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LOGO ET SYMETRIE CENTRALE
Elisabeth GALLOU-DUMIEL - Institut Fourier

Université Joseph Founer

ABSTRACT. — Point symmetry is a transformation taught in the secondary shool in
France which invalves a problom of onentation A comparison between the construclion of
the image of an angle in the case of a point symmetry and in the case of a reflection seems
to be useful. For this we undertook the construction of a learning of point symmetry in the
same LOGO environment than the one we realized betore for the learning of reflection. We
explain the choice of the LOGO environment, of the tasks, ot the figures and we give the

results of the experimentation in three classes in Grenoble (France).

t-lntroduction,problématique.- La symétrie centraie est une transformation qui
change lorientation d'un solide dans un espace de dimension 3 et qui, dans un plan
transforme une figure en une tigure superposable. La conservation des angles du plan
semble un des points essentiels de cette nolion.

Il nous a sembié¢ judicieux de conslruire une scquence dapprentissage qui par le
choix des taches, des consignes, le dispositif, soit analogue & celle réalisée pour la
symélrie orthogonale pour permettre § I'éléve d'établir des mises en relalion de ces deux
notions et pour I'amener a déterminer la spécificité de chacune d'entre elles. La
délermination du symélrique d'un angle nous semble Factivité tondamentale pour la
symétrie cenlrale comme pour 12 symétrin orthogonale.

Nous avons done chorst un dispositif identique & celun de 1a sdéquence dapprentissage
réalisé pour fa symétne orthogonale unt micro - ordinateur avec a liste restreinte des
commandes LOGO: AV, REn, TDn, TGn, ORIGINE | LC, BC, GOMME , FINGOMME
of VE.

En effet ce dwpositt réalise un “micro monde”® ou 1a procédure swmvante appetée
procédure de trach par segments initiahsés est favorisée Celte procedure consiste a

tracer une ligure formée de segments juxtaposds en indiguant & chaque sommet fangle




dont doit tourner 1a tortue puis la tongueur du cdté A tracer, Ce “mucro-monde”™ ¢35t
différent de celui de la géométric de la régle ef du compas ou sont favorisées les propoetes
dincidence et les reports de fongueurs mais ou la determimation des angles  est prosque
toujours absente et en tous €as ou leur sens n'est jamas précisé, Nous avons de pius une

double médiation pour 1a réatisation d'une tache le trace se faisant par lintermedidine dis

commandes d'un langage qui n'est pas 1a langue naturelle (LABORDE 1982)

2. Variables et choix des figures. - La sequenge a pour obpecht do favariser iy
construction che2 feldve des connaissances nécessaines pour
Creconnatee Ly presence ou Fabsence de contre de symatnme dans une fiqure;
v eonstruiee 1a hqure symeltrique d'une hgure.
i parait raisonnable dn faire rhypothése que pour acguérir ces connaissances Feldve doil
élre capable de aitférencier los trois termes qQui sont mus en relation . 1A tgure obget, e
centre de symétrie et la tigure enage. Celd nous a conduit & choisi des Liches de tacs de
symeétnques de figures,
Les vanables de la situation sont de deux types ©
° les variables des tiches qui corcernent la torme des fhigures ot
Femplicement gu centre de symétrie et de la tortue,
‘les vanables de modalitds qui concernent o disposiit déa choia o
Ferganisation de la classe.
al vanables Jos tiches of chooo dos Pgures
Trons varables puncipales apparassont 1o vanable figure Jon gy sntos
propidtes de ta fiqure |, 1 vanable positon du contre de symdtne, 0 varabio paston
mta'e dn 11 orue. Les ures chaisies sont des hgures termans constitiunns de seqmanta
puntapesés comme pour L symattne onthoqanale. Lo varnable figuen nous somble done
caracterisee par le nombre de segments et fa vanable angle droit qui prend b vateur vy
qua 5L haura e comparte que des angles drods
[y varabla pasiton i contre deosymelne SeOo PRt on e segn v hte
suivant que colyr ar appartient au contour de da bgure, lur est inténeur ou lur est

evténeur Dang (e cas ou e contra de symétne appartinnf au contour NOus avons una Sous

variable sommaoet qui prend L vateur vedi st te centre do symaétne est placé en un sommet




de la figure et la sous variable milieu d'un segment qui prend 1a valeur vrai si e centre
est au milieu d'un segment de la figure.

La variable lortue se sépare en quatre sous variables qui sant les suivantes;

1a variable position du centre de symétrie,

ia variable position d'un sommet de la figure,

ja variable position du milieu d'un segment de 13 figuire,

la variable paraliéle  ou perpendiculaire & un segment de 1a tiqure qui prend
fa valeur vrai si la direction de 1a tortue est initialement paralléle ou perpendiculaire a
un segment de 1a figure.

Les figures sont choisies de fagon a ce que chaque groupe de variables lidées
apparaisse avec des choix de valeurs différentes & coté des adtres. Les tableaux suivants
indiquent e choix des figures en fonction des valeurs des variables.

h) choix des consignes.

Le dispositif choisi est l'utilisation d'un micro - ordinateur avec la liste restreinte
des commandes LOGO déja citées. Les éleves travaillent par paires devant le micro -
ordinateur. lls regoivent des documents sur lesquels les figures et les centres de symétrie
sont tracés. Un des éléves de la paire tape les commandes sur le clavier du micro -
ordinateur, l'autre les écrit sur une feuille de papier. Quand les éléves pensent avoir
terminé ie tracé de la figure symétrique ils appelient la correction. A ce moment on dit
qu'ils terminent un essai. Si leur tracé ne coincide pas avec 13 correction ils doivent faire
un nouvel essai jusqu'a concurrence ¢ trois essais. Si au troisidme essai le tracé est
toujours inexact les éléves doivent lire et noter s commandes réalisant le tracé exact

puis les taper au clavier.

3.Résultats de I'expérimentation et bilan ['exparimentation a eu lieu dans trois
classes,

* uno classe de cinquitme (12 13 ans) ayant réalisé la séquence sur la symélrie
orthogonale I'annoe précadente;

* ung classe de ctnquiéme ne Fayant pas réahsé |

* une classe de sixidma venant de réaliser 1a séquence sur la syméirie orthogonale.

Le CARREE ne comporte pas d'orreur. Le CARREF comporte 'orreur suivante:
»
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Cette erreur est analogue aux erreurs réalisées pour 1a symétrie orthogonale pour

CARREC qui sont les suivantes

s ——————

CARREC

Erreur 1 Erreur 2

Pour MAISONF on trouve comima erreur

gut correspond A Ferregr d'onentaton On romarque que pour MAISONH cetts ermeur ne
se retrouve que faiblement ce qui indique 13 présence d'un apprentissage. L.a classe ou on
trouve 1o plus d'errours en début de séquence  est la classe de cinquidme nayant pas
realise G saquence sur e symetrie orthogonale préacedemmant. Les deux awtres classes ont
dos résultals assez semblables  avec cependant plus de rapidité ot tégeremant moimns

d'erreurs dans la classe de cinquitme ayant raalisé 1a séquence sur la symétne
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orthogonale f'année précédente. En fin de séquence les réatisations des éléves des trois
classes se rapprochent et les évolutions au cours de |a séquence sont de méme type en
laissant cependant subsister une dittétence sensible entre {a classe n'ayant pas réalisé la
séquence sur la symétrie orthogonale et les deux .iutres.

Cela nous montre Importance de l'établisscment par I'éléve de mises en relation

des deux notions. ia symétrie orthogonale el symétrie centrale.

4. Conclusion.-- Des résultats similaires sont trouvés pour le déroufement de ia
séquence dans le cas de la symétrie centrale et dans le cas de ta symétrie orthogonale. Nous
notons cependant que !a meilleure maitrise des notions a heu chez les éléves ayant
effectué 1a séquence sur (3 symétrie orthogonale en classe de sixiéme puis celle sur la
symélrie centrale en classe de cinquiéme .

Le dispositit choisi avec le type de procedure de tracé qu'il induit apparait comme
un outil didactique favorisant tapprentissage des notions de géomélrie ol intervient

l'orientation.
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ABOUT CONTINUOUS OPERATOR SUBCONSTRUCT IN RATIONAL
NUMBERS

Joaguim Gimenez
Dept. Educacio i Psicologia. Univ. Barcelona. Spain.

He found the existence of a special subconstruct ®ith [rational numbers in
continyous Sitvation related toKieren's studies alter addiag prodlems to bis
rational thinking test. Factorial andlvsis conlir@ (he gbove researches with
Spanish people , and shows dillerear factors with strechiers and shrinkers than
discrete opeérator prob/ems .

INTROOUCTION

ft's well known the discussion about subconstructs in rational number concepts
during the jast years . The Kieren’s general point of view about intuitional knowledge
(Kieren 1988) accepts four central aspects : quotient, measure, ratio and operator . and
many celations betweea them (Kicren [987). Successive modifications of the rstional
thinking test (1980-1985) according to this theoretical approach (Rahim-Kieren 1988)

It seem to be similar to the Vergnaud's and Freudenthal's ideas (Vergnaud 1983,
freudenthal 1983) .and also for the Rational Number Project (RNP Behr et. al.1985) seem to
talk the same ideas with little differences. for instance , Freudenthal talks about fracturer
and rato operatoror transformer (opcit pg 148-149), RNP  provides the discrete,
continuous and countable situations (perceptual variabifity) for the fraction concepts
(op cit 101)

OBJECTIVES

Our purposes were to find if some aspects of variabdity (Dieaes 1971, Behr et al
1983-83) are as different as it seems in a operator contest of rationaj numbers vith
graphical presentations It's s part of wide study about knowledge of fractions

Quesyons |) Itis possible to have a disuncuon between the conunuous and dis¢rete

stuations of an operator subconstruct ? 2) Can we accept these operator situations as

different subconstructs related the Kieren ' schemes ?

12




METHODOLOGY OF RESEARCH

¥We used the Rational Thinking Test (version Kierea 1981) In thistest there are four
parts vith 24 general items : ratio situations (mixing xocolat; q.1-6) .quotieal problems
(divided pizzas.q 7-14) operator discrete problems (input little bars quput boxes.q 13-18),
measure (shariog and draving surfaces.q 19-24)

We decided to add six more questions abou! continuous operators bringing the
enlargement idea of stretchers and shrinkees (Dienes 1967 Braunfeld 1973 Streefland 1983)
to test the possible differences We calf Lthese items continuous operator (q 25-30) The items
have the same order of difficulties than the used for cogaitive levels (Brindley 1980
Noelting 1982) We ask for order comparison betweea machine situations

0 Les maquines A + B que veus abaix, allarguen ol basté d'entrada 1 o
fanmes gran .

Encercia quina de les dues maquines allargs més ... A gua B
. Per que ?
erera Fig Model of item situations

We also add 3 items about contlinuous measure situations (30-33) bringing ideas from
Ratsimba-Brousseau (1931) and Filloy Figuerasetal. (1987)

Ve administered the tests to 1800 pupils (grade 5 and 8 .that are final courses of 2
last periods in Primary Education in Spain } There are 33 items in 3 hours divided by (wo
parts This test vas administered before hnlidays, and represent the acquisition of concepts
st the end of scholarity ia each grade

In each item we consider it's vrong if Lhere is no a convincent explanation of the
answver in each case We assess by exploratory studies (Gimenez 1987) the validity of jtems

BEST COPY AVAILABI F

13




RESULTS

c

2

Here we bhave the sigaificaive results of factorial analysis by principal
omponeats We present the rotated orthonormal varimax solutinn (%th grade for values 1
33)

Factl Factd Fact3 Facte FactS Fact.b Fact™ Fact$

|

2
3
L)
S
6
[
9

The 8 factors above preseated explain 9% of variance and the siagle contributoas
of firstto seventh are greater than {0% The contribution of 8th is8 3%

With these resuits, ve assigned (o esch childrea sn sdditioa of items corresponding
each sublest Then we did the factor analysis of the results of the subtest | to § (ratio.
quolient. discrete operator measure continuous operator) by the same procedure and wve
can see here the plot of the new factors

14




Retated Orthegess! Plot: Faater | vs. Faater 2
<

Factor t  Factor 2
663 - 469
453 -1
18 197

- 349 1.06
|2 12

We found analogous results with Sth grade students , but really lover level. The
only important difference is to present a 9th factor (q 2325.26) .

Some other results not commented here showed that difficulty is related with item-
levels studied by diffecent authors (Noelting 1932, Eieren 1933)

SUMMARY DISCUSSION

The table above presented shows that the items 25-30 and 31-33 identify different
factors from the Kieren's test and it seems (o be an evidence of the perceptual variability.
We can also reflect the goodness of RTT (Rahim-Kierea 1988) and the completed items
(Gimene2 1988 b)

The different factors 6th and 8th seems to be “sharing™ and “fraclions as quantities”

respectively Theitems|-3 and 4-6 are according to direct or non direct observations on
rauo situstions

The plot-design factor-sum explained above shows an acumulation of factors escept
the 4th [t seems to shov the measure conceptual items belong to differeat categories
while the others are more related betveen them All this results ask for a new syntheuic
scheme of literature about fractions (Gimenez 1938a)
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Canstructivist Epistemelogy and Discevery Learning
in Mathematics

GERALD A GOLDIN
Center for Mathematics, Science, and Computer Education
Rutgers University
New Brunswick, NJ 08903 USA

Many who adopt constructivist approaches to mathematics education base them on
radical constructivist epistemology; but as 8 foundation for research this leads to
problems. Empiricism, encompassing nonmechanistic models for knowledge
“construction™ as well a3 procedural models for knowledge “transcription,” aliows
equalty well the advocacy of constructive mathematics learning through discovery
Some {nvalid inferences sometimes drawn from radical constr uctivist epistemo-
logy are identified and discussed.

What is the best way to charscterize mathematical knowledge and to study mathematics learning?
What classroom activities facilitete meaningful learning, and how can teachers be enabled to foster
them? Gne setof resesrch perspectives with which | generally concur includes the following main
ideas: 1 Mathemetics is invented or cvoastructed by people, not an abstract body of “truths” or
necessary rules. 2 Mathematical meaning is not transmitted by teachers, but constructed by
learners. 3 Guided discovery, meaningful application, and problem solving are more effective
than imitation or rote algorithmic symbol-manipulstion. 4 Methematics learning is better
observed and assessed through qualitetive case studies and individusl interviews, not just
quantitatively scored skills tests. S Effective mathematics teaching does not focus exclusivelyon
correct responses, but encouraqes diverse, nonmechanicsl problem-solving processes 6 Teacher
development should include reflections on epistemology--from the historical origins of
mathematics to knowledge construction by individuals. As sttention has been given to epistemology
in the psychology of mathematics tearning, the philosophical perspective of radical constructivism
has emerged as & justification for views such as these (Cobb, 1981; Confrey, 1986; von
Glasersfeid, 1984; 1987; Steffe e/ &/, 1983). Radical constructivists have made important
contributions by challenging the premature conclusions and overgeneralizations sometimes drawn
from "scientific™ research, pointing out that in experimental studies surface variables are often
studied because they are easter to male quantitstive, while more difficult cognitive varigbles are
disregarded. They have also sought alternatives to the overly mechanical models sometimes offered
by the artifical intelligence /cognitive science school. Nevertheless this paper raises some issues
in criticism of radical constructivism, arquing for an empiricist approach compatible with the
views ahove that avords surne of 113 patertially damsging conzequences (Kilpatrick, 1987)
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Epistemological Perspectives Influencing Mathematics Education

Epistemology is the branch of philosophy thst examines the underpinnings of knowledge: what 1t1s,
how one acquires it, and the logical (or psychological) bases for ascribing "truth” or validity to it.
Much epistemological reasoning begins by analyzing the sources of what "I~ (the reasoning entity)
know. One such source consists of directiy accessible sensory experience (sense-dats); another is
logical reasoning Some questions with which epistemologists grapple are: Can | validly infer the
existence of external reality saer? from my own experience? If so how? What can | know about
the “real world,” and how can ! know it? Can | velidly infer the existence of other people’s inter-
na) experiences? 1f so how? What comparisons can be made between their sense-data and mine?
Can | consistently verify the validity of my own reasoning? Are logical and mathematicatl resson-
ing intrinsically vahid, or anly systems of human linguistic convention? ¥/hat does it mean to ssy
that logical/mathematicsi statements (seeming to depend on reason) are true, compared to state-
ments in science {seeming to depend on empirical observation) ? Is either “truth” objective? Does
psychology differ in this from physical or biological science, because its domain is “the mind?"

Answers to such questions have been proposed by exponents of various epistemological schouls
(e.g.Turner, 1967). Idealism is the view that all reality is mental, and no physical real world
can be validly inferred. But broadly construed, it may allow the existence of many minds, or even
a yniversal mind with which individual minds share experience. Solipsism is the more radical
view that the only reslity isin my mind. At the other end of the spectrum, causel realism
asserts that an external world exists and causes my sense experiences. This view falls within the
more general framework of rationalism as it asserts that one can acquire knnwledge shout the
physical world /s resson and logice! inference. To the rationalist, sense-data are untrustworthy
they are not the most fundamentsl reality and may be illusory; one must reason one's way psst
them to arrive at knowledge of the externsl world. Empiricism relies more heavily on sense-
data as elements of a world-as-experienced Observation and measurement are fundamental empi -
ricist tools, and the predictive valu= of inferences drawn from patterns in sense - data account for
the vahdity of knowledge Many epistemologists distinquish ens/yfic from synthelic truths,
though they do not alway agree on their definitions. Roughly speaking, analytic statements (e g

“All brothers are sitlings”) are true by virtue of the meanings of the terms involved and cannat be

empirically refuted, while synthetic statements (e g “George Polys was 8 mathematician”) depend
for their truth on empirical evidence Keasoniag may nevertheless be required to verify anslytic
statetment 1 ane view mttengmhie s canata of 8 bdig of analyhe knawledge  Logicsl positiv

ismisa form of rafical erpiricram which adopts the “verifratnhityy craterion” of meariing, that




the only meaningful content of a synthetic statement lies in the operationsl methods for verifying
itinprinciple (Ayer, 1946). Radical constructivism argues that we can never have access to
a world of reality, only to what we ourselves construct from experience; 811 knowledge ( mathe-
matical or not) is necessari/y constructed. Without telepathic perception one has no direct know-
ledge of anyone else’s world of experience, and can only construct personal models of the knowledge
and experience of others. Thus one cen never conclude that one's own knowledge is “the same as™
another’s. Likewise one can only mude/ reality, and never conclude that one’s knowledge is
actually of the real world. in this view knowledge is never communicated, but of epistemological
necessity constructed (and reconstructed) by waigue /ndivrdusls. Yerbal learning entails know-
ledge construction from in-context experiences of discourse, thus social conventions and interac-
tions rather than “objectivity” often function as the most important determinants of whether a
mathematicsl or scientific concept to be taught has been “correctly™ learned. At times epistemo-
Togy has influenced the psychology and practice of mathematics education, but its implications have
not always been correctly drawn. First we discuss logical positivism as a foundation for radical
behaviorist psychology and “behavioral objectives™ in education (Skinner, 1953; Mager, 1962;
Sund & Picard, 1972). Then we examine some aspects of the radical constructivist influence.

The ides of mental states knowable through direct experience is compatible with idealism: since all
reality is mental, deAsrior (or, ina more precisely ideatist characterization, mental experiences
classified a3 behavior), and mrnd (the full set of mentsl experiences that | or other human beings
have) are on the same epistemological footing. Alternatively, causal realists can posit the rFes/ity
of mental states, treating them as part of 8 world “out there,” knowable in principle by reasoning
from their effects on observers. Thuys mentalistic expianations of behavior and characterizations
of learning outcomes are reconcilable with either {deslist or causal realist views. The radics)
behaviorists, however, rejected mentalistic explanations as mesning/ess (in the sense of logical
positivism) , involving 1n-principle-unchservable statements Their exclusive focus on stimuli,
responses, and stimulus- reaponse (S-R) relationships derived explicitly from the fact that these
are directly olservadle and measuradle while presumed cognitive (mental) states are not. ft was
arqued epistemologically that the latter should be excluded & prror7 from scientific psychology- -
but S-R models never succeeded well 1n describing insightful mathematics learning. Likewise for
instructional objectives to satisfy the verifiatality criterion observabdle, measurable, and thus
bahaviore! learning outcomes must be set 1nadvance But strict behaviorai objectives in mathe-
matics fostered teaching discrete, disconnected rules over developing meanfngful pstterns or
insights Directly testable gaals led to the “efficient” procedure of teaching behaviors directly,

sccuracy on standardized tests came to dominale instruction, so that teachers now assert with




near -ungnimity that they have no classroom time for mathematical exploration, discovery, or

problem solving Of course some sdvocated "back to basics™ vn mathematics fur other reasans
uncomfartable with diversity they rs/unr drill-and-practice or performance- based sccuuntat -

ity But & 2 207 principles ¢f eprstemalogy or sc1ence do not necessitate these goals

One ne2d not sdopt radical constructivism to pinpoint the error 1n the positivist epiatemalagical
aralysts A moderate empiricrst can ask that s meaningful synthetic statement have 1n-pringiple-
varifiable Zmplrosiions without requiring that vt be 1tseifdirectly verifiable !t would not concede
that the only meamng of such a statement consists inats presently defirable consegquences A bl
for cognihion using urnbservahle entities (e g 1nternal cognitive representations) may suvend 1o
Gy semamer iy oy gl sy te sy chseriatle evends (e g behaviors) enfmay sug;est ain-
tional observationg that were nut speified 1n advance  Such 8 madel s s3crent, fic 0t Grvea ar ore
parsimordsus gescriptiin of emziercal phenomeny than models bazed oo dire tly obier, sils

(ak

entities The earlyatomi theuryan chemistry made y2e of gtams ar g moleccles thep thauihe ¢ te
nprinciple unobiervable 1t accoynted for certain nbizervations e g those Nitting the law of r ol -
tiple proportions; st1entists tater found further consequences of the theary, and inventesd oole-
unforeseegble ways toobserve atyms and moleculesdirectly The radical behaviariats’ & =

epiatemological ressaning. thaugh wrong, did consideratle damage to mathematics educaticn !

