of mathematical knowledge

Before treating the special topic of this paper some more general remarks are appropriate.
One widespread characteristic of mathematical knowledge as it is acquired by students at
school an:! even at universities is what I would call its separatedness from the knowing
individual. Based too often on rote learning the knowledge remains alienated and is not
effectively incorporated and integrated into the cognitive system of the student. Many
students consider (school) mathematics as being irrelevant for their life in a very deep
and not just utilitarian sense. They rarely have experienced mathematical concepts and
methods as tools and means for structuring, organizing or planning their personal activity
beyond solving assignments in school. Mathematics for many students never gets their
own activity, it remains something which others have done (who really know how to do
it) and devised and which can only be imitated (for instance by the help of automized
algorithmic routines at which the student works more like a machine than like a conscious
human being). In other words, mathematics mostly is not part of the personal experience
and the trason for this very likely is that the mathematical knowledge of the students
was not (or only in an insufficient way) the result of structuring and organizing their own
expetience. This is the more remarkable when one counsiders the widespread conscnsus
that mathematics is primarily a huinan activity and is essentially constituted and created
by human activitics. This states the apparent paradox that something which has been
created by humans through their activity is experienced by so many people as something
completely external to and opposed to the individual. This feeling is strongly related to
teaching methods which are based on the "outside-to-inside” approach to learning and
knowledge acquisition. To avercome this rather detrimental situation didactical means
have to be employed which offer to the student frequent opportunity to realize mathe-
matics as part of his/her own activity and to experience mathematical knowledge as the
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outcome of this personal activity. In this way mathematics could become the mental
property of the student which then can be a cognitive means for guiding and organising
appropriate fields of activity and experience (including perception). Essentially, this con-
ception reflects the strictly constructivist position that one can only genuinely understand
what one has (re)prod.:ced oneself. This of course does not mean the invention of mathe-
matics by the students but the active reconstruction by and through one’s own actions
and reflections (which must be guided and controlled by some kind of teacher).

Modeling the construction of mathematical knowledge

We now turn to the more specific model for knowledge construction in the field of mathe-
matics. This model should be taken firstly as an epistemological one as by it objective-
general features of mathematical concepts and their genesis are to be reconstructed and
modelled. But it can be taken as a psychological model as well in so far as it intends to
model cognitive processes which potentially lead to the (re)construction of the respective
mathematical content by the learning individual. Thereby I base my assertions on the
thesis that effective models for cognitive processes have to take into account the outcomes
of pertinent epistemological analysis. In other words: the (re)constructive activity carried
out by the learner has to be organized along the epistemological structure of the knowledge
to be constructed. This epistemological structure will - sometimes in a mediated way -
reflect features and determinants of the original constructive processes which constituted
the content of that knowledge. Finally it should be remarked that the proposed model
is not intended to be universal. Its application and applicability depend on the specific
subject matter and have to be based on a thorough analysis of it. We will start with a
generul description of the model which will be followed by several examples.

The model is based on the epistemological analysis which states that many mathematical
concepts are structurally and genetically related to certain actions and their products cf.
for that DGRFLER (1984) and DORFLER (1988). The specific form of this relationship
of course depends on the respective coucept. The (cognitive) reconstruction of such a
concept starts (in the model) from carrying out the pertinent actions whereby these can
be actual actions with material, concrete objects or mental operations with imagined
(mental) objects. The (actual or imagined) reproduction of actions of other people which
one has observed can play a similar role. The central question is by which means the
individual mentally (re)constructs the mathematical concepts based on the carrying out
of the pertinent actions. Clearly the concept is not just the action nor plainly its schema
or structute though those form an integrating part of the concept.

As already pointed out above, reflection on the actions is the way and means which lead
to the mental constitution of the adequate cognitive structures which then represent the

content and structure of the intended concept. As a main tool for the reflection of and the
reflecting upon the action by the model is proposed what 1 want to call a protocol of the
action. Such a protocol by the use of perceiveable objects (like written signs) tries to note
and to desctibe the characteristic and relevant stages, steps and outcomes of the actions.

217




The completed protocol will be a static structure of signs forming a certain pattern which
represents certain relationships between the signs. In a way, this pattern can be treated
as the resulting outcome of the actions or rather as a (symbolic) representation of it. But,
like good minutes of a meeting not only state the decisions made but also give an account
of the discussions and deliberations leading to them, the action protocols must allow to
trace the stages of the process which lead to the final protocol. Thus the protocol must
reflect in some way a certan temporal pattern which is fundamental for the action and

the constituted mathematical concept as well.

It might be appropriate here to emphasize that the related mathematical concept in
most cases reflects only very general and scheinatic aspects of the actions onto which the
attention of the learner must be deliberately and consciously be focused (for instance by
cues given by the teacher). To “see” mathematical features in one's own actions is by no
means trivial and further depends on the interests and the motivation of the learner, The
problems related to this can not be treated here as though they are very important for

the didactical realization of the presented model,

In many cas"s the (or a) mathemnatical structure which can be associated with actions of
a certain type consists of transformations exerted on the objects on which the actions are
carried out, or of relationships which are induced by the actions tetwecn those objects.
The protncol of the action, i.e. the cognitive reconstruction of the concept, should reflect
or permit to reconstruct these transformations and/or relationships. In this sense the
signs for the protorol play the role of objects on which schematized actions can be cartied
out which induce just the constitutive transformations and/or relationships. 1n other
words, the protocol may be used to carry out by and on it just those steps of the actions
which are the “germ” of the intended concept (and which have been recorded by the
protocol): The protocol records or represents the (mathematically) essential features of
the actions and permits to replicate them.

The intended reflection upon the actions consists in the recording of the protocol which
gives an account of the actions and their main goal. Since the protocol is a permanent
record (in contrast to the passed-by action) it can be used over and over for analyzing
the action, for instance by replicating it in a schematized way on the protocol. For the
individual cognitive process it will be very important that the protocol is a record of (the
mathematical characteristics of) one’s own actions. The protocol should be a personal
account of what one is interested in when carrying out the action. If the protacol is not
experienced as an account of one’s own action: it cannot be really understood and will

not be related to the actions in a meaningful way

In a didactical context this means that the learner has to be guided by the teacher to
carry out the actions, to find out those objects and stages which are of essential relevance
for the action and to produce a protocol which represents these objects and stages. It
should be emphasized that an gu,n gotocol is not uniquely determined by the actions.




It will depend on how the lcarner structures and organizes his actions and further it
will depend on which means are available for obtaining a protocol. A protocol can be
formulated by different media and in different sign systems. Possibly one will start with
a verbal protocol which by using natural language gives an account of what are viewed
to be the most important aspects in the flow of the action (from a mathematical point
of view). This protocol can sometimes be translated into a protocol using geometric or
iconic objects and in other cases it can be expressed in an algebraic language. It might
even be useful to produce several distinct protocols and to interpret the actions in all of
them thereby establishing a kind of translation from one protocol to another. One should
never forget that the protocol receives it meaning and the rules for how to interpret it

and for how to act on it from the actions which it represents.

Since in most cases the protocol will be a schematic representation of certain aspects or
features of the actions and their objects it is potentially much more general than the
action itself. This will often be reflected by that the signs used in the protocol have
the character of vartables or can at least be considered to be variables. Thereby the
same ptotocol can be used as an account of many different actions as long as these have
the same “mathematical structure” as ¢xpressed by the protocol and represented by the
respective mathematical coneept. As a didactical consequence of this one should have
the learner expetience this varied use of the protocol m as many different situations as
possible. Thereby the protocol might be used also as a tool for structuring and planning
concrete actions by substantiating the general schema (the protocol) in a given concrete
context. For this it is important to keep in mind that the protecol by its very form and
structure permits to carry out certain specific steps of the acticns or at least to reproduce
them These are those steps which are constitutive for the related mathematical concept.
This acting on the protocol in a paradigmatic and prototypical way exhibits which from
a certain point of view are the essential stages in the actions and which relationships are

the important ones.

The protacols usually are patterns of material signs and objects and as such can become
the topic of further analysis and study. This s what wore or less can be termed as a
mathematical analysis and by it varions properties of the protocols, possible transfor-
mations of and relations among protocols ete. can be devised and investigated. Most
important are actions which use the established protocols as objects to be acted upon.
This can give rise to a new layer of concepts (and protocols) thus establishing a kind of
hierarchy of concepts and protocols. But [ will not pursue this topic here any further. As
another remark I refer to the habit to introduce names for the protocols. These names
can be words of the natural language or any other conventional signs. As one can see
from the examples this naming of protoenls permits te establish compound protocals of

more complex actions fram simpler buibdmg Blocks
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Examples for and applications of the model
In the following 1 will list several mathematical concepts together with a sketch of how

the model of the action protocols could be applied to them. These sketchy remarks are

not meant as didactical programs but those could and should be developed starting from

them

Natural numbers. The action clearly is any kind of counting activity. Protocols may
be the verbal uttering of tlie number words; using fingers or other representatives of the
counted objects; lists of strokes. All these give a precise account of the main steps of the

counting procedure with regard to the question “How many?". On the other hand those

protocols permit the replication of these essential steps on themselves - the protocols are

prototypes of (sets of) countable objects

Decimal numbers. Apain counting activity is the starting point but now it is organized

in a certain way by using counting symbals of the values 1,10,100,1000 and so on and

by always changing to the next higher unit when possible. As in all the examples we

{have to) assuine that the learner is in a cognitive stage which enables him to carry out

‘ adequately the actions. Fer instance here he must be able to form mentally higher order

units which again can be counted. That granted, the resulting protocol will be something
equivalent to the decimal representation of the number of counted elements. Clearly this

representation reflects the main phases or steps of the “decimal counting” and in a very

: condensed form permits its rephcation (when assurning that all the higher order units have

already been formed). A similar approach holds for other bases of the number system.

Decimal fractions. Consider a measuring process by which one wants to exhaust a

quantity (say, less than one unit) by tenths, hundredths, thousandths and so forth of the

unit. This process naturally leads to a decimal fraction as its protocol and result. By

reading this protocol ane can mentally reconstruct the process: first take d, tenths, then

d; hundredths and so on until the whole quantity is obtained. Here like in oiher cases

the protocol can further be used as an action plan for producing an object (a quantity)

which just will give rise to the protocol when the actions are carried out on it. Again one

can nse different bases for the measuring process

Fraction. A fraction can be viewed as a very curtailed or abridged protocol of a measuring

process: m/n represents “m copies of quantity A are equal to n copies of quantity B” or

“m copirs of the nth part of quantity A give the quantity 3", Again there is a wealth of

different activities possible around this relation of m/n to measuring processes from which

for snstance concepts hike equivalence of fractions, ratio of quantities, addition of fractions

cruld be detived This example makes very clear that a pattern of signs has to be explicitly

related to the actions which vonstitute (part of) the meaning of the signs {(as an action

protoeal). In this speafic case the peotocol m/n atself does not permit replication of the

action hut this gets pos<ible of m and n are replaced by protocols (for the related counting

proresses) This cotresponds to combimimg the counting and measuring processes. The

el




uwinber symbols can be viewed as names for the respective protocols (or for the actions
themselves) and m/n then gets a composed protocol. Still, this example makes clear that
producing and reading a protocol heavily makes use of signs whose ineaning is determined

by convention

Matrix. Consider two sets A, /4 of elements (objects, properties etc.) and some kind
of measuring the “value” of a relation between elements of A and of B. A protocol will
very likely take the form of a matrix. A matrix such can be viewed as a way of noting
the values of (binary) relations and the arrangement of its elements in lines and columns
mirrors the stepwise process of determining these values. In this sense then a matrix is not
just a static array of elements but it has inherently a dynamic structure or even several
ones (e.g. scanning by lines or by columns); 1t is a schema of writing down symbols
Conversely the 1dea of the matrx as the intended protocol determines the order of the
steps in any measutement of this kind. In a very similar way any kind of table can be

viewed as the protocol of some measuring (in a broad sensel.

Graph. The drawing of a graph can in a way very similar to the previous example be
considered as the recording of a relation in a given set of elements. “Reading” this protocol
gives a full account of the {formal) properties of the respective relation, a weighted graph
even reports on the streneth of the relation between any two elements. As is well known
this type of protocol has hecome the topic of extensive mathematical investigations (Graph
Theory).

Angle. Angles are mostly viewed as static geometric objects which arc defined in one
way or another. But they can also be used as the protocol of a rotation (around the
vertex of the angle): the first side is rotated into the direction of the second. The very
same protocol then resnits from angles which usnally have to be considered as equivalent.
These equivalent static, finurative) angles correspond te actions which very naturally
everybody will view to he the same ones. Here again the action can be teplicated directly

on the protocol or its replication can easily be imagined.

Algebraic terms. These can be viewed as protocols recording some calculations or bet.
ter the schema of the caleulations. Conversely, a term tells me which caleulations are to

be made in which order {according to conventions agreed upon). Tree representations can

play an equivalent role. In my opinion it wonld be very helpful for an adequate under-

standing of elementary algebra if the concept of algebraic terms and their manipulations
were based on such an understanding: Terms as schematic protocols of {imy own) calen-
lation< which 1 can nse to give an account of them to myself or to others. Like in all
previous examples a term in this way permits to reflect on the calculation (e.g. to study
the influence of certain numbers on the eutcome),




Concluding remnarks

These examples should make clear that the proposed model for the cognitive construc-
tion is intended to at least complement the prevailing static and figurative conception of
mathematical concepts (at schools) by bringing into the foreground constitutive actions.
These are in my opinion an essential part of the meaning of the concepts and if the latter
are acquired via the actions and their protocols there is a good chance that the concepts
will be used as mental tools for thinking, for mental operating and for the planning of
concrete actions. So the question for a definition of a concept should not (only) be “What

is xy?" but (also) “Which actions can be recorded and/or organized by using xy?”

The list of examples could be extended further by treating concepts like: graph of a
function, function, vector, geometric figures (via their constructions, or LOGO programs
where appropriate). These still can be related to rather concrete actions whereas other
concepts (can) give an account of mental operations. This applies to all infinitesimal
operations' sequences, series, limits, derivatives, integral etc. But again [ consider it to
be worthwile and important to emphasize the dynamic and operational aspects of these

concepts and the possible protocols of the respective processes.
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¢ Conference will be in english }

 Summary;  Thus rescarch concerny 14218 sears old students inoa classroom | having ¢ LOGO
3 . .
experience price to the stwdy . We preseat different leaching sitiwalions with & constraclivist approdch
abcut recurion separating duficalies poted out in @ preexperimenatation . Two sieps are necessary w

be able towrite a recursve procedure o wudersand e nterd processes of g recurave provedure and 1o

-
b

L appropridte a stalic represeatdun of the provedure Fre studs s focased here on the analyvsis of the

eprescatutions that sticde iy huave ahow! the operating system for a recwrsive procedure
) Analyse a priori

['écriture de provédures récursives néuessite le passage d'une représentation dynamique liée a

; Texécution , cn termes dacuons | A une représentation statique de la procédure | cn termes d'états

”O.Rogulsk:. G. Vergnaud | 1987) | Cette représepltion stalique ne peut apparaitre qu' aprés unc

i‘conmns.\:mcc du dispositif informatique suffisantc pour s¢ créer un modtle de fonctonnement : il

faut sc représenter les problemes sous une forme compatible avee le dispositif informatique ( )M

" Hoc, 1987 ). L'écant | qui exuste entre 1a compréhension du fonclionnement du disposstif snformatigue ¢t

b Pécriture de procédures récarsives, est Iie au fait que Téenture récursive néeessite L mise en place d'un

: achéma fonctionnel statique du type : pour construire Fobyet de niveau 0o, on suppose construit

Fobjet de muveaun - 1,

, Nous avons voubu séparer les ditférents types de difticuliés mises en évidence dans 1a
précxpénimentanon € C.Dupuis , MCA Epret |, D.Guin |, 1985 ) @ Femboitement de procédures,
Fexéeution de procédures recursives foumies et Iéenture de procédures réeursives

L'emboitement de provédures ditférentes est fe prolongement “naturel” des connaissances
acquises on programimation stucturee [e debut du travarl est done consacré a fa recherche de Tinvariance
d'emboitement . Celle ¢ évate o probleme de Ly suspension de Pexécution ( comme dans une

pocédure récursive) toutl en priparam & la représentation statique du programme, nécessaire A

FScriture de provédures récursives - ¢'est un premice pas vers Félaboration d'un schéma foncaonnel stanigue.

Cette phase nous a permis danabsser fos difboulics propres & Femboitement, notamment fes duficultés de

eodage et fes mndalites de g don des relations ¢ CDapas, DL Gain, 1989y




L'exécution de procéadures récursives fournies A Féleve lui permet de se créer une représentation
du fonctionnement du dispositif informatique , A condition quon lw propose des modeéles
de toncuonnement de 1a récursivité lorsgquil en ressent ke besoin. L'auto-référence non terminale
appariit comme un cercle vicieus s un premmer tennps, 31 faut convainere FéRve que Fordinateur aceepte
e tvpe de programme, e'est-a-dire quisl peat Pexéeuter. La coneepuion spontanée de l'auto-référence ( que
Fon vou apparaitre s que son exastence est admise Y est une forme de retour au début du programme,
et sapparente au schéma spontand de 1a répéution : fare une action ct recommencer. Or Ie schéma
spontané de la répéubon s'accommode mal d'un des s essentiels de 1 récursivité @ la suspension de
Fexécution de ta procédure app tante pour attendre la fin de la procédure appeltée ( A. Rouchier, 1987) .

Nous aunons pu interverter les séances 1 ( invariance d'embolitement ) et 2  prévisions el
exdeutiens de procddures récumsives foumies), celd aurast sans doute favorisé le passage d'une représenation
dynamujue i une représentation sutigie |, mats Ly seance sue 1es courhes it pour nous un moyen de
maner Je geunes flaves 3 une étude de la rdearsivate . Noue démirche dienseignemient de la técunsivilé est

une sore ntrmcdare eotre cotles propusdées pue I Mendelsolin et A Rouctuer (P Mendelsihin, 1988).
Présentation des situations d'enscignement
Les sitnations présentées o vomespondent & ume vingtame dheures d'enseignemient.
Séance | ;. escourbes ( Recherche de Linvarance d'emboitement )

LRI E ] 2809080888000 XX SR L R R N R R R R R R R R R AR R R R RS R RIS R LR 1)
Yowr wois famitles de courbes . Sur une méme higne sont dessinées quatre courbes de la méme famille .
Choixissez une famille |, puis éonves los programnies correspondants A chague courbe | en utilisant a
chaque fois le programme précedent

Une des famulles de courbes {les arbres )

YY Y

PR Y R Y R Y] Ssasesnasdeany

Analyae de. Lo situation . :

Lracuvate est compleve et comporte des dithivaliis de structuration et de coordimation, points
essenticls dans la premicre phase de notre expérmentation  C. Dups , MLA, Egret, D, Guin , 1988 )
mas cos conrhes plasent esthétquement aux ¢heves | dbe ont dautamt plus dardeur au travait ! Ces

famies de courbes ont ¢ré chasies puarce que es proveamimes correspondiants présentent une invariance

d'emboitement lorsquon passe dune conbe il vnvante dans B meme famille : le programme d'un

arbre quelcongue s'éent en appelant tougours de la méme fagon e programme de Tarbre précédemt .




Clest ce phénomene qui pemicttra Pécriture réeursive. Le programme de FARBRE 3 ainsi que Ie
programme récursil de Parhre de niveau N (nombre d'exéeutions d'un méme appet récursif ) dont Ie trone

a pour mesure C figurent au § 2-3 -1 ( Cetie séance est déere dans C . Dupuis, D . Guin , 1988 ) .