Ratical conatructivisman contrast not oniy allows but necessrtates psycha’ogical models for the

1ndividual’s Tunderstandinge” or mental processes  Byt)t hay other ymphcations tor meatherns
education and paychalngy which shoyld be carefully considered [t's concluman: that all knuw i e
13 constructad and ol learning (rpcluding mathematics 12arning) 1nvolves coretruyctive prige ons,
are nat dertved from emprrrng) tudrer which crefranuesd construchive from non-ganstr g i,
learning and ot:erve thair conditions of ecourrence or degrees of effectiveness Inatead the are
latmes to Ollow frem g ooremr epistemolagioal Comstderaticns human krnw'edje s mereos =y
“eoratructed T fram ywnr N o eaperienve  Aqn A g so s enistermalo ol mecerantier e
rersan s wnrld of avperien e (ang, therefire knnwiedse) 18 contect-dependsnt urngue ard o -
cexvhle ta nthere [warriptiie cate styfier gare ot mereiy g techrrgque tnar e plorgtory atye of
erpirical Aty the are tre bt dhat can be as b e and mgtt ses e e olleta ety

Bon i mather et s e b b eehearch e are tndividsale cartinn e gre ron sy ytte 0

the canception ot a “migthematve b atryctyre™ (g the anteqers and thevr properbies) natyr gl v g
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mathematician, has been central to “structural™ goals in mathematics teaching (Dienes, 1963,
Dienes & Jeeves, 1965). The structure of problem representations (search space complexity,

etc.) as external to problem solvers is important in task variabie research (Goldin, 1984).
Radical constructivism denies us these as analytical tools apart from the constructed knowledige of
alearner or problem solver, sllowing /2 principle no way to establish that a probiem or concept
"has” the same (or similar) structure for two people: not because of empirical evidence of
differences, but due to & priorrepistemology Radicsl constructivist influences on mathematics
education have beenopposite in direction to that of logical positivism, but both make major claims
based on epistemology rather than empirical research. Though sympathetic to the general
direction of their infTuence, | still see dangers if the radicel constructivist reasoning is unsourd
t Advocates of constructive learning 17 discovery processes may find that invalid conclusions
from the epistemology are intertwined with otherwise valid perspectives 2 A valuable and time-
1y set of nonbehavioristic, nonmechanmstic ideas in mathematics education may be discredited in
the eyes of those who justifiably seek an empirical, scientific basis for research- -indexd, recent
scholarly debate on issues affecting policy (e g. variables associated with effective teaching) has
been cast as differences between quantitative ermpiricism and constructivism {Brophy, 1986,
Confrey, 1986). Thus ) stress that one need not accept radical constructivism to model learning
constructively, or to advocate increased classroom emphasis on quided discovery in mathematics 2

Constructive and Monconstructive Empricial Learning Models

Before returning to the epistemological 13sue let us consider the difference between constructive
and nonconstructive emprrice! models for tearning To do so, we define "learning™ as the syurss-
tion by & syslem or enlily of & sel of 10-principle -observedle compe  xles or copgbililies. We
contrast two situastions where, because the systems involved are not human minds, questions of
epistemology can be deferred 1 Acomputer 18 programmed ina high-level language, e q. BASIC
Users {even if familiar with the machine's circurtry) need 8 Ae/pful mode/ for its competency ac-
quisition, which detarled knowledge of the electronics 1s not Therefore we imagine thet the com-
puter representsinternally, 17 hiteral “"transcriphion,” the procedures and contingencies that 1n
the program input are expressed 1n acnnvenhional notationa) system; and that these are precizely
followed 1n executing the program The desrription does not 1nclude Ao representationoccurs as

the program 13 entered, but there 1s 8 useful tenze 1n which no new, impor tant internal aystenis

2 jnsome [conatructiviat] writings the tmglication seema to be drawn that certarn trar by
practices and views abent anstruchion prexuppoie o conttrg biviat view of bonwledys Thit
tmplication s falae " (Wipatorck, T, pp 10 12
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are buitt. The "learning” is non-constructive: new competencies are Zzanted to processes tylly

described by the program itself. 2 The body scquires immunity by fnoculation, “learning” 72
infection with a killed or weakened virus to defend itself This biological process is v/ adequately
modeled as representation of explicit instructions; scientists may not even know the procedures
the body will acquire |t is more useful to conjecture that in interacting with the vaccine materis!
the immune system coaséructs new capabilities, e ¢ to recognize the dangerous virus biochem: -
cally, or to manufacture antibodies in quantity more rapidly, which are complex and not fully
understood The evidence for 8 constructive model is obtained +7# controlled, empirical research
Such examples illustrate empirical grounds for distinguishing “constructive” from “nonconstruc -
tive” learmng erther may occur, in various situations The hypothests that immumzstion (bt
not programining) ehicits conatructive processes 1s testable, and depends not at all on radical
constryctivist epistemnlogy- -1mniunology and computer science are not helped by saying that “the
immuyne sy2tem {camputer) has access anly to 1ts personal world of expertence, nat diteitly
knowable by ary ather smmune 3yatern (computer), or scientist ™ Likewise modeling msthemats -
cal competence acqnsition eanstructively as part of an empiricat theory, or hypothesizing thiat
knowledge canstrin Hon oecurs (e g, in stages) - -18 Ayricslly 1ndependent of radical constructivist
epistemology. Some learning may be constructive, some not, and the two emarricgl’y drstinquiah-
able Perhaps constructed knowledje is more widely generalizable and retsined langer  The
moderate empiricist can define, study, and advocate discovery processes and open-ended probiem
solving in mathematics, and take account of contextual influences and individual differences

Constructivist and Fmpiricist Yiews of Knowledge

To make exphimit the dragjreement between radical constructivism and the maderate enpiricist
position taker here, we retyrn to the questior of how "I {the reasoning entity) acquire kniwledpe
The (valid) constructivist statement that | have direct access only to my world of experience
differs from the (1nvaltd) phrasing that we have direct accers only to our worlds of exgerience,
which tacitly places “me” an the same epistemolagical footing as other human minds (but pre-
sumably niot gn the same fuating a3 computers or  mmune systems) . It1s valid to say that | con-
struct (inanepasteroloqical arnie) my “knowledge * Doing 3o Linter (tacitly, and Tater overtiy)
A "resl warld” tnwhich | relate words and siyrmbels drawn from experience | then rearan atuat 1t
a3 an emptricist | consider my statements as usefuy! summaries of patterns 1n svnae-data, buth
actint and contingent 1 1nfer 10 the real world entities called “other penple,” and 1nanother equs:
temeloyienl step regiin that they toan have “worlds of experiene " This orginizes my experirne

af e tetoporar peapde e s bt a7 theyg teel senrationt and beve Shanghte Toke pogewen
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Thus in modeling their cognitions (e g to teach mathematics) | begin with my ow2 experiences
and infer & description of /2~ knowledge: informaliy, or with systemetic empirical technijues

such as controlled experimentation. Others’' behavior and cognitions are for me on the same

epistemological footing as any other aspect of the resl world (suchas atoms and molecules)

The fact that | wish to study cognition rather than chemistry has slight effect on the eprstemio-
logical under pinnings of my investigative methods. in cognitive (unlike chemical) studies, 1t may
help to establish and resson from similarities between others’ behavior and mine, and corres-
pondences between my behavior and subjective experiences. But such techniques have limitstions:
it is apparent that other people differ from me behaviorally in important ways, and there 1s
empirical svidence that my awareness and recollection of my behaviar and subjective experiences
are imperfect. Thus reasoning about others’ cognitions by analogy with myown 13 only a heuristic
taol- -it may guide some theorizing and motivate some everyday teaching activity, but it must
yield to more rigorous empirical 1nvestigstion ‘when the latter is possible. Thus | argue that 1tys
episternalogically invalid to take as equivalent (a) the "knowledje” of others that | or other re-
searchers model when we study cognition empirically, and (b) the inner “knowledge” that | con-
struct from my personal experience 7hese fwo seases of Lnowledge ™ ¢iffer . one is 8 defined,
uselru! shered const-uct! enabling researchers and teachers to better predict or influence behs-
vior; the other is acceasible only to introspection Whether empirically-defined knowledge

fon

“really” describes inner knowledge -as-constructed i3 not an issue, because A&7 7s mrl 1es 1nie
Epistemology and the Psychology of Mathematics Education

Mathematics seen Japicas?y 15 8 set of assumed conventions for manipulating symbols Once these
are established, there is asense (contrary to radical vonstryctivism) in which the system evzsfs

and “has” & structure, apsrt from the individual Historically conventions were smventsy , and
psychologicelly they are retnvented by individuals; but their conseguences are lagically con-
strained Though & togical formalism 13 useful, we stress ita empsrics! motivation e g, the com-

mutative 1aw of addition, g<sy7w’1none formal approach ta number theary, can be drscviv-ev if
we firstinterpret addition as a physncal procedure To talk about discovering a patternar struc-
ture we must view 1t geesisting apart from the tndividual  One guides g child to “invent” counting,
or “invent” additian by joimng sels of objects, having done 1o the commutative 1aw 18 nnt yrvented
but discavered 1t existe in that context apart from the child’s coamtion To guide the discuvery a
tescher must b now of e extatence, and fuster situsthionsan whne bt can b fuund and interpreted

To encourage 2wyl over rofe miathematica lear ning, we muyst dishingi b them e atty
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One distinction focudes on teaching and learning strategies, which may range from the teacher

stating and exemplifying rules, to the student detecting patterns and verifying conjectures
Ancther focuses on the empirically observed capabilities of students who have “learned” an arith-
metic rule stating the rule, applying it to numerical examples when asked or spontaneously,
identifying presented instances of it, providing exemplars and non-exemplars, are important but
can be acquired r7g rote, fairly nonconstructive procedures. Other capabiiities, e g 11lustra-
ting the rule physically, justifyingt, or setting up & pattern where it can be discovered, sujjest
more meaningful learning The latter go beyond computation to connect numerical with non-
numerical domeins, or make ecplicit reference to reasoning processes | think 1t is enipirical
fact, not epratemological neceasity, that methods based on “transcription™ and apphication of rules
are leas successful than thoze of mathematical discovery and constructive learming Critrcrem of
radicsl constructivizmas a7 aupport for behaviorizmor rule-gaver ned Jearningin methernstics,

but a call for new empirical models encompassing far more camplex capahlities (Goldin, 1927).
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COMPARATIVE ANALYSIS OF TWO ARITHMETIC SITUATIONS

IN SEVEN YEAR OLD CHILDREN

Mari1a Grazia Grovs:

Nucleo di Ricerca Didattica, Umiversitd Jdi Pavia, ltaly

Summary.

A sample of 100 ceven-year-old children  woere Sub) Jec toed to a

test cansisting of two  semantically similar  arathinetic
situations, but ditterent i the amount of information and
QL1 tur e, The compar tann Gt thee 1t eapung e, grven by the ot

100t 1 the two s1tnuations indicated that the moaalitireas af
response variled from si1tuation to situation, even for the same
child. Whoever , 1in the first  sityation, had wused a con-
solidated and 1nter nalised subtractive procedure, 1n the second
useq other modalitieg wir1h Aagain return tc graphic repre-

sentations ana a restructuring of the 1nformation.

Introduction

The aim ot the presont work 15 to study the atrategien
used by a& group of chiloren, agad seven, in the sclution of two
drithmetic situations; addition and subtraction,

The: compar ative danalysisa between the twes si1tuations hasy
the intent of pointing cut, within the theoretical framework cof
cogrnitive poavcolungy, bow the agditive - subtractive procedur oo
ar o acquirer ty ch laddren wh) are at the otage of concrete
operationag, Garh recearch an done within the  author 1sea 3
[ N L S I TS IN TR A RY T they Uartar b1 Becoaro s Gecgpn (Rar Teo g

Huceorrma Draate o a0 aof the ngooeragpty 0t Facla which proapo e 4o

put anto ettt g e i boameert ar G o by G maattaemat o '
riculun whiin h (A N ST A R ALl et v e L gt Yo
diroaplinea., oo ot targar Phoe St ot Lo Coacinilty v
[ R I N A LR S Y RS R S A S R L R ] Pngrisr Yo

(XTI oy wi ! [ RLE I RIVEEE YAR TR S Yher vt atyon ot
Shrang et ot e e b HE RS ST L A IR A TS FE TR AR R TS NN AT
I N R I AR B T AN NN R B R T N A LN
Methodoluqy

Ther povr vy c ey o nbope Pt i Lt e L et Ul Jee U

BEST COPY AVAILABLE o5




attending the sccand elementary class.

Our children belonged to six different schools, rep:re-
senting the social and economic classes of the population of
the city and pravince of Pavia,.

The trials were composed of two arithmetic situations
which the children had to solve on successive days to avoid the
possibility that choice of solution of the firat could, accord-
ing to the logic of the "fixity of the task", influence the
solution of the second.

The two arithmetic si1tuations were undertaken by the sub -
Jects after about three months from the beginning of the second
year of elementary ochool when addition and subtraction were
presented 1n the cultural baggage of the students.

The two si1tuations proposed are the following:

A, There are 168 gqi1fts under the tree on Christmas morning:
Three children enter and take their gifts from under the
tree;

6 gi1fts remain for their parentsg

How many gifts have the children taken?

This morning the baker had 30 buns;

He sold 4 of them to Roberta, @2 to Luca, and some to
Maraio;

Now he has 18 left;

How many di1d he sell to Mario”

How many di1d he sell altagether’®

[t we use Moser ' s (196G5) eemantic classification of the
RropOsed probiems, Qur s1tuationsg can both tier placed o tree
class Transtorming/separating,

Tther amantic rlassification nt the probjiems Beging frem
the Srtuatians ot dctinn o wtaticity whith they prablem
aeccribeg tor pdentityang  the  logiu al  oporators  Like oo
and/or sgparation 1n situations gf transformatian, combiration,
Campat pacn and eqgual ity .,

Thn oy probfem propaaed Dy un procente, howersenr 3
Gental L wloargantLational o struc ture ot the antormation e

19 dafterent with renpect to the firat, I tact, the oraer of

the questions 15 ot nne which cenfarms to the sequentiality ot
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the actions described. The text also contains a problem of
combinaticn of the subtractive type. Further, to put into play
the relations which ex15t between a particular set and three of
its subsets does not indicate any implicit actions and,
therefore, any reference to the strateqgies of separation and
addition, but it describes the relation which occurs between
the quantities.

Our problem was that of seeing how the same subjects be-
baverd in the two si1tuations, Thus, the different subtractive
strategies used to resolve the trials were pointed out,

For the first situation, three strateqies were used.
| b + = 18 In this case the modality wused by the child

15 additive, bhe begins from the smallest
quantity and builds a larger one by the ad-
dition of objects until reaching the greater
number . The counting ot the objects added

gives the result.

= b In this case the modality used is that of

"separating up to". The child removes, from

the more numerous set, many units up to the
point when the number remaining equals that

of the smaller given.

111) 18 - 6 = The modality used nere is that of ‘'“separa-
ting from”, The child takes away from the
larger of the given sets the number of units

indicated by the smaller set.

These three subtractive strategiea are also represented 1n the

second situation, even 1 f combained among themoselves 1n oa daif-

ferent way. There are, 10 fact, four modalities which wir have
campared.

1) T IRl Iy thayo e the chy b gl the
modality "separating up to", using
mar e arts and then thosee of the
sums botween two Quantitieg which
woer e not dJires tiy jiven by the

tewt, but which had to be tound by
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Here the child uses an additive
mocdality to build the subset of
the objects that he knows, then
using the modality "separating
from" to find the unknowns of the

problem.

111)» 30 - In this case the subtractive moda-
lity ‘“separating from" 1s also

used.

In thia last case the child unites
to the modality "separating from®
that of the  sum between two

gquantities,

It 15 I1nteresting to note, above all 1n the second situation,
how the children demgnatrate a "flexibility"” not sa much in the
operative modality as 1n the orgamisation of the information
that they have at their disposition. In using the same sub -

tractive strategies, the data are used 1n a different way.

Besults

Of our 105 subj)ects, 68 (71 students) responded correctly
to both trials, 25% got only one trial wrong (8.3% the firat
and 14.9% the second!) while only 7% got both trials wrang,

Now let's study the modalities used 1n the two difterent

Situdtions; rxam,ning the correct protocols.

Si1tuntion Cuoavrec s 8308 Girtuation

Mrialaty Moadaltat,

Q.80 LdeL e

RN
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83.8% responded correctly to the first situa-

Of our subjects,
?77.13%

to the second.
A

tion and

the most used modality (S51.42%) was that

In situation

In this case the information was

known as "separating from".

used in the given order, Only 31% (17 out of S4) of the

children doing the third modality also used the graphic repre-

sentations of the objects. Instead, we observe that 71.4% of

the children who used the modality “separating up to” made use

the representations of the objects; representation used by

of
all

resuyltive modality,

the subjects that resort to the first

the additive one.

Therefaore, 1t seems that the children who resort to the

third modality are already able to use an internalised plan of

action which does not need the objects to be activated.

(38.09)

In si1tuation B we encounter the highest percentage

of the wuse of the strateqy "separating up to". However, we

4 must observe that the other three modalities use the strateqQy

; “separating from"” which therefore, a3 & whole, was used by

39.04% of the subjects who responded correctly to the second
the

it should be noted that the use of

situation, Moreover,

graphic representations was increased. A qQood 80% of the

children who used the firat modality made use of the
and

&6.6% of those using the second modality

representations,

82.3% using the fourth, while none of the subjects who used the
The comparison of these percentages

third modality used them,

internalisation of the work

allows us to hypothesi1ze that the

plan of subtraction does nat always follow a linear process,

but facing i1nfaormation of a greater quantity and which 1s more

d]ffxcult to organise, as in the case of situatiaon B, the

children resor .t to procedures which can still be veri1fied at  a

perceptive loval ¥ollowing the technique of counting,

In the following table the data of the children who cor-

solved both the tar anyg the  second modality are

rectly

uned .

morddaiity

thes

to

reter onee

reportod with




MODAL ITY

2 O = 4 D C 4 -~ 100

10 %3 21

Of the 43 subjects who, in the first problem, used the modality

“separating from", 18 did not use it in the second, while @27
used it with different modalities. Thig would seem to confirm
the 1ni1ti1al observation that the 7-year-old children who wused
the subtractive strategy "separating from” elaborated an opera-
tive model that, in most cases, no longer resorted to the
object.

We must, however, recognise that only 5 subjects who used
the third strateqQy 1n situation B effectively demonstrated that
they had i1nternalised the plan of "separating from" , avoiding
both the qraphic representation of the objects and the sequen-
tial use  of the immtgrmation in favour of a PrOCEeHS of
syntheals,

Mor esover, 1t 1 anterestaing to underlane the fact that of
thes 30 qubiects who, in situation B made use of the modality

"separating up to, 19 had used the modality "separating froe”
tn situation A, These data become clearer by the laat asnalyses
of the protocols from which 1t results that a good 14 ot theae
subiyects bhad, nowev;m usei! graphic represontationsg 1n sttua

tion N, witneyn)ng to the necensaity of atill comnecting the

thought to the objoct,




Conclusions

The results obtained in this research point out how the
internalisation of the subtractive processes are much more com-
plex than they had seemed.

Qur subjects; at 7 years of age, having, by all means, un-
derstood the meaning of such processes, present some differen-
tiation from the operative point of view.

Two semantically similar ari1thmetic situations resulted
from the same subjects according to different modalities of
calculation which vary 1n relation to the amount ot 1nformation
and, 1n general, to the context.

Therefore, it would seem that the acquisition of the sub-
tractaive procedure 15 also subjected to a ‘"cognitive
flexibility" which can re-enter 1nto the capacity of the crea-
tive thought. lLacking a plan 1nternalised in an adequate way,
the subject resorts to his own abilities of creative thought

trying other solutions.
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Understanding and discussing lincar functions in situations.
A developmental  study.!

Jean-Luc Gurtner, Université de Fribourg, Switzerland?

This study is a first attempt to invesuigate 7th, Yth and [lth graders’
functional reasoning in  situdtions and to unaderstand  how and when
general cxpressions are spontaneously used in such a content

Resulis indicate that all the groups had good understanding of key features
of linear functions in the situation, but that only 1{th graders understood
that conceptual descriptions may work as daswers where lack of informa-
tion does not allow numerical answers 7th and 11th graders spontaneously
adapted the level of generality of their selutions to the level of constraint of
the problems. 9th graders focused more on the way the differeat variables
of the situation interacted than on trying 1o compute specific answers even

in highly constrained problems

One can accept the first part of the following claim :"Gencrality is the lifcblood
of mathematics™ (Routes to/Roots of Atlgebra. Open  University, Centre  for
Mathematics Education, 1985, p.8) without buying its tail “and algebra is the
fanguage of generality”. (our cmiphasis). Potentially an idcal way 1o learn 10 deal
with concepts and numbers together, algebra, as taught in the schools, is now
widely charged with "too much mecaningless symbol pushing” (Kapul, 1987, p. 345).

Lincar functions represent the casicst way to kecep cxpressing  gencralitics
while reintroducing meanings. This is not a new ideca and Wheeler and Lec (19K7)
see fts origin in the 19208 Well documented studies have shown (Prager, 1968) 1ha
mastery  of the  symbolic  notational  system s pot necessaty  to understand
functional relations, and  that the use  of gituations  may  successtully  trigger
functional rcasoning among  students  Janvier, 1978). Most school  curricula

however delay the study of functions until the introduction of algebra.

TResearch done with J Moore, M Korpi, T Greeno, G Pribyl and J. Simon and
supported in part by NSE, Grant BNS-R/18218 10 ). Greeno

2(‘um'mly visiting at Stanford University, sponsored by the FNRS fetlowship
K1.353.0.86,




In this study, we have tricd o capture in the language of Tth, 9th and 11th
graders marks of an understanding of functions beyond the simple statcment of
the relations between the variables of the situation, and to analyse its  strengths
and wcaknesses. We  also wanted to take a first look at what makes swdents

spontancously decide what level of gencrality is appropriate for a given situation,

The experimental situation

The data come from the protocols of 9 pairs of subjects, three of Tih,. three of
9th  and threc of 11th graders, with respectively, 0, 1 and 2 years of algcbra at
school. They were asked to answer questions and solve problems related to the

functioning of the device shown in Figure 1. Each interview lasted S0 minutcs.

The device used in the cxperiment.

Two blocks can be moved up along parallel tracks by turning the whecls
situated at onc end of the device. The wheels can be actionned  independently or
together. Wheels of different sizes can be put on cach crank, allowing the blocks
to move 2, 3 4 or 6 inches per turn. Ditferent starting positions ¢an also be given
to the blocks  Bach track may be oseen as cmbodying g hincar function of the form
y=ar+th, an which v represents the ending positions ot the blocks, o the sizes ol
the wheels, 1 the number of turns and b the staning positions of the bdlocks. The

use of o tracks, aside of proving highty  maotivating by introducing an clemem

of competition, was decided o allow the discussion of lincar functions, beyond one
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The first 1S minutes of the scssions scrved as an open-cnded familiarisation

phasc. Its aim was 10 lct the subjects become acquainted both with the device and

with questions designed to promotc generalisation by offering only part of the

nccessary information. "What will happen when you turn the handle?”  or “"Where

will the blocks be when you stop tuming?" arc cxample of those initial questions.

For the next fiftcen minutes, subjects were given problems to solve. These

problems presented various lcvel of constraint. The less constrained problems like

the bluc block be at 20 first?", were solvable in many

"How c¢ould you make

24 at the

both blocks bc at

different ways. More constrained problems, like "Have

same time?" accepted fewer solutions. In both  cases, the experimenter kept

prompting for other ways, until evidence was received that the subjects  had

considered possible action on the three vanables involved (i.c number of turns,

starting points). In the 1otally consiraincd problems,

sizes of the spools and

information was introduced into the situation, (for instance by selecting

enough

two spools and twn starting positions), that only onc solution rcmaincd possible.

another 15 minutes were reserved to ask the

At the end of the problem phase,

subjects to make Inferences in order to assess their degree of understanding of

some key features of fincar functions. As in the totally constrained problems, the

questions concerned  particutar scuings of the device. Given the usual d:fficultics

raiscd by problems about ratios. a central question was the understanding that the

ratio of the travelled distances of the two blocks was constant and cquivalent to the

ratio of the sizes of the two spools. In the simple cace where both blocks started at ¢

and had respectively a3 and a 6 spool, we asked successively: "Will the number

that this block is at (the one with the lurger spool) ever be 1wo times the number

Wl it always be oso? and Wil thus number cever be three

that this one v at”

times the number of the other block™ . Arpumentations were always requesied.

The sessions ended by a presentation ol an abstract  situalion, in which the

sizes of the spools and the stacting positions were only  piven ina relative way

C'Now ey e that we have a hipeer spool on one side and 3 smaller one on
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the other. t won't tell you the size of the spools | have in mind, however. The block

pulled by the smaller spool starts ahcad, but again 1 won't tell you how far ahcad).

Questions like: “Can you sull say anything about when they are going to be on the

samec line?” were discussed in order (o assess the subjects’ understanding that

gencral, conceptual answers remained possibie when numecrical answers were no

-
longer to be found.

Results

Problems : subjccts were voluntarily left totally free 1o decide whether and

thcy wanted 10 use the device in their solutions. The interviewer

how much

accepted specific answers -- solutions involving mention or use of at lcast one

panticular ¥pool, starting position or nuMber of tums (cx: Put @ 6 on thif one), as

well as unspecific solutions -- answers containing only rclative descriptions of

Have a bigger spool on 1his one) and no specific values.

those parameters (cx

For the less constrained problems, all age groups gave predominantly

unspecific, but working solutions, (respectively 60, 74 and 70 % for the 7th, 9th

and 1ith graders). This result indicaics that unspecificity about the values of the

variables is scen as the appropriatc answer to 2 wcakly constrained problem. For

more constrained problems, the proportion of unspecific solutions drops

significantly for the Tth and the 11th graders to respectively 31 and 25 % bul siays

high among the 9th graders (75 %, p < .05). This result shows that cven the Tth

graders are able to adapt the level of generality of their solutions to the level of

constraint of the problems. The wunspecific solutions given by the 9th  graders

should not be regarded as weaker performances. They are indeed often  well

to use the same size spool, or if you used a

formulated (4A: Well, | think vou have

smaller one you'd have to start 1t aghedd ) and can be followed by sery accurate

answers on request, as shown in the following interchange
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Interviewer : Al right, suppose you want to make the red end at 24 and the blue end at
8. Can you construct that situation?

Student 6A : At the same timg?

Interviewer : Yes, al the same time, a lie, or you know...

Student 68 : It you took, um, a 6-spool, a 2-spocl, and like, you did, um, wait,
oh.

interviewer The red's gonna be at 24, and the blue’s gonna be at 8.

Student 6A : You can have the 2-spool 1o the blue, and the 6-spool 10 the...
i mean the 6-spool to the red...and then have the same number of
turns.

Student 68 : You can crank that one (red) three times as much as this one.

This 1endency of the 9th graders to remain unspecific even in the more
constrained problems may be due to a special cffort to caplure and express how the
variables of the sitvation can be manipulated and inferact to produce the target
cvent (like a meeting) rather than to try to pursuc one specific solution that would
make the target cvent to happen at the specified location (24). Another finding of
this research  offers support for this interpretation. Use of comparatives
throughout the scssion (like smaller, faster, ctc) is more frcquent  among the Sth
graders than in any other group (appearing in 25 % of thecir gencral siatcments
and in only 15 % for the 7th and 11 % for the 11th graders).

Totally constrained problems arc generally received with guesses and  requests
to usc paper or to work them on the device. Correct solutions appear in all age
groups and arc usually found by coanstructing tables and comparing the positions
of the two blocks afier cach turn One 1th grader however got the correct answer
to the prablem . "How nany turns will it take lor the two blocks 1o be cqual?” by
immediately computing the gamn per turn of the bigger spool and companng it 1o
the head start of the other. (7B, 1 knew thar of thiy was 4 and this was <, every turn
this would gain I, and they are S apari, so S turns would put'em together),
attesting that he also undersiood that the function resulting from  the  composition
of two hncar functions was also hincar. Two pairs of  Phih graders tned 100 use

cquations 1o venty their coneet solubon byt faled 1o et the equations correctly
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Inferences : Only anc pair of subjects (9th graders) accepted that, when

starting both from the O mark, bluc could cventually later be three times as far as

red after having scen it be two times as far at onc particular point. Al the other

pairs (cxcept for onc pair of lhh graders for whom the question was considered

100 obvious) explicitly argucd that, with a joint start at the 0 mark, the ratio

between the positions of the two blocks would stay constant and cqual to the ratio

of the spool sizes. Onc can hardly be more explicit than this 9th grader : the blue

spool is twice as lurge as the red spool, 50 it cdn’t move any faster than twice as fur

Subjects’ reactions 1o the abstract situation show a  clear developmendal

pattern across fevels. fu all the 7th grade pairs, subjects proposed to supply the

their own. No other pair

introducing values of

unspecific information given by

did so. The four 9th graders dealing with the question considcred that because of

the unspecific information given about the spool sizes and the starting positions

the two blocks would

nothing scasible could be said about where the meeting of

occur. (SA: We don't know, to which 5B added : It all depends on how much bigger

or dA: You need to know how many inches it moves per spool ). This

the spool is

result is somewhar surprising coming from the very same  subjects who  had

proposed unspecific solutions even for the more constrained problems  carlier an

the scssion. Further investigaticn is needed to better understand  this  apparem

paradox. Answers at the level of the variables were given only at the 1Thh gradoss

level who gave answers hke' YA The red will catch up with the blue at the point at

which 1t's siee advantage can cover the ortginal losy in distance, ot IA the

numher of turns ar takes for blue 1o catch oup owih ored wildl depend on the s of

the spool, immediatcly complcted by 7B: and the head start

This result s consistent with another finding of thes rescaech showmp thae of

the use of the vaoabley' names nises semarhably a1 the Oth graders level alieady,

those names remains absent of eapressions involving words like it depends on or
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they often focussed more on cxpressing the possible ways to realize the desired

event {like usc a bigger spool, 10 muake a particular block win, or give one a bigger
spool and the other onc a head start, to get a tic) than on the specilic values tha
would make this event happen at a particular location on the device, as also
requestcd in the problem. Additional data suggest that this tendency is 0 be scen
as rcflecting how the Yth graders interpreted the interviewer's cxpectations in
the situation and not as a drop in quatity of cheir rcasoning. Interestingly the
interviewer even accepled as a good solution for the problem : "How to make the
bluc block be at 20 first?” an answer as ambiguous as : SA: Pur a differeat spool
This resull shows that subjects do make some hypotheses on the level of precision
they have to go to and the level of understanding they will be credited for, when
they dcliver general answers. Very often, this fevel  was determined  through
negotiation between the students, making the use of pairs of subjects a very
approprialc technique where the form of the message is as important as it's
conlent. This also shows that, if generality is the lifeblood of mathematics, more

theoretical work has 10 be dounc in defining generality for verbal expressions.
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LOW MATHEMATICS ACHTEVERS S TES T ANXTETY
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Reactions To Tests questionnaire
used to check eighty two low achievers in mathematics in
order to find out their Jevel of tLest anxiety. Counter to
theoretical expectations, which predicted a high level of
test anxiety, tindings show inditference to taking of tests
among these students. ITmplications for curriculun
indentation are discussed.
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We chose to choeck test anxiety of low ubility students
in vocational high schools. The system of vocational high
schools in Israni runs in purallel to the academic high
schools. In vocational high schouls students major in
technical CFicelds such as wmechanices, counstructions,
secretarial work, cte. In the context ot evaluating a newly
developed matheamatics curriculum Ffor these students, the
problea of achisvement evaluation arvose, Naturally, it
became apparent that testing tor achievements should be
considered as an instrument., In vivw off the well established
history of failures in mathematics examinations of this
population, and an wceordance with Sarason's frndinea
mentioned above, ot wias reasonabio to expect haigh lovel of
taest anxi1ety on the purt of these studentae, Theretore we
decided to check 1t Existance of test anxiety certainly
would vicolate achicvewmontl tosts validity., One nust,
however, be very carceful in concluding the opposite {(f ternt
anxiety measure proves that it does not exist. Namely, if
test anxiety i1s too low, this also may violate the validity

of the results,

The Instruuent
Test anxiety was mcasured using Sarason’'s (1980h)
Reactions Te Testa (RTT) questionnaire. A both pgenceratl and
test anxicties are usually defined as couwplex states which
include cogunitive, cmotional, behavicral ax bodi
components, Narason's o instrament congiats of foapr factor
nnaltytically derived aealos

T: Tension . e g . At e

peopie are dovng”)
Tect-treetevant Thoupht
TR T Y R SYRY B TR
TR TP TR P

the test
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Altogether, the RTT questionnaire consists of 1o
statements, cach with Tour nlternative reactions., Exawinece
is to circle the alternative that best reflects how he or she
reacts to the statement.  The four alternatives are:

I - not at all typical of me

only somewhat typical ol sno
quite typical of me

very typical of s

Aa there are o statements in the questionnaiee, ten of
each scale, n student could ot noscore of botween 10 to o
for each scale, nnd a weore of botween §0 and 160 for the

whole questioonaire,

The instrument wers vali:dated by Sarason using it for
normal students’ population in the United States (1984).
Michaelis et al. (1988) translated it into Hebrew, and
validated the trauslation applying the test to 54 Tel Aviv
University students, who sought counselling because of their
guffering from test anxiety.

The Sample
i

The RTT instrumien' wae administored to 82 low ability

vocational hipgh sehogl students at

average age sixteen, U5
boys and 37 girls. Thoir

nathematics acvhievements, ns wnl]
as other achievementy throushiout sehool, were below average

rage,
therefore (n high s houl Lhey wore assigred to the 1nw
ability voecationnal stproam. A study of theiv eharartoprisgtics
(Mov::hrwit,:'-Hu‘l'n', PASTY v il o d g o Botivation couplod
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12 RIF NEANS AND SVAWDARD DEVIATIONS

PRESENT STudY RICHAELLS €T AL, SiuOY SARASQN'S SIUGY

Lov ability vocational high- Studenls in Israel vith Norsal Students in
school studests in lsrael adaitted test antiety vho asked the United States
for counselling (1988) (1904)
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P.fb_f ussion

Counter to our theoretjically based expoectations,
results in Table 1 show that students of both scxes in the
low mathematics achievements population have a very low test
anxiety score, compared to that of students of both sexes of
high test anxiety population in Isruel, and to that of normal

students' population in the United States,

Table 2 shows that hardly any student recoived a score
higher than 40 in cach of the four scales, To re-examine
this gap between thoeoretical prediction and our results, we
interviewed the mnthemat,vn teachers of these students,
Teachers rejected the theory nand were not at all surprised to
hear about their studentns' low test anxiety. On the
contratry, they said it wns consistent with their own
expectations and observations. According to their
experience, they said unanimously |, these kids are
indifferent to tests, as they do not care any osore about
success . They lost every bit of inner motivation to succeed
in mathematics, nnd hence they could not care .ess about

tests.

Conclusions

Fven thongh we did net Uind a high loevel of test
anxiety Aas we had theoretieality prodicted, we cannot
recommend usitg achieveucat teste gn the basis of curriculum
evaluation for *hia partycalar 3 cpalation, Ao their teachors
suggested, n wajor prel bew ot P raral tack of gucceuas
drive. A caroful study o1t poejpatbation's anner and
exteornal motives to custeecd co poanded, Menanwhile, innovative
peasuroes onpeht to b b ucd s o order to evnlunte Hew
mathematicn cure v eatan, Ao baped Core Ve ae gtudent o,
Perhaps, o measare of charpe o test oanxioty onn serve as onn

indicator of change an tadent e martivetion, i : nn

fncrenase in test oanxiety 1o o,
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Proofs that Prove and Proofs that Explain

Gila Hanna

The Ontario Institute for Studies in Education

Abstract

A distinetion is mude betuween mathematical proofs  that prove and
mathematical proofs that explain: those that explain show not only that a
statement is true, but also why it is true. It is then argucd that proofs that
explain should be foroured in matheratios educarion coer those that merely

prove.

In recent years many mathematics educittors have actively reassessed the role of

mathematical proof in virious piarts of the curriculum, and as a result there has boen a

trend away from what has often been seen as an over-reliance on formal proofs. In a

desire to take into account the role of proof as a means of communication, and in

recognition of the social processes that play a crucial part in the acceptance by

; mathematicians of a new result, educutors have come to place greater emphasis on the

concept of proof as "convincing argument.”

The trend away from formal procfs in the curriculum, and the resulting search for

alternative ways of demonstrating the validity of mathematical results in the

classroum, have motivated a number of studies dealing with the problem of teaching

proof. Leron €1483), concerned thit most of the formal proofs found in textbooks do a

poor joh of communicating mathematical ideas, surested that such mathematical

presentations would he much more comprehensible it the proof were struactared into

short autonomous module | each b zing one particntar dea

Deploring the teaching of geometry as narrow and overly concerned with deductive

proof, Volmk (1985 bebeve s that satben ane o od ot oyt b better werved ol
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the curriculum were to place greater emphasis on the social eriteria for the acceptance
of a mathematical truth, at the expense of the purely formal ones. Movshovitz-Hadar
(1988) elaborates upon six different ways of presenting theorems and six ways of
presenting proofs, in an effort to enhance mathematical understanding through what

she calls the “stimualating responsive method.”

Alibert (1988), on the other hand, rehies on the methnd of scientific debate, which
provides students the opportunity to discass the arguments inade by a proof Tuan
extensive study of the processes involved i teaching a mathematical proof, BalachefY
(1988) also points to the importance of creating classroom situations in which the
student becomes aware of the complexity of the problem and of the neceasity to produce

valid arguments.

These ideas, and cthers not cited here, have made a substantial contribution ta our
understanding of the didactics of proof, and have permitted their authors o offer
specific and interesting new ways of teaching proofs. In these discussions, however, a
proof is viewed primarily as a valid argument, as opposed to an argument that must be
both valid and explanatory. [ believe it would be useful to introduce to the discussion an

explicit distinction between proofs that prove and proofs that explain

In this paper 1 first address thiz additional aspeet of proof, namely proof as explanation,

and then consider the impliciations of this view of proof for the handling of proof in the
curricuium, sugiresting that we should, whenever possible, seek to present to students

the proofs thatt explaia rather than those that enly prove
Explanation versus Validation

toth proofs that explam and proots that prove are lepitimate proots By ths T mean
that both fulfill all the requirements of & mathematical proof. Each serves to estabhish
the validity of o mathematical assertion Foch consists of statements that are oither

asiomi s ther-a b s low o previons stitements, andd thne eventaadly fiom
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axioms, as a result of the correct application of rules of inference. Each is recognized by
the mathematical community as a valid proof (though there may be differences of

opinion on the degree of rigour).

There is nevertheless a very important difference between these two kinds of proof. A
proof that proves shows only that a theorem is true; a proof that explains also shows
why it is true. A proof that proves may rely on mathematical induction or even on
syntactic considerations alone. A proof that explains must provide a rationale based
upon the mathematical ideas involved: the mathematical properties that cause the

asserted theorem or other mathematical statement to be true.

The sense in whieh 1 ouse the term caplanation s perhaps best clarfied
contradistinction to that of Balachefl. In his analysix of the copnitive and social aspects

of proof, Balache(T (1958} proposed the following distinctions:

e We call an explanation the discourse of an individual who aims to establish
for somebody else the validity of a statement.  The validity of an
explanation is initially related to the speaker who articulates it.

o We call proof an explanation which is accepted by a community at a given
time.

o We call mathematical proof a proof accepted by mathematicians. As a
discourse, mathematical proofs have now-a-days a speeific structure and

follow well defined rules that have been formalized by logicians (p. 2).

For Balacheft, then, a proof is an explanation by virtue of it being a proof. Yet surely a
proof need have no explanatory power. One can even establish the validity of many
mathematical assertions by purely svntictic means With such a syntactic proof one
can demonstrate that a stotement is troe without ever showing what mathematicat
property makes it true Thus 1 prefer to use the term explain only when the proof
reveals and makes use of the mathematical ideas which meotivate it Following Steiner
(1978), 1 will say that a proof exphiing when it shows what “characteristie property”

entails the theoremoat povperti to prove A Staner pa
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... an explanatory proof makes reference to a characterizing property of an
entity or structure mentioned in the theorem, such that from the proof it is
evident that the results depends on the property. It must be evident, that is,
that if we substitute in the proof a different object of the same domain, the
theorem collapses; more, we should be able to see as we vary the object how

the theorem changes in response (p. 143).

The following example will illustrate the difference between a proof that proves and a

proof that explains:

Prove that the sum of the first n positive integers, S(n), is equal to ntn+ 1)/2.

A proof that proves

Proof by mathematical induction:

For n=1 the theorem is true.

Assume it is true for an arbitrary &

Then consider:

Stk+1) =Stk) + (h+1) =n(n+ 1)/2 + (n+1) =(ne1)n+2)/2

Therefore the statement is true for k+1 if it is true for &

By the induction theorem, the statement is true for all n.

Now, this is certainly an acceptable proot: it demonstrates that a mathematical

statement is true. What it does not do, however, is show why the sum of the first n

integers is nin+1)/2 or what characteristic property of the sum of the first n integers

In general, proofs by mathematical

might be responsible for the value nine /2.

induction are non-explanatary.

Gauss’s proof of the same statement, however, is explanatory, because it uses the

property of symmetry (of the different representations of the swn) to show why the

statement i tree [Emakes reference to the property of symmetry and it s evident from

the proof that the resultz depend on this property
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A proof that explains

Gauss's proof is as follows:

2 +

1+

n+ (n-1) +

28 = (n+l) + (n+ld) + ... + (n+l) = n (n+l)

S = n(n+l)/2 QED.

Another explanatory pruof of this same sta'evment is, of course, the geometric

representation of the first n integers by an isosceles right triangle of dots; here the

characteristic property 1s the geometrical pattern that compels the truth of the

statement,

Both Gauss's proof and the geometric representation show that an explanatory

approach to proof in the classroom need not always entail doing away with legitimate

mathematical proofs and relying on intuition only. What is required is the replacement

of one kind of proof, the non-explanatory kind, by another equally legitimate proof

which has explanatory power, the power to bring out the mathematical message in the

theorem. In their paper "Wann ist ein Beweis ein Beweis?" (When is a proof a proof?)

Wittmann and Mueller (1988) refer to these kinds of proof, in fact, as "clear-content

proofs” (inhaltich-anschaulich), and furnish an interesting example. The challenge is

to identify suitable explanatory proofs as alternatives to the many non-explanatory

ones now in use.

One might ask whether an abandonment of non-explanatory proofs would not make the

curriculum less reflective of accepted mathematical practice. It is certainly true that,

far from making the mathematical content clear, many mathematicians have thought it

necessary in constructing a proof to avoid any reference at all to mathematical content,

sometimes through relinance on purely syntactic methods. To ensure the correctness of

their proofs, they have consciously emphasized the deductive mechanism at the

expense of the mathematienl wdeas
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As | have argued elsewhere (Hanna, 1983), however, mathematicians, including those
who have recourse to purely syntactic methods, are nevertheless really more interested
in the message behind the proof than in its codification and syntax, and they see the
mechanics of proof as a necessary but ultimately less significant aspect of mathematics.
Furthermore, as I have also argued, the significance of what is proved is given more
weight than the very correctness of the proof. Thus there is no infidelity to the practice
of mathematics if in mathematics education we focus as much as possible on good
mathematical explanations (even at the expense of rigour), and highlight for the
students in our proof of a theorem the important mathematical ideas that lead to its

truth.

Implications for Teaching

As mathematics educators it is our mission to make students understand mathematics.
It is my contention that in support ¢f this mission we should give a tore prominent
place in the mathematics curriculun to proofs that explain. Such a focus is particularly
important in teaching, because, unlike mathematicians, students of mathematics have
yet to learn the relative importance of different mathematical topies and may easily be

misled by a classroom emphasis on the deductive mechanism.

The first step in promoting understanding through explanatory proofs is, of course, W
recognize that understanding is much more than confirming that all the links in o
chain of deduction are correct, that in fact the completeness of detail i a formal

deduction may obseare rather than enhghten, und that understouding requires some

appeal to previous mathematical experience. In discussing the relationship between

understanding and proof it ix aseful Lo keep in mind that mathematical argumonts may
have various attributes tauch as convincing, precise, formal, explanatory), and that

these attributes are often quite distinet,
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Fischbein's Theory: A Further Consideration
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This paper presents a theoretical framework for and some preliminary results of a study
which aims to further investigate Fischbein‘'s theory on multiplication and division
concepts, with sophomore and senior preservice teachers and elementary school inservice
teachers. The study uses an instrument which controls several confounding variables to
reexamine the Impact of number type on problem difficulty and to further investigate the
following aspects: (a} the domain of the number system from which the problem quantities
are derived--fractions versus decimals; (b} the “absorption effect” notion, (¢} the
relative robustness of the intuitive rules assoclated with Fischbein's Intuitive models; and
(0) the solution processes used by subjects 1o solve multiplication and division problems.
it was found that inservice teachers who were highly successful at multiplication and
division problems employ proportional reasoning, others have difficulty translating a
correct problem representation into a correct mathematical sentence, and the rest attend
only to the surface structure of the problem .

in an attempt to understand preservice and inservice teachers’ concepts of multiplication and
division, we designed and implemented a study which controls a wide range of confounding variables;
these are the variables of structure (e.g., simple proportion versus multiple proportion, Vergnaud,
1983), text (e.g., mapping rule versus muitiplicative compare, Nesher, 1988), context, and syntax
described in Harel, Post, and Behr (1988a). The study consists of three components. The first deals
with the impact of the propositional structure on the problem situation of multiplication and division
problems (see Harel, Behr, and Post, 1988b); the second component reexamittes the impact of the
numbr - type (whole number, non whole number greater than one, and positive number smiatter than

one) on the problem solution and further investigates several aspects ot Fischbein, Deri, Nello, and




Marino's (1985) theory. The third components aims to reveal teachers’ processes of thinking on both

pedagogical and mathematical aspects of multiplication and division concepts. The subjects in this
study are sophomore preservice teachers (N« 113}, senior preservice teachers (N=63), and
elamentary school inservice teachers (N=139). The analysis of the results from this study is
underway; in this paper we will present a theoretical framework ot the gsacund component of the study
along with some preliminary results.

Eischbein's intuitive models. According to Fischbein et al. {1985}, the model associated with
muttiplication problems is repeated addition. This model leads subjects 1o intuit the rule that a
multiplier must be a whole number and reinfores the misconception that the product must be larger
than the multiplicand, or multiplication makes bigger (Bell Fischbein, and Greer, 1984; Bell, Swan,
and Taylor, 1981; Hart, 1984). For division, Fischbein et al. suggested two intuitive models:
panilive divigion and guotilive division. Associated with the pantitive division model are two
intuitive rules: the divisor must be a whole number and the divisor must be smaller than the dividend.
These rules result in another intuitive rule that the quotient must be smaller than the dividend, or
division makes smaller. The only rule associated with the quotitive division model is that the divisor
must be smaller than the dividend.