: Essais ( Comprendre le fonctuonnement d'une procédure récursive )

S1 :N=0ALORS{ STOP )

SPA N est supposé muluple de 10),

ESSAL N W0 SI'A ot SPB sont des sous-procédures ou de
N i) Anples imstructions

FIN

P T T L LT P [ T T T T T T T TP PRPPPIN
Analyse de la_situation ;

Clostsur une tdee de P Mondelsohn ¢ 1988 ) que nous acons fourni asy ¢leves ce schéma de
référence afin qu'its manipalent dos procedures ESSAT: nous avons fast des vananons sysiématiques des
sous-procédures SPA et $PB cn jouant sur les vanables suivantes

Type de sous paxédure dessin de dimensions fixes

dessin dont les dimensions varicnt en fonction du niveau
écriture d'un "exte” qui vanic en fonction du niveau

Tyvpwe de réeursivitd récursivilé terminale ( absence de SPB )

récursivité non lerminale ( absence de SPA )
récursivild centrale { présence de SPA et SPB, qui peuvent
&ure identiques ou différentes ).

Nous avons aussi fait quelgues variations non systématiques sur Ie nombre de vartables d'catrée
dans la procédure ¢ 1 ou 2), Ie type dappel ( ESSAL : N-10 ou N-1), lc test d'arsét . En tout 17 items
ordonnés ont ét¢ proposds ( pour plus de détails sur fes guestions, on pourta consulter le compte-rendu de
notre précapénmentation . Dupuis , M A, Egret, D. Guin , 1985).

Le conflit eréé par fe passage de la récursivité terminale ( absence de SPB ) 2 la
récursivité non terminale ou contrale doit permettre aux €ldves de se construire unc représentation
du fonctionnemenmt du disposinl informatigue. Les seules tiches demandées étaient unc prévision de
Texécution que Tos éldves devaient noter, puns, si la prévision étit fausse, une explication de leur erreur,
alin de comprendre Ie foncnonnement en confromtant peévision et exéention. Les diftérences éventucies

entre Prévisions e exccutions cLaent toigours sutfisamment flagrantes pour étre pergues par les éleves

w COMME des contradichons,

Le besoin de modiles de fonctionbement de 1o récursivitd a 616 expnmé par les ¢RRves des
quitls ont renconteé L récursinitd non erminate Nous leur avons 3 ce moment-Fay proposé différents

modeles de foncuonmnement alin qu'hs Yappropaent celui gui leur permettent de micus comprendre fe

phénomene © un premicr modcle mettant en évidence I insertion de lignes, un second moddle qui est

un tablcau de simulation de Pexeeution ( D.Gum | 1986 ). Ces 2 modeles de fonctionnement

[N :
1-430




permettent de comprendre Ja suspension de Fexéeution de la procédure. appelante. En foumissant ces
modties, nous regngnons ke point de vue A Rouchier (oté par P. Mendelsobn , 198K ) qui estme que
" Cet aspect suspensif consitue un obstacle essenticl & b construction d'une interpréation comrecte, il
dott done e explicitement peésent foes des séances dapprentissgee ™

Nous avons observe gue

- comme préva, fes 7 groupes dékeves ont Lt une prévision d'eaéeution fausse pour la premsdre
procédure récursive non erminale. Aprés la présentaton des modeles de fonctionnement, 3 groupes ont
fait des prévisions correcics, tandis que 4 groupes ont continué A fawre un certain nombre de prévisions
incorrectes. Ay moment ob leurs prévisions deviennent comrectes, 3 d'entre cux font explicitement
relerenee aten des modeles de fonctonnement foarne,

- au plus tied & parur du quatorzicme dam Csae 1703 bes prévisions de tous Io8 groupes sont

COTEL oS,

Cézrre 3. Eoni de procédures récursives

231 Feriture recursive des courbes

Nous avuns fait une séance de synthise qui d permis de passer d'unc écriture respectant

I'invanance d'emboiement & Feenture récurive des courbes, Voict un exemple de o¢ passage :

POLUIR_ARBRE3 . C POUR ARBRE : C : N

§1 !N = 0 ALORS {STOP}

AV - C TG h AY : C TG 45

ARBRE? ARBRE : C /2 :N-1i
™ TD

ARBRE? : ARBRE @ C /

TG 45 RE TG 48 RE

FIN FIN

Le passage s'est Lt sans difoultes, guotgu s v de procédures présentant plusicurs
appels wicarsifs, autrement dit de récnrsivité non lineaire Encfiet, Dinvanance demboitement qn
avatt ¢6d mise en évidence favonse uns representanion statigue de L procédure, néeessaire i éentare

récurive
2.3.2 Fcriture de programmes recursils
SeptUpropeis™ ont S proposéa aun fleves Ty correspondent aux réalisations de programmes

recursib o rdearssate centrale, graphigoes ow son prapligques, sncluant parfons une procédure avant ke

STOI Fous les groupes ont écnt du Maiis un prognumme coregt, certmns Urés rapidement
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3) Analyse des tests de prévisions

Deun tesis individuels ont &8 proposés aux éidves . Ce sont des wests individuels pagrer-crayon

demandunt does previsions d'execotion o des complétions de procédures récursives.

3-1 - Un critere danalyse : interprétations de la récursivité centrale

Lev mterprétations présemées et ont €é rencontrées au mons uae fois , mais pas woutes |, dans le
méme cxercice Pour preseater les dillerentes modalues, pous utiliserons les notations du schéma de

référence ¢ v 2) seance X3 pour indigaar La pres iaion dexdéeution éerite par Iéldve pour ESSAT 0

Madalites du eritere
R - Vappel récursil central ne décleache pas la suspension de Pexécution de la
procédure appelante,
RO Les procddures situaes apros Lappel ne sont pameans eadoutdes |
R Let 2 os procédures sitaees apres Fappel sont prises en compe torsque e et darrdcest positt et
sont alors exdoutées :

R 1. sout pour fa seule valeur imtiale de la variable

R 2: soit pour ta dermitre valeur de 1a varabie avant ke STOP.
RFin 1, 2 et 3 Toutes les procédures sont exéeutées dans Fordre o elles sont ¢cntes et pour toutes
fes vateurs de la varable . Mais la vanable change de valeur

REin 1 sout apres chague eaéeution de SPB

RFin 2 wit avant chague exécution de SPB

REin ¥ sont asant ctapres chague exéeution de SPB
D AT - La procedure fonctionne comme une succession de Deux programmes
récursifs avec Appel Terminal.
C - prévision correcte.
La prévision correcte peat ¢tre issue dun modcle correct, global ou anatytique, ou d'un madele glohal

“miroir” ( of page sunant ).

Prévisions pour ESSAT 30

Bo RL Rl Rlin] {{R¥in2 [[RFind [{DAT

SPA 30 SPA serA 30][sea nl[spa 20f|spa 30
SPA 20 SPA 20)ispB 3pflspn 20ilspB 20 fjsPA 20
SPA 10 SPA sea 20][spa 20]|sPa 10flsPA 10
SPH sei2o]fses 1o SPB 20
sea toflspa 1o SPB 20
SPH 10 {sPB 10




TRl m A
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3-2 - !fodeles global ou anmalytique

R. Samurgay ot A. Rouchier ( 1987 ) distinguent dean types de muddles

"« Nous dirons que Ics 8ldves utilisent un modile global-relationnel si, dans leur analyse,

ths me lont pas apped 2 B simubanon de 1 exéeation du programme et guiils autilisent un sysieme de sdgles
du type los appels antérieurs 3 Lappel récursif produisent des résultats dans Fordre décroissant de la
variable ; les appels postérieurs A Vappe! sécursit proauisent des résuluats dans Tordre croissant de Lo
variable

- Nous dirons que les éldves utilisent un modéle analytique-procédural si, dans leur
analyse, s font appel A 1a simulation de Fexéeution du programme ™, Le comtexte dans lequel travaillent
R. Samurgay ¢t A Rouchier est dilférent du ndtre pungue nous e demandions pas aux éleves une analyse
du foncnonnement mais ene prévision d'evéeation des procédares.

Les modalites classees sots R et DAT cr-avant correspondent d une stniulation ¢t précasent done
les cas ot Fon peat athiemer que bes eléves utdisent un modele anaby g procdural - Lorsgue Ta prévision
AT UHOR OSLCOTRCTE, 1] e preut Gue s 1e siyaons pas capables, focalement , de savoir guel moddle
fes elives ontunlise - Par conire, il exante dos cas old est evident que les éleves ont utiling un madele

globat larsque ce moxdete global “mirow” condunt 3 dex previsions incorrectes !

3.3 - Nodele global "miroir”

L'utihsation  des seules régles daction ¢noncdes plus avant peut conduire 3 une prévision
incorrecte. Le schéma de référence ne permet pas de rendre compte ae cette conception, car elle ne peut &tre
distinguée d'une conception correcte que dans certaunes situations. 1 nous faut done spéeificr SPA et SPB .

Prenans Fexemple de la procédure swivanie

POUR _TOT] _MOQT La prévision diexéeution it demandée pour
SI VIDE? :MOT ALORS [ST10P) TOTI "SAC.  La prévision correcte  est
ECRIS DER  MOT C A S S S S

O SO MOT
ECRIS PREM MOT
EIN

Suivant un modete " miroic " 1eleve touemit L réponse C A S8 A € On vort que cette
repornse satesfat es regles dactions du madele global et quinl ne peut y avorr eu simulation de TOTIL Ce
mendole anroir” a'est pas e resultat des acquis anténeues i ensearnement 3o L eéouravied mas tien dune

amaby e du for tiomnement de $arecneasare

3.4 . Un critdee d'analyse : interprétations du test darelt

Certans cleves exevutent une dernicre fois Lo provédure pour La valeur de 1 vanable pour
hquelle de test diarect est VRAL 1a poation de ce teat, au dedut du programme récursif, exphque cetie
errenr. Fa structure du programme : contdle puis achion, est analogue A celle que T'on rencontre dans les

sttuctutes atératives du pe TANT QUE - FAIRE dont J Rogalsk et G. Vergnaud ( 1987 ) souhignent




quclles posent plus de problimes que la structure REPETE... JUSQU A qut ¢t plus proche du modele
spontand

Cetle snterpréauon crronée du tcst estindépendante de ta modalité d'interprétation de fa

récursivite centrale. On notera quelle nest pas repérable lorsque fe test darrét est du type SPA 20
S! N =0 ALORS { STOP | et que N désigne la dimension dun dessin & exdouler . SPA 10
A ntre dexemple, dans L modalné R du crittre précédent, on ohsenvera fa preévision ci- SPA 0

conue -

3.5 - Wésultats croisés pour deux prévisions du test

Nuuy ne présenterons o que les résultats des préviaons pour TOTT "SAC et une procédure
ESSAL 20 ( vaur schéma de référence Y od SPA éwitle dessin dun L7 dont les 2 branches sont de méme
mesare N ot SPB fe dessin d'un camré de ¢ie N

FSSAL W

coreet REnY  DAT

CorTect

6

MIro 3

R1 |

TOTI "SAC

REwmnl ou 2
DA

Duix cigves ont done fourni des prévisions correctes pour Essas 30 ef fausses pour TOTE "SAC. La

conception ™ miroir  est évidente pour 3 éleves d'entre cux ( car clle suffit pour réussir FSSAT 30 )
On peut soupyonner que les 7 autres ont aussi une concepuon de c¢ type, mars gue les difficuliés de TOTH

"SAC los font retoummier 3 dis con.epuons anténcures ancluant pas Faspeet suspenst

4) Discussion :

Alors gue teus oy éleves avaient & capables, dane fa séance 302 L déanire su moins une

procedure recur e cotedte pour un proget” graphigue, en intetaction avee bordinatear, Tétade de Teers

prévivions d'evéeation montee

-une prande varicté dans les erreurs, st lon considere Fensemble des exercies que nous lewr

avions propose |

une grande insfabitite des procédures incorrectes ches 19 éleves sur I8

Beun ApPris : nous avons obwrve yue guelques Gves (3 1) consdéraient le programme ave
#ppel récursif cenuat comme L succession des 2 progranime s séousals déya smules ¢ SPA ou SPR videsy

La situation as wt eté constimte pout rendee visthle cefle mie mprétaton non perinente
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Nous poursuivons Tétude en analysant les productions des éldves sur I'écriture de procédures
récursives. Nous avons d'unc pant constaté qu'un modile “miroir™ est suffisant pour écrire correctement
bon nombre de procédures récussives ( possédant une cerune symétrie ) . D'autre part , dans lanulyse de la
séance 1{C . Dupuis ¢t D . Guin, 1989 ) , nous avons observé qu'unc représentation du fonctionnement
exclusivement cn termes d'exécution est un obstaclte A la mise en évidence de Finvanance d'emboitement
. Par contre , une représentation en termes d'états et de relations entre ces éwats |, kes relations étant gérées
par le dispositif informatique |, est efficace . Nous sommes donc amendes & formuler les questions

SUINaNLES ¢

QUESTIONS : quelle compréhension du fonctionaement du disposibf informatique est nécessaire pour
Fécritre de procédures récarsives 7 Sutht il d'asonr un modtle global de représentation du

foncuonaement
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LANGAGE ET REPRESENTATION
DANS L'APPRENTISSAGE D'UNE DEMARCHE DEDUCTIVE

Raymond DUVAL
IREM, ULP, Strasbourg

To anaivse how a demonstration werks, we mist distinguish between surface structure and
deep stricture The first one is similar to the surface structiere of an argumentation But its deep
seritc e 48 qadde differens it iy based on a proposition sihstitaiicn that takes into account the
statis and ot the meaning of proposisons.

Tiis cniadysis cotfors new wayss for te whung demonstration processes specifically proposing de-
drctve orgamisation tasks on reprexentationy abowt the deep structere, regardless of pro-
blom solving tasks. and asking Jor the description of this erganisation i the ordinary language
of Stidents

We made an experimentation with 1314 olds sudents . We present here proof texts of a stue-

dent whose important evolution is very represensative of the other's progress.

A Laate de Piaget de nombreuses recherches ont tente d'organmiser ou d'évaluer Uapprentissage
du raisonnement mathématique & partir dactivités combinatoires et a partir de Tutilisation des
connecteurs logiques. L'implication matérielle, qui correspond & la forme mathématique du
“stoalors L s'est trouvd privilégide dans ces recherches, Devant les tmpasses et les constats
déchees enregistrés, une dutre approche, centrée sur Fargumentation s'est développee : elle
cherche comment les discussions engendrées par de vémables conflits cogmitifs peut engendrer
des procédures de preuve. Dans cette approche, e Tangage naturel retouve ses droits pour ap
preatissage d'une démarche déductive.

Lobservation du comportement des éléves devant des situations présentant des aspects
contradsctorres (Duval 1981985y et une analyse cogmuve du fonctonnement d'une
demaonstration nous ont conduit @ explorer une autre voie. Les difficultés d'une démarche
deductive tiennent dabord aus écarts entre sa structuge profonde et sa structure de surface
(Duval & Lgret 1959a).

Avnivean de L strucure profonde, Te rasonnemens déducnt tonctionne conie une subctation
de propositions, analogue a fa substitution des expressions dans un caleul. Cenie substetuenion
s'effectiee dabord en fonction du statut des proposutions et non en fonction e lewr conteni
Clest ce point gur constitie Pun des obstacles mportant o Ly comprehension de Ty demarche

deductive pour leséleves

gEST COPY AVAILABLE




Au nivcau de la structure de surtace, la démonstration se déroule linéairement comme un texte:

les phrases s'ajoutent les une une aux autres et donnent lieu & une appréhension globale. En

outre, les connecteurs logiques qud y apparaissent ne renvoient pas @ des opérations de pensée
mais fonctionnent comme marqueurs du sttt des propositions. A ce niveau, le raisonnement
déductuf n'est pas toujours clairement distingué d'une argumentation,

Cette analyse du fonctionnement cognitif d'une démonstration conduit tout naturellement i
introduire le raisonnement déductif comme une activité d° organisation de propositions qui
déplace Tattention du niveau de la structure de surface vers la structure profonde. Clest cette
introduction et les resultats obtenus aupres d'éleves de 13-14 ans que nous allons décrire

bricvement.
Situation d'apprentisage du raisonnement déductif.

Pour que les eléves soient effectivement places dans une situation d'apprentisage du

rasonnement déductif, deux tiches spécifiques doivent nécessairement leur étre proposees.

1) Une tiche de représentation de la structure profonde de la démonstration & faire.
Les cleves avaient & construire eux-mémes un graphe de propositions en utilisant les régles
sutvantes:

- les hypotheses ne peuvent étre que le point de départ d'une fléche vers une autre proposition
et jamais un point d'arrivée.

- de la proposition & démontrer aucune fléche ne peut partir
-— le passage d'une hypothése & une conclusion se fait par une proposition-régle, comme un

thé oremie ou une définition.

) Regle de
Une o plusieurs substitutton
cunditions Sortie
d'entree

Enonces
anfencurement _-—_" Nouveb enom ¢

donnds
Nubstitution

L& recours & un graphe pour représenter fa structure profonde est une procédure gui a été utilisée
diane de nombreuses recherches | non seulement pour Ta démonstranon, mas ausst pour fa

comprehension deotestes ou d'historres (Anderson TS 1087, Gand& Guichard 1984,




Quillian1969, Rumelhart 1975, Duval 1987..). Mais, généralement, cette procédure est utilisée 4
des fins heuristiques et non pas exclusivement comme une tache d'organistion déductive des
B propositions. Le graphe est souvent introduit comme une procédure de recherche (Anderson
1987, Gaud&Guichard1984). Nous, nous l'avons introduit , au contraire, aprés une phase de
recherche et aprés une mise en commun sur la phase de recherche. Les €leves ayant déja une
idée de la démonstration, 1'€laboration du graphe devient une tiche spécifique d'organisation
déductive des propositions: il devient pour les éleves un outil de contrle facile et sir pour
distinguer le statut donné a chaque proposition.

2) Rédiger un texte qui traduise l'organisation déductive représentée.

Cette deuxicme tiche est aussi importante que la premiére. [Y'une part I'expression personnelle
dans le langage nature! reste le licu privilégié ol s'accomplit toute prise cde conscience des
opérations spontanément faites, ainsi que Piaget lavait souligné dans ses premiers travaux
(Piaget 1967). I s'agit, ici, yue chaque éléve établisse les correspondances entre l'ordre de

substitution représenté et les expressions qui, pour lut, seront signifiantes du fonctionnement de

% fa démonstration. D'autre part, 1a pleine maitrise d'une activité ou d'une démarche ne peut étre

F- aueinte que lorsque que le sujet peut en objectiver les résultats dans deux registres différents
"~ une bonne conceptualisation suppose, en eftet, que l'on surmonte les difficultés liées aux
phénomenes de non-congruence sémantique entre différents registres de représentation ou
dexpression (Duval 1988a).

Pour cette deuxiéme tiche aucune consigne particuliére de rédaction n'est donnée aux éléves,
autre que celle d'expliquer la démonstration représentée. Et aucun texte comrigé de demonstration
n'a été présenté aux éléves au terme de leur travail sur un exercice. On remarquera ici. qu'il ne
sagit pas de lire et d'interpréter une représentation graphique proposée par 'enseignant ou par
un autre éleve, mais d'expliquer la représentation que l'on a produite La lecture d'une
représentation graphique toute faite serait une tiche différente.

L'expérience s'est déroulée pendant une vingtaine de séances , durant un trimestre, dans une
classe de 27 éleves (Egret& Duval 1989b).

Resultats

La comparaison entre les démonstrations produtes au début de Texpérnience et celles produites
quelques semaines plus tard, pour un méme éleve, montre Fimportance de Tevolution
accomphie. Envoicr unexemple Une évolution anaiogue i ct¢ constatee chez fos deus tiers des
. €Rves de la classe.




Exercice 1I°

0O.B.C sont rois points non ahgnés

T est e milicu de [BC) et D le point

tel gue ODIB sont un parallélogramme
Pourquor M, milicu de [1D] estal ie
milicu de (OC)?

Tervte produit:
1) = IB DO B
HOEN N [T
O Lo i
(YL IY D= 10
Les dragonales d'un paraliclogramme se coupent en leur pulieu 1. DOIC paratlélogramme done elles se coupent
en lear puliea
Queljues semaines plus tard | le méme éleve produit, pour un exercice similaire, le texie suivant
Faereee §
ARCD est un parali¢iogramme
1 est le pomnt dintersection des

diagonales, F est le milieu de
[CRlet Feelui de {CD)

Les drontes tAC) et (BF) se coupent
en M Monrrer que M est ¢ milicu
de [FF)

Texte produit . Pour trouver qu'un prant et le mediew de desr segments cela peat étre les dwagondles J'un pa-
radcegramene I SUPETEQUE JE PROVVE que IF FCetll: T

U suthe dapphiquer e théoréme des ruliest dans le triangle DEC On sutque E e le mulicw de B MALS 1T
SN PALT UN ALLRE MUY Ce sera l midiew de DB pussque | et liatersection des duagonales d'un pa-
radiclocramme et qu'elles se coupent en leur pultea Done on peut appliquer le théoreme des malicux: Duns le
tringe HBC L droie que pace par e pudicu dun cSéen qia passe pur e miltey du o5 eppose, cetie droate est
P dfele au roreme Gite JESULS SCREQUE 1E e

MAUNIENANT JE FAIS Ie théoréme des miicus pour que 17 1C Onsaivque Test le malicuw de DR (veir
Pt dans e traamgie DRC Onosnt que Foese e miliew de COPUISQUT TS NOUS LE DISENT Alors

Ladre e qua passe par- e mudiew d uncite et qui va au mithew da coteé oppose, cette droste ext parallele au 3 core
Dot matenant e sans que IF . EC et IE i FC donce ¢'est un purallélogramme. EL puisgquc les diagonales d'un

Jurr divloeramme e coapent en lewr pulieic alors Moest le miheu de [ 1]

BEST COPY AVAILADLE
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On remarque tout de suite que le premier texie est A la fois peu structuré et que des propositions
essentielles pour la démonstration sont passées sous silence ou n'appraissent pas a leur place:
— la proposition @ démontrer est omise,

— la différence de statut entre les différents propositions mentionnées est omise. Par exemple
"DOIC est un parallélogrammmime ™ n‘apparait pas comme conclusion des hypothéses. DO//CI
est présenté conune s'il s‘agissait d'une hypothese.

Ce texte juxtapose en fait des propositions. L'unique occurrence de "Donc” intervient avant la
derniere proposition. Nous avons souvent relevé que les €éleves employaient ce terme "done”
pour tranformer une suite de remarques ou d'observations sur une figure ¢n un raisonnement
déductif.

Le deuxiemie texte apparait tellement ditferent du premier qu'il peut sembler difficile de les attri-
buer au méme éleve sur une périade aussi courte. Rappelons qu'ancun texte cormge n'a été pré-
senté aux éleves, entre-temps, comme modele. Trois aspects frappent particulierement dans la
rédaction de 1'€leve:

1 Chaque proposition est introduite par une expression qui souligne son statut dans le dérou-
lement de la démonstration. Par exemple, pour les hypotheses: "on sait que....puisyu'ils nous le
disent . Pour les régles de substitution : “puisque....”. Pour les conclusions: ™ Je suis stire
que..”, "donc maintenant je sais que...". Ces demieres expressions sont particuliérement remar-
quables : elles soulignent la prise de conscience d'un gain de nécessité obtenu pour les proposi-
tions déduites par substitution. Cela illustre d'asllcurs un phénomene plus général que nous
avons retrouve dans d'autres textes produits par dautres €leéves 1 la prise de conscience de ¢
qu'est le raisonnement déductif s'est spontanément traduite par Uemploi varié d'expressions
d'attitudes propositionnelles et non par le recours A des connecteurs logigues. Cette prise de
conscience correspond i un déplacement de Fattention du contenu des propositions vers le statut
et a la découverte que Norganisation deductive de chaque pas de démonstration repose sur le sta-
tut des propositions. Bien quiayant un caractere plus subjectif que tes connecteurs logiques, les

attitudes propositionnelles peanettent dexprimer la différence modale de cenitude attachée aux

différents statuts qu'une propostion peut avoir selon les contextes théorigues o elle apparait.

2 Iy aprise encharge des enoncés par le locutenr. On a quelguefors souligné le caractere im

personnel du discours des eleves lorsguiil stagit de produire des teates seientifiques. Nous
vovons it leleve ne pas hésier i s'exprimer o L premicie personne. Froce gun estencore plus
sigmticatt est Fopposition entre Templon de impersonnet "on™ eteelu du personnel “Je™ s “on”
est réserve pour introduire les hypotheses qui i sont données et "Je' apparait ponr introdiire
les ronclusions quee , lai  Uéléve, dégage Cela confirme ity a Fien en prise de conscrence

de ce quiest le rasonnement dedu tif




2. Un discours explicatif soulignant les démarches qui vont étre effectuées apparait. Par exem-
ple effectuer un pas de démonstration pour obtenir une condition nécéssaire A I'application d'un
théoreme: " mais il nous faut un autre milieu...". C'est une appréhension globale de toute la dé-

monstration qui s'exprime avec ce discours explicatif.

Entre ces deux textes produits par le méme é1éve, 3 quelques semaines d'intervalle, il s'est pro-
dutt une évolution tres imponante. Cette évolution est marquée par le franchissement de plu-
sieury seutls que nous avons pu observer chez la plupart des éléves. (Egret &Duval 1989b). Or
le franchissement de ces seudls s'est faite non pas dans la tiche de rédaction mais dans celle de
contruction de la représentation de la structure profonde qui était demandée pour chaque pro-
bleme. Cela indique que pour les démonstrations, en géométrie, la construction du graphe des
propositions apparait comme Vintenmédiaire nécessaire (au moins transitoirement) entre la figure
etle texte (Duval 1988b).

L'évelation que nous venons de déerire pour un éléve est représentative de 1évolution accom:
phic par les deux tiers des éleves de la classe. Aprés une phase de découverte, nous avons vu
apparaitre aussi le recours & des connecteurs logiques ou argumentatifs, Le schéma ci-dessous
donne un petit échantillon de la diversité des expressions rencontrées dans les textes d'autres

¢leves pour indiquer le statut des différents propositions.

- par I¢ theoréme

-enutihsand | .

- grive au théortme
car

- 81

foans e ctvamme - Done e peur dire

b hant gae on apprend que

e .
Frguo - alurs Jen conclus que

O freenctenchement de conchigiong - je dédus que .

deng ottenueny Done .
Alors




Conclusion

L'entrée dans le raisonnement déductif ne se fait pas par 1a manipulation d'opérations du type de
I'implication matérielle. Celleci n'est d'ailleurs pas la seule forme logique d'implication. L'im-
plicatgon matérielle joue aussi un role important dans le raisonnement mathématique et ne présen-
te pas autant de difficultés pour les éleves. 11 faudrait prendre aussi en compte l'implication stric-
te, de caractére modal, et quiest plus proche du raisonnement propre a la pensée naturelle.

Le raisonnement déductif est d'une nature différente de Fargumentation spontanément mise en
oeuvre dans des discusions ou dans des débats relatifs a des conflits cognitifs. Une argumenta-
tion ne fonctionne pas d'abord sur le statut des propositions mais sur leur contenu. La prise en
compte du statut des propositions n'y est pas essentielle. Cela permet d'ailleurs a Vargumenta-
tion détre une phase privilégice de raisonnement dans les phases de recherche sur un probleme.
En outre les argumentations donnent lieu a des représentations différentes de celles de la dé-
monstration: cc ne sont pas des graphes orientés commme des arbres, mais des réseaux a rela-
tions multiples et non orientées entre les nocuds. La représentation de la structure profonde
d'unc argumentation fait apparaitre qu'il n'y a pas de pas d'argumentation.

Le développement de "la pensée formelle” ne peut donc pas étre décnit et expliqué a partir des ac-
tivités combinatoires et des opérations de la logique propositionnelle. Une telle conception con-
duit en effet & méconnaitre l'importance de !'interaction entre les représentations non-discursives
qu'un sujet peut lui-méme construire et les pratiques discursives qui lui sont spontanées. Une
telie interaction ressemble plus a une activité de codage ou de recodage qu'a une discussion
"intérionisée”. Cest dailleurs pourquoi elle offre i chague sujet un moyen de contrdle indépen-
dant du jeu de ta contradiction ou du consensus dans i communication : ce comtrdle est insépa

rable d'un processus dappropriat on personnele du sens
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TOWARDS A THEORY OF TRANSITION

Nerida F. Elterton and ML.A. (Ken) Clements
School of Education, Deakin University

Analysis of daia frons a longitudinal study of the etfecic of the transiion from clementary 1o
secondary s hooling on allitudes towards, and achievement in, mathemnatics is summansed.
Through the two case studies descnbed, we draw attention to the opportunity which
mathematics teachers have in capturing and maintaining the interests of students beginming
their secondary schooling, and point out the fragiie balance berween attilude and ability
[ fieulties in presenting an advguate theory of ransibon ane duwussed

A Transition Problem or a Transition Opportuaity?

The importance of the effects of the transition trom elementany to secondary school on attitudes
towards, and achicvement in mathematics has long been recognised (Power & Coucerell, 1981).
Traditionally the issuc has been presented as 3 “transition problemn.” In the Cockeroft Report on
s mathematics education in Great Britain, for example, the commitice stated. "We believe that the
greatest problems exist in the transfer to secondany or upper school™ (Cockeroft, 1982, para, 429,
There have been a number of studies of the so-called transition problem (e.g. Trebilco, Atkinson
& Atkinson 1977; Devlin & Goodger 1978, Power & Cotterell 19811 Clarke 1984a). However, in
; some recent longitudinal investigations, data has been presented which seems to challenge the
notion of a transitton problem (Clarke, 1985; Ellerton & Clements, 1988). We have found that
many Gndeed a majority of) children start secondany mathematics with positive feelings about the
subject and a desire to do well. Students we have interviewed have told us that they are now
“loving” mathematics, that it is “much better than last vear,” and they feel that they now understand
it better (Ellerton & Clements, 1988, p. 134) Yet, by the end of their tint year of sccondary
school, many of these same students have come to believe not only that they are doing poorly at
mathematics, but also that they probably never will do well at it. Thus, the “transition opportunity”
has given way o a “transiton problem " It seems 10 us that this abservation presents a major
challenge to mathematics educators: first, there is a need for rescarch to investigate whether it is
generally true around the world, and second, there s a need, i it s true, to reverse the trend so that
the opportunity s not lost.
Two major recent studics which take account of the clementary school/secondary school
transition cffect have been reported by Clarke (10854, ard by Ellerton and Clenwnts (1988). While
these studhes were designed and carned out independently, both used ethnographic approaches, and
both developed and anatysed Tongitudinal data sete Clarke stndied the changes i studenty’
mathematical attitudes and achievements over a three-year penod tas students proceeded from
Grade 6 to Grade Ry, and Fllerton and Clements studied changes over a seven year period (ax
students moved from school entry (Preparators Grade) through Grades 1o 7 Both studies took
place in Victona (Austnalia) where the elenmentary scheolisecondary sohool ransition ocours
between Grades 6 and 7: and both investigations focused on the differential reactions of individual ‘1‘
students from different clementary schools, who came together i the same Grade 7 sccondars
school mathematies classroom. These students had come from clementary schools where the
approaches ta teaching mathematios varied considerably. But at secondary sehool, they had e
same muathematics teacher, and they studied mathenutics topether m the same classroom
The Clarke study. Clarke (1985) monitored the individual progress, from Grade 6 10 Grade 8,
of ten students (whao originally canw from four different elementary schools) through ohservations,
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questionnaires, interviews and tests. He afso attempted to build up a composite picture of the
secondary mathematics classroom environment expericnced by the ten childien. He developed
procedure which enabled weachers to monitor and respond to the changing needs of students: Grade
7 students were regularly (onge every two to four weeks) given the opportunity to inform the
teacher of difficultics expericnced. success achieved, and sources of anxiety, and were encouraged
10 reflect critically on the teaching and feaming of sccondury mathematics (p. 256

Clarke mamntained his data suggested that “the impact of secondary mathematics on a student's
mathematical behaviour may be determined duning the fint vear of secondany school through the
cvolution of community opintons which the child conws to share”™ (p. 2555, He went on to suggest
that there is a need for a more comprehensive deseriptive framework than the usual restncted
constderation of attitudes and achievement it the process of secondary schooling and secondan
mathematics is 1o be usefully undesstond. From s case study data, Clarke arpued that varicty in
student background, ditferences in permonality, and evident diversity in students responses to the
same mathematics classroom do not suggest that a single teaching stale can meet the needs of
children commencing secondary muathienutics (p 255).

Matnematn gl Behav.ou.

Faanor [t nmers
L e
oy nvme

e

e g

Vo wons b iveng

Jigare 1 The clements of 0 model of miathematnal behinvaodr tron Clarke, 1988 p D3,

Chlarke (TURS) presented a two dimenaional model isee Figure Trwhich, he clomed, was entirely a
product of the research he had carmed cutap 2320 "Dus mode! attempted to deseribe and cxplain
the muathematic ! behunowr of Grade 7 ste it one dimension had poles Libeled “personal”™ and
eovionmental”, and the other, "attective” and Tvopminve” Varous tactors aintluenang
nuthenanedl bebaviour e matheratcad abihity, conerpnons o matiomation, and praciices ot the
learm ecovronment were placed b appropriste positieis

Clarhe's mmodel provides o useful starting point 1or discussion o the transatien
opportimity /probleny There are at least theee issues which seem to arne fromat o Are the 1wo
dimensions of the model independent? (hy What traits are represented by the two dimenstons”? 1¢)

What aingle continum might have “attective” and “copmtive” poles?

Do Fidees o an Ciomenr g s Sinee mach o the discassaon Literan this paper wall be
hased ondata ebtmed s on pomg study, oowill be desonbed i preater detal than was

Charke s In 1O oovor “on e who Gomme need thers schoohing ar mine sehoots seven state,




one Catholic and on¢ independent), in different socio-cconomic regions in and around the ity of
Gecelong, were given several language tests, and a wide range of background data (especially in
relation to their home environments) was also obtained. Further data, concerned with their
acquisition of reading and mathematical skills, were obtained in 1982 and 1983, and in 1985, 1986
and 1987 various aspects of their mathematical and language development were investigated by
means of interviews and pencil-and-paper tests, Also, in cach of the years 1985, 1986 and 1987,
the children were invited to make up mathermatical problems of their own (Ellerton, 1986).

At the end of 1987, over 300 of the original 500 children were still attending the ninc primary
schools in the Geelong region, and in 1988, almaost all these children transferred to Geelong
sccondary schools. We followed 90 of the children (our ‘transition sample’) to nine secondary
schools (seven state high or technical schools, one Catholic school, and one independent schoot).
Early in 1988 these students were given a range of pencil-und-paper mathematical problems,
several attitudinal instruments (including a Likent scale, a projective task, and an instrument
designed to measure students’ confidence in their mathematics procedures), students were also

invited 1o desenibe, in writing, the school nathenuatios which they were doing in 1988, and also to

:
x

outline their method for solving two given mathematical problems. One to-one interviews with all
90 students were audio-taped, as were interviews with their parents, and with their mathematics
teachers. Further pencil-and-paper and interview data were obtained towards the end of 1988,

The analvsis presented in this paper incorporates considerably more duta than that used in our

initial repont of the study (Ellerton & Clements, 198%). This initial report presented a summary of

the data for just two children, Cathy and Peter (not their real names), who attended different
E’ elementany schools but who were in the same class at the same secondary school in 1988. Cathy
and Peter were selected beciuse although their scores on standardised mathenativs tests had been

virtually ideitical in Girades 4, § and 6, the mathematics programs which they had experienced in

their elementary schools were signiticantly different.

Surunary of data for Cathy and Peter (to June, 1988)  Table 1 analyses and interprets data 1ot
Cathy and Peter 1o the nuddle of their fiest year in secondary schoul,

At the beginning of 1988, Grade 7 mathematics for both Peter and Cathy promised o provide an
opportunity for a new start in the subject. Peter had always wanted to do well w mathematics as
had his older brother and sister), but in clementary school he had experienced increasing difficulty
with the subject, This had been compounded by a month's absence from school, through illness, in
Grade 6. s initial enthusiasm for Grade 7 was somew hat dampened by the fact that he was
required 1o study, yet again, the topic of fractions which he had never really understood in
clementary school  Inaninterview carly in Grade 7 he commented that it had taken him ™ a period
or S0 (o gt 1o hnow fractions well” Such a statement 1s indicative of his over confidence in his

N ability 1o do mathematies, OQur data indicate that even at the end of Grade 7 he had not mastered
% glementary fraction ideas. For ¢xample, at that time, he indicated that he was ceram thal "18/16 =
45/46" and he thought that * 173 was less than 174

Although carly i her Grade 7 year Cathy thought matheriatios was important and wanted 1o do
well i i, she laeked contidence in her own abiliny o get correct ansaces, even when she knew
how 10 solve problems. She blamed her Grade 4 teacher for not covening appropriate mathematics,
and thought that this had forced her to have to cram too much new work nto her head in Grades §
and 6. She thought she would suceeed in secondary school mathematics, as had her older sister.
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Table 1.

Comparison of Data on Mathematics Performance and Attitudes of Cathy and Peter. Covering Grades Prep - 7

Aspect of PerformanceiAttitude

Cathy

Peter

1. Language facihty, Grades Prep-6
(Sundardised comprehension tests)

Above average
(similar scores to Peter)

Above averuge
(similar scores 10 Cathy)

2. Performance on standardised
mathematics tests (Grades 4-6)

Strong (almost same as Peter)
and above average for her class.

Suong (almost same as Cathy)
but below average for his class.

3 Level of confidence in
answers (o mathematics
questions {at beginning
of Grade 7).

Low: even when she knew
how to solve problems, she
was not confident of her
answers,

High: even when he appeared ©
have little idea of how to solve
problems, he was confident his
ANSWCIS WETC COMTect.

4 Atttudes wwards niathematios
W) Grades $and 5.

M Grade 6

) Farly in Grade 7

wh) Mid Grade 7

Felt she was not coping

Daoing better, but was not confident;
had fost interest by end of year

Keen to suceeed, but bored
(\avs she has done it atl beforey,

More contident.

Felt he was good at maths

Desperately wanted 10 do well.

Hated fractions, frustrated.

Hated tracuons, highly compettive,

S, Expectations of secondary
school mathemaues (at end
of Grade 6

6 Prepared 1o seek help i
mathemates (Cinnre 7y

Parenty’ perception of the
importanee and relevatice
of mathematies early in
Gride 7

& Problem-solving skalls.
(@) types of mathematica!
problems created on reguest

the salaingy cermatheman, al
problems

Louvked forward to a new
begimning ("It won't be hard -
W will getharder during the
scar. But it won't be because
they teach you how o doan ™

Yes, bothan chssand at honie

Saths should e pracucal Ir's
not practival i Grade 7. 1t gets
muore pratical i Grades 8 to 10
bhecause they start to use
caloulators and short cuts ™

Creanve; problems mide up
olten hud several operations o
were carefully chosen 1o make
them dilticult

Reawoned clearly (wntten andd
serhabt when solving problems

Hoping w do well,

("Sort of looking forward 1o 1

I want 1o hnow what they're

domg first . batafars o ditferent
. thats what I'd be womed about.”)

Retieent in class; older sister helps
at home Gt avitabie)

Youhave o dovers well
maths or Faghish ™

Mude up problems with single
operations; lage numbers used
10 make problems difficult. Found
own problems difficult to dewnibe,

Fastly confused and found o
ditficuloto tackle problems
UV 0SS Wy




Table 1. (contd.)
Comparison of Data on Mathematics Performance and Adtitudes of Cathy and Peter, Covering Grades Prep - 7

Aspect of Performance!Attitude Cathy Peter

9. Teacher's perception of

studemt’s attitude and
progress in mathematics: Capatile, but tended w grizzle - "Not teeribly brillant at his
(a) Early Grade 7 wanted teacher to know that she work, but making an cffort.”

could really dir most things.