Domain of the number system. The studies tha! address the incongruity between these
intuitive models and the formal operations of multiplication and division problems invoive only
decimal numbers; the question of whether a similar incongruity exists in multiplication and division
problems with fractions has never been directly addressed. There is a reason o believe, however,
that fractions and decimals do not have the same effect on the ditficulty of muttiplication and division
problems. A rationale for this is that a fraction, more than a decimal, can be viewed as an operator.
As a result, it might be easier to identity relatonships among problem quantities in muttiplication and

division problcms in which the multipliers and divisars are fraction than in those in which they are

decimals.
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The absorption effecd. Fischbein et al. (1985) suggested the notion of the "absorption eftect,”

to conjecture that "when the whole part of a decimal is clearly larger than the fractional pan, the

pupil may treat it more like a whole number (as though the whole part ‘'masks’ or ‘absorbs' the

tractional pan).* To support their conjecture, they compared performance on several problem types:
one with the decimal multiplier 3.25, one with the decimal multiplier 1.25 and four with the decimal
multipliers 0.75 or 0.65. They found that compared to decimals like 0.75, 0.65, or 1.25, a decimal
likg 3.25 has a slighter counterintuitive effect when playing the role of multiplier. This finding

raises several questions: (a) What is the conceptual base for the argument that the whole part 3 in the
decimal multiplier 3.25 better "masks” or "absorbs" the fractional part 0.25 than 1 does in the
decimal multiplier 1.257; (b) does the “absorption effect® apply to decimal multipliers between 2

and 3 (e.g.. 2.25)7; (c) are “large” decimals (e.g., 42.35) better conceived as multipliers than small
decimals (e.g., 3.25)? (d) does the relative size between the whole pan and the decimal partof a
decimal multiplier play a role in the "absorption etfect?" (e) does the "absorption effect” apply o
fractions as well?

Lavels ot robusiness. A clear result from the study by Fischbein et ai. and others (e.g..
Graeber, Tirosh, and Glover, 1989; Mangan, 1986} is that a non-whole-number multiplier
differentially affects the relative difficulty of a muttiplication problem depending on whether it is
greater or smaller than one. This suggests that violations of the rule, “multiplier must be a whole
number,” are of two types: one is when the muttipler is greater than one and the other is when the
multiplier is smaller than one. Thus, with respect to violation of the intuilive rules associated with
multiplication, there are three classes of multiplication problems:

M(0). Problems which conform to the the muitiplication modet,

M(1.1). Problems in which the multiplier is 2 non whole-number greater than one, thess

violate exactly one fule: "multiplier must be a whole numbe:

M(1.2, 2). Problems in which the multiplier is a number less than one: these violafe exactly

two rules: "muttipher must be a whole number” and “multiplication makes bigqar *




Surprisingly, the impact of the "absorption effect” has not been investigated with respect to

the inluitive partitive division rule, divisor must be a whole number, even though the same argument
made with the multiplier can be made with the divisor. To address this effect we suggest a similar
refinement to that with non-whole number multipliers in order to distinguish between a
non-whole-number divisor greater than one and a positive divisor less than one. As in the
multiplication case, this refinement results in the following classification of partitive division
problems:

P(0). Problems which conform to the the partitive division model,

P(1.1). Problems in which the divisor is a fractional number greater than one; these violate

exactly one ruie: "divisor must be a whole number,”

P(2). Problems which violate exactly one rule: "divisor must be smatler than dividend,”

P(1.1, 2). The intersection of the classes P(1.1) and P(2); that is, problems which violate

exactly the two rules: "divisor must be a whole number” and "divisor must be smaller than

the dividend.”

P(1.2, 3). Problems in which the divisor is a fractional number smaller than one; these

violate exactly tv:o rules: "divisor must be a whole number” and “division makes smaller,”

P(1.2, 2, 3). The intersection of the classes P(1.2, 3) and P(2); that is, problems which

violate all three rules.

Since quotitive division problems are associated with only one rule, the divisor must be
smaller than the divideng, therr classification is:

Q(0). Problems which conform to the the quotitive dwision mode!.

Q(1). Probleme which vinlate the rule: “divinor is greater than the dividend =

This analysis and a careful examination of msults from different studies led us to hypothesize
that the intuitive rules are not equally robust in problem solutions. For example, from the resuils
reported by Fischboin nt at. (1985) we hypothesized that different intuitive rules within the

partitive model iy not be aqually strong in aftecting students’ solution of parttive division




problems: children prefer to cope with the violation of the rule, “divisor must be smaller than the
dividend," than with the violation of the rule divisor must be a whole number (see Harel et al.
1988b).

A first indication of how the intuitive rules associated with the partitive division model
differentially affect the solution performance can be seen from Table 1. Performance on P(2)
problems--those which only violate the rule, “dividend must be greater than divisor™--is higher
than performance on the other categories of problems which viotate one or a combination of intuitive
rules. This indicates that the rule, “dividend must be greater than divisor,” is the least robust in the
solution of partitive division among other combinations of the intuitive rules. Further indication of
the relative robustness of the intuitive rules associated with the partitive division model will
discussed below.

Another important result from Table 1 is that the "absorption effect” does pot apply 1o the
divisor in partitive division problems. This can be seen by comparing the performance on P{1.1}
problems (whose divisor is a decimal greater than one) to the performance on two classes of
problems: P(0) (problems whose divisor is a whole number) and F{1.2, 3) (problems whose divisor
is a decimal smaller than one). Table 1 shows a big difference in the first comparison, which suggests
that, unlike a decimal muitiplier greater than one, a decimai divisor greater than one is not treated

like a whole number. The second comparison shows no precedence of a decimal divisor greater than

one to a decimal divisor smaller than one, and since performance on both classes is low. both impose a

strong constraint that causes major difficulty in problem solution.




Iable1

Category Rule violation Operation Cortrect responses (%)
Preservice inservice
Sophomore  Senior

No rule violation 86.5 925

Divisor must be a whoie number 315 36

Dividend must be greater than divisor . 79.7

Divisor must be a whole number
P(1.1,2) AND 12:24.67
Dividend must be greater than divisor

Divisor must be a whole number
AND
Quotient must be greater than dividend

Divisor must be a whole number
AND
P(1.1,2, 3) Dividend must be greater than divisor 0.35+0.79
AND
Quotient must be greater than dividend

A further distinction among tha intuitive rules described above is that some of the rules are
associated with the problem information, others with the problem solution. n multiplication, the
rule, "multiplier must be a whole number” imposes a constraint on the type of multipfier provided in
the problem information; in contrast, the rule, "multiplication makes bigger” restricts the problem
solution to be a numbet greater than the multiphcand. Similarly, in partitive division, the rules,
“divisor must be a whole number” and "divisor must be smaller than dividend™ are problem
information rules, whereas the rule "quotient must be greater than dividend" is a "problem solution”

rule. Finally, the rule, “divisor must be smaller than dividend™ associated with quotitive division is a
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“problem information* rule.

Any problem solution rule is dependent on a problem information rule; therefore, the relative
robustness of these two types of rules cannot be tested independently. However, we hope to get some
information about the role thal these two types of rules play in the solution process from the
interview data.

Summary

In this paper we have addressed several aspects of Fischbein et al.'s (1985) theory: (a) the
number type and the domain of the number system from which the problem quantities are
derived--fractions versus decimals; (b} the “absorption effect” notion suggested by Fischbein et al. to
account for differences in subjects’ performance on multiplication problems with multiplier greater
than one versus those with multiplier smaller than one; and (c) the relative robustness of the
intuitive rules associated with the intuitive models suggested by Fischbein et al.

The primary results described in this paper are very discouraging: preservice and inservice
teachers have serious misconception in a content domain that is included in their teaching
responsibility. Moreover, in comparing teachers' misconceptions to those possessed by chiidren
(Bel, Fischbein, and Greer, 1984; Bell, Swan, and Taylor, 1981; Fischbein et al. 1985; Hart,

1984; Mangan, 1986), and teachers' solution strategies to those used by children (e.g., Sowder,
1988) we found a striking resemblance. Graeber et al. (1989), who found this same result, indicated
that * efficient strategies are needed for training teachers to monitor and controt the impact that
misconceptions and primitive models have on their thinking and their students' thinking® (p. 100).
Graeber et al. suggest such stralegies. For example, asking teachers to write about their conception
and misconception, or encourage them to compare their estimated answar with the computed one.
These strategies can be used with children as well. Fischbein et al. (1985) recommended that
teachers (assuming they are competent in the content domain) shouid “provide learners with efficient
mantal strategies that would enable them to control the impact of the primitive models® (p. 16).

Greenr (1985) recommendad that 1eachers should "aim 1o widen the range of models available to the
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pupils” (p. 74).

Our investigation of the solution processes used by inservice teachers suggests that the main

difficulty is in the translation process of the comprehension representation (i.e., the understanding

the relationships between the problem quantities, see Harel and Behv, in press) into a mathematical

representation (i.e., a mathematical expression that represent these refationships).

High-performance teachers use the concepi of proportion in employing this translation process by

representing multiplication and division problems as missing valug proportion problems. Intuitive

solution strategies are available to this representation. These strategies involve determining the

multiplicative relationship between two given quantities and extending that relationship to the other

two quantities to find the unknown quantity (see Harel and Behr, in press; Vergnaud, 1983). Sellke,

Behr, and Voetker (1988) show that this approach results in improved performanca with

saventh-grade children.
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THEY RE USEFUL - CHILDREN'S VIEW OF CONCRETE MATERIALS
K Hart and A Sinkinson
Nuffield Secondary Mathematics, Kings College, London

The provigon of 3 dridge detween he 1se of concrete materials and formal
MARRMAUCS WAS RSIXT Wit 12 taachers Thewr interprotation of this Jdstinct

ACLVILY 18 raportad

When chufdron are (UgH! mathematical rifes by appasiiag to the results of
QTAlE QXDErIENCes. thelr taachers often tell them (hat the materials are heiplil
for undarstanding  The pupifs fater repaat this Jaim of helpfuiness afthough
thay themsalvas ara Unabie to spiay SUcoess with he materi3fs Diagrams
APPRAr More UKL A3n rods 1 e Sollilion of aquations bt not very useri/

whan equIvalent lractons are ught.

This report extends the statement made at PME, 1988 on the research, funded by
Nuffield and carried out at King's College, London, on the connections betweern the
use of concrete materials and formal mathematics. The particular aspect of using
concrete materials, considered in the research project “Children’s Mathematical
Frameworks™ (Hart et al, in press) was one which {s very commonly used in
upper primary and early secondary school classes. The pupiis are given
structured situations in which they use manipulatives, from the results they ate

asked to cee patterns which are then formalised in rules, algorithms or formulae

The research reported here concerned the same type of situation The emphasis
was howaver, on the effectiveness of the imposition of a third type of activity
whicli was neither ysing concrete material nor formal mathematics but formed 2
‘tndge’ between them The volunteer teachers were asked to teach two matched

classes With the second of these the normal progression to the formalisation
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would include a ‘bridge’ The teachers, topics and time spent on them are shown

in Table |

Table 1

Topics, teaching Ume and 'bridge’ acuvities

Teacher

Topic

Time spent on
teaching scheme

Bridge Activity

Equations
Equations

10 hours
6 hours 40 minutes

Diagrams
Chiid discussion

7 houts

2 hours 55 minutes
2 hours 55 minutes
2 hours 55 minutes
Volume 2 hours 55 minutes
Volume 4 hours

Equivalent Fractions ?

Equivalent Fractions 6 hours

Equivalent Fractions 4 hour

Area of a rectangle 5 hours

Child discussion
Child discussion
Table

Table

Graphs

Table

Chitd discussion
Table

Table

Table

Equations
Volume
Volume
Volume

A
B
c
D
E
F
G
H
1a
J
K
L

2 Data provided by this teacher were incomplete and insufficient for analysis

The Bridge

In the research, the ‘bridge’ was described 2s an activity which was distincuy

different from both the concrete materials and the {ormalisation but was seen to

connect the two The plans of the 12 teachers were examined and the following

were thought (o embody the bridge criteria

a) Child discusston - the emphasis being on the pupils expressing themselves and
not simply answering questions posed by the teacher Such a discussion could
also include 1deas on examples counter to the formalisation

b) Tables - the concrete experiences ¢ften gave rise to results which could be put
in a table, the pattern emphasised and the generalisation ensue

<) Graphs - simtlar to tabulation was graphing, in which results ware racorded on

squared paper, a pattern sought and a relationship expressed
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d) Diagrams - this was possibly the activity closest to the use of concrete
materials since 1t was essentially to represent the manipulatives and what

was done with them, through diagrams

After the first class had been taught the researchers discussed which ‘bridge’
could be used for the second class, with the teacher, who then planned the

activity, as shown in Table |

The Teaching

The effectivensss of two teaching sequernces was under investigation They were
designed to be tdentical as far as the concrete material and formalisation phases
were concerned. Only one lesson in each sequence was observed by a researcher
who took notes of blackboard displays etc, and tape-recorded the statements of
the teacher. No teacher explained to the class that a method of solution which
was generalisable to many situations was a very powerful mathematical tool

although two said it would be quicker to use than the concrete material

Having chosen which style of ‘bridge’ was to be used, the teacher designed the

content of it

Child Discussion was used by two of the teachers who were concerned wath the
solution of alg=orate equations In both cases, however, it came after the
frrmalization <o was a discussion of the method rather than a verbalization of the

soannection Letween mateniale and method

[1azrames of algebrae aquations were used as 2 ‘bridge’ by one teacher and in this
cate they proved to be 3 greater prop to the children than the actual matenai:

There were two teasons for this, one being the fact that it 1s easier to draw a

“1agram freehand (and inaccurately) than to find bricks to ine up  Secondly and
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possibly more important 1s the fact that diagrams can represent lengths of any
stze and are not restricted to the preordained lengths of Cuisenaire rods or Colour
Factor To show for example 3%+ 5 = 17, the fact that there is no rod of length
17¢m, 1s immaterial, one draws a long rectangle and simply labels it 17, as shown

here

Tabulation seemed to be a natural way of recording results from concrete
experiences in finding a) the volume of a cuboid or b) equivalent fractions In
each case the patterns of numbers were meant to suggest a rule. Three teachers
chose this bridge for ‘Volume’, two chose it for ‘Equivalent Fractions' and one

used 1t 1n the teaching of the Area of a Rectangle In no class, however, were the

tabtes emphasised, discussed at length, put forward as a good way of presenting

information or tndeed explained as a way of connecting the blocks (in Volume)
and the formula [n three cases the tables were presented on worksheets and not

subsequentiy mentoned 11 the lesson

In only one case were the resulfs graphed This was by a teacher of the Volume
formula There s a drawback toits use here - one 15 only able to draw a graph of
the relationship between twn vaniables and 1n V = L x B x H we have four, so we
are restricted to a fixed sinuation (Suck 35 3 laver of constant area) rather than

ilustrating the general case




The time spent on the setting-up, exploitation of the bridge and in linking it to
both concrete situation and formalisation was in the case of tables’ and graphs’
very short Six teachers spent ten minutes or less on this hinking acuvity, see
Table 2

Table 2
Timne spent on ‘confniecung’ activity in formalisation and ‘brigge’ lessons

Teacher Formalisation lesson Bridge’ lesson

A 69 60  minutes

B 35 35

C 20 60
40 30
8 35
) 1
10 5
40 2
30 10
6 4
10 8

Child nterviews

The teachers were asked to interview six children from each group, just after the
teaching, 1n order to obtain further information on their understanding and to
1Muminate the post-test scores The researchiers interviewed the same children
three months after the teaching The questions were intended to provide
mformation on (1) the methods used by the children to solve problems (the
tormabiiation or somnething elzel (11) thetr attatude to and use of the conirets
raaterials (0 ther memory of how the formahisation was arrived at and (1v)
their appreciation of the connection between the twn (or three) phases of

texching

The immeadiate post tests showed very little difference in performance belvie:n

the two groups 1n each topic see Fig 1 for some typical examples
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Class taught wathout ‘bridge’ Class taught with ‘bridge’

activity: Teacher ] activity: Teacher ).
Similarly the interviews produced no vastly different response {from the bridge’
children than from the others. Qver half the number of children interviewed
stated that the materials were helpful. Asked about the rods used in the solution
of equations children responded -

When using the rods you can actually see what you're doing and actually take

them away and move them {Bethan)

Well using the rods is easter if you're got big numbers of X's or something
{Bethan again)

It's a lot easter to begin with, 1t's a 1ot easter with bricks (Ross)

It's easter to do with blocks {John)

Oh bricks, it's easter to understand 1 suppose that those make 1t easy to explain

what you're doing here {Helen)

Well 1t's just that's on paper and that's kind of real, you can see it, you can move

1t about and 1t helps you more (Giles)

To explain to people 1'd use bricks beciuse you can actually see what 15

happening, you car see what yaure taking away (David)

BEST COPY AVAILABLE




These same children, however never chose to demonstrate the solution of
equations w.th rods and were unable to d» so when asked Three {out of 12)

could set up the equation

One teacher of equations had introduced the use of diagrams alongside the bricks
to both her classes whilst another teacher had dtagrams as the ‘bridge” Fifteen
{out of 18) of these ysers thought diagrams were helpful and eight of these conld
et up the equation with diagrams and make an attempt at solution  [Diagrarms

seemn to provids a better support than the bricks themselves

The embodiment used by the two teachers dealing with equivalent {ractions was

the dtagram of a region  On the three month interview 17 puptls were asked to

show 3/4 = 6/8 using diagrams. Seven of them could do so, although all the

diagrams were inaccurate Only twe chose to use diagrams to demonstrate the
equivalence. Indeed, only half of those asked, said that a diagram would be
helpful

Further Research

There appears to be evidence that children do not use the concrete embodiment,
on which the t2aching was based, after the formalisation has been taught This
dnes ot mean that the formula or algorithm s necessarily available to them,
ptten gether coponence has provided a usable skill Those intarviewsd hawever,

avaysed Uit the cancrets matenals were useful
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Examples for pupils’' solutions (the children’'s solutions are

indicated by hand-writing):

2 LN
TE

fFrom Angela's solution just her concept map will be presented;
this map obviously is very much 1nfluenced by the problems she
had solved before:

rational number
numerator
“h'"1£'“"k“’ traction

denominator

nul.kr(\c.ﬁm bicolem

%‘;“P of nemburs

to divide out

apple

rectangle
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Andreas took the straight-line-version of item 1; he marked
3 cm for % and 2 cm for % of the line. His answer “?é" refers
to the whole li1ne: Tne whole line 1s twice as much as the new

line (2 x 5 em) plus a remainder of 2 cm (= é)
After he had done item 2, Andreas realized his mistake:

e

Y il
v 12

d 3: Andreas emphasised that he had constructed o mental ima

a
ge of the apples. In this way, he had "scen®™ that this problen

was alreusdy solved by the calcolation in 1tem 2,

In the concept mapping experiment, however, Andreas did not at
8all refer to the problems: He put together all concepts rela-
ted to the fraction concept, but he separated the other con-
cepts and claimed that, for instance, "to divide cout apples be-
longs to {(the subject) German”,

Hum(/q{vv

LI
( nquar_al’._u.l. dl\nnmnm'.m ) P denominater
( oue s1xth
(EE‘U tweltth

are fiackimg

Crartaht b tro divide aut

apprle
fig. 4

ttem 1 will be given:
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/

A
1.

\
L
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iR fig. 5

fig. 6
]

For an analysis of pupils’ solutions 1t would be appropriate
to deserthe  carh puprb's aadavidoal "“fracton frame™ {(cf . Da

vis, 1984, or Hasemann, 1986a,b) in more detail. Andreas, for
instance, when solving the word problem in 1tem 3 linked to-
gether the "subunit-trame™ (see Hasemann, 1986a, p. 139, or
1986b, p. 63) with a correct interpretation of '% of the line"

in a rather strange way.

However interesting pupils' individual frames are, in the fol-
lowing to explain children's individvality some prototypes of
problem solvers will be discussed. To give characteristics of
these prototypes, we shall look at the problem solving proces-
ses mentioned above from three different points of view:

(1) The kind of problem representation in a pupil's mind,
(ii) @& pupil's cognitive style, and

{iii1) the kind of a pupil's "conceptual world"

(whereas (i) and (i1i) refer to an actual problem solving pro-

sess, (1ii) names » moie general disposition; ad (i) and (iii)

see also Cohors-Fresenbora A Kaune, 1984, and Schwank, 19861,

ad {(1): When actually solving a problem there are two types of
pupils: Type A sees the probles and ity solution; type B8 cal-

culates the result,

"To see" means nere: Lo constryct o mental amage of the site

‘atton desctibed in the prfeblum, In item 1, for idgtiunce, this.

can  be done in a rather natural waoy 49 the fraction that 15
asked tor can be adentatied yont by looking at the the rectang
Je (Mike's solution 16 a very nice example for this kind ol
behaviour, see fi1qg. 6), On the other band, there were pupils
who «calculated; Heike, in the staight line version (item 1°¢},

ance, did like this




Pupils of type A or B, resp., can also be identitied with the
word problem 1n 1tem 3: Andreas (see above) 1s an example for
type A. Type 8B - pupils, on the other hand, try to tind out
what they can do with the tigures which are given 1o the pro-

blem (as an example see T1ll1).

Regarding these examples, the characteristics ot types A and B
can also be describee als tollows: Type A - pupils are mainly
interested 1n the problem itself, 1.e. in the situvation given
in the problem and/or 1n 1ts conceptual structure. Type B - pu-
pils, in compariuon, are mainly interested 1in acting: Which
arithmetical operations or procedures match the situation (or
even just the figures) given in the problem?

ad (1i): When observing the pupils' problem solving processes,
Kogan's differentiation of reflexive and impulsive children
(see Kogan et al,, 1966) obviously makes a lot of sense (fer

example, look at Nils' and Nike's solutions 1n item 1).

ad (111): A Pupil's problem solving behaviour seems tc be high-
ly 1ntluenced by the way he or she thinks about mathematical
concepts:  Some  children seem to iygnore the situation Qiven in
a problem, but right trom the beginning they relate the  pro-
blem to the conceptual tramework they have (already) 1n eieg
(we: ¢all them concept-orientated puprly). Some  others prefere
il thind aboat crtuct s they relate o conecepta ta ottt pone

they have an aand fwe - ol then gontext ut task orientated

‘The tormer pupils are casily to recognize by their concept
maps: A1l ‘concepts related ta the concept of fractions are

arouyped  toaether . het o concepts fike "rectangle” or “apple” arve
cxctuden (see Andpreas o g, YL tThe Letter pupids try to

struct mental  amages o the situations described tn the pro-
blems, and their concept maps are representations of these men

Lal amages (see Aagela an fig, 2).
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(It should be remarked that the contrasting of concept- vs.
context-orientated children does not refer to the fact that an
individual’'s interpretation of a mathematical concept always
depends from his or her "domain of subjective experience® (see
Baversfeld, 1983, Kilpatrick, 1985, p. 19f, or Hasemann, 1988,
p. 128f). It should also be remarked fhht-chxld's view of the
{mathematical) worlo seems not tc depend from age or mathemati-
cal ability.)

Obviously, the prototypes and categories mentioned above do
not match each child's i1ndividual problem solving process. It
was, however, possible to 1llustrate the contrasting types by
some characteristics and examples. If 1t is accepted that the
contrasts which were given make sense, and that the aspects (i)
to (iii) are - more or less - independend, then there are at
least 2 x 2 x 2 = 8 different kinds of problem solving beha-
viour that explain the big variety in this behaviour. But
much more important is the fact that each child in his or her
problem solving behaviour is an individual who has a right to
be accepted as such, and to be treated adequatedly.