(b) Mid Grade 7

Doing quite welt, but careless. Very quict; did not ask many
Coping without difficulty ; quaestons. Wanted w do well
asked for help when needed. Easily confused.

10. Child's percepuon of: Prefered new work 10 revising work Liked doing difTerent things and

(a) The nature of sccondary she already knew. Liked achallenge. spending longer on theme ("I you
3 school mathematics Dhd hetter in Grade 7 "decause heep doing the same thing for a
3 (Grade 7) last year we did harder things.” petiod or two, you know how v
’;; Found fracuons casy but didn't do o pretty well ... You've got
i ' ¢njoy them as much in Grade 7 to do maths, %0 you might ax

("because already knew them™. well do it and get on wath 1.

(b) The importance of Engoyed mathematics and thought “Itcould be useful tater n life
mathematics (Grade 7). it wWas very important. when | get ajob. But I'm not
a shop or anything now

(Y The need 1 do wetl Notas competinine as Peter Lovked

Fieroely compeutine,
at mathematies (Grade 7). for confirmation of correct work.

(d) What happens i the "He (the teacher) usually explains . "You geta bit sick of copyany
mathemates classroom and writes ditferent things up on the ol the baard You'd be betier o
(Grade 7). bouard, then just gives us work out work from the book a bt more ™

of the book, or he does it up o the
howrd and we copy it down ”

11, Parents” perception of "She is above average, but she 1s “He tikes o be at the top w every
child's approach to not at the op. If she Likes her tme thing  He 1s not content with onlhy
mathematics (Grade 7). she is fine. She always savs she apass . He o average or g bule

docsn’t understnd, but she does ™ better, at maths”

12, Parenin’ percepion of "If the teacher koves maths, st waill "I you hike the weachers, then von
the tole of cacheres COIE ACTONS 38 MIODIC IICTENMINg B are halt way there Teachens neacd
(Girade 7y do than a teacher who hates mathe he avanlable whenever achuld nee s

amd s more or Jess teaching ot hetp - for example, i lunch hoors

because they have to.”

sl COPY AVAILABLE



In Ellenon and Clements (1938, pp. 139-140) we commented that about three months before the
end of his Grade 7 year, Peter "was casily confused in mathematics classes,” that "the novelty of
secondary school was wearing off,” and that the opportunity for Peter to become good at
mathematics was “fading away.” For Cathy, on the other hand, Grade 7 mathematics had been a
tink of opportunity when she had been able to prove to herself that she could do nuthematics. With
clementary schoal mathematics behind her, she was no longer inclined to blame any difficultics she
now had in mathematics on earlier evenits. She had experienced a new beginniny.

The analysis of the data for Cathy and Peter and the large data set on the other students in the
study, mocked the common practice of placing beginning secondary (Grade 7) students into
nuathematics groups on the basis of scores on standard achicvement tests. We concluded (Ellenton
& Clements, 1988, p. 140) that such a procedure is a recipe for lost opportunity. The data drew
attention to the fragile balance between attitude and ability, and the interaction of these with the
mathematics curriculum and classroom experiences. We observed that, as the initial excitement
generated by the novelty of secondary school diminished, the opportunity for Peter 10 become good
at mathematics seemed to fade. But, at the same time as Peter was beginning to struggle with Grade
7 mathematics, Cathy took up the challenge, hegan to do well in the subject, and gained more
contidence in her ability to cope. At the conclusion of our 1988 paper we ventured to predict that
Cathy would do well in future mathematical studics, and that Peter would not. Yet at the stant of
Grade 7, both had been performing at approximately the same level in mathematics, and both had
heen looking forward to secondary school mathematics.

We now extend our analysis by considering end-of-Grade 7 dala for Cathy and Peter. We shall
then comment on the difficultics inherent in the idea of proposing any theoretical model for
eaphamning nuthematical behaviour.

What Might Constitute an Adequate Model of Mathematical Bebaviour?

Caihs and Peter. End-of Grade 7 Data

Cathy. When Cathy was interviewed at the end of Grade 7 she said of mathematics that it was

“harder, but hetter”. She added: "Actually, at's not really that hard once you understand it.”

Cathy's parents said that she had setiled into sceondary school very well and, as far as mathematics
was concermed, was now much more relaned. Her Grade 7 mathematics teacher comniented that
she had coped very well during the year, and "shouldn't have any problems in the future * He went
on 1oy that “she's anice girl, but grizzles about anything "

Pertormance and attitudinal data collected at the end of Grade 7 indicate that Cathy then had a
much better grasp of bavic mathematical concepts, was able to solve mathematical problems more
readify, and was very much more realistic i recognising whether she could or could not do a
problem than at the beginning of Grade 7, when she had lacked confidence and had often thougit
she might be wrong, even when she had actually obtained comect answers. At the end of Grade 7,
however, she knew when she had obtained a correct answer, and she knew when she had not
Grade 7otor Cathiy had been a time when she bad become more competent, more confident, and
mare relaved sotar as mathematics was concerned Whereas a year carhier it was not clear how

Cathy would respond to secondars school mathematios, she now had an exceltent foundation for

R4
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Peter. The catlicr data indicated that, at the beginning of Grade 7, Peter was reasonably
competent at mathematics, very compelitive, and desperately wanted to do well at secondary
mathematics. Howerer he was over-confident in his ability to obtain correct answers to
mathematical problems, and had a strong distike for fractions. Unfortunately, the study of fractions
was an important component of his carly sccondary mathematical experiences and this, no doubt,
contributed to a rapid decline in Peter's mathematical performance and attitude. This prompied us to
suggest (Ellerton & Clements, 1988, p. 140) that the trend might not be reversible.

) With about four months remaining in his Grade 7 year, Peter and his parents were sufficiently
concemed ahout his lack of progress in mathematics that they decided to hire a private mathematics
tutor. This tutor saw Peter one evening cach week and, during this time, went over the mathematics
which was being studied in class. Peter commented that the tutor helped him just before tests, and
added that "because my parents don't know a lot about it, and my sister's away studying, 1 nced
the tutor beeause no-one clse at home can help me.” “If 1 get really, really high up in the class,” he
went on o say, 'l probably won't necd a tutor any more " Despite these comments, Peter obtained
a very low score (5 out of 17) on atest of mathematical understanding administered to his Grade 7
class towards the end of the school year; Cathy, in the same class, obtained third-highest score (14
out of 17). Notwithstanding his low score on this 1est, Paul was certain that he was correct for 14
of his 17 answers, and thought he was cortect for two of his othes answens, By contrast, Cathy
was cerraen she was nght for only five of her answens (and in cach of these cases she was, in fact,
k. comect), and thoucht she was correct for eight of her other answers (she also gave comect answers
\j for these cight). She had been accurate in not thinking she was correet for her three incorrect

responscs. Peter's over-confidence had not diminished [t seems that despite help from his tator, he
»  did not know that he did not know. Cathy, on the other hand, knew when she knew.

‘v At the end of the Grade 7 year, Peter's mathematics teacher said that "Peter tends to think that
E he's got things perfectly uncer control, and then blows at, totally . Even though he shows

evidence of having done some extra work and makes an effort, he can be totally confused.” This

assessmwent is entircly consistent with our data So, too, was the teacher's end-of-year assessment
of Cathy: "She's coping well, and shouldn't have any problens.”

Difficulties Associated with Postidating a Model of Mathematical Behasoour

While Clarke’s (1985) model (see Figure 1) raises many interesung isues, we find some
difficulty in relating Cathy's and Peter's cases to 11 Any comiplete model of mathemancal
behaviour would need to explain not only how (@) cogmnne strategics, thi affective charactensues,
and (C) environmental factors are inter-related, but also (&) how cach of thewe i retated o
mathematical performance The ahove discussion, and that in our previous paper (Ellenton &
Clements, 1988). sugpest that cach of the four categonies tcogmuon, aflect environment, and
performance’ are mults dinwnsional

We would eenainly not expect that any two of the cateporics were onhoponal Furthenmore, E
other catepories sugpest theninelves formclusion in any wseful moded of pthematical Iehas cur
like, for example, mathematical atifity thowever this nas be defme s mathennincal maturis
(Piaget comes to mindy, and type of mathematios under consideration (¢ ¢ peomictry, analysis),
Even it aticntion were confined to the font categones histad in the Last paragraph, wowoubd not be
casy toachieve an ordering within any one catepory - for example, wattun raveronmental lactors,

L how should one order cultural relevance of the mathematics beng considered. the influence ol
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parents, the availability of lcaming aids in the clussroom or at home, and teaching methods?

It is not our intention to be unduly pessimistic. We believe that the transition research by Clarke
11985), and by ounselves, has drawn attention to the opportunity whuch mathematics teachers have
n capuning and mucntaining the interests of students beginning their secondary schooling. It seems
o us that tie notion of wransition epporniry is much more powerful than the more commoniy
heard concept of transition problem. Clarke's (1984b, 1987) innovative atiempts to monitor
important aspects of children's mathematical leaming provide promising and practical procedures
tor helping classroom teachers make the most of the opportunities with which they are presented.
But we are a long way from being able to present useful models which will enable the mathematical
hehaviour of teenagers to be interpreted sy stematically.

A comment made, at the end of the school year, by Cathy's and Peter’s Grade 7 mathemalics

teacher encapsulates the argunwents presented in this paper. He said of his Grade 7 class:

Thev're a hr\g"l charpy., h.rvy» proup, noisy as blazes The room s lemible  at's a portable
Thore are a few guite ¢or rne ks, mostare dverage to pour A few are quste troublesome,
behaviour wise They Canreally oreste problems . Some Kids stll run around in class like
ablowfly on a hottte: This paricuiar class s the worst Grade 7 Tve had for a while. [Us much
casier lo teach History and Geography, where they just have to copy stuff from the board,
than itis 1o leach Maths, where Uie range of alities creates big problems. What you put on
the board 1n Maths lessons 18 nat work, but 1t's a preparation {or doine work, There's a ot of
SUress avenciated with teaching Maths,

Acaretul and thoughtful reading of this statement. made by an experienced, successful and caring

wacher, suggests many subtle variables and associated interactions shich need to be covered in any

realistic madel explaiming students” mathematical behaviour, Theory-driven research in mathematics

cducation will be usefut only insofar as theories proposed are able provide a reasonable
approximation to reality. Our research, and that of Clarke (1985), aims at identifying imponant

vaniables which will be useful in the questto generate an adequate theory of transition.
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L'épreuve & long terme témoigne aussi d'une legére différence entre les
deux groupes : 74 en expérimental contre S8 en contrdle pour )'indice Opération,
qui est le seul indice comparable. En revanche cette epreuve montre une tres
nette progression de groupe experimental {indice Global 130) par rapport au
pré-test (indice Global B7) Mais ce qu'il est important de souligner pour ce
groupe. est le fait suivent : dan: 60F des cas {10 sujels » 1i problémes) le
schems correct est identifié, et ganc 562 des cas didentification correcte, le
schema est bien instancié !} y 8 manitestement eu apprentissags des relations
lors de I'experimentation sur le logicie:, mais sans transfert nntshle & 'épreuve
de post-test

4. DISCUSSION

En ce qui concerne la falcabniite de Vensergnement des relations additives
en CE2, laréponse est out , attectée par l'interet des éleves lors de 'exposé des
schémas au groupe experimental, leur participation aclive <t leurs progres auv
séances dentrainement sur le logiciel. 2151 que les perfarmances évaluées par
les résultats 3 V'epreuve @ long terne

S'ily a bien eu spprentissage, celui-c1 ne <e traduit que faiblament dans
les epreuves post-lest. Deux elements de reponze peuvent étre avsnces pour
expliguer ce fait. L'un tient 3 T'heterogeneite de nivean des enfants, Vautre su
poids des difficultés nurneriques dans la résolution de probiléres

Lors de la construction de lexpertence de validation nous avons sous-
stime Veffet potentiel des variations individusiies Ainst, tous 1es entants de
mveau inttial faible cu moyen n'ent pas stteint 1a fin du leqiciel, pourtant congu
pour étre expleite dans son intégralite Au hieu de fizer un nombre de céances
identique pour toutl sujet, ce qui defimit un critére de fin d'experimentstion
nous aurons pu fixer un norbre minimal de problémes reussis, definissant ains:
un critére de fin depprentissage Ce dermer poinl debwrde la presente
expérience et snstnit dans 1a problématique plus generale de la detinition des
cniteres d'évaluation d'un enseignement

Dans notre conception du programme denseiguement de SIFOS nous avons
privitegié tactivite de comprehension de I'enonce L'accent fut donc mis sur
Videntification de la relation e sur ca transformation en ecriture numerique En
revanche, nous ne nnus semmes pas Intérecaees g leiecntion du calcul L'ongine
de I'echec du transfert 4 la situation de test reside pent-étre a
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Durant l'entrainement. tes enfants ont appris a ze détacher de Vordre de
presentation des données dans 'enoncé. comme de V'ardre habituel decriture des
apergtions. Cet acquis se treduil par upe apparilion massive decriture
rorvzontals ive en calonne) et, parmi ces derniéres, une praportion tmpartente
Yadditions 3 trou La grandeur des nombres conzideres fait que les procédures
ge comptage dizpombies sent inapphicables et que seuls les enfants pouvant

tedecuter 1a soustraction reyssissent Ce qui mangue sux sutres, et gque
natre logiciel n'a absalument pas pris en charge, et ta pratigue de ia conversion
J¢ Vaddition en soustraction On peut enviseger un trargiéme module au logiciel
sraurant Ventrainernent 3 cette pratique.
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HOW BIG IS AN INFINITE SET? EXPLORATION OF CHILDREN'S IDEAS.
Ruma Falk and Shiomit Ben-Lavy'!®

Department of Psychology, The Hebrew University, Jerusalem

Children were required to compare the size of different

pairs of sets. In particular, the set of all numbers was
compared to a finjite set considered very large by the child.
They also located symbols of different sets on a long strip
in an attempt both to order them according to size and to
represent the gaps between them by the distances. Although
children (from about 8 on) generally knew that the set of all
numbers was the largest, the infinite gap between this set

and huge finite sets was not conceived until much later.

Above everything, we must realize that "very big"
and "infinite” are entirely different. ...There is
no point where the very big starts to merge into
the infinite. You may write a number as big as you
please; it will be no nearer the infinite than the
number 1! or the number 7.

Kasner and Newman. Mathematics and the imaginatjon
(1949, p.34).

One of our colleagues, a psychologist, said recently in a
lecture: "Now, that we know how to do it, we can run an
almost infinite number of experiments.” Although this
particular bright young man is well aware of the difference
between a big finite set and an infinite set, we quote his
statement as one example out of many utterances in daily
discourse, in |iterature and in the media, where "infinite"

is used to drsignate large but finite. We suspect that such a

(1> This study was supported by the Sturman Center for Human

Development, The Hebrew University, Jerusalem. The following
students assisted us and contributed significantly to the
resgarch: Yotam Benziman, Chanan Goldschmidt, Pazit Meiraz

and Margalit Ziv. We are grateful to them.
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prevalent figure of speech. although used metaphorically,
occasionally reflects some ambiguity in adults® minds and
helps to blur children’s distinction between very many and
fnfinitely many.

The aim of the present research is to explore chiltdren’'s
ability to distinguish between finite sets that they consider
very big and the "smallest” infinite set, i.e., the set of

natural numbers.

Comparison cf Sets

We presented 38 children, aged £ to 13, with simple questions
requiring a judgment of "what are there more of, X or Y?",
where X and Y were replaced, n turn, by members of different
sets, like leaves on all! the trees in the forests, hairs on
all people’'s heads, grains of sand on earth, etc. The set
that was judged larger in each step was next compared to a
new one. The "winning®” set in that sequence of binary
comparisons (assuming transitivity) was then compared, in our
target question, to the set of all numbers. The children were
also asked to justify their judgments.

The percent of children who knew that there are more
numbers than members in their largest finite set, and knew
why, in each of three age groups, was as follows:

5-7: 29%; B-10C: 7I%; 11-12: B83%
Here are two examples of good explanations:
Mor, age B: "There are more numbers, they never end. Grains
of sand will take you perhaps two thousand years to count,
but at some point we'll finish them, they will end up for
you." Eftan, 9(3): "Numbhers, because the numbers go on
forever, and grains cf sand ... there are, say, on earth
million grains of sand, then the numbers can go on: million
and one, million and two, and so on without end.”

The following are examples of children who scored

negatively:

Omri, 5(10): "There are more |eaves. because on each tree

there are many leaves, and numbers there are more fewer.,"
Danfel, 7(4): "Sand, because there is no number more than
tri-ion and there is plenty of sand in the world ... wherever

you go you see sand.”




In the cocurse of our research on potential
children (Falk et al.,

infinity In
1986), it became evident that

sometimes children were able to say that

"there is no end to
numbers, " but they were unable to apply the implications of
that statement beneficially in a competitive game. Children
had often heard from parents or siblings that there are

infinitely many numbers, without internalizing the meaning of

this contention. We therefore wished to test the

understanding that not only are there more numbers than

grains of sand, but that there are infinitely more numbers

than objects in any finite set. Consegquentliy, we asked the

children also to represent the gaps between different sets,
This exploratory task was run with 91 children (48 boys; 43
girls) aged 6-12.

Method. Small cards, each bearing the name of one of the
e compared sets, were prepared. They were presented after being
through with Comparison of Sets. We read together the names

of the sets, then we asked the child to arrange the cards

1 from left to right according to their estimated set size. A

: long strip (ca. 90cm) was now presented, and the child was
instructed to carefully paste the cards on the strip so that
the spaces between the cards would represent the gaps in the
set sizes. Before doing the job, the procedure was explicitly
demonstrated and explained with familiar sets like "fingers
on one hand" "fingers on two hands”™ and "all the people of
Jerusalem.” The children were guided to keep the two first
cards very close to each other so as to leave space for the
much bigger difference between the second and third set. We
tried to explain the task of representing the gaps

proportionally by the distances, without using technical

toerms. Children were also asked to explain their placements,
Ve offered this task halfheartedly, since the correct

response to the task of placing the set of all numbers should

be to refuse to do {t. No finite strip, whatever {ts length,

can suffice for placémsent of that card, no mitter what scale

{s applied. Presenting an impossible task to children, who

are eager to cooperate and comply with the experimenter's

requests, is not a desirable procedure. We felt, however,
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that it we do only with Comparison of Sets, we run the risk
of missing important information. Consequently, one of the
most important features of the procedure was our last
instruction: "If you feel the strip is not long enough for
you, please let us know, and we'll see what we can do about
it." If a child did respond that way, we tried to find out
why did the strip not suffice. We asked whether an extension
would solve the problem, how long an extension, and if not,
why.

Analysis_ of_ results. Let mi(set) denote t'a measurement in
centimeters (reading from the lett end of the strip) ot the
location of (the middle of) the set's card. A quantitative
index that we cali Critical Ratio, CR, was extracted from the

praduction of each child:

CRz--- ROALL Numbers) - m(largest finite set)
m(largest finite set) - mismallest finite set)

CR assumed a negative value whenever some finite set was
estimated to exceed the set of all! numbers. When a child
refused to place All Numbers, even though we offered as long
an extension of the strip as she wished, we assigned a CR:=w
to that performance., Determination ot the status of a child's
understanding was not as clear-cut for positive and finite
CRs. We further differentiated between OCCRS1 and CR>!. The
latter signifies at least an understanding that the
difference between All Numbers and the largest finite set {s
greater than the gap between any two finite sets.

Observing the children, whose CR was positive and finite,
at work, and listening to many of them think aloud, we
realized that in most cases they were not comparing the
distance between All Numbers and the largest finite set to
that between the largest and smallest finite sets. They were
comparing it, instead, to the distance between the largest
finite set and the one before it, Apparently, chlldren could
not cope with simultaneously comparing all the distances they
were oreating to each other, and they were focusing on two st
8 time. Consequentiy, we decided to modify our index so that
it would better retlect the subjrcts’ decision process. The

revised measure was
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m(All Numberg) - m{largest finite set)

m(largest finite set)-m(one hefore largest finite set)
Whenever CR is negative (or zero) so is CR', and the same is
true for an infinite CR. For positive finjte values, CR’2CR.