Regarding aspect (iii), for example, in our experiment most pu-
pils turned out to be concept-urientated. When these children
have difficulties with a word problem it makes not much sense
to get them to look at the problem again and again, and to ask
them to construct a mental image of the situation which is des-
cribed in the problem - that's not the world they feel at home
in. Instead, the teacher should try to enable these children
to relate the problem to the concuptual framework they have al-
ready constructed, or to check whether their results are rea-
sonable or not, 1.e whether the results can be accepted consa-

dering the conceptual framework which was vused to solve the

problem, If, for instdance, a tractiun 1s asked for and an inte-
ger figores our one should bhecome suspicious,

Anyhow, we as resedrchers  and  teachers have to accupt that
there are 1ndividuals who are concept-orientated and who try
to 1gnore the context of o task, We should try to Taind oul whe
ther there are aspects 1n out teaching that have caused this
fact or whether these pretercnce 1s i1ndependent from the

af teaghi




ther effective to elucidate a child's conceptual world; 1n ad-
dition, concept maps are a very useful tLool to become aware of

children's alternotive conceptual fromework.
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ASPECTS OF DECLARATIVE KNOWLEDGE ON CONTROL STRUCTURES

Kristina Haussmann & Matthias Reiss
Pidagogische Hochschule Karlsruhe & Universitiit Mainz

Knowledge has procedural aspects as well as declarative as, which
means, lia: there is a knowledge of concepts as well as a knowledge of
rules applied while working with a specific concept. In particular, computer
programming presupposes a knowledge of declarative and procedural
aspects of control structures. In order to assess declarative on
conirol structures, we used the method of concept mapping (Novax,
GOwWIN, & JOUANSEN, 1983) with students of lower secondary level after
some months of programmiing instruction. It was applied to concepts repre-
senting knowledye on iteration and recursion.

Procedural and declarative knowledge

Knowledge diagnosis and knowledge representation have become central problems of
cognitive science researchers and computer scientists as well. There is an intensive
discussion of these topics in both disciplines. For computer scientists, the main task is
representing expert knowledge in a machine adapted way. In particular, knowledge
representation is a problem of defining and accessing data structures (SHAPIRO, 1987). A
symbolic representation system has to be designed which fits into the specific pieces of
knowledge and allows a mapping of its structure in a machine. However, it is not only
the technological prerequisites of this rescarch which have to be taken into sccount.
Obviously, in behalf of computer developments, there has been tremendous effort and
success in recent years, In contrast to these encouraging results concerning the hardware
equipment, work on the problem of dingnosing knowledge (TERGAN, 1988) is still in its
beginnings. Research in cognitive psychology is mainly concerned with modelling cogni-
tive processes, and, in particular, with modelling components of meniory (Tack, 1987).
Applications for these rescurch results may be found in the development of intelligent
- -tutoring systema. Such systoms arc uiming ul an acquisition of expent knowledge in 3.
specific domain with the hielp of an interactive computer program. They take into
consideration the student’s success while working with the program and so show need

for a separate component of knowledpe diagnosis. Having diagnosed the knowledge, the




difference between the goal of a learning process and the actual state of the learner

causes execution of a specific part of the learning program (LESGOLD, 1988).

With respect to a discussion in computer sciences (WINOGRAD, 1975) and to

ANDERSON (1983) and his theory of thought, procedural and declarative aspects of

knowledge may be differentiated. Crucial concepts in this respect are the working

memory and the long term memory. The working memory consists of elements which

are directly accessible at 4 certain instant. These elements are knowledge structures of

temporary importance as well as activated particles of the long term memory. Moreover, K

there is a possibility for conclusions provided in the working memory. In particular,

ANDERSON presunies that working memory and short term memory are not identical,

which is contrary to older theories of thought (cf. MILLER, 1956). The working memory

interacts with both the short terim memory and long term memory. For our purposes, the

interaction with the long term memory is of special importance. This part of the memory

includes procedural as well as declarative elements. Procedural elements or productions

indicate which action has to ensue from a specific condition. Thus, productions are

sometimes referred to as condition action pairs. Applying knowledge in this framwork

usually means sequencing a number of productions, and so representing knowledge may

be performed by constructing a production system which consists of all the independent

rules leading to the solution of a problem. In this process, not only procedural aspects

but also dcclarative components of knowledge are involved. Establishing a condition for

a possible action includes asking for certain properties of a piece of information. These

properties are part of the declarative knowledge which is also situated in long term

memory. They are organised in such a way that classes and subclasses may be distin-

guished. So every concept is connected with certain specific properties, but it is also

connected with properties which are ttue for a whole class of concepts. This way of
. sorage has: economical advantdges, becauss every property is stored only once

connection with the most general subelass a coneept belongs to (ANDERSON, 1983),

Sa. declarative knowledge includes not only specific concepts but also connections

between those concepts. According to ANDERSON (1983) declarative knowledge may be

represented as sequences in time, images in space, abstract propositions, or a




combination of these elements. In the fuliowing, we are prim=rily interested in abstract
propositions. Their objects ure concepts and their relations are semantic relations
between the concepts. Giving a representation of an abstract proposition might lead to a
semantic network. A semantic network is a graph consisting of nodes which are
cunnected by directed edges. The nodes stand for concepts, the edges represent relations
between these concepts, the direction gives the distinction between the subject and the

object of the proposition (WENDER, 1988).
Assessing declarative knowledge

Different methods of representing declarative knowledge in a semantic network which
will be described shortly in the foilowing text have been established. We will present the
methods of Novak, GowiN, & JOHANSEN (1983), BALLSTAEDT & MANDL (1985), SCHEELE
& GROEBEN (1984), and FELLMANN (1979),

Novak, GowiN, & JoHANSEN (1983) presented a method they refer to as concept
mapping. They aimed at investigating declarative knowledge in physics, and presented a
certain number of concepts cencerning this subject written on small cards to their
students. The students were supposed to group the cards so that similar concepts were
close to each other. Moreover, the subjects were asked to give a verbal description of
relations they realized between different concepts. The work results in a concept map
representing declarative knowledge as a complex network of concepts. A very similar
method was worked out by BaListaknr & Manot. (1985). In contrast to Novak & aL.,
BALLSTAEDT & MANDL do not use & fixed number of concepts. Their subjects are not
only supposed to find relations between presented cards, but were asked to add new

concepts to their map as well. The number of concepts involved in a map gives evidence

for its quality, because experts in a specific domain use a wider range of concepts than

novices: The design of Settebt & CRornrn (1984) iy also hased on & varying number of

concepts, But the student is supposed 1o use only certain rekations and so maich
concepts with respect to these relations, Fer OMANN (1979) does not pay attention to the

semantics of a refation but only to the number of connections between coneepts, The




only criterion for assessing knowledge is the existence and direction or the non-existence
of an edge between two nodes.

Because we were interested in assessing knowiedge in the domain of control strue-
tures with two students who had attended a LoGo course for some months, we decided
to use the concept mapping method of Novak & AL. (1983), which had proved 1o be
appropriate for mathematics related concepts (REIss, 1987). We were primarily inter-
ested in the way students looked at coneepts related to iteration or recursion. Qur hypo-
theses was that their understanding of these concepts ditfered significantly from the
intended goals of the course. Su we presented a fixed number of concepts, but asked
them to verbalize the relations between the concepts. We had in mind that misconcep-
tions might be revealed thus, Moreover, we were interested in the number of relations
between different concepts, because it may be regarded as a measure of importance for
a student. Nonetheless, we hud to assess every defined relation. We determined not only
whether it was true or false, but also whether it was a propesition with general or specif-
ic contents. The following concepts were used:

program, input, repetition, call, condition, loop, recursion, name of o

program, stop condition, program line.

running a program, repeat, subprogram, if..t' 0, a procedure calls

itself, nesting.
The concepts may be divided into four groups, and every concept belongs to at least one
af them. We will here present our classification, which was a basis for the choice of
objects,

There are concepts which are used by students and teachers during progamming
instruction and which may be referred to as part of the fundamental vocabulary. These

CONCEPLS idre program, program line, mame of 4 program, aaming a program, subprogram.

- In a second group we included concepts which reflect structurul aspects expressed in .

natural language (but not necessariby colloguial Linguage). These concepts are repetition,
Ioop, nesting, recarsion, condition. Another tour concepts may be classified as indicating

actions with respect taa piven program, These coneepts are inpat, call, a procedure caliy




iself, and (at least in some respect) stop condition. The last group includes the
programming language commands repeat and if..then.

The concepts were presented to a seventh grader and to an eighth grader after six
months of LoGo programming instruction. The subjects were JAN, aged 14, a boy who
was pretty successful in programming but lacked extra access to a computer, and Tom,
also aged i4, a student who performed on a medium level during the course, but was
able 1o work on a computer of his own. The assessment of declarative knowledge was
only part of a number of interviews, which also included the assessment of procedural
knowledge. In this respect. JAN may be regarded as problem solver using recursive
strategies, whereas Tom prefers iterative solutions (HAUSSMANN, 1987; HAUSSMANN &

REiss, 1989). The following table shows the number of the established relations.

Table 1: Individual declarative knowledge of two students

CONCEPT 1S OBJECT OF 1S SUBJECT OF ToTtat.
A PROPOSITION A PROT'OSITION

JAN Tom JAN Tom

PROGRAM

INPUT

REPETITION

CALL

CONDITION

LooP

RECURSION

NAME OF A PROGRAM

STOP CONDITION

PROGRAM LINE

RUNNING A PROGRAM

REPEAT

SUBPROGRAM

{F...THEN

A PROUCEDURE CALLS
ITSELF

NESTING
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Tom regards call as the most central concept, that is the node with the maximum
number of ten connections, Fhere are nine edges with direction to call so this concept is

used as an object of a propasition in order to clarify others. But actually the propositions




show that call is regarded on a very peneral level. It is connected to other concepts only

by relations like is, may he, or may include. During the LoGo course we used call when a

procedure was initiated by anather. Tom's understanding of the concept includes this

point of view as well as a number of vague or even faulty conceptions.

Tom’s concept of “cull”
repeat is a call

call may be repetition
nesting 1s a call

stop condition is a call
input may be a call

in program line may be included w call

name of a progruni i input for the call of 4 program
subprogram may be call

progrant is call for a computer so that it knows what to do
condition is call at the same time

The interpretation on a very general level is ubva true for JAN's main concept program

line. There are ten relations defined to other concepts but most of these connections use

program line as an abject. The propositions use ias, may be, and needs as verbs,

JAN's concept of “program line”
a procedure calls itself has program line
nesting has a program line of its own
subprogram has program line
program line may he loop
progrum needs program e
a repeat loop has two program lines

oy stop condition has program line .
condition has prograem: line :
input has program line
inprt may bhe program line

i
6.
q
bt

Another important concept for Tos is input which s, as is call, a concept indicating a

possible action. This concept is used as subject and as object of a proposition four times

cach. But once more Toam's relitions express only vague cannections using verbs like

may e ords. So e states that epuy v be a program, input may be a condition, or input

may be a call. The examples show that Tos's concept of input is not that of an input to ¢

" procedure But ratRér & concejt which stands for 1uchinig o key on the keyboard,

ToM's concept of “inpre”

input may he program

input may be condition

input may bhe call

nesting necds input for reaching the goal
input may be loap

~naine of a program is input




subprogram is inpud
running a program needs inpt

Looking at JAN's concept of input, there are similar findings. The meaning of input is not
restricted to an input to a procedure.

JaN's concept of “input”

input may be name of a program . )

if a procedure calls itself by the name of the program there is an input
input may be subprogram

differentinpurs may be represented in a nesting

input has program line

input may be program linc

loop needs input

program needs input

input may be call

The concept map of JAN reveals repetition as another important concept with respect to
the number of relations. This concept belongs to those describing structural aspects in
natural language. The concept map indicates that Jan has a pretty cluborated
understanding of the structural aspect of repetition. It is contrasted with Tom's concept
of repetition.

JaN's concept of "repetition”

repetition with program name loop causes a procedure calls itself
repear and repetition are identical

repetition is condition that progrm needs loop

a repetition loop has two progran. 'ines

loop may be repetition

repetition and recursinon are identic..!

an infinite repetition loop needs a stap .

ToM’s concept of “repetition”

repeat is repetition

in i subprogram there may be a repetition
ROMing a Progrant mMay catise J repetition
repetition causes a procedure calls itelf after input
nesting may cause repetition
loop is a repetition

call may be repetizion

{
{

LT eoncept of repetition shows important differences hoiween Tom and JAN, Whereat
Towm's propositions use mosthy vagae serby like is or may be, JAN's understanding of
repetition is meaningful and initiates conerete operations. Nonetheless, the praposition

repetition and recursion are identic al reveals that there are still misconceptions.




Conclusions

Concept mapping may be regarded as a means for assessing declarative knowledge. In

puarticular, in our study we were able to identify misconceptions and partial

misconceptions with respect o knowledge on control structures. The results indicate

that even after some months of Lodo instruction relevant fundamental coneepts may

not he learned in an appropriate way. In the classroom, it might be necessary to clarify

the use of a specific concept prior o the sotution of a programming problem. Mo: eover,

the results indicate that the number of defined refanony cannot be a measure for

concept understanding. But they show as well that concept mapping might be an

adequate instrument for diagnosing coneepts and misconceptions. Every student has a

subjective theory about the domain taupht in classroom which may reflect either an

intense knowledge or only a vigie idea about the subject. Concept maps are helpful for i
understanding the students misconceptions in the domain in order to optimize »

instruction guality.
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A CONCEPTUAL ANALYSIS OF THE NOTION OF LENGTH
AND ITS MEASURE

Bernard Héraud, Univarsité de Sherbrooke, Québec

The objective of this study is to establish a descriptive framework for
the constuction of the notion of length and its measure by children in
primary school. This is achieved by using a two-tier model of
understanding. The first one involves three levels of understanding of
the concept of length, length being perceived here in a global sense,
as an unmeasured physical entity. The second tier describes three
components of understanding of the emerging mathernatical concept,
that of the measure of length. Length is then viewed numerically, in
terms of quantification. These different aspects of understanding are
cescribed through situations that correspond to appropriate criteria.

The noticn of measure in one and two dimensions is presently the subject of a
research projet carried out at the Université de Sherbrooke (Héraud,1987). The
objective of the present paper is to present for discussion the conceptual analysis
which is the theoretical basis of an investigation ot the child's constiuction of the
concept of length and its measure.

In the last ten years, several researchers have studied the problems encountered
by children in the iearning of measurement in general and more particularly, the
measurement of length. Based on the results of the second assessment of the
Nationa! Assessment of Educational Prog: 2ss (NAEF), Carpenter et al. (1980) have
pointed out that, at the end of primary :chool, mnany children had but a very
superficial understanding of the basic measu.. 2pts. For instance, regarding
the use ot a ruler, it the measuring segment started at 1 and not at 0 on the ruler,
only 199 of the 9-year-olds were then able to provide a correct answer. Hart (1981)
has shown that even in secondary school, there were many students who still had
prablems with the conservation of length with respect to a simple displacement due
to the fact that they were focusing on the end points of the segments and not on
their length. Bessot and Eberhard (1983) have tried, with children aged 7 and 8, to
get a closer assessment of the difficulties involved in measuring length, such as
those found in identifying the proper ruler marks to determine the length of an object
when the initial end point is not lined up with 0.

Research funded by the Quebec Ministry of Education (F Z.AR. -Grant £Q 2923)
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Other problems related to the tearning of measurement have been investigated. In a
study of first graders, Hiebert (1984) has brought out the difficulties related to the
use of units of different size. In general, children were unable to recognize the
inverse relation between the size of the units and the resulting measurement
number. In comparing measures, they only took into account the number of units
used but not their relative size. Thus, it seems that an understanding of the notion of
unit is at the heart of the problem of understanding the notion of measure.

More recently, Boulton-Lewis {1987) has tried to assess the development of the
concept of the measure of length by determining a hierarchy of the tasks handled by
children aged from 3 to 7 years. The present study has the same orientation. lts airmn
is not orly to find all the difficulties related to the learning of the measure of length,
but also to order them in a sequence that may enable us to get a better grasp of the
child's construction of this concept.

MODEL USED IN THE ANALYSIS

In order to achieve our objectives, we plan to perform a conceptual analysis of the
notion of length and its associated measure that will enable us to deterniine the
main steps in the construction processes used by the learners. To achieve this, we
will use a model developed by Herscovics & Bergeron (1988) whizh suggests that
the construction of some mathematical concepts can be described within a
framework of a two-tier mode! of understanding, the first tier describing the
understanding of preliminary physical concepts, and the second tier identifying the
unoerstanding of the emerging mathematical concept.

In this model, the understanding of preliminary physical concepts involves
three levels of understanding:

intuitive understanding which refers to a global perception of the notion
at hand, it results from a type of thinking based essentially on visual
perception; it provides rough non-numerical approximations;

procedural understanding refers to the acquisition of logico-physical
procedures (dealing with physical objects) which the learners can relate to
their intuitive knowledge and use appropriately;

logico-physical abstractlion refers to the construction of logico-physical
invariants, the reversibility and composition of logico-physical
transformations and generalizations about them.

The understanding of the emerging mathematical concept can be described in
tarms of three components of understanding:

8§




85

procedural understanding refers to the acquisition of explicit logi_co-
mathematical procedures which the learner can relate to the underlying
preliminary physical concepts and use appropriately;

logico-mathematical abstraction refers to the construction of logico-
mathematical invariants together with the relevant logico-physical invariants,
the reversibility and composition of logico-mathematical transformations and
operations, and their generalization,

formalization refers to its usual interpretations, that of axiomatization and
formal preof which at the elementary level could be viewed as the discovery
of axioms and the elaboration of logical mathematical justifications. Two
additional meanings are assigned to formalization: that of enclosing a
mathematical notion into a formai definition, and that of using mathematical
symbolization for notions for which prior procedural understanding or
abstract.on already exist to some degree.

This mode! suggests a disi nction betveen on one hand, logico-physical
understanc.ng which resuits from thinking about procedures applied to physical
objects and about spatio-physical transformations of these objects, and on the other
hand, logico-mathematical understanding which results from thinking about
procedures and transformations dealing with mathematical objects. We will now
use this model to describe the primary schoolchildren's understanding of length
and of its measure.

THE UNDERSTANDING OF PRELIMINARY PHYSICAL CONCEPTS

This first classification leads us to distinguish between length and its measure. At
this first tier, we consider length as a still unmeasured one-dimensional physical
magnitude. We now examine the diffe;ant levels of understanding that can be
determined according to the above model :'y specifying appropriate criteria.

Intuitive understanding. At this initial level 1. wnildren's judgments are based
on a visual frame of reference. They can thus state that a given object is long or
short a:cording to their visual perception of it. This distinction is closely linked to
their knowledge of “little” or "a lot” and related to concrete situations of their daily
life. For instance, this is how they will judge the amount in a strip of ficorice they
have, as a function of the length associated with this quantity.

At this intuitive level children are also capable of estimating the respective lengths
of two objects by simple visual estimation. They can thus perform direct
comparisons of the type "This object is longer (or shorter) than that one®, without
having to pick up the objects dand putting them side by side: they rely on their visual
perception.




Procedural understanding. Moving beyond visual estimation, the children will
feel the need to use a logico-physical procedure that will guarantee the accuracy of
their prior judgment, especially when the difference between the lengths is very
small. The simplest procedure consists in aligning side by side the two objects to be
comparea and veritying which one extends beyond the other. It should be noted
that in this procedure there is no need for any quantification. We remain at a logico-
physical level where the children are using what might be called a comparative
measure in the sense that they use one object to compare it with another one in
order 10 estimate their relative lengths.

This primitive procedure for direct comparison between two objects of different
lengths can then be generalized to the seriation of a whole set of objects. For
instance, one could envisage a situation in which the children are given a set of
rods of ditferent lengths but aiready ordered, and from which one of the rods has
been removed. They would then have to replace this rod by direct comparison with
those already laid out. A more difficult task would consist in giving them a whole
unordered set of rods of different lengths and asking them to arrange them in an
appropriate order. To do this, they could of course proceed by visual estimation for
the obvious cases; but, if the difference in length between some rods is very smali,
they then have to compare them two at a time to order them relatively to each other.

Logico-physical abstraction. To identify abstraction in the logico-physical
sense, we can use as criterion the perception that children may have of the
invariance of the length of an object with respect 1o various figural transformations. {f
they can overcorne the disequilibrium induced by the erroneous information
received from their visual perception, this can then be taken as evidence of a
certain degree of abstraction.

It is at this level that one can use some well-known tasks developed by Piaget et al.
(1948/1973) on the conservation of length, such as the one on the invanance of
length with respect to unidirectional displacement. For instance, one can place
two identical straws one below the other and then perform a very slight translation
on one of them: do the two straws have the same length? A variation of this task
might verify if children believe the straws are still the same length when they are
placed next to each other, and pan of one being hidden in front of them. In this case,
one could call it the invariance with respect to the visibility of the object.

Other forms of invariance can be envisaged such as the invariance with respect to
the orlentation of an cbject. Thus, taking the two identical «traws and placing one
perpendicular or oblique to the other, one could verify hov it atfects the child's

30




perception of length. Has it remained the same or has it changed? Another form of
invariance is related to the fragmentation of the object. For instance, if a straw is
cut up into several parts, is its length conserved by the child? Even a more complex
task can be designed that might involve both the disposition and the fragmentation
of the object. Given two rods, one of them having been split up, the parts can be
arranged along a non-rectilinear “path”.

UNCERSTANDING THE EMERGING MATHEMATICAL CONCEPTS

At this second tier, we extricate length from its purely physical aspect in order to
consider it under its quantifiable, numerical aspect, that is, in the context of its
measure. The Herscovics and Bergeron model (1988) described before, enables us
to identify three components, and these will now be examined in greater detail.

Procedural understanding. As soon as measuring length is involved, one must
necessarily bring in the notion of unit. A simple way of measuring the length of an
object is to proceed by the iteration of the unit. But while this might appear to te a
very simple task, the children are taced with many problems. For instance, can one
use indiscriminately several kinds of units or must they all be the same length? How
should they then be arranged: can they be partially overlapping or can there be
gaps between them? Must one have as many units as needed to cover the length of
the object to be measured or can one do with fewer units or even just one unit? All
these questions are non trivial for the children and the answers they find will lead
them to discover the meaning of unit and will also bring them to use progressively
more involved procedures. Initially, they become aware of the importance of using
identical units which they then learn to place carefully one after the other in order
to find the length of an object. Then, in a nore sophisticated procedure, they learn
to use increasingly fewer units. Finally, they . .ed by genuine iteration using
one single unit that serves as a measunng standard.

Logico-mathematical abstractlon. One of the first ways to identify some logico-
mathematical abstraction of the measure of length is to examine whether or not
children are capable of judging the invariance of this measure with respect to
ditferent figural transformations, in situations where a measuring standard is
known and used. In this sense, the various tasks used to evaluate the invariance of
length at the first tier, at the level of logico-physical abstraction, can now be
repeated here, but by adding to them this new dimension provided by units.