The results are presented in Table 1. Children are
distributed according to years of age. In each age (row),
they are distributed in percentages into four levels of
performance. Besides the children's measure of performance,
we also considered their verbal responses. Children who
unequivocally expressed an understanding of the infinite
distance between the largest finite set and All Numbers were
noted. The percent of these chitdren (out of all children In
their age group) is given in the last column of the tabie.

Table i shows a decline with age of negative CRs. The
percentages of higher levels of pertormance are increasing
with age on!y very globaliy. On the whole, the slope of the
developmental progress is very shallow. The same is true with
respect to the mean ages of children in the different levels,
presented in the bottom line of the table. The means have to
be cunsidered relative to 9(4), i.e., the mean age of all 91
children. These results can partly be accounted for by the ’
rather small sample in each year of age. They may also
reflect a real high variability within age groups, and a weak
polarization with age, of a concept that is not learned in
school. The index CR might possibly be inappropriate. This
experiment is now going through extended replication and
reexamination of procedurs and analysis,

Ve:bal _responses. Children's explanations were often
informative. Let us consider a few exampies.

The first, iliustrates misunderstanding of both the
infinity of numbers and the infinite gap between them and
finite sets, Carmit, aged 10, placed "leaves on all the
trevs™, "grainn of sand on earth®™ and "all numbers” adijacent
Yo #ach other in increasing order. "Grains of sand and
numbers have about the same number, this f{s the biggest
number that both you and | don't know, but it exists,

therefore | cunnot show the differrence between them hy a

The follnwing, would probably be positively scored were

25y




Table 1, Distribution of children by age and by level of

performance (in percentages),
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we to test them only in Comparison of Sets. They did say that
there is no end to numbers, but betrayed their tack of
assimilation of this contention by some addit{onal comment or

act. Eyal, 8(6), commented while locating All Numbers not at
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the extreme right end of the strip: "There is an infinite
number, so { put them almost at the end” (jtalics added).
Yair, 8¢(6), placed leaves, sand and numbers in increasing
order, at the edge, very close to each other: "There are more
numbers. Even though there are plenty of leaves and grains,
they end, and numbers do not end. There are more numbers,
somewhat more but not a lot more."

Several children, not only refused to place All N.umbers,
but Jjustified it in a near perfect way so as to leave no
doubt concerning their conception: Einat, 10(10): "There is
no place for numbers. There are numbers up to infinity and a
fixed amount of grains of sand, so the distance between them
is endless, it is therefore best not to put it at ail." Yosi,
t1(4): "1 have no place for numbers because there is no end
to the numbers in the world. You can place on the strip only
things that have an end."” 'Which length of a strip do you
need in order to be able to locate All Numbers?' "There is no
such a strip ... | can take a strip from here to America and
it would not suffice, even {f |'l]l put a strip on aitl the
length of earth there would be no place because there is no
end to numbers.” ltay, 11(5), refused to paste both Grains of
Sand and Al!l Numbers: "The space is not sufficient for the
last two sets. There is a giant gap between the leaves and
the sand, it {s a giant distance, it will take a lot of time
to count, but there is a gap. However, with respect to All
Numbers, it is impossible to count, so it is impossible to

determine a distance. | cannot represent All Numbers,"

Discussion
ViAo transition trom Joaroe o manhees e
P ortnally e @ gualitatiee dizonntinooan 1o s
required. Still, the conjunction of the results of Comparison
and Location of Sets suggests that, psychologicaliy, the way

to infinity is not that simple. Some gross developmental

stages seem to shape up.

Most of the youngest children think that the set of all
numbers i5 a large tinite one, not necessarily greater than
distinctively big finite sets, This belief decreases stenply

with age, From age B8 on, only a minority of the children
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think so, and they often convincingly verbalize the claim
that there is no end to numbers. We could have thought that
they fully understand the infinity of numbers, {f not for
their responses to Location of Sets. ‘‘hroughout a long
period, extending to age 12, or possibly beyond it, the
majority of the children are content with representing the
distance between a huge finite set and All Numbers on some
finite scale. Among 1! and 12 year olds, only 30-40 percent
insisted on the impossibility of that task.

Admittedly, Location of Sets is loaded with problems. In
particular, we sometimes cannot know the status of
understanding of children who have placed All Numbers at the
right-hand end, far beyond all finite sets. Possibly, they do
grasp the infinite nature of the gap, but they have
represented the gaps only ordinally, or they tried to conform
to the instructions of locating all cards. Still, in many
cases, children's beliefs could be diagnosed by that task.
Certainly, there was no doubt concerning children's
understanding in the extreme cases of either a negative or an
infinite CR. The hardest to interpret was a performance that
resulted in a finite positive CR., [f, however, the chiid
located All Numbers not at the extreme right end of the
strip, leaving extra unused space (as did 17 subjects) it was
indicative of lack of conflict between the finiteness of the
strip and the unending gap to All Numbers. Also, when All
Numbers and Grains of Sand were placed adjacently tas did 8
subjects), it could be interpreted to reflect the belief that
there are almost as many grains of sand as numbers. Finally,
some of the better explanations of the abysmal gap to All
Numbers, cited above, seem to reflect a level of fuil
understanding, to the extent that any of us can ever

completely comprehend infinity,

Reference
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HYPOTIIETICAL REASONING IN THE RESOLUTION OF APPLIED
MATIEAMALICAL PROBEENS AL LHE AGE OF K 10,

Pier Luigi Ferrari, Dipartimento di Matematica, Universita di Genova, Italia

Summary
I have observed a wide wse of hypothetical reasoning in the resolution of applied
mathematical problems by children from the age of 8 to the age of 10 who are testing owr
project. Such use seems to be related to problem solving skills, even if problem solving seems
not to be the most suitable setting in order to develop hypothetical reasoning. 1 give various
examples of such pattern of reasoning and try to analyze its functions in problem solving
activities. | present also some settings which can force a correct use of hypothetical reasoning

and point out some open problems

1. Introduction

In the context of the project for teaching mathematics in primary school, to which are
" related various rescarches of our group's on problem solving in curricular environment, we
E' have noticed some interesting phenomena with regard to the presence of hypothetical
reasonings in resolution procedures, as a wide use and a good mastery of it by good problem-
: '_ solvers or also a quite wide presence in some kinds of problems and nearly total lack in others.
; So it scemed to me useful to focus the question of hypothetical reasoning in problem
- solving environment, to explore its functions (section 4) and to find out some conditions which
";vcan make casier or hinder the proper use by pupils (section S). This is the beginning of a

f- tescarch, not an accomplished one. Till now my work has concerned only the analysis of
hypothetical reasoning as expressed by children and the statement of some related hypotheses.

| have chosen to observe children at the age of 8-10 because it is the period during which
‘our’ pupils are widely requested to write down their own solving strategies and because |
think it is a crucial age as to the developmient of problem solving skills, for at that age children
usually acquire attitudes, behaviours and concepts which strongly condition their problem
solving performances afterwards,

As ‘applied mathematical problems’ Emcan all those problems that concern aspects of the
real world (occupying or dividing portions of the classroom, planning the utilization of penods
of time, estimating of expenses for travels or purchases, projecting scientific ‘experiments’....)
and need the use of mathematical concepts and skitls (in anthmetical or geometrical setting), |
have chosen to refer exclusively to these problems because they are particularly frequent at the

E e of 8-10) in our project for primary schoot and the hehaviours I am interested to analyze in
" this report appear very frequently in some of them.




2. The context and some related questions

As previously mentioned, | am going to refer almost exclusively to pupils who are testing
our project for primary school. As regards the purposes of this research, I deem these features
of our project the most relevant (sce {Boero, 1988]):

- applicd mathematical activities are the privilegiate setting for the construction of
mathematical concepts and procedures;

- teachers are engaged on teaching language competences, mainly with the purpose of the
production of spoken and written texts, in suitable settings to force a syntactical enrichment
(descriptions of productive processes, of the behaviour of relatively complex machines, etc),
since the beginning of primary school. Among the activities performed which such purposes, 1
mention: children's verbalizations of their own strategies, which is requested since the age of 7
$0 that they can account the reasoning they have used in the resolution of the problem; the
resolution of word problems without explicitly given numerical data or geometrical problems;
the construction and verhalization of computational strategies in applied arithmetical problems
with numerical data, before the introduction of written computation algorithms.

As 1o the experimental conditions in which the protocols | have taken into account in this
research have been gathered, they are the same already stated in {Boero, 1988); particularly, the
major part of the records we have examined come from 'observation classes', which we look
after with particular care and more widely from the first year to the fifth (always with the same
teacher(s), as customary in ftaly), in order to get more detailed and complete information on
both the whole work and the features of the pupils involved.

3. Verbal manifestations of hypothetical reasoning: typical situations

The verbal manifestations of hypothetical reasoning we consider in this section can be
viewed as 'locally’ spontancous, in the sense that they have not been preceded by discussions
nor by teacher's interventions addressing to such pattern of reasoning; nevertheless, it is
necessary to point out the large extension of verbalization activities in the whole project, and
also that the best writicn pupils’ texts describing their own strategies (when effective) are
strongly emphasized by wachers when pupils are comparing their strategies cach other.

We have observed three man hinds of hypothetical reasoning in applied mathematical
problem solving.

(A) Hypothetical reasoning related to problems with alternative initial data or conditions
which may change the resolutive procedure. In some cases (A1) the alternatives are explicated
in the task given by the teacher or agreed in class, in other ones (A2) the pupil himself must
- single out such altcrnatives. Examples of A1 settings arc the extimates of expenses for travels,

depending on the means of transport chosen (at the age of 10), or for productions to be made in

classroom {cahes, biscuits, .., depending on the amount of product one want to get (at the
age of 8.9y,

(]
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Let us consider the following example (example 1): the children are requested to calculate
llle cost of a pizza - ingredients and tools - if it is produced once and if it is produced twice.
Keasomngs as the following are frequently carried out by children related to such problems:

“If we want to make the pizza for all the class we have to buy ... and then we spend

1" totally ... if we want to make the pizza twice we should spend a double amount for ingredients,
=" but nothing more for tools, for we have already bought them, ...”

(B) Hypothetical reasoning related to the alternatives or difficulties one may find when

executing a procedure, or conditions which the solution must fulfil. In these cases pupils have

' to follow (B1) or state in a utterly autonomous way (B2) alternative working hypotheses

‘. related to such conditions. Among the situations Bl hypothetical reasoning is often found

- when in order to buy some goods agreed in class an extimate of expenses is made which must

.

‘ be related to the amount of available money (example 2):

“If we buy, ...we spend... But we have got only... and so we must reduce the amount ...

X not to exceed the money we have...”

Examples of situations of kind 32 in our project are frequent, at the age of 8-10, as when
puplls autonomously make hypotheses on how to divide a space in a given number of equal

. portions (for cxample, to represent on a wall of the classroom a given historical perind) and

show how they must act if such hypothesis does not lead to a correct solution. 1n the
following example (example 3), the task is to represent a 54 years interval (1935-1988) by

i joining some sheets on a wall so that it is completely covered. Francesco is a child coming
. from socially disadvantaged background but very good problem solver.

Francesco: "We have already drawn the ‘line of time'. You have to take a large paper-

; sheet, say 25 cm long. With a ruler you measure the sheet. It must be 25 cm long, if it is
E longer. make a bar at 25 cm, if, on the contrary, it is shorter, join another sheet. The sheets
- must be totally 54. Then write the years: 1935, 1936 and arrive till at 1988. But if it is larger
(than the wall), you try with a lower measure, or, if you have spared some space on the wall,
E you join equal parts to the base, longer, ...".

Teacher: "I do not undersiand”.

Francesco: “If you have spared some space, you measwre it and divide into 54 equal parts.
and join one part 1o each sheet”,

Another situation in which pupils have used widely hypotetical reasoning is the following
{example 4): this year the class has been transferred to another building. The ‘new schoo!’ is
very close to the ‘old school'. If pupils want to go on measuring length and directions of the

k. shadows of a nail, as they had done last year, a question ariscs if they must go back 1o the old

Ehool's garden or they can perform measurements in the new one, without affecting them. An

~experiment is planned: a group of pupits goes to the old garden, another group to the new one.
- The two groups perform the measurations exactly at the same time, in order to check whether
E the measures arc equal. Last year they had been measuring the shadow of a nail driven in a
: plywood board and sticking out of the board by 4 cm. Now they decide to construct another




board (with polystyrene as they have no nwre plywood) and drive in it another nail. The length
of the portion of the nail sticking out of the board must be the same as the other nail. The new
and the old board must be each in a horizontal position, one in the new garden, one in the old.
These conditions have been suggested by pupils, with some assistance by the teacher. In the
protocols we have found a lot of reasonings as the following:

" .. take a nail 6 cm long, now measure the thickness of the new board. If it is not the
same as the plywood board, do not drive it in the board by more than 2 ¢m. Sv you have left 4
cm sticking out of the board, which is the true length of the nail and is the same as the plywood
board. .... Go to the garden and put the board in the sun, in the same position us last year. If it
happen that the board is Iving on the gravel, then level the ground until it becomes a smooth
plane. If you cannot go on levelling it and there are still some stones you cannot remove and
make the board swing, it is unpleasant, because shadows are not comparable. Then lay the
board on the pavement (which is very close) in the same direction as last year. ...".

In this case the function of hypothetical reasoning is foreseeing the situations which may
affect the soundness of the whole procedure and planning suitable interventions.

(C) Hypothetical reasoning is also present when children are comparing different strategies
(age of 9-10); sometimes, in our classes, children, after they have solved a problem
individually, are requested to compare their strategies each other; then we can observe kinds of
hypothetical reasonings as the following (example S):

“I have done in this way... if | had done as Claudia | siould have found.... Then the
reasoning of Claudia needs longer and more difficult calculations than mine..."

The list of situations in which the use of hypothetical reasoning is shown is related to what
we have observed up to now. There may be other situations in which hypothetical reasoning
can be found. I want also to specify that in a great number of situations we can find different
kinds of hypothetical reasoning (in particular, A and B) at the siame time, as in examples 2 or
4. On the other hand, our classification itself must not be taken as a rigorous one, as there is
not a very sharp boundary mark between situations of kind A and of kind B.

In all the cases we have taken into account, we have found that hypothetical reasoning is
developed in a correct way mainly by average and high-level pupils; in situations of the kinds A
and B children using more widely and properly hypothetical reasoning are good problem
solvers, and, conversely, good problem solvers are usually good performers of hypothetical
reasoning in situations A and B,

I'remark that the use of hypothetical reasoning in other settings is not casily transferred to

applicd mathematical problems. It scems that who uses properly hypothetical reasoning in
problem solving is atrcady able to use it properly in other settings. This can strengthen the
hypothesis that problem solving activities are not very suitable to force the acquisition of
hypothetical reasoning, hut they are a good opportunity to refine, extend and develop it
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4. Functions of hypothetical reasoning in the rcsolulion of applied
mathematical problems

The following remarks about what described in the preceding section can be interesting as
to the didactical choices to be performed to improve problem-solving skills of pupils and, more
generally, to improve mathematical instruction.

Hypothetical reasoning plays seemingly different functions depending on the different

. cases we have considered.

In situations of kind A it is useful for children to become conscious (in a more or less
autonomous way) of the situation and to find the resolution procedure, with suitable
adjustments to initial conditions. The capability to get on taking into account the different
conditions is related to deductive rcasoning, as far as it can be performed in primary school. It
is widely diffused the opinion that at this age deduction cannot be viewed as the application of
rules (see, for instance,[Johnson-Laird, 1975)). My research sketches a possible way to

"f” overcome the difficulties widely supported by evidence in developing reasoning skills (see, for

instance, {O' Bricn and others, 1971])

In situations of kind B hypothetical reasoning can play two functions very important and
strictly related to the construction of the resolution strategy, which explains why there is a good
"“ correlation with nroblem solving skills:

- a central tole of support to the planning of the resolutive strategy: the pupil is forced to

7 analyze his procedure and foresee the arising of difficulties or alternatives. He can put himself

-~ in a particular casc (stating some particular hypothesis) and then generalize it with suitable
‘ . adjustments if it does not fulfil the conditions previously stated.

This is a heuristic process which we have found mainly in problems related to measure or
geometrical constructions (see [Ferrero and Scali, 1987]). It is transferred to a great deal of
children as a result of the construction of computation strategies to get numerical results before
the introduction of standard written division algorithms. For example Francesco, the pupil of
example 3, few months later, scarching for the amount to be paid by each of the 19 pupils of
his class for a trip whose total cost is 74000 lire, writes (cxample 6);

"If any child pavs 1'000 lire it makes 19°000; then let us try with 2°000 lire: it makes
38.000. It does not vet suffice. If any child pay 10°000 lire, it makes 190°000, which is too
much. ..." (and so on, by trial and error, he comes to “little less than 4°000 lire” and then,
specifying "how much one has to take off” he comes 1o "about 3'900 lire*).

- A more restricted, but not negligible roic of plain adjustment to the conditions which have
.been posed on the solution: in this case (see example 2) we have alrcady remarked that the

- th hypotheses are not chosen by the pupi! but are atready given by the setting in which
~ the problent is stated.

In sitnations of kind C hypothetical reasoning is used by pupils to reflect on their own
strategies; they have to evaluate the consequences of the choice of altemative procedures. This
capability, according to our observations of pupils, seeins not strongly correlated with problem
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solving skills, as it can be found even in pupils not very clever in planning, Nevertheless, it is
relevant for the mathematical instruction, as it plays an important role in a great deal of
mathematical activities (analysis of algorithms, checking of proofs, ...).

Generally speaking, it can be remarked that hypothetical reasoning in applicd mathematical
problem solving is relevant, in different ways, in order to construct correct and fruitful attitudes
(analysis of conditions, discovery of consistent strategies, checking of the solutions, statement
and investigation of resolution hypotheses, ...), which are also related to other mathematical
activitics (proofs, ...).

§. Conditions for the development of hypothetical reasoning in applied
mathematical problem solving

The purpose of developing hypothetical reasoning (in the different forms and with the
different functions mentioned in the previous section) seems very important related to
mathematical instruction, So 1t is is interesting to ask what conditions may make it easier.
Based on what remarked up to now, it scems to me that it is necessary distinguish between
conditions external to resolution processes and conditions internal to it.

As already remarked in section 3, problem solving activity seems not to be very suitable to
construct the linguistic and logical tools that are needed to develop hypothetical reasoning.
After a long term (2-4 years) analysis of cach pupil's performances, I think I can conclude that
pupils, to a great extent, improve their use of hypothetical reasoning in mathematical problem
solving only if they have already achicved a first-level mastery of it in extra-mathematical
environments .

Moreover, I think that the development of hypothetical reasoning inside applicd problem
solving situations needs some careful choices by teachers regarding the following aspects.

‘The choice of the context for problen: sotving activities: problems which are viewed by
children as artificial or not very well related to their experiences and concerns often lead to
stereotyped answers (if they are straightforward) or to blockages (if they are difficult); in such
cases the pupil hardly engages himself in the endeavour of stating working hypotheses or of
carefully analyzing data and conditions which are inherent to the situation. Very often the
pupils, even if he can find a solution, does not compare it in a critical way with the situation.
On the other hand, the relevance of context in problem solving has been very well pointed out
by a great amount of rescarch (sce, for instance, [Lesh, 1981, 1985).