Moreover, at this level, the child should be able to grasp the links botween
apparently contradictory aspects of length and its associated measure. For




instance, children can find themselves in the following conflictual situations: on one
hand, the length of an object taken as a physical entity is invariant; on the other
hand, its measure can be exprassed in different ways depending on the choice of
the measuring stancard! Thus, the child must discover that regardless of the unit
chosen, the size of the object remains the same, even if its measure varies. The
resolution of this conflict is at the very heart of the processes involved in
understanding measure.

Another important relation that the child must establish is that of the inverse relation
existing between the numerical measure and the size of the unit: the smaller the
unit, the larger the numerical measure of the object. Another problem related to the
notion of approximation and stemming from it, concerns non-integral me:sures. In
this case, the child must be able to choose an appropriate unit in terms of the
desired degree of accuracy.

Formalization. This last comporent of understancing can cover many ditferent
aspects. For instance, it may invoive the computation of a measure using
conventional units and the use of their symbolic representation. It is only at this
level that their utilization acquires its true meaning. when the child can use them
appropriately and understands ratios existing between the difterent units.

It is also at this level that one can include the problems related to the introduction of
the ruler as a measuring instrument; its use invclves the formalization of notions
acquired prev: Jsly. The rational use of such an instrument is not as simpie as one
may believe and it requires the prior resolution of several problems by the child.
Among these, one can mention the need to discover the link between the various
marks appearing on the ruler and the units associated with them. Another example
is the distinction that must be made between the coordinates of the extremities of an
object on a scale and the real length of the object.

CONCLUSIONS

The use of herscovics and Bergeron's Extended Mode! of Understanding (1988}
has enabled us to establish a conceptual framework allowing for a better grasp of
the various stages that can lead to the children's construction of the concept of
length and its measure. One of the great advantages of this model is that it indicates
how a mathematicatl concept rests on the understanding of preliminary physicat
concepts. Thus, in the present case, it enables us to distinguish clearly between the
concept of length, which is parnt of the logico-physical domain, and the measure of
length, which is pant of the logico-mathematical domain. It 15 not a distinction that
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relates to the mental processes, but rather to the objects to which these processes
are applied. This model should not be perceived as linear, for it allows the
overlapping of components of the second tier with those of the first tier (e.g., a child
may be using some measuring processes without having reached the level of
logico-physical abstraction). It has also the merit of establishing a classification
invoiving two tiers that enable us to easily identify different stakes in the
construction of a conceptual scheme and to get a better grasp of its vanous stages.

it also allows us to get a better overview of the difficulties children encounter in such
a construction. The 2 problems acquire a new meaning in the sense that, with this
model, one c. 1 get a better grasp of their root causes and thus prcvide a better
explanation. For instance, the difficulties that children face in learning to use a ruler
might oe reducu.d if they wrre not asked to utilize such an instrument prematurely.

As can be seen, the interest in this model is not just theoretical. For instance, at the
pedagogical level, it strongly suggests th.t theiearning of length should be based
on concrete activities related to the child's physical environment as a basis for the
mathematization process. Moreover, it enables us to conceive many
complementary tasks related to the construction of this concept. When these
activities are develcped in correspondence with the different aspects of
under tancing that we have identified, they should allow us to establish a
progression in the construction of length and its measure, progression that would
have a beter basis anc be more pertinent than the one found with a traditional
- approach.
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THE KINDERGARTNERS' UNDERSTANDING
OF CARDINAL NUMBER: AN INTERNATIONAL STUDY

Nicolas Herscovics, Concordia University
Jacques C. Bergercn, Université de Montréal

This paper reports the results of an international study on the
kindergartners' understanding of cardinal number This
understanding has been investigated through various tasks
determimng if the children perceive the umiqueness of the cardinality
of a set, and also its invariance with respect to the direction used in
counting a row of objects. Four other tasks were used to assess the
child’s perception of the invanance of the plurality of a set as well as
the invariance of the quotity of the set under various irrelevant spat:n-
physical transformations. Data on sariples of kindergartners
imerviewed in Montreal, Paris, and Cambridge, Mass. are reported in
thus conymupicatcn

The kindergartners numerical knowledge is of prime interest to both teacher and
researcher. On one hand, teachers have 1¢ know the extent and depth of the
cognitive baggage the children bring with them to primary school in order to
establish some cognitive continuity between their expenence and the planned
arithmetic instruction. On the other hand, for researchers this age group is of
particular interest since they can literally witness a cognitive explosion taking
place under their cwn eyes

Our nvestgaton of the kindergartners' numerical knowledge is now in its fifth year
and our results reflect new approaches both at the theoretical level and at the
methodological level. At the theoretical level, our research has started with an
epistemological analysis of the number concept. This provided us with an overview
enabling us to perceive number as a coriceptual scheme, that is as a network of
related knowledge together with the "problem-situations” in which it can be used.
Regarding our methodology, we have adopt. * * vical approach useg in case
studies but have tried to go beyond a few individual cases by using larger samples,
averaging thirty odd children, in order to identify likely patterns of thinking.

The term 'epistemological analysis' refers to the analysis of a conceptual scheme
along likely patterns of construction by the learner. In our work we have performed
such conceptual analyses by applying a two-tiered mode! of understanding
(Herscovics & Bergeron, 1988a) . the first tier describing the understanding of the
prelimmnary physical concepts, and the second tier identifying the understanding of
the emerging mathematical concept.

Applying this mode! to the number concept we have identified the notion of
plurality . that 1s, the distinction between one and many, and the notion of
position of an clrment in an ordered set as two prelminary physical concepts
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(Bergeron & Herscovics, 1988, tHerscovics & Berae:. 38b). Defming number as
a measure of plurality and also as a measure of position, we could identity
these as the emerging numerical concepts.

Using the above analysis we have developed a sequence of about torty tasks
amed at uncoverning the child's numerical knowledge in about three or four
interviews lasting on average 30 minutes each. These interviews were carned out
n each of three cites (Montieal, Paris & Cambridge, Mass.) with 30 average
children selected by the school authorities. The choice of cities was based on our
desire to compare samples with language affinities (Montreal & Paris) and samples
with cultural affinities (Montreal & Cambridge)

Among the four Montreal schools two weare iocated in higher socio-economic
suburbs wheoreas the other two ware in a lower socio-economic neighborhoods
(lower middie-class & working class). The Martin Luther King Jr Elementary School
in Cambridge prowvided us with child:en in four different classes, two of these being
considered as reqular kindorgarten classes, the other two following an activity-
based mathematics program for early childhood educaton based on Mary Baratta-
Lorton's Mathematics Then Way (1987). Both samples from Paris and Cambridge
originated from schools lccated in fowear socio-economic neighborhoods.

Two other vanables beyond our control were the age difference between the
samples and the date of the nterviews: The 29 Parisian children had an average
age of 58 and were intorviewed between the last week of February and the first
week of Aprit 1988, the 30 Cambridge kindergartners had an averag. age of $:10
and were interviewed between the end of April and the beginning of June 1988,
the 32 Montreal children had an average age of 62 and were interviewed between
the end of April and the beginming of June 1988.

The present paper will cover the logico-mathematical abstraction of cardinal
number A companion paper n these Procendings deals with the the abstraction of
ordinal number (Bergeron & Hersovics, The kindergartners’ understanding of
ordinal number)

In view of the first part of our defintion of number as a measure of plurality , the
logico-mathematical abstraction of number must reflect both the invariance of
plurality and the invariance of its measure with respect to irrelevant spatio-
physical t-ansformations. leading to the abstraction of cardinal number, We now
describe the various taske dosigned to assess the children's understanding of
these notions

Uniqueness of the cardinality of a set Ginsbury (1977) has painted out that
some young children can enamiorte a given set several tmes and obtain different
results without  neconnanly developing any sense of contradiction. The
kindergartners' perception of the umqueness of the cardinahty of a set, as
measured by ther enumeration, was evaluated by asking each child how many
cubes were in a given set {12) After these had been counted, the interviewer told
the following story 'When | asked another iittle fnend how many cubes there were
here, he toid me there were cleven Do vou think that you are nght, or that he is
naht, or that both of you are tight?  n each of the three citier only one child in each
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sample (n=29:30.32) thought that both answers could be nght. This indicates that
by the tme chidren fimish kindergartnen, they are aware of the unigueness of the
cardinality of a set. Most of the chiidren in Montreal and Cambridge went about
counting the cubes a second time and then immediately affirmed that they were
right and the friend was wrong. It is interesting to note that many Parisian children
interviewed first responded by claiming that both answers were right. However,
further questioning revealed that they did not really believe the answer they had
given for they too ended up recounting the cubes and claining ther answer as the
right one. A discussion with therr teachers indicates that thewr initial response could
be explaired by the emphasis of "getting along” that 1s stressed in French
Kindergartens.

Invariance of cardinality with respect to the direction of the count .
Another aspect of the cardinalty of a set s its invanance with respect to the order of
enumeraton of the obyects (Paget, 1973, Gelman & Gallistel,1978) A simpler
problemyinvo’vi-c the nvananae of the cardnility with respect to the drecton used
in counting up o roa of cubes. Earlier research had shown that 77°% cf
kingergartruers wore aware of this invanance (Herscovics et @i 1986). The results
ontae-in the present study were somewhat better The childien's perception was
ascert snod by Shigning i a row 12 dantical cubes in front of a child who then had
to find how many there: were. Following the enumeration, the subject was asked "It
you start counung from haere (indicating the end point of the 1nitial count), how many
will you fnd? In case the child counted the row a second time the interviewer
asked [id you need to count them that way? (indinatng the second direction)?"
Notwithstand'ng the qiven answer, another set of 10 cubes was aligned and the
task was ropeateain ordern to verty  f the the child would count aqain in the second
drecton The reason for rtepeating the task was that for many students the words
How many? & gger a counting responsa and for others ther second count s not
s0 much wsed to venfy the number of ~lements but more as a  demonstration
intenaca for the mterviewer The following ‘able shows the results obtained

Succeeded - ed Dd not

o C o onfisttry cond try succeed
Regu.ar e (o 1l ) 1 1
Lonton caancs i 1, 14 ) 0
Totas 26 (86 /%) 310 B AR i
Pans (v 90\ 206H 00) 517 ) Arrag s
Montrea
Higher somio coon i o, 13 3 0
Lower socio econ (n 16) 9 4 3
Totals — o W88 T8y 304

Itsheuld e e oted tha o overall suncens tate s Larly by an the thiee samples
(96 775, 86 2% andd D0 6% respestively) The Pansaan and Montreal chilgron gaom
10 have very semibar sgeeoset rgtes whirre 1 the Cambrode sample indcates that all
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INVARIANCE OF PLURALITY AND INVARIANCE OF QUOTITY

Over twenty years ago, Piaget's co'aborators Greco (1962} felft the need to
distinguish tetween the chidren's conception of pluralty and the meaning they
attach to enumeration. They modified the onginai conservation task involving two
equal rows of chips by asking the ctuldren to count one of the rows before
stretching the other one, they then asked how many chips were in the elongated
row while screening it from view. Thase who could answer the question were said
tc conserve quotity. Greco found that many five-year-olds clamed that there
were seven chips in each row but that the elongated row had more. Thus, these
subjects conserved quotity without conserving plurality. For these children,
to conserve guotty simply meant that they could maintain the numerical labet
assocrated with the elongated row, but ther count was not yet a measure of
plurality, since they thought that the piurally had changed. It 15 only when both
plurality and quotty are conserved, when both  mvanances are perceived, that
number can become a maasure of plurality At that stage, one can clam that the
child has achieved a logico-mathematzal abstraction of cardinal number. Of
course. the Piaget and the Greoo tasks are not the only ones which can be used to
assess abstraction of cardnai number. We have thare and designed three other
tasks for our assessment

Invariance with respect to the elongation of a row During the fustinterview
each chid was presented with a row of 11 dentical cubes and was told | "Here 1s a
row of cubes Look, I'm going to stietch it out - Now. do you think that there are
more cubes. les cubes.. or the same number as before | stretchad the row?". In the
third interview the child was presentea with the same row of cubes, but this time
was asked nght at the beginning "Can you teil me how many cubes we have?".
Aftor the count, the row was stretched out ana the interviewer asked. "Now, without
counting, can ycu tell me how many cubes dre in the row?” (whie screening off the
row from the chid s view with a forearm or two hands to prevent any countng). The
following tabie providas the data for these tasks

City Invanance frveriance Invanance
o af pliralty of quotity of both
Regular cla:

'S (0 1 13 (92.9°.) 11 (78 6°) 10 (71 4°%)

Lorton classas (0 16) 16 (1007 15 (43 8°%5) 15 (93 87%)
Totals 2996 70 26 (86 7%) 25 (83.3")
Pars (n 29, 16 5% PAHD BN 14 (48 3°)
Maortieal

Higher socio acon (N 16, 1A B BN 14 (87.5%) 13 (81.3%)
Lower soon ccon (n 16 12750 16 (1007) 12 (75 0%)
150403 Topp (YA 30 (93 8%) 05 (18 1%)

The data mdiate that an the conaavation of quatty thare 1o a temarkably high rate
of nuzcess m the thiee sampies On the vanance of plaraiy | the average for the
Pansian chedron o much lower thoan for the other two gqroce - The fact that they
were 2 months younger thoes e Cambnage Chiidren and < onths younget than
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the Montreal ones may account for some of this difterence, as well as the fact that
they were interviewed two months earlier in the school year.

Invariance with respect to the dispersion of a set. Tasks analogous to the
preceding ones were used to assess the children's perception of the invarniance of a
set of 9 dentical cubes laid out randomly and then spread out in front of them. The
following table shows the results obtained:

Cuy Invariance Invanance Invanance
of plurahty of quotity ¢t both
Cambridge
Regular classes (n 11 (78.6%) 10 (71.4%) 8 (57 1°%)
Lorton ciasses {n- .o, 15 (93 8%) 16 (100%)  15(93.8%)
Totals T T T 06(86.7%) 26 (86 7%) 237 (76.7%)
Paris (n 29 19 (65.5%) 25 (86 2% 19 (65.5%)
Montreaj
Higher oo ecan (n 16; 14 (87.5%) 16 {100%) 4 (87.5%)
Lower socio-~zon {n 16) 11 {68.8% ) 13(813%) O (B2 5%)
Totals T (78"1 Al a9 {90.6°) 53 (15 0°.)

As in the previous set of tasks the success rate on the invariance of quotity 1S high
for the three groups. All but one child from the two Lorten classes have aiso
acquired the invanance of piurality. What is stnkingly simdar is the result obtained
on gluralty in the regular Cambridge classes. the Parsian children, and the
Montreal classes in lower socio-economic neighborhoods (78 6°.65.5%, and
68.8% respectively)

Piagetian tasks The tned set of tasks used *n assess the invanance of cardinaity
were the classical Piagetian test on the conservation of piuraity ano the Greco
moditicatan rrentored eather The following table shows the resulls obtained:

City Invariance Invariance Invariance
__of plurality of gquutty __.otboth

Cambr=gs T
Regular ciasses (n 14)
Lorton clas
Totals

8 (57 1°%)
16(100°)

24180 0°%)

fm_h_rf:.a_’

Higher soc o.000n (v 16) 13 (81 3%) 14 (87 5%) 12 (750%)
Lower s soon econ (N 16 8 (50 0%) 12 {75 0%) 7 {43 8%)
Totals’ T D65 6% o6 (81.3%) T T 1A (50 a0

Results ndic.ate o maxe gl ratn of success among the childier following the
Barrata Lerton program  On the invanance of plurality, the sample fiom the reguiar
Cambndye casses compares with the sample from the two Montreal lower socio-
aconom:e nmshborhnods The sample of Paresian chiddren achieyes g miush lower
rate (24 1%) Agrel thin can bo attnbuted in part t ther yoaunger age Howe e
s result v frny o tent with thow earh o pockarmance on tha ok e nad g
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single row, for ther success rate there was 20% lower than the lowest results
obtained in Montieal (55.2°: vs 75 0%)

Invariance with respect to the visibility of the objects In this last set of
tasks on the invanance of ca:dinality, chidren were given in the first interview a
row of 11 chips glued on a piece of cardtoard. They were told: “Here is a large
cardboard with little chups g'ued to . Look, im putting the cardboard in a bag (the
interviewer inserting the caral:sard in a ransparent bag). Good, are all the chips
in the bag?". Following confrmation 't ook, |m puttng a plastc stnp in the bag
(the interviewer Inserting a piatc stnp with &n opague part large enough to cover
three chips) And ncw. are thare more ¢uns in the baq, less chips. or the same
number as before? Usuiay i e secona ntorview, this task was repeated but the
chidren were asked to count o the nomier 2 Shos before they were inserted N
the bag. The followng tah'e shows the resuts alaned

Invaranse Ivariance Invariance
ot platty of quotity 0f bath

Regular cn SR WEEN 10 (71.4)
Lonton ciass _ L 5(313%) 14 (87 .5%)
Totals o 24 (80.0%)

Pans (n:29) 27 6% 6 {20 7°)
Montreal

Higher socio-econ (n 16) . 3 (81 3°%) 2 (12.5%)
Lower socio-econ (n 16: 1? (75.0%) 0

Totals ) 5 (78.1°) 2 (6.3%)

Whereas the results on the :nvanance of quotity are simear in Cambridge and in
Montreal, ther discrepancy wth those obtamed mn Paris is tard to explain. But it is
the unformly low results on the invaniance of pluralty that are most astonishing
They indizate that among most kindergarners, including those in the Lorton
program, the wvisibity ot the obects 1s stll primordial As pointed out by Hermine
Sinclar (personal communicateon), ths 1s not a question af the permanence of the
objects which 15 acquired we before the age of five. Nor is it a question of the
enumerabilty of the partialy hdaen set as evidenced by the invariance of quotity
Visibility of the onjects ate 4z theze chindgren s perception of piurality.

BY WAY OF CONCLUSION
v crder to have an ovesea of e alder s understanding of cardinal numoer,
the results (in perconta. ol e an e verous ticks ate summanzed 0 the
fallowing ko e e C0 s e g e e by e granze of hoth pluratty
am atly




Invarnance Cambndge Parns Montreal

t.orton Regular Lower Higher

classes c¢lasses income income
Uniqueness cf card. 93.8 100 96.6 100 93.8
inv wrt direction of count 100 929 86 2 81.3 100
inv wrt elongation of row 93.8 714 48 3 75.0 81.3
Inv wrt dispersion of set 93 8 57.1 655 625 B75
Inv.wrt Pragetan tests 100 57 1 241 43.8 750
Invwrt visibility of objects 313 7.1 3.4 0 125

What is most striking about this table 1s that apart from the Pansian results obtaned
on tagks invelving the elongauon of a set. the basic hierarchy 1s similar in the three
samples By and large. the uniqueness of the cardinality of a set and the invariance
with respect to the direction of the count seem to be achieved in this age group. The
Cambridize and Mentreal results on the elongation of a row and on the dispersion
of & set are simidar N the two regular classes and the two lower income classes.
The Pagetan tests are more dificult for both Pansian and Montreal chidren. The
invanance with respect to the visibity of the objacts has the lowest rate of success
#y all groups.

Equally striking 15 the overall success rate obtained by the children foliowing the
Baratta-Lorton program. Clearly, the type of activities that enable the child to reflect
abour the vancus propertes of number can have a strong impact even at this early
aqge

Also remarkable o a comparison of the success rates in the three middle columns.
Again, it the odd resuits obtaned in Pans on the elongations tasks are ignored,
very simiar rates are tound among the Cambridge childien frem the regular
classes. the Parsian children (who a'io come from a lower nucdle ctass and
working ciass 1rea), and the two Nuontreal classes situated in comparable
neighbnroods
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LEARNING ABOUT 1SOSCELES TRIANGLES

tmathematicos ang statatrs
aratty, Montreal, Canada
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SUaanvaiving 1sacaeles triangies were part of 3 y2ar long computer-
taced qeametryorajert The project was conducted with an antire grade-t class
(2-17 year clesy of gverage ability, in an elementery school in Montreal Hs
Qenaral objectives were to provide children with experiences of basic geomatric
shapac af thaye qaantifishle components arid of the Jeametrical-purmerir s

relgtropshps that vnse out of some grometnical configurstions

The Lasmung Eovirinment
The =e.onn: spannegd 26 wes b ang were o, * 7 0 dren's normial school
actriatres Toe class cphitanto twa groups of 17 cheidren, snd each aroeup came to
the zre iz coriputer ob for a 45-minute sess1an while the nther group stayed
i tne iyniraom There aor s enpugh eamonteraan the dab for esch ol 1o work

Sl At e M N

Goavarlabiv programeming tuoels vonursted of theee geametoi nbjents

Bectargles, Diccles and Oooncalos) Triangles which were green as pre -defined
Ling prucedures, RECT, CIRCLE and TRY The procedure RECT needed two pusitive

tnput s epracenting the tyge g hevght of the rertangle CIRCLE'S single
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Pt gyl StQund fgr tne Jrameter TR st anpnt was 3 posttive numbper

regradenting the ga<2 w7 the (eCand input was 3 number representing the pase

ngle e rsazz2tes tridngie cArcinyalrlmaat for the Bage angle resulted in
the —royr mescene the T3ae ingle 0t gnsoioeles triangle has to be between C

ant
TN DPQUE e DrQGUOT T E qurE T e soreen which wad placedin g
arev e oanitan g ariertatoan relative Lo the turtle ve g oircle with the
Lartte st oty enter g ractandie aed 3 oan e owith the turtle ot the mig-npint of
the Daze and with 118 heading rerpendicular 1o the baseline Once the children
becama familrar witn the cnazec the slgcement a7 the turtie was changed to a

SrmLte marker As shown (n Siuyre

//\\ [

Figure!