- The choice of the problem solving situations and of related tasks (cither they are stated by
the teacher or discussed and agreed with pupils): as previously mentioned, hypothetical
reasotiing can be found widely only related to particular features of the situation or to precise

conditions poscd by the teacher or to requests to perform some activity. For example,

hypothetical reasoning hardly can be found when the task is to solve a problem which needs
only recalling and applying a resolution procedure the pupil has alrcady leamt and used in
analogous situations, or when the resolution procedure is constnucted by a sequence of steps
strictly rclated each other without the arising of alternatives or difficulties, or when the




merical data distract the pupils from reflecting on the procedure. | have also observed that
gonditional sentences are used rather widely by pupils when planning the resolution of a
jpeoblem, whereas they are hardly used when recording the resolution they have already found.
It seems 1o me that in the former case pupils are intcrested in relations between hypotheses and
consequences, whereas in the latter they are more interested in the sequential structure of facts.
£ This may be related 1o the well known difficuliies of students in understanding implication and
other logical schemes (see, for instance, {O'Brien and others, 1971)). It seems that ‘open’
. gituations, in which reality is orienting and stimulating pupils, are the most suitable to
- stimulate heuristic activities and hypothetical thinking.
- The interventions ot the teacher during pupils’ work; let us consider the following
" prowcol (the task is the same as in example 3)
Sabrina: “/n my opinion it can be performed in this way: you take a large paper-sheet, pus it
E' on the ground and count from 1935 10 1988, and they are 54 years. Then mark a space 25 cm
long with a 50 cm long ruler, and draw a line with the pencil, if it is exact, you can trace over
with a marking pen. Hang it on the wall and in each interval write the year.”
- Teacher: "And if it is not exact?"
B Sabrina: "If 25 cm are o much, try taking awdy S cm, and it leaves 20 cm; wry performing
E U1 54 times, and if it is longer than the wall, it means that it is still 1o much. Then take away
‘ more centimeters.”
‘1 Teacher: "But it may happen that, after much taking away, it becomes too short. Explain
‘11‘ ‘this other hypothesis."
f ~ Sabrina: “If after much taking away the sheet becomes too short, join a little squares, so
. shat they are enough 1o get the exact measure.”

' It is evident that teacher's intervention, relying on Sabrina's already constructed
competences in verbalizing hypothetical reasonings, helps her to develop such reasoning
. #cording to the situation. In effect, after few months the protocols we have examined show
' that Sabrina has nearly achieved a remarkable self-confidence and autonomy even in more
difficult problem solving situations than the preceding one.

The comparison between the resolution strategies chosen by each pupil is an effective way

~ 1o force the development of hypothetical reasoning in applied mathematical probiem solving.
For pupils who are ‘close’ (in the sense of [ Vygotsky, 1975]) to a proper and autonomous use
of hypothetical reasoning in problem solving environment, going over their friends’
hypothetical reasonings, adjusting them and comparing them with their own (eventually only

Aketched) reasoning is decisive as to get substantial improvements in this matter,

6. Open questions

At this point of the rescarch, in my opinion, there are three kinds of open questions.

- Refinement and checking of the hypotheses | have stated in this report (in particular; as
" regards the correlations among the various forms of hypothetical reasoning shown by children
. and the more general applied mathematical problem solving skills; as regards the assumption
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that linguistic general competences in verbalizing hypothetical reasonings must go before the
use of such reasonings in problem solving; as regards the conditions which seems to make
casier the development of hypothetical reasoning in problem solving environment.

- Comparative studies on the kinds of resolutive strategies that hypothetical reasoning (as
verbally expressed) could make easier, referring from one hand to pupils who are going out of
primary school, after a § years training with our project, on the other hand to pupils who are
coming into our experimental classes in comprehensive school (age 11-13) from waditional
instruction at primary school level. In effect, it can be interesting to know if the wide use of
hypothetical reasoning we can found in our pupils, in suitable settings, (which is not very
usual in italian primary school, at the same age and with the same kind of problems) is related
to the insistence of ‘our’ teachers in requiring that pupil explicate, in verbal form, their
thoughts, or to the acquisition of deeper an richer ways of thinking than the usual ones of
chidren at the same age.

- Statement of further hypotheses, as regards the influence of reasoning skills ueveloped in
applicd mathematical environment on problem solving skills related to internal questions of
pure mathematics. It seemn also interesting to explore the connections between the development
of hypothetical reasoning in situations of kind B2 and the development of more general skills
- of autonomous planning in applicd or pure mathematical or extra-mathematical environment.
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TWO DIFFERENT VIEWS OF FRACTIONS: FRACTIONATING AND OPERATING

Olimpia Figueras.

Centro de Investipacion v de Estudios Avanzados del 1PN
Programa Nacionil de Formacion y Actualizacion de Profesores de Matemiticas
In this paper, a description of sources of failure, identified from the solwtion strategies used hy
students in problems corresponding to two different meanings of fracton of a unit, is
presented. To carry out the sudy a test was applied to 11 pupils (between 11 10 14 vears old)

in the first vear of the secondary school. After the data obtained were analvzed. tvelve of the
stidents were interviewed individially.

Introduction

Building up rational number knowledge requaires the identification of ditferent meanys o
that concept. Kieren, T, in 1970, identified seven interpretations of rational numbers Sinee
then, researchers thtoushout the wotld have redetined this classification or used othes
categorics of vomtrudts o carty out further investigations related to pupids” undentanding o
the different i nngs of the wforesaid concept Gee for example Behr, Mo Lesh, R Cand Toaal
T.. 1UN3).

From a difterent point of view, Frendenthat, Ho, in 1983, has highlizhted not ondy ditferen:
meanings of fractions but also diverse functional characteristics within the situations in which
the fraction: are embedded.

For several years, a group of Mexican rescarchers have been working on o rosearch progt
in an attempt to better understand the learning processes involved with school mathenutics.
As part of that stwdy, an investigation which traced the development of the concept of fraction
of aunit, takmg ato acconnt the ditterent undertving meanings esaious teachine nusdels o
fractions, was carried out. In ths paper, i description of sources of Tadure, wdentitied fuom
strategics used by pupils in problems corresponding o a) the pnimitive Egvptian and by the
discrete madel of fractions, is presented. The complete report of this investigation can he

d in Figueras, ()., 1988,
Characterization of a teachmg whemey Teaching medels

An analyas of the teaching strategies included in the compulsory Mexican teatbook s tor he
elementary school was camied out. The aim of this analyais was o identify those meanings

taken into accountin the didactival approach and to charactenze their organisational stucture
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The didactical setting as a whole was charactetized as aconcepunl netconnected by

diverse teaching models. A geaching model was detined as the set formed by: 1) the specitic

weanming of tational number intended to be taught, 23 the teatment employed o teach that
meaning, 3) the Language used in the teaching strategies, 4 the necessary abilities required to
understand the meaning via the treatment, and, $) ihe inherent relationships between all those
elements. (For further details see Frgueras, O.: Filloy, E, and Valdemoros, M 1987),

The organisation of the didactical approach, thiough a juntaposition of teaching models,
establishes links between different meanings of the concept of ratonal number. By
estabhishing those links, conceptual chains are formed which lead to the construction of &
coneeprual net mmed towards more abstract significance The uhimuate poal of the eaching
procedure is 1o provide the conception of a rattonal is a number.

In the teaching scheme for the elementary school various teaching models were indentified

Those considered tor this study were charactenized as follows

fraction of a4 unit. Fractions appear as a means of relating a part with the whaole. The treatment
used i our textbooks highliphts the fraction as a “fracturer” of a continuous whole, This
aspect of i fraction s generally illustrated by geometrie figares or pictures of an object (tor
example, a biscut o an orange), which are used tor parnion and sphtting processes - the well
known e model™,

The diserete model, Fis teaching model comprises the meaning of a traction of 4 unit for
discrete wholes - a collection of objects. Fractions are seen as g means of relanng o subset
with a set The meaning underdyine this reatiment s that of a fraction as a quotient Siee the
cmpliisis s phiced on the tesalt ot asequence of o tons, flactions eterge as an operator. Thi,
particutar treatment inclides problem solving sitzations, which quickly lead o comptatonad
CRCICINGS,

A tendency to use pictures to contextualine the voncept of fractions was 1eveided by the
analysis of the texthooks mentioned carher  Furthenmore, the role of drawings s fundamental
i the pricnetve Fevpuan nwsdel Theretore, the alliies necessary tomterpretand use the
svmbolic - geometnie langaage included in the drawings become of pomary amportance The

desipn of the atems used throuphout the study ook intoaccount this aspect

ey
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hodology of the study

The investigation was approached in four stages. The first three of them will be outlined
brictly, the reader is referred to Figueras, O, Filloy, E., and Valdemwros, M., 1985, 19806, 1987
for more details.
First stage. An exploraiory study in which children 11 to 13 years old were interviewed and
video-recorde:?. The protocols included items designed after the most significant difficulties
were identificd in a comparative analysis of the tests used in two studies carmied out in Mexico
and the one used by the CSMS Project (see Harnt, K., 1981).
Sccond stage. A diagnostic test, that enabled the investigation of several aspects of the concep
of fraction refated to the teaching models considered, was applied, at the beginning of the
academic year 1984, to a group of 32 students in the first year of secondary school (children
between 11 to 14 years old). A qualitative analysis of the data was carried out, which
produced a classification scheme of the answers and the strategies employed by students to
solve the items i the test.
Third stage. The diagnostic test was applied a second time, in 1985, 10 a group of 43 first year
secondary students. The data were charactenzed using the classification scheme obtained in
the preceding stage. The main purpose of repeating the observation under the same conditions
was to identify those categorics of strategies and difficulties that appeared regularly,
Founth stage. A third observation was carried out in [986 with a group of 32 students under
the same conditions as before. The students” strategies and answers were classified using the
same scheme.

A factorial analysis of correspondence (with the collaboration of Dr. Frangoise Plunvinagy)
was carried out using the data obtained in the second and third stages of the study (79
students). The main purpose of this analysis was to choose a representative sample of students

of the last group. Twelve pupils were chosen to be interviewed individually in order to

- investigate the difficulties they found in transferring their knowledge related to one of the

meanings of fractions, to problematic situations linked with the other nicaning considered
Results and Discussion
The classification of the strategics employed by the pupils to solve the items of the

diagnostic test comprsed two main types: (a) those that led students to success and (b) those
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that ed them o Gature, The Latter were deemed to be ol primary importance tor the design of
alternative wacknng stestepses swhich e ht enable puptls o overcome the baners cncounteresd
1tas these strategies which are discassed i this paper and are sefenn < woas sources of faitere,

Theee ditferent types ot phenomena were ideatitied (a) sources ot Ladure that emerged mea
solution of an wem refated eithier to the primutive Egyvptin model o o the diserete moded, (by
ind () correspond to sources of falure which arose onty in the solutton of the items inked
with one of the two teaching models

For the fiest group tour caegonies were wdeantiticd. Three of them are related w fundamental
aspects of the concept of fraction and have been denoted by "Neplecting the given whole”,
“Ihe predominance of the cardinality of the part’” and “T'he predominance of the denominator”,
The tourth one, "Counting ertors” includes all those strategies in which errors an the counting
processes students emploved were tound. Thinty per cent of the population commutted at feast
one of these counting errors e biggest collection of « Djeets pictured in the items contained
108 clements displayved i group attays ) Even though this category is not of obvious
significance in the understanding of fractions, it shows that elementary school mathemancs s
not providing children with a knowledge of counting strategies

Neglecting the given whole, This group of strategies contains all the cases in which the

denominator identified by the student diftered from that linked with the whole represented by

an image. Lxamples of answers classitied in this category are shownn i ae 1,

What part of the Colour '1of the What traction of the trgure
oranges 18 circled? blacks +as shaded?

Answer % Answer '/ Answer“
Partial reading Restricted conception Dichotonue classification

Frgure L; Bxamples of answers ified in "Neplectng the given whole’,
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This source of failure appeared, in various forms, more frequently in items corresponding to -
{ the discrete model. Two main problems were identified within the category encompassed by

: these phenomena. One of them is related 1o readability and the other is linked with specitic

meanings assigned by the students to the concept of fraction,
Readability is connected with difficulties of decadification of graphic language. These

. appeared with pictures having a specific features which induced a perceptual focus do a part of
" the picture that Jed students 10 a redefinition process of the given whole, In figure 1 an
E: example of an answer classified n this subcategory is shown,
Two different misconceptions of the meaning of a fraction assigned by the students were

" identified; one was called dichoromic cliassification and the other is referred to as a resiricted

In the answers grouped in the dichotomic classification a particular quality used as a
graphic code (as colour or shade) is employed by the pupil as a means of separating the whole
into two disjor:  :ts: a set of elements with a centain property and its complement. The
}:-clrdinnl'ny of the first set is associated with the denominator and the cardinality of the
‘ complement to the nuinerator, The exampies in figure 1, given by the same studeni show that
l this classification can be made without rcs/ponding to a specific pattern. The numerical
‘expression given by the student does not express the part-whole relationship expected, instead
"rh 1epresents a relation between the two sets he has identified.

The restricted conception of fraction emerged in questions in which the number of partition
. units is a multipie of the denominator of the fraction - see figure 3. Students established a
' correspondence between the denominator and the number of partition units into which the
whole is divided that ts, the cardinality of the set formed by the partition units. Consequently,
‘the numerator is determined by the cardinality of the part. With this mental image, in

situations in which these characteristics are not fulfilled, the pupil requires a redefinition of the

sn whole in order to adapt his own conception of fraction. He explains that the whole
B

puld be divided in as many equal pieces as indicated by the denominator and the numerator

expresses the number of pantition units taken into consideration, Some students do not develop

& more abstract meaning of fraction, they retain this restricted conception and so face an

figbmacle 10 further understanding, in particular, for learaing equivalent fractions.
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The predonueance of the cardinatity of the part, In thes catepory we grouped all those

manitestations i which a dissociation of the components of the numetal or of the pan-whole
relationship was carned out and a endeney o aesgaa pamary ole o the denominator was
revealed

This soorce of fatlure wis mote often found i items cortesponding to the discrete model
and appeared in vanious forims.

In problems where 1Eis necessiry o carry out i partiton of the whole, the denominator of
the fraction assumes an important role in the strategy used w solve the gquestion, whereas in
iems where a subdivided whole s provided the numerator is the tocal point. Thus, the
solution ot these types of exercises requures i natwal dissociation ol the constituent elements
of the nuneral or of the part whole relatomhip  These elements are connected again in order
to rebunld the part-whole relitionship and to expressar in another language. During this
process, some pupils focused ther attention on the numerator or on the part omitting the other
aspects which intervene in the given relationship, thereby inhibting a necessary link between
them. For this reason, the difterent fonns that comprise this category were described in
general terms as a centration phenomena. In fignre 2, examples of the answers grouped in the

category are given.

The picture shows Y1 of Problem What pant Answers:

the apples. Draw the of the prapes e “The fifth part’
apples that are missing coloured? s

The fifth part of
thiny’

*¢fw s the fifth pant’

@&# ﬁ& @ 3w the fifth part of 30

- - —_————

Figure 2 Examples of answers classiticd in “The predonunanee of the cardinality of the part’.

Considered of great significance was the following form of this category: the pupil assigns
the number of partition units of the part to the denominator - sec figure 2. These answers
appeared in items that require a translation from 4 graphic lainguage to 1 numerical one.  This
source of failure was identified in three differeat wavs: expressions in ordinary language,
arithmetic - symbolic representations and combinations of both tanpuages. In all of these

answers a umitary fraction in which the denominator corresponds to the cardinality of the part
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s associated with the part whole relationship. It seems that in the connection between

ordinary and symbolic kinguage one enntt lncate the origin of some of the diftculties

The predomipance of the denosninate e This category contains all those answers tn which a

dissociation of the consttuent elements of the numeral or of the part-whole relitionshup is done
and a tendency to grant a relevant position to the denominator has arisen  Focusing his
atiention on the later, the pupil deviates or omits the relation it had with the numeritor.

The phenomena grouped in this category with its different manifestations, also comerge trom
a dissociation of the components of the numeral or of the part-whole relationship 1o items
where this procedure is necessary for its solution.

Two main types of problems we identified in this category. One is associated with i
perceptual centration induced by the features of the image and the other is related to specific
meanings given by the students to the denominator.

The images that favoured a perceptual centration have the following charactensucs: (a)
configurations displayed in groups of objects, in which the number of groups coincide with the
denominator, (b) pictures in which a subset of objects can be isolated from the rest of the
configuration; the number of elements of the subset is equal to or bigger than the denominator

An example for such answers 18 shown in figure 3.

Encircle three fourths of The picture shows only /s of the
the flowers balloons. Draw the ones missing.

For ihe second type of problem thé most significant error was to assign the denominator 1o
the number of objects of the part in the graphed representation of the part-whole relationship.

The second and third source of failure which arose only in the solution of items linked with

. one of the two teaching models provided evidence of a differentiation of areas of cognition,




These were: (a) questions within the primitive Egyptian model and linked with partition of
shapes, equality of amount of area and congruence of forms, essentially geometric problems,
(b) tor items linked with the diserete moded, grouping and counting procedures are required,
typically arithmetic problems,

Final comments

It seems likely that the pupil, subjected to a teaching process, constructs different
conceptions of rational number, cach of them associated with a teaching model. The notions
he builds up are related to his own nterpretation of the meanings embedded in the model and
with the interrelationship he is able to establish with concrete referents. If the juxtaposition of
the teaching models enables him to connect various conceptions, he articulates a conceptual
net, building up in cach smg;‘ a new mental image of the construct,  The students’ Eonccpluul
net is related to the one provided by the curriculum.

Teaching fractions with only one approach, the pie model, and tking for granted that
students will be able to transter ther knowledge to other conteats and to establish relationships
between other meanings of fractions, is a teaching strategy doomed to failure. Appropriate
alternatives must be found to make the tearning of fractions and rational number concepts more

accessible to the pupils.
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Psychological difficultics in
understanding the principle of

mathematical induction

2. Fischbein

Tel Aviv University. School of Education

Hana Engel

“Alliance” High School, Tel Aviv

Abstract

It has been found that high school students, after learning
systematically the mathematical induction principle (and its application as a
mathematical proof) are facing difficulties in understanding it genuine
meaning. The main difficulty seems to be that the student is inclined to
consider the absolute truth value of the inductive hypothesis in the realm of
the relatively autonomous “induction step” Plk) - P(k}+1). Consequently,
he cannot realize how a statement to be proven (the theorem) may become a
premise in the structure of the proof itsclf.

Let us remind briefly the principle of mathematical induction.  This
. principle states the following: (a) If a proposition P(n} is proven to be true
" forn=1 and () if one proves that for n=k  P(k) tmpltes Ptk+1), then (k)
is true for every n.  The variable ranges over the sct of natural numbers,  (In
fact, the Initial number on which the set is based may be different from 1

but commonly it is ).
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In the axiomatic form one gets:
() & VK[Ptk) -/Plk+1)] | — Vn Pn)

Emest (1984) describes schematically a typical induction proof as
follows:

Theorem Pin)
Proof : by mathematical induction

Basis : Proof of P(1)

Inductive hypothesis: assume P(k)
Induction step : proof of P(k+1) from inductive
hypothesis.
(Ernest, 1984 p. 176)
The essential character of this kind of reasoning, as Poincar¢ has
affirmed ts that "it condenses in a unique formula, an infinity of
syllogisms” (Poincaré, 10086, p 20).

i The use of the principle of induction as a proof, raises various
} technical difficulties to which we do not intend to refer in the present

TT paper. But it has been found that even if the student is able to apply

' technically the method of mathematical induction, he very often. does not
E understand genuinely its meaning (Brumifiel, 1974:: Ernest, 1984).

Method

In order to get a better understanding of the difficulties the students
encounter with respect to the mathematical induction principle, a research
has been orgnized with high school students. One hundred and thirty eight
students enrolled in four 11th grade classes with mathematics as a major
topic, participated In the research. The students attended 15 lessons
devoted to mathematical induction in the framewoork of their usual

. mathematics programme.  After the concluston of the series of lessons, the 5
“ subjects were asked to answer to several categories of questions but, in the

present paper, we will focus only on four questions referring to the inductive
hypothesis.,



The questions were:

1) Yaakov claims: "I have just proven a theorem using the mathematical
induction method but, as a matter of fact I do not know for surc whether the
. hypothesis (the truth of the statement for a certain k) and  do not know if

theorem I have proven is really true because 1 relied on the induction
the statement is really trie for this k™.

Do you agree with Yaacov ?
Justify your answer

2) Dani claims:
i "With mathematical induction we prove a theorem represented by the
E  basis and the induction step. But even if we have got the proof, the

hypothesis ts only an hypothesis and at the moment that the hypothesis is
rejected the whole proof is no more valid”.

Do you agaree with Dani ? .
Justify your answer

3) The "inductive hypothesis” is only an hypothesis.  In your opinion is
there any way to check whether the claim expressed by the inductive
hypothesis is confirmed ?

Yesoo/Noo

Justifv your answer

4l Do valt aggee with the utteranee: "ln o proof based on mathematient

induction, there is a flaw contained in the induction step.  In this stage we -
Fassume, initially, that the statement ts correct, th contimsation we rely on
" that and afterwards we conclude that the statement s true” ?



All the questions were inspired b; Ic%mmcnmrics and problems raised
by the students in their answers to preliminary questionnaires.  We
concluded that they express real misconceptions and that it is worthwhile to
determine their structure and their frequencies.

Results

In the following lines we refer to the various justifications presented
by the subjects in order to support their agreement (or disagreenient) with
the claims expressed in the questionnaire.

f These reactions have been classified and we quote some examples of
the categories obtained. The statistical data will be presented in a complete
account of the research to be published later on.

1
"After the two parts have been proven (confirmation of the basis and
3 the proof of the induction step). the statement has been proven to

be correct for every natural number greater than the basis. The
hypothesis becomes a fact".

“irs : schematical _answers:

Second type: Explication of the chain process
“The inductive hypothesis is confirmed by the process of the
mathematical induction. At the beginning, one confirms the claim
concerning the basis. Afterwards, the truth of the induction step
confirms the truth referring to the next natural number, and so on.
This way one gencrates, strating from the basis, an infinity of
correct statements. Consequently, the statement is correct for
cvery natural number”,

The limited validity of the inductive hypothesis:
Examples

(a) “The statement has been proven if the inductive hypothesis has
been proven.
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(b) “The inductive hypothesis should be considered true till the
contrary has been proven”
fr) "As long as the inductive hypothesis is true the statement is
true”.
(2} The truth of the inductive_ hypothesis is guaranteed;
Examples;
(a) "Through the proof (by mathematical induction) we do not prove
the inductive hypothesis, because we know that it is true”.

(b) "The inductive hypothesis is true and therefore we miy rely on
it",
The truth of the inductive hypothesis eannot be proven;
: (a) "We suppose that the induction hypathesis is true but we cannot
f! prove it".

(b) "It is totally impossible to prove the inductive hypothesis”.

There is no relationship between the truth of the inductive
hyrthesis and the truth of the steps of the mathematical induction:

(a) "It is possible to find that the inductive hypothesis is rejected and.
despite this, the (inductive) proof is correct”.

M) "If the basis and the inductive step are true, this Is enough in
order to prove the statement, cven if the inductive hypothesis

is not correct”,

The truth of the basis_ confirms the inductive hypothesis

Exaraples:

(1) 1f the truth of the basis has been confirmed one may assume
that the mumber k., which appears in the inductive hypothesis,
is the same initial number and then the statement is true for k"

he truth of the inducty v
(1) "If the induective hypothesis had not been true. we could not
have proven theidnduction step”.
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We have found that only 28.3% of the students, who participated in

the teaching program tor mathenmatical induction, gave consistently correct
answers.  Among the others, 48.6% were inconsistent, 2.8% were
consistent in their incorrect answers, and 20.3% made various types of
other ervors. The faet that about half of the students were inconsistent in
their reactions (some correet, some incorrect) expresses the collision

between the taught concepts and the intuitive biases.

Disenssion

The psychological problem the student has to face is that the
statement Plk), say 1+2+43.. +k= kﬂ‘;*--”. appears twice in the inductive

reasoting: as a statement to be pmv.rd and as a condition {or the truth ot the
same statement.
What is difficult to understand is that P(k) (the inductive hypothesis)
is postulated in the reasoning process (in the induction step) not as a
proved fact but as an hypothesis - that is with its initial status. The difficulty
is that the student has to build the entire scgment of the induction step (if
P(k) is true then P(k+1) is also truc), on a statement which, itself, has not
been proven and cannot be proven in this segment of the reasoning process.
As a matter of fact, we are absolutely not used to this way of reasoning.
We may start from a given reality for formulating a certain theorem and
then try to prove it by checking its consequences.  Or we may start with a
theorctical hypothesis and try to prove it by confronting it with a real
situation. What we usually do not do is to check the implication itself, in
itsclf, without any concerm whatsoever for the truth of the two statements

involved. 1t is like building a bridge in the air without any support on both
its ends.

In fact, the mathematical induction connects,in its final stage, the
two statements already proved, P(n) for n=1 and P(K) -» P(k+1}, and then
starting from n=1 the infinite chain of syllogisms is proven. But the fact

remains that the inductive step has to be proven, first independently as an
autonomous statement,

As an cffect of this situation the student is unable to consider the
inductive hypothesis (P(k) in the frunework of the induction step, asa
statement for which the notion of absohite truth is not releve ot
Conscquently he adopts onc of the following attitudes:
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a) The truth of the inductive hypothesis is guaranteed.
h) The truth of the inductive hypothesis cannot be proven.
¢} The inductive hypothesis has a limited validity (it is possible
that, in certain circumstances, the inductive hypothesis does not
hatd}
In short, we suggest the following model for explaining the students’
difficultics in understanding the principle of mathematical induction,

The induction step requires a proof on its own (as a temporarily
autonomous implicative statement). The idea that onc has to prove an
implication p -» q for which the problem of the objective truth of each of
~ the two componcents, p and q, is totally irrelevant (in the realm of the
induction step) seems to be intuitively unacceptable. This situation is
‘complicated by the fact that the antecedent p includes the theorem to be
B proven.  And then the student, being inclined to look for a truth value for
£ the antecedent fs puzzled by the fact that the acceptance of the antecedent
- 'depends on the theorem which has to be proven.

According to the Piagetian theory. one of the main aspects of the
i formal oper~*" mal stages is that the adolescent becomes able to manipulate
!h logically, propusitional structures in which implications play a fundamental
‘ role. But it scems that things are more complicated than predicted by the
; Piagetian theory. 1 seems that many adolelscents still tend to confer
. absolute truth values on each of the statements to be connccted by

. - implication. ¢ven when such truth values are irrelevant in the formal given
" condifions,
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Incipient “algebraic” thinking in pre-algebra students

Alex Friedlander
Rina Hershkowitz
Abraham Arcavi

Weizmann Institute of Science, Israel

The geal ot this study 1s o investigate the ability ot pre-algebra
students to mahke transitions from quantitative to qualitative
arguments and viceversa, both in generalization and
justitication situations. We analyze the potential of some
problem situations to provide an environment for such
processes and the behavior of the individual student (or
student pairs) in this situations. In the observations reported
here, students were able. at least partially, to act at the
qualitative level without symbolic algebraic language.
However, there are situations in which the lack of symbolic
tools hinders their performance

Introduction

The essence of mathematical activity consists of making generalizations (stating
theorems) and justifying them (proving). Difficulties in generating and justitying
generalizations from particular cases, may have different sources. There may be
problems in “seeing” or establishing a gene}al pattern, or in its justification. On the
other hand, even when the student is able to visualize a pattern, and maybe even
to give some kind of just'fcation for it {be it verbal, visual, etc) he/she may fail in the
symbolic maniputations required 1o establish and justily a general pattern n
"mathematical language”

Mathematical language 1s a tee w.'h o twolold purpese it expressos tha result of
our thinking, making communication possible, and at the same tme 1t festers and
stimulates thinking. Nevertheless, to learn to manipulate the language
meaningfully seems to be a lengthy and ditficult process. Consider the case of
algebra. Several research studies show that students have difficulties in using
algebra as a powerlul means of capturing the mathematical "essence” of a wide
vatiety of situations, and their handting ot the language tends to be a technicat (and
tfrequently meaningless) marmipulation of symbols according to some artutrary rules
{see, for example, Len & Whenlor, 1986 Bell, 1988) In other words, many
students, even when they manage to handle the alqgehraic techniques successtuliy,




tai to see algebra as a ool for expressing and communicating generalizations and
for istifying mathematical arguments.

One may be inclined to attnbute student difficulties in understanding the meaning
of algebra to the fact that most algebra courses, either directly or indirecily, tend to
stress technical skills, neglecting the underlying semantics. However, instruction
alone is only a part of the whole picture.

In the ongoing study, whose preliminary results we present here, we intend:

1- To investigate the potential generalization and justification processes of students
who have not been exposed to formal instructton in symbolic algebraic
manipulations. We do not want to make a case for the complete separation
between algebraic syntax and semantics. We rather want to probe student thinking
in situations in which they would otherwise have a strong temptation to be carried
away by tochnical manipulations and algorithms,

2-To . tigate student behavior in situations in which the fack of algebrac
languag2 : a barrier to progress.

We describ ihree of the probiem situations we d-:signed for our observat.ons, and
analyze them in the light of the above goals. Then w: describe and analyze pans
of the interviews with two pairs of seventh graders working on the problems, and
discuss somn preliminary findings.

The prchlem situations

Problen: situation #1: Investigation of general patterns gonerated by subtractna
two unit fract:ons with consecutive denonunators.

Problem situation #2: Investigation of how the change i the sides ¢! a
rectangle (increase n length by one umt and decrease in width by one unit, or the
increasa of both lenqth and width by a factor of three) alfects ds penmeter and itg
area.
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Problem situation #3: Investigation of general patterns generated by the date
numbers on a calendar sheet (say September 1988).

The problems were designed to be used according to the following framework.

Launch

The student is presented with specific examples, or specific
examples are produced by him to understand the task.

Towards a "working generalization”

Producing or
Producing additional | solving examptes | Solving “reversal”
examples

I with large numbersl tasks

Towards an explicit generalization

Verbal description of the pattern l Symbolical description of the
observed | pattern observed

Towards a justification

We examine, for example, problem situation #1 in the light of the above framework.
Launch: "Calculate 1/2 - 1/3. Calculate 1/3 - 1/4™,

Towards a working generalization: By working generalization, we mean, an
intuitive non-explicit sense of a general pattern, which can be elicited by cerain
tasks and applied in order to solve them efficiently. There is no need to verbalize
the working genaeralization in order to use if. In the unit fractions problem, the
following tasks were given to elicit a working generalization.




Producing additional examples: Students are requested to direct their attention to
centain common features of the task at hand and to proceed to generate additionat
numerical examples.

lving exampies with_large numbers: "Calculate 1/212 - 1/213." Students are
confronted with unfriendly numbers and are thus further pushed to use a more
"general” strategy.

lving reversal tasks: "Solve 1/? - 1/?= 1/110". The reversal task is another means
of helping the student to focus on the general pattern.
Towards an explicit generalization: "Can you say anything about the pattern
observed?". This reveals to what extent the students are able to verbalize what they
have observed and also whether they can use algebraic symbolism, even though
they have had no formal instruction therein,
Towards a justification: Students are requested to justify their observations and
conclusions.

The subjects and the Interviews

The subjects of the interview described in this paper were two pairs of seven
graders atiending a combined junior high and elementary schoo!. Their
mathematical ability was described by their teacher as average for one pair, and
above average for the other.

The interviews were videotaped and lasted about one and a half hour each. During
the interviews intense discussions took place between the two students in both
pairs, whe-reas the interviewer's role consisted of supplying prompts and questions
The interviewed students were totally uninhibited, and acted naturally as if they
were unaware of the camera.

Data and analysis
1. Whatls a-praof™?
This example is taken from the interview with K. and N., the two average seventh

graders. Once a working generalization of problem situation #1 has been obtained,
the issue of justilying the pattern was raised. First, 1/8 - 1/9 and 1/35 - 1/34 were

2RY




presented as "proofs”. K. even emphasized: "1 think that any number is a proof, for
example 1/5-1/6."

The interviewer insisted that he wanted to be "absolutely sure” that tre observed
pattern was general. In response, K. gradually increased her "requirement” for a
proof: "You need to check larger numbers as well... you need at least five, six
examples...”. This was followed by a verbal statement as an explanation but stil
attached to a numerical case (1.8 -1,9)° "Each time we have, let's say, 72 divided
by 8 we get 9, and we divide by 9 we get 8... one number less the other is always
1... that's clear”.

When asked whether numerical examples or a "general story™ (justification of the
pattern) are more convincing, the reactions of the two girls were rather mixed:

K: "l would tell a story. It's easier than showing many examples”
N: "I would tell a story, but also show several examples in order to prove”
1: "And it you could do only one of the two things?"

K: "l think that the story is more convincing, because | can explain why it happens”
N: “An explanation is more convincing, but for a proof you have to add [examples] -
like 1o prove it to someone. He [a third person who has to be convinced] will say "up
to here | understand [the genera! story] - now | want you {o_prove it to me.”
(Emphasized in the criginal.)

K: I think that to prove something means to show some examples and to expiain,
you have to explain why, like you must tell a story”

We can see that both K. and N. see the need for a general! justification (called "the
story” or "explanation™} and at least K. can verbalize a semi-general explanation,
but both of them are more convinced by numerical examples (called by them
"proof” or “examples”). The meaning of the word "proot” for both K. and N. probably
originates in everyday language where "proving” means "providing an evidence”.




2. Visyal versys numerical justitication

Research shows that in mathematics there are personal preferences for visual or
analytical thinking. In the case of the same pair of girls (K. and N.) one was clearly
visual, whereas the other preferred numerical arguments. Therefore their
interaction in problem situation #2 was very interesting. Problem situation #2 asked
how the perimeter is affected by increasing one side of the rectangle by one unit
and shortening the other by one unit.

N: (Simulating an attempt to break the two ends of her pencil) "If you take this line
and break it and make a rectangle from it {atter changing the lengths of the sides]
you still have the same line. You cut from here [one end of the pencii] to there, and
from here [the other end of the pencil] to there - and you still get the same.”

K: "You calculate the perimeter and we always add this and that. And it makes no
difference it you have 1 and 2 and then you have 3 and nothing. Because it's plus
and it's not like division, where you cannot change numbers, change the order or
something like that..."

We note that N, who strongly supported the case for the numerical examples in the
previous problem, here seems to be able to "visualize® the general mechanism,
indeperdent of any numerical example. This phenomenon is described by
Fischbein (1988) as follows: "visual representations contribute to the organization
of information in synoptic representations and thus constitute an important factor of
globalization. On the other hand, the concreteness of visual images is an essential
factor for creating the feeling of self-evidence and immediacy. A visual image not
only organizes the data at hand in meaningfut structures but it is also an important
factor guiding the analytical development of a solution.”

When K. and N. were asked to compare the two ways of justification (visual and
numerical), the following dialogue took place:

I: "Which explanation would you use to convince your classmates?”

K: "She [N} doesn't quite explain why. One could ask "how will you break {the
pencil}?”

N: "Hers [explanation} is more theoreticw:, | would first show this [the pencil] and
then give an example.”

K: "You can also do it the other way. If they do understand mine [numerical method]
then { would show them [the class] why. | think that your method is more general.”

Il
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3. The lack of algebraic tanquage arrier

This example comes from D. and O, the above average pair of students, working on
problem situation #3: " Invedtigate general patterns in 2x2 squares in the following
calendar sheet {September 1988). Aimost immediately, D. and O. discovered many
patterns, such as:

- The sum of the numbers in one diagona! (of a 2x2 square) is always equal to the
sum of the numbers in the other diagonal.

- The difference between the sums of the the numbers in each row is 14.

- The difference between the products of the two numbers in each diagonal is
always 7.

Next, the students were asked to justify their rules. The following are some excerpts
from their justification process for their third rule, after their first attempt at testing the
rule with numerical examples.

I: "You may try to work on this with letters, even though you have not learnt that
yet...

O: "OK we have a, but we don't have any pattern here. One minute, there is a
difference, I'l put a, b, ¢, d ... but what will happen with all these?" {Pointing to the
numbers on the calendar sheet greater than the number they represented by b and
smaller than the number they represented by ¢, and most probably reterring to the

fact that they are represented by consecutive letters although they are not
consecutive).

I: "Can you reduce the number of lefters...?"
O: "We can do a and a+1 and b and b+1, 2 [for a] and 3 [for b] cannot be true, so
we will put the same value”. [To his friend] "Make a square, here a, here a+1..."

D: "Here a+7.. "

O: "Here a+7 because there is a difference of 7, and this one is 1 more, so it should
be a+8"

D."a+7+1"

1. "Can you explain what you have found? Why is the ditference atways 77*
They write the products a{a+7+1) and (a+1)(a+7)




O: [Expressing frustration] "it is an example, so we gave him an example, so what?”
I: "Will examples not convince a third person?”

O:"No! it is only an example!

D: "lt's not true, we showed him numbers and then letters...
O: "No, we did not show him with letters why the difference is seven.”

This pair of students understood the situation and could gradually produce an
explicit generalization of the pattern using algebraic symbols. Whereas the
generalization was clear to them, they were unable to produce a "decent”
justification. D. was was quite happy with numerical examples. O. was aware that
numerical examples alone are not enough, but he could not "show with letters” why
the difference is 7. He reached the limits of his knowledge of algebra and at this
point he needed the algebraic technique to produce the desired justification

Concluding remarks

The above examples shed some light on thinking processes of seventh graders in
problem situations. These processes show ability (and/or difficulties) of the
individual and/or the student pair in the transition from quantitative to qualitative
thinking and viceversa, both in generalization and justification situations.

On the whole, the students were able, at least partially, to act at the qualitative level
without the symbolic algebraic language. However, there are situations in which
the lack of symbolic tools hinders the performance at the higher level.

Like others (e.g. Bell, 1988) we think that such situations give meaning to the
learning of algebraic symbols and techniques, because they develop student
awareness of the need for algebraic tools.
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A gronp of §1 pre-servies tenchers bagen ¢ course in Dissrote Mothematics. The parposs of Mo ;

courss was (o inervase lheir anderstonding of moethemetical concepts. At the beginning of the
semester, obscrestions suggesied that moel of the sindents did wot Aave very much of ¢ provsss or

operational of function. The instructionel irestment was desed ou ¢ gencvel thoory of
mathematicel inowisdgs and how i is consirucied by on individuel. The methodology |
meads soe of semputer activities designed lo foster Al e

development of o process conceplion.
snd of the course Hhers was evidonce fndicating thet most of the studenis Aad developed ¢ foirly
strong precess conmptlion of fanclion.

1 Introduction

Ressarch in mathomatics sducation hes paid » great deal of sttention to the concept of function. Prom
Piaget (17] to the prasent tims there have bess many books, papers, aad even st least one conferencs 18]
devoled (o this notion which is fundamental 40 ol of mathensstics.

A groad doal of this work has beas concerned with the stady of sindent ditlicultios with particules aspects |
of funciions such o8 the aet of cedered paire definition (for exaumple, {16, 98]}, & tancaowy of the function |
concepl [05.9), the difference belwuse operailonal snd structural conceplions (33,33 snd the histesienl
developmmat of the funclion concopt {16,10,38). Wc%d&uﬁ&hh‘d“s
WWbmbu&-‘MMM“blﬂhmé
Suactions (but ses {1,5,98)), sad evea ki has attempled 10 willise & theosetical approach (but ses (31)). f

hﬁmnM.M*duMdbhﬂhwﬂw
some of the resulte of wing on lastructional treatanent besed on this theory in one class. m—hw “
in implernenting cur theory is the use of computer aclivitie (o foaler the constructions which the theary |
calls fos. “

2 Theoretical Considerations 1

2.1 General Theory |

Our otudy of fenctions is beved o 5 grneral thoory derived from Plagat's concept of reflective abeteaction i3 |
We have wsed i in provious work (o lavestigate mathematical induction {18,11] sad quantification (13,18 1'

Accovding (o this thesty, & person's mathematical knowledge is het or kis (endency to reapond bs ¢
persieved prodiem slisation by constructing v reconsiructing mentel schemas with which to dool with ih¢
situation. In uaing the term fendency we are reforring (o the well-known phenomena [30] of students indicating .
in ome situation that ihey seem 40 undersiand some malbhematical ides, but belug uaable, in o situation shen '
very closs in time and content Lo the original, $o display the sarme sndersianding. Our statement also tefloshl |
the motion that the respones of & student (0 & problem is beavily dopendent on het or his perception of the
mdumuummummn-umdwmmuu

st Fhe capoch of oue

Anlcmh-h.muh-uhm*lhd(nddumdd)ﬁmw'IIIM'
and lnternal procossss which are spplied 10 these objucts. A schoma is conslrucied by meens of enviain
cogaitive activities which inchude: Wmumma-mmmu,’

o saties of actions thoet can be performad or imagined 4o be performed on cbjects; coordination, whish b the
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consiruction of & new internal process by combining two or mose existing processes; reversel, which io the
crention of 8 new precems by inverting an exieting procam; and encepeviotion which converis & procem lnte an
object that can be seen 20 & total entity and acted upon by actions or processes. A schoma lo recomstructed
when o subjoct Sads §l lnadoquete Lo deal with & particuler problem eltustion and 50 be or che prejecis R
onto a highet plase of thinking by bullding new chjocts and processes. This construction and recomstruction
{or projection) are the two aspecte of reflective abetraction and & major thrust of cur theoretical work s an
skiempt (0 axtend this aotion of Plaget to move sdvanced mathemetical topics than be considered.