\ i

4

Proete e tnrew corengee!d tomenpJtaste the tur e an the plang MUVE,
SLIDE end TURN, each of wrich requirad g single 1nput which could be either
negative gr ponsitive MOVE displaced the turtie aleng the Nine of its heading, 1n
the same grrection if the 1nput was pasitive and tn the opposite directian, if the
Input was neqative SLIDE cisplarced tre turtle along 3 line perpendinylar to its
NeadIng e 1L mIgnt O the tngnt was positive, gnil 1o s et gtherarse (see

Froural) TURHM Yed to 2 retatier thapput inse i the number 0! dearees and

Dot o wognpt e iy e atat
e Pogute
s (g
«
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Finsily twg spectsl numerical procedures ~ess vallable in conpinition
with the tsuicelas tnigngle  ALT gave the a!titude from the base of the trigngle
any TDE gave the length of 1 eduat Siged Botn needed the same tan s 33 TR
eq ALT I Thogrelded 12T whichirs the alhtude of anasaicetec trangie viin

Tnre neencuiar envirgnment resuited in a geometry with transformaticnsl
and quantitative 3specte The turtle commands of MOWE, SLIDE ang TURN,
meysuresd n tarme afl turtie-steps and degrees, alloweed for transiation end
rotation of qeometric shapes The three basic geametrio figuras wer2 850 glven

8S OBt th AL A e f Mt ures

The tsosreles Triangle

The 120eceles triangle was introguced in Seseton 140 {510} This was not a very
famihar gbject for the cnildren and their notion of angular measure and base
angles wa: yimost ron-exastent  Qur choice of parsmetnzing the 1sosceles

triangle iy its Dace eng's rather than 1te base and side (which are the obvious

vigible umnonents of the tnangle) or base and altitude was 1n order L bring

the conient of angie 1nl2 the environment Fo thermars the b3se angle serves

g nice exsmale of aninvarisnt of 8 family of figures 1 e of siMil&r1sosceles
trigngies 'wo expected that the children would have difficulties meking sense
out the second tnput tu the TR) procedure and that the'r spontanesus concepticn
wiulbd he tnat the secong input controbs, 1n some way, the height of the triangie
Marnpof tre tasi i that wa gave the chiidren were meant to create ronfiicts »ath
TN ertten Aot wand of parametrization canflicted with chaldren ¢
qererabigeiectying atumetion thataf figure A s embedded tn fiqure B, then al}

the coraspending mpnt s ans Targae for Nguee B (trye for evsmple 17 the




triangle »4as parametrize oy te haze and hegnt)

The numeredl procedures AlT 9t TIDE wers e aggoent By S5 By then

mast of the s ldren aceers gwran e uf the B arent e nutes af anasniceles
triangie ang 2f the need o haws driferant sands of roessyras onorder o ole
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Understanding lseireles Trogngies

we examine the children’'s prograssive ungerstanding of the procedure TR by
looking 3t the work 01 ons chihl Jag Hisowark was rether typical of the
behawiour shawn by at least 15 omlidrens (20 children stayed for the duration of
the praject)

After the procedure TRI wa2 introduced (314 the children were tald 1n an
explicit w3y what the two inputs to TRE igmify, though we did not expect that
they would make immediate sence of the term ‘bace angle’), Jaiy worked on
seversl tazks involving (icoceles) triangles Among the first was Frjured
Invelving *nree simtlar trisngles

= ohge

\

,'///\\ Figurel
SR\

the base and the hasce angie by 10 and after recerving feedhack Trom the screen,

he continized oy making severgl adlustment . - the secand tnput of TF!

ir st oJay worked on Frqured Ay bt cpentarenist chotte wias 10 vary

Bothoarpnt o AT er Teoaras rnal gt ady e st e Lt el Upoatth

fled cecond tnput far the thrae irangles
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His experiences at the end of 311 carred over to S1°, and Jay kept a tixed

second input of 60 1or the two triangles n FigureS

/;\‘\ Figures
ZANGS

However, when he was asked what the 60 stood tor, Jay rephizd it s the height
or the triangle”

It seerns that at this point, after three sessions of wark on triangles, Jay
was entertaining two confheting 1deas He retained s intial spontaneous
conception that the second input to TR represented height At the same time he
began to recogmaze that certain configurations invalving triangles of differant
hemghts involved the same second 1nput. When Jay was confronted with the
mconststency, he once more tatked of height, but then corrected himself “no, 1t
{the second 1nput] 1s angle™ Further probing by the observer indiceted that though
he used the term ‘anile’ he was nat sur2 which angie was being referrsd to, and
he recegived some #<plicit help

Later ' the came segiion, Jay kept the second input of TRY mvariant for the

Lo triangias an Figures
e

O the ne«t task (Figure?), he referred to the second input of for triangle ABC by
tracing #ith itis hang the angle o1 A and saying "1t hac to be same bind 3¢ 8 low
numper, te5< than A%

l

S13 started with a blackbnard activity and a class discussion when Figured

was drawn on the blackboard and o question about the 5122 of the angle was

asked, Jay offered 60 He justified his respunse by drawing a 94 -deqgree anile on
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D2 nuard then tracing @ I0-degres tine Frqure@)

Figured FigureS

|
|
i

P —
SRR U LA LU R Y T Sz ane third, and 6904
GOUTAL R gied o 30 MG ) The peptt g arqued that extending the arms ot
St et o the e at e anagle
Seonad chown thato et thal staae. he hata goed qrasp of the notion of angle
Coromesure 1o degrass Hew word At the end of G512 also suggested that he
beqar v anderstand now angle srad refated Lo the procedure TRE Yet in 514
warete e mare o @ L nenbang simlar rangled (cee FigureS) he ended
up wetonput s uf Tand €3 fur the Targer and smatler triangles, respectively
Furthesenre B3 was arrived 3t after several tnal-and-adjustments increments,
which he carried until the {left) sides of the triangles Inoked parallel to him

Jaocantimged wete b soncention of TR pven after the numericsl provedure

sngle was cntrodured 1o the class For

Frgure 1o

Tttt At PRS0 rectangle (AR - 100 AT L 50) and chose
Tel S v tar trarto AED conaintent wath maanterpretation of the secnd
ot o et S the prear g <ge slerted him that the snput must be feos
Thaan o e eyt et e e Loy teyval o il e arrived at
Toow i ety carred stk g tigure When aiked what 76 stood for,
JAY repted Tthe et of the triannte Once more he saw no contradiction

Bt o bl worrec e nent that tha altitede of triangle AED must
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inn

te 100 and his subisequent conclusion that the height was 76

After another discussion with the observer sbout the procedures TRI and
ALT, Jaiyreturned to Figure 10, this time starting with triangle AED, then
evaluating s sltitude and using th. wvalue for the dimension of AB

His deltberate use of the procedure ALT on the previous task finally allowed
Jay to dicentagle the two relsted notion of height and base sngle. From S18
onwards, Jay's work pointed ta a consistent interpretation of TREin terms of
base sngles, though he experienced some perceptual difficulties tn separating
similar amd non-simuiar trigngles. He started to work on tasks which involved
relation=hips such as complementary base angles and compiementary and
supplementary (Lurtie) rotetions reletive to 6 base angle His zolutions to these
tacks shnwed g delinite progression from visual 1o ‘analytical” solution scherna

(see Hillel & Fieran, 1957) For example, 1n S16 he worked on Figurel

Figure')

Atter starting with TRI GO 37 for the lower triangle, he figured out correctiy

that the baze of the second triangie 1s twice ihe al* it of the first However,
he estimated the cecond base angle as 40 rether than using complementarity On
the other hand. tor Figure 12 in S27, he begen by choosing SO and 25 for the base
angles of T1 and 12 Asked whatl he would chonse for T3, he answered *| am nning

to fing out hivw mnch angle ) have used. and teke 1l away from 0°

Figure'?
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AU tRE puRtlson the study were tnteriiewsg 3t the eng The interview

INClude 2 3te Juestiars on the prov adure TR ard an related concepts Jay's

Strans S DAY weare e iie and et

respin e

arderstanding af tne proledure TR

nor tne study cFour children hanged on

Jindanpput Lo TR parametrized the side of

foarthe corrnlete dis

i

peranective Jays sena cour iitustrates

Sashizatien: and their attitg to

aicommagate conthistual srtustion: ooty resaiving them What waanteresting
here »1 tmal cuch Cigsnrcar jesrning behanour teok plece 1n g very flexible
tearriny anvirenment whitih aliowe: ample opportunity to experiment and which

provides constan! fescbachk This reminds us, onize more, that pupiis nesd lots of

time ard axpemences Defire thay arreve 30 znaperstional ynderstanding of 8 new
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CONSTRUCTION OF FUNCTIONS, CONTRADICTION AND PROOF

Fernando Hitt..
Secoréen de Matematica Educativa del CINVESTAY, PNFAPM, Mexico.
Institute of Education, University of London. UK.

Abstract:

The wntuitive knowledge uwnth which an indwwidual tackles a
problem an mathematics dacts In two ways. It may act as a
stimuwlus to progress; or it omay be an Canchor’ or obastacle,
which cannot Le changed or removed by means of sunple
PORNT IS NXTERN carred explanations. 1t can also lead to a
contradictory situation forr an wndividual attempting to  soluve
a  mathematical  praoblem and  lacking  the right toonls or
strategres (o overcome  the obstacle From this perspectiwve,
the behaviour of a number of mathematics teachers is analysoed
by means of a questionnaire on the concept of function and
thi:s behaviour & related to the historical development of a
mathematical idea. One finding w5 that the notions of function
and continuous function are  intuttively aussimilated as  the

single concept ' function-continuity’.

INTRODUCTION

In what follows we shall be concerned with contradiction
and proot The construction of functions is the vehicle
whereby 1 hope to analyse o ntradicts n  and processes  in

mat.hematical proof.

It. 1« difficnlt for an observer or researcher to interpret
the antantive knowledge with  which an individaal approaches a
problem. In  =saome  cases, however, it can  prove  helpful, in
interproting t.he situation which individuals may find
themselvos faced with, the study how a mathematical {dea has

developed over time

With the foregomg considerastions in mind, 1 undertook a
study into the concept. of function, both from the historical
viewpoint, and  also from the point. of  view  of 4 mathematidos
t.eacher For the study 1 asked 29 mathematicn teachers to
ANswer a questionnaire containing 29 questions, all of which

wore rolated Lo the doncept of function. The result.s showed

that. teacher:n who gave correct. answers  generally showed a
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strong tendency to construct continuous functions, even when

t.he guestion only specified a function of some kind.

Quesliion & Construction of furctions
Construct two functions f and 'z with the domain K and rank R
1

also, such that

f(~5> = 2 ' f<0> = 1

The results were as tollows:

Guew Tiar [TRe ar W TR Tedt T Teorrac T T Worrect |
arnsver answver arsver

continuous disconty
functron nuous

function

10

0t the ten who gave correct answers by constructing continuous
functions, seven teachers constructed parabolas for the first
function and three made compositions of two semi-straight
lines. or the t.en sub jects who constructed continuous
functions only three were able to construct another continuocus
function. The remaining seven reached the limit of their

ability Lo constract continuous functions

The mathematics teachers who took part in the study knew
about discontinuous tunctions. However, their intuitive grasp
of  the tfunction-continuity concept was an  ’anchor’ which
proved stronger than their awareness of function on its own
The teachers, in other words, had assimilated the concept of
tunction~contitmity and could use it when called upon to do so
in a natural way, but. to make them produce their own ideas and
isolate  the concept. of  function, it would have been necessary
to say something on Lhe  lines of ‘Construct. Lwo  functions,
which need not, he continuous, with the following
charactoaristics. . The  history of the concept of function

shows us Lhat. BEuler behoaved in g similar way

Consider another task which t.he teachors
aemtion 23Conmtracting furn tione wvilh apecial properties

2 Qiven the property  (fef3(x) = {({(x)) = 1 v any x«fF

Construct, two durlrl& examples, aither by means of a
&~
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CONUSTRUCTION OF FUNCTIONS, CONTRADICTION AND PROOF.

Fernandn Hitt,
Saccron de Matematica Fducativa del CINVESTAY, PNFAPM, Mexico.
Institute of FEducation, University of London. UK.

Abstract:

The intuitive kpowledge with which an indivwdual tackles
problem in mathematics acts in two ways. It may act as a
stimulus to progress; or it may be an Canchor' or obistacle,
which cannot be changed or removed by means of simple
exerosesy aned axplanations It can also lead to a
contr adictory svluation  forr an andividual attempting to  solue
a  mathematic el problem  and  lacking  the right tools or
strategies to overcome the obstadlde From this perspective,
ther Lehauiour of a pumber of mathematics teachers s analysed
by means of a questionnaire on the concept of function and
thiss behaviowr s related to the historical development of a
mathematical idea. One findding s that the notwons of function
and  continuous function are  intuitively assimilated as  the

Ssingle concept " function-continuity”

INTRODUCTION

In what. tollows  we  shall be concerned with contradiction
and  proot The construction of functions is  the vehicle
whereby I hope to  analyse o ontradicti n  and  processes  in

mathematical proof.

It 1 ditfficalt. tor an observer or reseavcher to interpret
the intuitive knowledge with which an individual  approaches o
probtem.  In some cases, however, it can  prove  helpfal, in
interpreting t.he situation which individuals may find
thomselves faced with, the sty how a mathematical idea has

developed over time

with the foregoing comnsiderations in mind, | undertook a
stady into the concept. ot function, both from the historical

viewpornt.  and  also trom the point. of vieew  of a2 mathomatiess

teacher For the study | asked 29 mathematics teachers Lo
RUBLINE S questionnaire contianing 24 guestions, all of which
wore roelated to the concopt. of function Thr rexults showed

that. teachers who gave correct Isuvqrs gonerally showed a
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strong tendency to construct continuous functions, even when

the question only specified a function of some kind.

Quention &4 Construclien of functions.,
Construct. ttwo functions f and f with the domain ® and rank ®
1 z

also, such that

fC=-5> = 2 B fCO> = o B (5) = 6

The: results were as follows

Guestion 1 NG anuver | Inddrrect Correct
Aansver anever answver
cantynuous discont v -
function nuous

function

2

Of the ten who gave correct answers by constructing continuous
functions, seven teachers coastructed parabolas for the first
tunction and three made compositions of two semi-straight
lines. Of the ten sub jects who constructed continuous
functions only three were able tn construct another continuous
function. The remaining seven reached the limitt of their

ability to rconst.ruct. continuous functions

The mathematics teachers who took part in the study knhew
about  discontinuous functions. However, their intuitive grasp
of the function-continuity concept was an  ’anchor’ which
proved stronger than their awareness of function on its own.
The teachers, in other words, had assimilated the concept. of
function=continiity and could use it. when called upon to do so
it & natural way, bat. to make them produce their own ideas and
isolate the concept. of function, it would have been necessary
to say something on the lines of ‘Construct. two functions,
which need not be contimnous, with the following

characteristics..'.  The history of the concept of function

shows us that BHuler behaved in o similar way

Consider another t.ask whiach t.he teachors were asked
Gaention ZVCGonatracting lanclone with aperwal properties
A1 iveen the property  (f*f )X (x) = f(t(x)) = 1 t e any x{P

Construct, two diHvl‘Iﬂl ofnmplpﬂ. either by moeans of a graph
[S




o by making the function explicit, which have this property,

The results of this question were as follows,

i ! rln(- )“I‘l.‘.l Correct It rect Correct
No

Uuest vaon ansver tojansaver tojanesver to,answer (o
; tem 1al ' lem 2rd (lem
. MR GRAAR PP AP P i AR

iMooy ! . . 10 B 2

Jfanstien j

eong Lt Lt l
1

[uy tph [ < o 17 2 2

This example shows to what. extent intuition can have  an
‘anchor’ etfect.,. The eftect. here was that. the teachers, having
solved  the first. part ot the question, were prevented from
goim:  on Lo <solve Lthe second The most. frequently chosen
answer was f(x)=1, for any xelf. Only two teachers were able to
break  the ’anchor’ and separate the intuitive knowledge of
function-continuity from the notion of function per se. 1
would suggest.,, again, that if the teachers had been told that
1. hd not. matter whether the function they produced  was
continuous or not, the number of correct responses to the

second part. of the question would have been higher,

Ity t.he hght.  of this  evidence, we woitld  agree with
Fischbean A9V, page 223, whien assures us that

'ointuaition cannot. be created, ehmunated or modified by
o1t her oxplatnatiorns o1 short. learning exercises. ', In
Fischbhean  (1982), page 17-18, we find an  example related  to
t.he: theorem in Puclidean Geometiry aococording o which ‘the sum
ol the angles of A triangle is equal to two right. anglers . He
snggests an antuaitave proot of  the theorem, and states that
‘this representation can be translated dicectlv into a formal
proof  The formal proot  and  the antuitave interpretation  are
pertectly congraent Hepre, intultion s seen as having o
firect. ofttect. on learaing. On the other hand, what we have
catled  the: aanchor' ot intation, which may he roelated to the

o, 1983, f

trortan of ‘opisitomologieal obutacle’ CRe o
ftrom bong " stimulasg t.o t.he leearning of notions,

repreosentataon, et moy actaally prevent. loearning from
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The history of mathematical 1deas is a rich source
pxamples  of  this process in action One such can be found
R Fourier’s ‘'Théorie analytique de la  chaleur’, Chapter
CiR12) p 157, in which he assures us that

En general, la limite de la série est alternativement

positive et négative: au reste, la convergence n'est

point uassez rapide pow: procurer une dapproximation
Ffacile., mais «lles suffit pour la vérité de Uéqguation

l'¢guation

Y COS x

appartient a une lLigne qut, ayant x pour abscisse ety
pour ordonpnée, ost composée de droites séparées dont
chacune est paralléle EY Uaxe et égale a la
demi-circonférence., Ces paralléles sont placées
alternativement au -dessus et au-dessous de lUaxe, a la
distance n/s, et jointes par des perpendiculaires qui
font elles-mémes partie de la ligne. Pour se former une
tdér exacte de la nature de cette ligne, 1l faut
supposer que le nombre des termes de la fonction

) 1
COS x SLONS I+ - COS Bx -
3 3

regoit ’abord une valor déterminée.

Fourier considered that. hence the limiting function was
continuous But., in fact, Fourier’s statement does not
represent. the graph of any function Cet jointes par des
poerpendiculaires®) However, ir we vonsider the intuitive
ideas of Fourier, he must have thought. that the infinite sum
of contanuous tunctions was  contanuous. His comment. on  the
convergence of the:  smeries  that.  'the  convergence 1S not
sufficientlv ramd to produce an easy  approxamation, but. it
suffrcoas for the truath of the oquation’ suggests something  of
the Intuttive pdeass that. Fourter  had  in relation to this

concept.

In Fovurper s worhk, ) ‘tat.ement, in action’, t.o adapt
Yergnaud's (1982) expression, can be seen to exist ‘If  the
terme in t.he Sering . aroe functions of
A single variable s, which 1< continaons, st h respect,. to thas
vartabile i the  vicamty ot a0 partacalar vadne an which the
Sories 1S convergent,, the sum 5 oot the seprre o dis aluo, in the

vicitmty of thic particalar value, o continuous anction of x’

Thur  statemant, Iql Gclm: in the  Weier hrass'  continuum




work of Robinson (19661 (related with Non

until the

Indeed,

everybody thougt that. the above statement

Standard Analysis),

was wrong, and Fourier's function was a counter example. But,

is a theorem in Non Standard Analysis.

the statement

have been influenced by

Cauchy must. surely

Augustin-Louis

Fourier’s ideas, and it is possible he perceived this

'st.atement. in action’ and develuped it as a theorem (18211 In

other words, intuition played an important role by generating

which led to a false theorem ((in Weierstrass’

an  argument.
contanuum), Cauchy (1853) modified t.he statemoent adding

another  hypothesis to the functions  Did  Cauchy  think  his

theorem was  wrong 7. Indeed, he wrote J(idem p. 41-32> ’Au
reste, (l est facule de voir comment on doit modifier Uenoncé
du théorem, pour qu’il n’'y ait plus lieu A agucune exception.

C'est ce gue je vails expliguer en peu de motsy)’

Abel N H, in his article 1826) on binomial series, makes
the f(ollowing statement: It seems to me  that there are

excoptions to Cauchy's theorem’ and proposes, as a counter
example:

. 1 . 1 .
wing ¢ - ; sin 2¢0 + ; sin ag - L,

In the Welerstrass'  continuum context, ‘Abel tried to
answer the question: What (s the o4 domain of Cauchy's
theorem?' (Lakatos 19761, It was ne  mathematician Seidel
(184> wha found the error and from this the concept of
Untfen'm Convergence wn a predetermined neighbhorhood of a

pomnt was bLorn' Gdem)

Roeturning to the oxperiment. with 29 teachers in regard to
the subject. ot proof, the results of two other questions an
the  test woere  revealing These  two  questions had featuares
which were not. commonly found in the daily teaching aativities
of  the subjects In both questions teachers weore asked first
to oy whether o proposition was true  or false, if it was
true, they wore askhed Lo give a proof, and af it was false, Lo
five a counterexample  The gquestions wore intoended to ‘remove,

in t.he teacher, Lhe classiaal picture of mathematical

devolopment. as  a  steady  accumulation  of  establishod truths’

As it happened, both proposittions 1- rivstllrns 20 and 21 were




false, and what was therefore required in each case was either

a proot of falsity or a counterexample. - R N - L.

IS

Question 20.
20Let { and g be two ftunctions of R in R
Let. ({(x)> + (g(x)> = 0 for any xek.
Does this implie that f(x) = 0 and g(x) = 0 for any xR 7
ves 7] Vo (]

Explain your answer either by giving an argument in favour of
the implication or giving an example of two functions f and g
which meet. the st condition bLbut where f -and ¢ are not
functions which annul each other out. in any xe{f.

Explanatiorn

Question 21
Jilet. ¢ a function of B in F.
Let (x> = f(1(x)) = 0 tor any xek.

Does this implie that. {(x> = 0 and g(x) = 0 for any xeR 7
< - —
Yes [ No T

Explain your answer either by giving an argument in favour of
t.he implication or giving an example of a function f which
meet. the first condition but where f is not the function zero
in .

Explanation:

RESHILTYS QUESTIONS 79 AND 21

20 21
g VU VRO (S SRS s
N, and gave a rounierevample 1 1
N, and gave an erronecus arjument 2 2]
Mo, and coretructed an  examplae . hut
[4] 2
rot a counterexample
e - R - . - S e e
N, ant farled tv give an expl miatlion [} 1
Tortally fuailed to ansver (he question e T osa
Yus, ard attompred o prove (he pl‘-lp:‘
17 ]
Prtion vith unauittables arquments
Yes, and gquve an unsattable argument 2 o
.o i P ) s
Yes, ard tniled 1n qive an erplanatinn . 4]

Only one teacher snolved both questions correctly. In question
2t,  three  teachers  constructed o fumnction for  which  the
statement. was  Ltrus as  a  particular inst. e, although thay

satd that the proposition was not generally true, their answer
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was 'f(x) = 0 for any x«k’. The argument most favoured by the

17 teachers shown in the table was: ’If either ot the two
equals zero, let. f(x) = 0 ¥V xR’ ar, in other case, t.hough the
argument. is fundamentally the same: ’The product. of two real
numbers is zero, if and only if one or both factors equals

zero’

The fact. that so many subjects failed to provide any answer
to question 21 is significant. The eight. teachers who tried to
prove the proposition made use ot  arguments such  as: ’Let
t(x) > 0 tar any x, then x> > 0 tor that value ot x,

similarly tor another case’,

The teachers wiorpe undoubt.edly able t.o carry out a
mathematical  proot, but.  the results show that. they had
difficulty in applying the general notians of a proof when the
proposition was not immersed  in the context ot direact

imphaation ¢A s )

In questjons 20 and 21, there was a strong tendency to use
the direct proof method which made it difficult for sub jects
to imaginge that. the proposition might be false and therefore
to  prove its falsity or to construct. a counterexample.  All
othor methods, aned @avern c hea poussibility of @ false
propoxition, were obscured by Lhis pre valence  of t.her direct

praoot method

We know that awareness of the presence of a contradiction
i not. a wimple matter Hitt,, 1979 A contradiction may even,
an Holacheff (987> assures ws, be an atd to progress, though

he point.s ont. that, Lthere are conditionss

"Nowes retiendrons lerss conditions sudvantes Commes
neeescsarr ecs b g o prise de o consedonce dtune contradie tron
1) extstence o'un attendu;
1) pocsaabnlitd de construire Uaf firmation as:io0vée

N oot attendu ot ca nagation

In the tudiess T have moencioned, "Poesistoenes o un attoacdue’
wass heought. about. 1 a4 vartety ot waye. Hat. the moan problem
arines an Mla o possabilité de construnee Papfirmation assioc e

A cot agttendu ot wa pagation’ 1t s precisely in constructing
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the negation that the obstacle arises. In this study on the

concept of tunction, 1 show t.hat the concept.s of
counterexample and proof by reductio ad absurdum have not been
assimilated by the mathematics teachers who took part in the
experiment. and deserve greater attention than they have
hitherto received in the teaching of mathematics We can see
t.he same problem in the history of a mathematical idea related

with the sub ject. above explained.
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A LOGO-BASED MICROWORLD FOR RATIO AND
PROPORTION

Ceia Hoyles, Richard Noss and Resamund Sutherland
institute of Education, University of London

We report the results of the fust part of a study 10 dusign, imptement and evaluite i Logo-
based microworld tor ratio and proportion The microworid provided pupils with pre-wetten
1 0go tcols which could be used and explored in terms of therr internal and external
relatonstups. pupis were Qiven opporlunities to create and explore their own programs. The
microword was implemented in @ class ot 24 children with the researctiers acting as teachers
Fvaluiation took the form of v written pre and delayed post tests; ii. audio recorded interviews
(pre and post) with G pupis. 11 process datagunng the microworld implementation

We begin with some attempt to idently the essential components ot a
computer based microworid.  In general, this will require identification of pupil
initial conceptions so thes» can be worked with during the activity, carefully
planned pedagogical intervention 10 'Impose’ a mathematical perspective on
the activity and some consideration of the range of contextual factors which are
crucial to the learmng process (see Hoyles and MNess, 1987). Also, such
learning environments need to strike a delicate balance between exploration
and structure; between allowing the child sufficient time and space to nudge up
against the ideas embedded within the environment, and the attempt to
maxinuse her chances of doing so. We have already experimented in well-
defined and restrictad mathematical domains with a small number of children;
(see for example, Noss and Hoyles, 1288, Sutherland, 1987). The construction
and invastgaton of children’s interacticn 1 such environments is problematic
IArgely bocause any mathamateal conaept is pant of an mtricate network of
concept, --- S0 aqdrensing one nevitadly neo tates calling upon
understandngs of a whoie range of other mathur..,.cal ideas. The ongoing
vork reponad here desenbes momere dotal than in our past studies  the pup!
perspectve pnor to engagemaent in the microworid ard the pedagogical
soquence as woll an cemputer based tasas. In adddion it reprecents cur firat
effortin nucroworid activity with a whele class rather than oo an expoamental
enatonowth aall nroupns

We bave chonen rats and proporton an the concoptial doman One
reason for aging oo ihe con s derghin retearch ettont which has been controd
on thie gseue reslting inoa comprehensive picture of the ranqe of pupi!

responsen to orates e ct o e be o oxpected o noan conmutatinng!