Ouz theory also relates (o the work of others and we can mention A. Sfaed who ke sludied operational

ve. structural conceptions [22,23] as well as several anthors who have considered the idea of eplstemological
obetade 3,4,24).

2.2 Conceptions of functions

We consider four ways of thinking about functions. Over & mumber of years we have boen making & very
slenple observation of students at various stages of their developmest. Wikhout warnlsg, we will ask & clame
of students (o write down a statement of whal they mean by "function® ia a mathematical context and thea
(o give sxamples of functions. Most of our taxomomy le based on these writien responses, but on occasion,
we haw interviewed some of the students and ssked them o try t0 explain thele thinking in glving the
respotss.

in & hhw cases, the response will pot indicate sny reasonable concepiion (for example, “a function b &
social event”, or “the resson or idea behind am operation” or “1 don't know what & feaction b”) snd we
call this & pre-function comeepiion. For the most part however, R s possidle to charscierine the sludeats’
conceplion 88 one of, or & combiaation of, the following: corrvapendence, dependence, trensformetion, total
entily.

This taxonomy lo nol very different Groen whai has been obtalned by other suthors, G example T.
Dreyfus and 8. Vinase (W], bt we find it helplul 10 explain I in terms of our general theory.
CORREIPONDENOE. Thete must be present & notion of veriable, and twe lastances of variehle are cocedinated.
‘Thus the subjoct, on one level of thought, might rele to “aa equation releting twe verisbles®. There may
e some sugpestion thet these variables are taking o8 valee, but nolbing s seid sbout any valqwensm in
the value of the second variable, gives the value of the first. Thus the subject douws not distinguich clonrly
Selween & funciion and & relation, and this might be reflected in the examples given. There examples are
lnvariably restricted Lo algebraic (or trigononmitic) expressions in twe veriables.

When projected onto a Mgher plane of thought, this conception becomes the familier “set of ordered
pairs with uniqueness 0 the right”. A grest deal of development musl intervens beinven thess two leveh
and thet will lavolve some of the other concoptions that we are discussing. In particuler, in crder for the
cedered paire ides 10 be mesaingfel and not just & memoriosd statement, the subject most have construcied
& process thet “evaluaies the funciion” by going from the firet 1o the second component in am sppropeiate
palr.

In oliher case, wo comsider that with this concepiion, the subject o thinking of funclion s an ofjeet.
SOPRRPINCE. ThY SUbJis $iliib lo inie varlables aad (Dol values sand tabes cognisence of the valve of
oue belag determined by the valuo of the oiber. This can be indicated by wee of terminology such o
Sadepondent variable® and “dependent varioble”, or the requirement thet & process yielde comslotent values,
but 4 lo difficult 1o soe this somcoption in the particulnr hinds of cbestvation we are discuming. 1t wee
obosrved and enalysed ol benglh by Plaget [17] and wu heve soon K in other sltuations.
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h““bhnﬁdcm%dwun“hm

wizh this prosess fn ths remainder of the paper.
TRANIPORMATION. AS o relutivily low lovel of thinking, especially when cxamples of functions are restoleied
o sigebraic aspromions, the subject is abls (o subatituie sumbers b variebles ln Lhe expromion end porform
caleulntions {o oblain & sumerical valus. Often, 5ol amnch more than this s vaderstood when the examples

ore given in 8 form ouch o

Ne)mo'+d

but this doss tend o distinguish s transiormetion from a correspondence. )
Projected cute & higher plans of thought, the subject is able 10 think a terms of taking & questily |
{mumasical or clherwiss) und doing something 0 It ln arder 10 oblain & new quantity. ONen this dynemsk
asture of the conception Is explickt la the subject’s words. The examples will go bayond algebraic expresions
and even include algosithus for meking the \ranuformelion. ‘
Whea (he trasslormation s restricted 10 substitution lu an expression, we consider that the subject Is |
thinking of & function as an action. Projecting this concepiion onto & higher plans consiets of istariorising 8
the sction to sblaln & precess. We see here what mep be considered 0s an spistemologic { sdstacls to the
development of the funciion concepiion. Substitution ia exprassions is & weeful snd impartant activity ob _'
cortain Umes. } con happen that the tendency 80 think of functions in thoss lerms provests the subjech
from advanciag 10 & procass conception. .
- TOTAL SNTITY. Whea the subject teads (0 identily the funciion with an algebralc axpeession, the idee of |
suhotitution can be weak or w0l even present. This can be suggeotod by the subjoct's words la giving end ;
discussing eu axample such as 3
# with welther /(s) @ or § = In ovidence. The subjuct is able 10 combine twe o2 move such expressions
5 ond aves relele the axpressicn 10 8 graph with some knowledge of the relstionship betwesn the form of the
expromion end the shape of the greph. Mb*dﬂwhmm&‘dhm;
botwesn (hese (w0 end the process that trancfarme & value of 5 lnlo & new value. B
hum“*dhwwwdmhdhh“cdlhmj
of the fuaction concepiion. Mh-*hh““bhnﬂ-aml“hhhwdﬂ
tad interesting propertion becanse thess properties have nol hesa consirucied by the subject. Loker I
f mmamuu-mmm-wumu&mmqf
: much higher plane of thought by comstruciing o process conception ead o rich repertoire of properties and
«xperientlel phonomens, all of thia retinue is encapsuiaied and funclion once more Is » total entity, but newl.
&ﬂh‘hd&bhﬁ;bﬂimumwdoﬁuﬂuh%hmml,ﬂiﬁ';

slluation.
In oliher case, we consider thas with the total entily comception, the eubdject ls thiaking of funciion

on obfect.

X 3 Fostering the Development
= WS consbive, 990 1. Poofs and 8. ven Glarseshit {27], tht the gest of teaching s b Ury 1o belp sl
‘ mummnm«mmwwqhﬂm
mmmuumummmamm«ﬂ.
application that methematies has produced over the food fow conturiss. in terms of the above Lanveomy, &

means o objeet conceplion thed encapoulaies the sotien of funciion as a process of dynamically e _
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one quantily inlo & dependent quantily sad embodies the idea of est of ordered paire with sniquenom o the
right 28 an expression of the procam of golng from the firet component o the second component.
In this soction we describe one sspect of whel was done in & cousee for pre-sstrvice lenchers to achieve

this gosl aad cheervations of siudenls’ progress with respect to the development of & process conception of
function in the sense of traneformation of quantities.

3.1 The class

3 The class consisted initiafly of 41 students of whom 30 were pro-service high school mathematics teachers.

' The temainder were preparing 1o be ehnwntary and/or middle school teachers. The students were all In
their second or third year excopt for ome senior and thres graduate studenis. All but one of the studenta
stayed for the entire sementer. Class attondance wan generally high.

Most of the students had taken one or two years of college methemaiics (generally caleulm) so that

g theit formal background in mathematics was fairly standard for third yest education studests. Their wuder-

- standing of methematics however was, by their own estimation, the general opision of methematics faculty

members, and our informal observations es the semester began, nct very sophisticalr i, Many oa)ressed

shrong saxiety feelings wilh respect (o mathemnatics. The situation was even worse wilh respect to the use

of computers and, with soms excoplions, those who had weed compuiers seemed even more servous about #
(hen those for whom &t would be & new expetience.

8.2 The method

O e Ty TR et

‘The class ut twice per week for 78 minutes each. One meeling was in o computer lad apd the other was in
E » standurd classroom.
i ‘The overall approach was 10 have the students perform taske on Lhe computer that were designed to

foster the specific comstructions with respect \o functions (cooedination, interiorissiion, sncapeniaiion) de- :
|:  scribed o (e procending section, Class sessions consisled of general discussion, peper and poncl tasks,
al and explanstions from the instrucior. The design of clam sctivities wae based on sssvnptions showt whet :
i coguitive development was taking place as o reault of the experiences that the students were having with
i computer activities.

‘The lopics for the course were: aumber sysiems, propositional calculus, sets, functions, and mathematical
induction.

8.3 The course and observations of students
Por the purpase of describing the treatment of functions iw Lthe course and 0w obeervations, we can consider
four periods.

IRaT weak. In the very beginnning of the course we teled to find out somuibhing about the students’ initial
conceptions of functions by mking them in class (o write dowy what they meam by o function and to provide
on example. We call this Obesevation A.

Waxs 3-8. hmnupmdmmchmwmbmmm”d

¢m'm-m(m.m.m).mum and sote. There
was 0o explichh sludy of functions during this period, but an effort wes mede o point outl where specific

mathematical constructe they worked with could be interpreted m functions and, s much us possible, the
Tuaguage of functions was wosd where apprepriste.

AV Ahe 0ad of this period we made 1w obestvations of the students. Obsarvation B was wsentielly o
ropetition of Obssrvation A. mcm«mmm.udamu
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ashing them to desctibe sach sltustion in terme of o Amciion when thal was pomsible. They were glven & fow il
dage 1o work en this o4 homs. i
Waaxs 9-13. This fve wesk period wes the susin stady of functions ia the conrse. Aspacts of fasctions thet -}
wore stadiod incladed tepressating o function la ISBTL s & fune (thet b, & procedure for computing i), -
o cuap (that Is, & oot of cedered peire with (he uniquenees condition) and s & taple (thel Js, & sequence);
represcating feactions meibomatically; writlng programs to convert from cae representstion o suother;
peoperties of, and cperstions with, functions (hel smphasise the procom such o8 evalusiion, luverse, oue to
onte, composition and olher bisary operetions; snd applications of fumctions such as deta besws.

Out foeling Ir lesigning this instructionsl trestment was thet the act of writing en ISETL fuse o

implonsent & foncricn and thinking about what (his procedure Is doing as operstions such as evaluation ase
porformed would tend (o gel studonts 10 reflect on the actions invoived and 1o interiovies those sctions inte
& mantal process. Ia this wag, for exampls, the action of substitution could be recomtrucied by the sludents
into the process of fenction evaluation. Constreciing & funs to represest the composition of two fanclion
by slmply baviag cue procedure call another, writing procedures that converted & function (on  fluile ost)
o Hic inverss, consiructing computer tests for equality of fenctions were all expected to contribute t0 and
: relaforce an emerging proces conceplion of function.
AS the snd of this period, we made Obsurvation D in which the students were given & oot of written
questicns in & sltustion (het was teol-Mhe exespt thel they were not lold eaything i advance thet would
g suggueet thed Lhey should prepere for i, e wes B fo have oy effect an thele grode. In this way we ieled o
: oot & Male choser 40 thelr “permancat knowiedge”.

‘Theee wese thees questions en this “est®. The fesl ashed them lo use & function o organise the dete
concerning the occurence of vewahs i the sentence £ -
i The quich fox jumssed over Parmse Brown's lesy dog E
. They were ohn ashed $0 repreast this fanction in ISETT,, 10 comvert thel repressatotion to o diffeent

question pressated them with en ISBTL fens (het calied ancibee fune and rolurned o fonction repressntod
o emep. They were ashed o sumber of questions shout evalustion of this complen compasition. The
- third question wus suggested by Rubame Even (14) sad ashed them sbout the imperiance of the uniquenes
’ condition n the st of ordered peire delinition of function.

Obssrvation B consisied of interviswing o sslection of T students showt thelr responem (o Obserwition

C which wes mede before the study of functions begen. They were shown ihelr responses sad giva an

opportunily to changs them o0 “dofond” them.
LAST TWO WaaKs. The last portion of the soures wes shout mathemelical induction. ARhough ihis did not
concern functions per 0, the rele of proposition valusd functions of the positive intagers wae emphasiond.

At the sad of the courss, Obsarvation F wes given m an examinstion in which there were sovael
questions sbout fanclions. Some were falrly dificull such a8 1o prove or disprove thel the polntwise sum of
two one 1o one Tuactions Is agale one 10 one sad similarly foe onte. Other questions concerned the fanciion
mhmdﬂu.ohuﬂumm-h-.mmdheh.ddulhm
peocens sloag with compesition to exprass informative enteatiod from o dote base. e

4 Results
There b (00 mmch dala (o present in the epace avalleble bere. A loager work (hel s in preparaiion will

crganine the information sad preseat it as quantitativaly as pessible. Hare we resivict curssives to somm
comumate sad tentadive conclusions specifically about the development of Lhe procesm concepiion thel con
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bo deawn foom some of the student vesponses be eur shestvations.

OChosrvations A and B. Thare vare twe main diffscences between thess chesrvations and they could
vopeessat an olibet of (he § wasks of compuler activitin in which (he concept of fenction was not smphesioed,
- but wan dellallely prasent.

The et difovence wen thal in Observation A, meny of the studenis showed & vary wesk concaplion
i of fenchion and 13 of 30 responess suggested the pro-fanction siags. Almost all of the responsss (18 out of
20) that indicated o transformetion conception refbrred to & whetitution of velues for varishles and did act
saggeod sy thinking about process. In Obssevation B, however, § of the 18 studenis who gave pre-fanclion
responnes ROW gave & response thal indicated some fanction conception, most in the form of & transformetion.
‘The lstier venponses increased to 38, but otill, alf but cae wan shoul substitutiva.

The escond differsace had 10 do with the richness of ezamples. is Obsarvation A, 32 out of 39 examples
had 20 expression other then an slgebenic or (rigonometric calculstion whereas in Obsarvetion B, more
than half or §7 out of 108 were about other siiuations such as & boolsan walued function of the integers, o
computer procedure, and oo on.

Obesrvetisn C. Ia this cbesrvalion which wes taken just afler Obsarvation B, s process conception
searmed {0 be emeeging in the minds of most of the students. Consider for example, the question of wsing &

function (0 describe the following situation.
+nt:nmly,..

.,100)

which repressnts o faite ssquence of numbere. Out of 39 students, 33 refeurred axplicitly to some procem
thol took sn asbitsacy positive integee from 1 4o 100, parformed o calculation sad retwrned 8 resull. An |
sdditional § students gave responses that could pomibly be eo interpreted. »
‘This chesrvation sl peoduced cae of the more interesting and surprising resulis by way of s spontaseons -
conceplion of funcllon. There were $ (out of 33) sltuations (1o be described in terms of funclions) which
represenied &8 equation i two variables & and 9. In oo of them i was pemibie to sulve for 0ne variehk in
terme of the othee. This, ¢ an iavocation of the implicit funclion theorem wes our intenties. Jasteed, 13
students seid that this was o function of (wo reel varishies thol returned the valus true or ke, dipending
on whelher the peir satisfied the equation. OFf thess, 7 gave such & respones on all thres and ancther § gove ﬁ

K in two of the thres sliustions. It b imporisat (o nole that nothing ke such o funclion wes ever swationed
in this course, nor con we fiad any | iace in the etudents’ other work is which they came ocrom &.

Ou the cther band, thare ware o faie number of indications of dificultins. A provalest cne mey have besa
on epistamological obstacls resulling from the stady of sels. The studentis learned abuut expressing sels In
o form ke

{expressicn in s : 2 € | condition)

and whea this was used, many lended (0 think that this st up & funciion with 2 a0 the independent variable
and the expremicn 80 the valve. They ssemed unaware of the several mathematical dificuitien in such an
intatpretation, mot the least of which is (he abssnce of & process.

Other dificuliies had 10 do with identifying o function with ite tet of values, sawillingnems 0 we y &
iinpemiont; end & 00 dopendent vasioble, sad sualag & prosems in & geomotsie or physical sitastion.
esrvallvd D. Mlﬁhﬁ.ﬂﬂ‘mtmmwm

4

1o develop for most stedents. In thie tent, 38 out of 37 sludents used oa TISETL conslruct (o chisls & promems
o compule or resord, for each vowel, the number of times Ik occured in the sentence. 19 of them were able
o fad o second comeiruct that did the some job and sbout halfl of them oromed (0 understond why othee

comiructs would ook be adoquals. - BEST COPY AVAILABLE
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Oue of the quasiions en this cbeervalion ashed them to ihink ebout evalustion of & function dellaed by
cocrdinaling several prosssess in & very complicaled weg. The resull weae o fusctioa F be which Fie), ¢ s
positive inleger, wes & function deflnsd o5 & st of ordered palss; F{e)(3), § ome of 1.3,...,10 wes & charscier
sleing; end F(e)($){(¢) wes the ¢ characler of the siting. The studeate were ashed to evaluste FO)IN4R
find e such that F{4)(3)(c) Is the characier *2%; find § such that F(2)($)(1) i the character "o™; and flnd
¢ such that F(e)(1)(3) in the character “n". Agaln, they had never dome problens of this kind ln cless end
we consldered that having a sirong procass conception of fanction would help thum figure out on thele own
how to solve it. About 38 of the 37 students solved & corvectly.

On the question askisg shout the uniqguencss condition in the set of ordered peirs definition of & fenction,
27 out of 37 tried 10 relate K 1o the requirerneat that there be & specilic procass end 31 of there svemsed 10
owccond.

Obesrvation B. Afer the study of funclions was completed, the seven students who were interviewsd
generally confirmed that they were woing & process conception o decide whether & function was preseat ln
the situstions of Obesrvation D. Ofen, without prompting, they changed the response they hed gives
cariior end seemmed 10 o0s where they had besn [n error. Thes interviews will be analysed more fully In &
rubsoquent paper.

Obssevation P. The flaal examination incleded four questions ln which the stedents had to work with the
proces of & fenction oblained by combining the processes of two given functions by composition, pelniwise
oddition e pointwise multiplication. R aleo lncluded & problem on which they hed (0 interpret eurtaln
questions ebout & deta bese In lermw of & function procem. Mone of the questions were exactly the serms @
problems (hey hed werhed on during the course and some were quile different. We considered the exam o
be reth e diffieult fbe (hem students.

On the flest group of questions, the overall score of 40 students was sbout 62%. The score on the dela
base question wes ebout T4%N.

8 Conclusions

1% sosxm resscnsble (o conclude that by the end of the courss, mont of the students had developed & process
conceplion of function. This conception sppeared to be sirong enough to we in new situsiions, was availsble
for applications such e dote bases, and oven remained relalively stable when studente mey have besn
disconesried by being faced with o dificultl problemn. The early obeetvations suggest faitly strongly thed
ouch o conception was elther Rot present or fairly weak of the beginning of the course. Thus we mag suggest
that the students process conception did develop dusing this semnster.

We cannol, however, be sure of why this bappened. It could have besn the result of & good rapport
betwesn students and professor, olber experionces thet the students may have besn having al the time, or
murely that there is & natural development of the procese conception of function n an individual end this
happened 10 be occuring of this time.

Al we can suggesl is thak our resulis are not incomsisient with the pomibility thai wsing compuier
activities based om out general theory is an effective means of foslering development of the process conceplion

of henction. This in Rooll cncoucagm s ie sontious olth ene appeoch in oa entensive study of how clodents
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