CIWImAMeN? (300 ot caample Tovmare and Pu'os 10845 Ht (1984 Fanaly
our own recearch s noicated thato under th approprate condiier L L
computer makes o qualitative dterens ot what pupds can do !or example,

in seoma the qeeecsan thoe poartealary as o well an imfiyenonma the stratenen
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they choose to adopt and tae skiils they exiebit (Hoyles and Sutherland 1383,
Hoyles and Noss 1089).

Our general aims were to utilise the power of the computer and the feedback
i can provide, 10 provoke chidren
— 10 use and get to know graphica!l ‘cbjects' bull according to propodional
rules ( which were initially not made explicit to the pupils)

-~ 10 engage n proportion-based situations and to construct figures in
proporion on the computer.
- 1o come up against visual contlict if the 'ruivs' of propontionality are broken.

Our objectives were te
- uncover and then bo'd upon  childran’s undaerlying intuitions and ideas
about ratio and preportion tather than focussing on their ability to manipulate.
-—orsign @ sequence of computer-based activities in which children would first
use proportional 1deas with the hypothesis that such functional use (with
appropnate ctructure) wouid lay thn foundation tor discrinnnation and
generalication given an environment which facifitates the linkages between
intuitive actions, graphical outcomes and symbolic descriptions (Hoyles 1986).
--- plan pedagogical interventions to promote these links, assist in computer-
use and buiid in pupi! discussion in order to provoke children to articulate their
methods in natural language. Thus spoken and written natuyral language would
act as a bndge between vague intuitions and the formal specifications needed
1o write a computer proaram or conversely be the means by which pupils couid
Manee sense oF (discnmimirte; the meanings cf the computer formahsm.

strike a balance between our own agoenda and the children's own activities.

We thus planned tha! the computer would provide assistance with arithmetic
sperations, more importantly, it could offer cognitive scaffolding for making
ense af the mathematical meanings of ratio and proportion. We particularly
wonted o device activities that would produce vinual fnedback to stand in
comt o rwth commonana! civeres (such as ladding’)

The mucrowor!d conwstod of a set of dctivitios Logo-based and paper and
g nlooweth rome well dotined pedgaqgogeal agendas around which we
tocn ced the cdren aevates In thinking about design issues in
CHOMPIANOE G enyaarment b eompoitant 1 addiess A number of peripheral

o the spectic mtended mathematical tearnming) but impodant issues

corsormmg te paplb camngter interface; st as imidianty with the computer,

o cmaton ardd ediing ot Logo procedurens, the syntas and meanng of
varable acque ance with Loagn, anthmete operations and fi w of control. We
samid oty rocogre that trthe oroentation s sometimes a sotn ot confusion tor
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chiidren with huted Logo expenence. We dehberately avoided having to

address this exphcitly 1in the activities whilot st working within the turtle

graphics subset of Logo.

Methodology

The work which 15 reponed here forms a component cf a farger research
study -—- the Microworlds Project!. The work reponted here represents the results
of the pidot study? This teok place in a single comprehensive schoo! with &
class of 24 chiidren aged betwean 12 and 13 years. The class teacher had
been a particpant in the Mcroworlds project. Al the teaching and organisatien
in the pilat study was howeaver undertaken by the three researchers. The
toaching experm it convanted of 6 seszions of 70 minutes duration in the
school computer resm {11 computers); childien workad in pars or exceptonaily
in groupn of three, The chodren had very imeted pravious Loqo exponence (0-2
hours) The muethodoiogy to be adopted was.,
— pre, postt and deloyed post tests for a whoie year group — the same test Lo
be adminictered on cach occasion.
= audio-recorded intervicws of 9 of the 24 pupils in the expenmenta! class i
crder to probse ther ancwaere: the chaice of the nine was un the basis of thenr
answers to the pre-test (to ohtain a spread of apparent misconcept.ons),
distnbutron of gris and boys (to represent the distribution within the year-group)
and spread of attainment {as judaed by the mathematics teacher).
-~ precess daty on nuerowond implemer'ation consizting ot observational
nates on the 9 pupiis to assst the interpretse n of the post-test results in terms
of the activities undertaken dunng the - i fimarked homewors
assigrments admimstared alter each sessionhara coping of the procedures
widten Ly all thee pupis within the cliaag

The pre and post wotten tests wore deaned to probo chiddrar's e bons
and undeetandmas anout proportion frer an o wids o range nf v wpsonts ag
poussthin We ant out toanvestigan:

U The Mictowarld s prop fis oo daected By the antfors aod aaded by tie D ducalisn ama Sncd
Rusearch Councit in Uk (1386-6)  The am of the research s 1o astess ways of ueng the
camputer to provoke mathematics teachers {o reflect ypon, and f pocoaaary channe, thei
prachce  The propct consety of the evaluation of an in ceeice coutov {1 te baorsan ferme cof
atttude chiange an fimplemaentation tofether withe misroworkd dosnn

S The mam strdy vl have a samlar methodsingy but conscd ef twa dteands feashng of 14
merswnarkd (ot e ihied Geoaresatt of the pint) by the roecearchior, to one olane of 30 g
daged betwes a1 and W yeans, teachig of he mcgoworld 10 3 chi ses el s of DS par
Aaped 1210 9y chies ol 10 papls aned 15 9 16 g el of 200 11 10 e o0t (all ot thee o
Clhavaer are nerm Yy Cerht By e e who altordod the RSt  conge

UM n imimiod b g G D aan anen due By a i, tatiee protlenn
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-— the intivence of ditterent contexts, that 15 1o see how context might be used

(or not) by the pupils In duciding upan e strategies and assassing the
‘correctness’ of therr answers. Queston: were setn three different contexts
designed to be realistc for tha pupiis and thaugnt to carry with themy intuitions of
enlarging or shrinthing 1In proporton  The frst queston wits a 'recognition’ task
involving the identitication of a range of given rectangles which could be
ditterant sized plans of a swimming pool of qiven dimensicns; the second
question consisted of a st of paunt riang problems, and the third a set of
questions involving photograp' < enarmements (an example of this latter
catensry s aiven in Figure 1)

--- the effocts of difforent mar o syteal st es, that s the distinction tiotween

Viegnosd TE3 mtegral and trachena! ceate

sea'ar and funchonat relyee oz
factors, and nonanteqriy anow 1
- the possible difturenta' e/iects of the econntially graphical microwerld on
numerncal problems (want ruxingy and viseal preblems (photographe
eniargoments of rugs)

Wa also deliberately eaiuded querthions whone o semple ‘douhling’ strateqgy
tars were avaidable

Wi appropnate. In the pint teds s o1

Y( wcollect photonraphs (,! et Yo ve et recoensd o Bew L0 0! plotograptis t

RED R RN

Cinetion  Yeu riwed to wnildrde or (2w thamt o Lt the epaces inyour catalopn: One e

now ngths s um.nu.w bt the mueney lerathe (marked ™27 on each darran

2

15

%g atr vty I Wu AR “JU\MN’U\N\A

&T..x.tx Rt | [NAN
NWWMWW‘UM

Intesrat Funghioeal - Myltipheation; Quegtion 3:b

fogure 1A Bug Tack:

-

The Microworid

Two compata ony) ‘ohoeety Sttt b et captaratien an the compator
brased achivition Theoe foog wore g e totder 1hat by therr gae ancd
Oxanuration the pape's pocod becama aw o o o mpartant ddeas botind rato
sl propartinn Cite e o e e e of vacahlo parts o
Nt i b D0 Thee oo b b el et by HOUSE e
FD BK RT LT Tre overd'l obpective of the activities was 101 pupits 1o use and

e multalegtive) wittin

then el coneunate the ca?oeo o the fon o e gt
TE b order thgr o et PE UL wo ot oo penn st e by cenonneae the

Pt ot o e orgt A el e T e e o difteret

i praport et HEOEEE e e AL TR RS S ) Mo



cenflicting situatinns whien wouid anse when nen-multpheative orfatons ware
employert m either context

T b ot
JUMP SIZE
SHAPET Sk
LINE GIZE- 0.4
SHAPFED2 (SIZE- 15
LitvE “SIZE- C 6
SHAPER "§i1Z0- 7
END

relvdapandpoam et LESL

We peay o ooy ot of the s sosmens. Fach cosasn war Dhowed
by wrtlon baesove won b Sroviced resoarchors and punie owtn ennairen
tecdback and tarnane

Segwian 1 Prupe s were awven the constituent compenents of LESHI
(SHAPE 1. SHAPED w'cy and imviteg 1o use tiuse 1o mune patterns of their own
choosing. Pattern generation was facatated by the provision of procedures
JUMP and STEP winen respectively moved the turtie (without drawing) up and
across the screen Tre Lse of those procedures ave.ded the problematc
tscues of intertacing procedures and tuntle orientation. The main pedagagical
interventans for thin “oss.on ware 1o proveke pupils 1o use a w.da a range of
irputs (ngludng roaat o0 and deomal, to give help on the technical issues ¢f

proceaure defmuon and ectng and to enc urage collaboraticn ang sharing

Sossen 70 Ths session began with o introductioe 10 the 1dea of using
Lcgo's arttrate opuratans to perform caleu ane T conastructed LESL

as a whole by puttng together the component . Jur am wag 1o 1ocus
pupils' attenton on the components of LESL) and the inter-retatans between
these components Tne relatonsiups within LESLIE were all mu'eploative 50 oty
of LESLIs produced by usng d ferent inputs were necessarily m opreparien
Pupida were thon vy tod to vap'ore wth LESLE and croate e own e oinns
using d:terant anpats They were also aseed (o predict e oee nf the
compnnent ot ot TESTTE ro et vl e o e et

Seasionr 30 The oo g ena e puapds Ueoreflet on o iy e
procedurs LE 5L worked and to diserm-nate the necessary aatire of thn
functionat rot gt onat o tetae e LESTES cotintituont ma oo dlee, o onder 1o
cubyn setyat b E S propermior B LESLEET woin By el 00t ada,
from the comp e o e e s ratanhitr o e ety
Calouiations were b rieen oo Py computer and avna an e’ an

ancouranged oo e g g B3 1L Poea D o e
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given in order to encourage refiection on the relatonships between visual
image.its formaksation {its procedure name) and its numerical 'size’. Pupils
were asked to modify LESLI so that it had a large head, long arms etc. Our
intention was {o focus attention on the idea that only multiplicative
modifications would produce classes of tgures that were in proportion since
strong visual images drew attention to the non-proportionality ot figures
constructed using different rutes.

Session 4: A class discussion was held to consider how to make LESLI's
arms shorter.  Attention was focussed on how to label the lengths of the
constituent parts of LESL! on a paper and penc! d:agram and make explicit the
muitiphcative solutior  Finally, a LESLE with a small head, PINHEAD, was
given where the small bead wau generaled by using a subtraction strategy, thus
small input values would produce "ups.ce down” heads. and focus pupily’
attention on the nen- proportionatty of the resulting figures

Session 5. Pupils were given a procedure for a closed shape — HOUSE

—using FD BK RT LT Pupils were asked to make bigger and smailer HOUSE s
all in proportion. [t was antictpated that atlention would be drawn to the
necessity of multiplicative scalar relationships since cognitive conflict would be
generated on the adoption of non-multiplicative strategies {production of non-
closed shapes or overlaps). Figure 3 rlustrates computor feedback on the
adoption of an additive strateqy results and the obvious mizmatch between the
intended and actual outcomes

TOHOUSE TORGHOUSE
HT HT

FD 50 FD 125
RT €0 e s 0w RT 60
FD 79 & " FD 145
BT 60 o RTERD
FD 70 . IBAIRIRES
RT 60 Y 23 I
FO S0 ¢ FD 10n
RT an RT 40
P

By oan

EMD

Frgure 3 ML by BIGHOUSE adopting an add bve strateqy

Seszion £+ Wo orqarcad groap L to wark on differont’y aized HOUSE ¢
of the papila’ chaoamag, vy order o roawe the mpthad explict The session
started with a game i which paers of pupts prodaced 'enormou” houses — i
propo~tion to the ongimat HOLIGE - and cha'lenged ancther poo 1o find how o
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had been generated given cne length. The aim was that the pupsls would:
construct similar shapes where their scale faciors was not abwvious (in order to

present a challenge for the opposite team); be forced by the rules of the game
10 negotiate their methods in pairrs and make their methods exphait; devise
methods to generate the rule of the ‘opposite’ pair given the onginal HOUSE
and one {angth in the final HOUSE and finally compare their numerical rasults
across pairs and defend their decisions  During the process of 'tinding the rote
wWE encouraqed pupls to wark out the scahng factor iteratively using the
computer, thotia moerder to find the number to multiply 30 by 1o qve 50, gijens

anamber Sty st angd mproge the quecs

Findings

Be ot ot e s sent avtyed pont et for the mtesrad oo and poaee

Qe dGn L are preoacnted i Tabye 14 ARhough those renghis are ot specticu! v
!

the differoe betwoen e pre and the delayoed poct teat reuts or guestions Bin

(see Fig 1) and 3o is siamhicant at the 5% level

Questicr o [ Type ot Qoertion Pre Test Detaynd Post-Test | Hato
°n Corract in -4 . Corrnct (0. 25)

CAINT Ca INEECHAL i tanal (x) 348 Jdaon
2b o [INTEGRAL Sealar (0 130 37=-127
JC INTEGRAL Sealar () 17 .4 101527
sd [INTEGRAL Functiconal ) 30 4 go-20°

UG a3 INTEGRAL Scalar (x 478 Q72412
3b | INTEGRAL Functional () 30 4t 1572 -37
32 FINTEGRAL Scalar (9 52 2° 187 =244
id NTEGRAL Funcbonal (1 130 28877

Tab.e 1 P and delayed post-test re fte far ! coaral Pamt and Rug
Quoctors (C dengtas signifiggnt 4 2 level)

Mare interesting than these overview statistics  were  the results of the
intorvicw s with the mine individual pupils. Of these nine pupils, six exhibited
quete o myor srtn tho ways they attempted to approach the guestions”

Theae ooatts con bo charactensed as foliows a) from a perceptual 10 a2 more
analytic strateay s btowandts a0 consistent strategy, and B towarda o

e o tateeny A iy o e araftg will ferm the focas of oo

CORDNTTY Wt

FAImOsL b | ST SRR N LR I TR YRTN LTRSS LI R T I T I U (e M AR TS IV T IO SN I S L
R e onto b

B Aftechve consrteratar F e nomiming three popile aeterviewed i g altching oo d by an
At wheh gppeane s e e oneerood by whether ther ealgrone wone oot Thoy o)
P ted m usmg mathemate aly mcontedont strategeeos e noteeatlo gt gt theer woeo et
vnreed at any decn e b e e taworkd gt e ‘
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Conclusions

Our data has jed un to propese a numner of substantal changes in the
design of the microwntid - 0 torma of seguence but dlso i terms of making
our detimtions and metsody mare exptbot We aliy new see that i order to
expioit the wvisuat feedback cnd underctanding conticting evie ence dunng
computer activity. an understaraing of the mathemateal meaning of proportion
and a recognition of the need tor consistency is nacessary. We also intend to
stress the equivalence ot componng cirear gqures in a scatar and in functional
ways and that both ways qive the same "osuits, bulld on (rather than avoid)
intirtive doubling and debitn rateiy By o forge e Ink between doublkng and
‘times by 2 speaty the e st eacalators i the pre | post and delayed tests, for
Al cprennons b ooe g el aons ttars and spaaity that a coateu’idan
shiould not Le uned t 0 Lt 0 queetane ottt than deaving the deosion
cpem

OQur tontabve conelp o oot pict cteoy e that our nuicrowornid
achioved some Pranted seeneas We ane roeasenabdly contident that, given tha
maodificationa above, the man study w.il be able to generate an appreciation of
the meanmng of proportion and s tormalsation in tenms of  multipheative
operations. In the work undertaken already for the main study we anticipate
further intaresting shifts - for examph:, from random numbsr pattern spotting to

searching for the ratio poattern, from seneetess answers to appreciating the

context of the guestuns  Hevaltn of the man study will be presented at the
conference.
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THE FACILITATING ROLE OF TABLE FORMS
IN SOLVING ALGEBRA SPEED PROBLEMS: REAL OR IMAGINARY?

RON HOZ GUERSHON HAREL
Ben-Gurion University of the Negev Northern Ilinois University
Beer-Sheva, israel DeKaib, Iliinois

The instruction of how to solve mathematics problems uses several auxilaries,
including the table form. We tested the effects of using table forms on the solution of
speed problems. The results refute the common belief that table forms facilitate
problem solution. Haif of all the soiutions that were based on a table form were
incorrect, and when students used table forms in 1, 2, or 3 problems, only 9.9,
12.5490, and 17 1% of them were successtul, respectively. The examination of the
table forms revoaied that most of them were faully. The results of no facilitating
effects is attributed to the inherent drawback of table forms, which comprise
Nondirect Relations but neither hint nor provide for their prerequisite inference by
the INFER schemas

INTRODUCTION

The analysis of aigebra speed problems {(Harel and Hoz, forthcoming) identified
three kinds of mlation that may be found in problems dealing with rectilinear)
motion: Bas:. Oirect, and Nondirect The Basic miations indicate whether
elementary temporal and spatial attributes (such as starting times, terminat points,
and direcunn of motion) of the moving objects 1re same or different To solve a
speed problem its representation must incorporaie aons tincludes To
achieve this 1t 1s not enough though to use basic relations, and other refations have
to be rap:ivented as well Of these, some can be encaded into the representation
direct’  while those which are implicit in the probiem statement have to ve first
inferred from the basic refations  This inference (s a prerequisite for the solutton of
many a type of spesxd problems and it may be rejatively compiex and ditficult to
achieve The reiations other than the basic ones are classifind as either direct or
nondirect Direct relations can ba denved directly from the problem statement and
represantaxd without using bhasie relations. Nondireet relatinns cannat be deriveds

this way but rathorantarred trom basie relations to be representsed Al three ty pes nf
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relation pertain to the concepts distance and tme, but only the Direct pertains for

the concept of speed. For example, "Car 1 was on its way 3 hours more than car 2*
is a direct relation, since it can be encoded directly with no need to infer by how
much one duration is larger than the other “Car 1 started from city A § hours before
car 2, which arrived tc city B 3 hours after car 17 ts a nondirect relation, since the
same relation ("car 1 was on its way 3 hours more than car 2°) has to be interred
from the stated basic relations

Cognitive analysis itlustrated the importance of structure variables in problem
solving (e.g., Goldin, 1984) and curs (Hare! and Hoz, forthcoming) has identitied the
INFER DURATIONS RELATION and INFER DISTANCES RELATION schemas as
the mental inference mechanmism tor nondirect relations. The latter are simifar to the
Part-Whotle schema (Riley, Greeno and Heiler's. 1983, and Nesher, Greeno and
Riley's 1982), and can accounted for the difficulty of speed problems that students
have at all educational tevels, in both formal school aigebra and nonmetric tasks
(e.g.. Siegler and Richards, 1979, Wilkening, 1982; Mayer, Larkin, and Kadane,
1984; Reed. 1984, Gorodetsky, Hoz, and Vinner, 1986, Goldenberg, 1689).

The observed difficulties that many students have in solving mathematica!
problems inspired mathematics educators and psychologists to propose auxthary
means and modeis. Most of these concentrate on parsing the problem statement
into its components that correspand to the probiem’s elements and translating each
into an equation From both the theoretical and practical as.pects Polya is the most
salient proponent of such means He propocert (Deiya 1957) the use of a table form
and highly recommenrdedt to une it 12 present the rerationg between the values of
one vanabie (stated as the "givens™) . dand © factdate sbitaen g the relation between
the values of a second variible 'staterd as the “condition”) The latter, when
expressed as an equatinn mexdels the problem (an examp!e 3 presented in the
Discussian part)

Tabie forme are yory peopaiar and s By oan,) mathematias teas ! ors who

believe than. 1o twe haipfal i deey g the aquttents) This may be esp ally trun
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for the weak students who cannot understand iet alone solve most algebra

probilems, but seem capable of coming out with some equation as a result of using
a tabie form. There are though teachers who reject the use of table forms. They view
the teacher's primary role as developing student thinking and problem solving
ability, and do not believe in an easy life in mathematics classes They want their
students “tc think hard” and discover the solution on their own, and they contend
that table t:ling invaives none of these, being a technical and automatic way of
proolem solving of bypassing the important functions of “understanding” cr
“thinking”

Within the frameworc of tne research on the soiution of speed problems
(Golaenbers, 1989; Harel and Hoz, forthcoming; Hoz and Harel, 1988) we
addressed the quest:on whether table forms can facilitate the solution of speed
problems. It emerged when table forms were examined in light of the centrai role
that the INFER schemas ptay in the solution of problems. It became evident that
Polya's proposal does not take cognizance of the INFER schemas, and his
treatinent lacks in three respects which may render the application of table form
useless. (3) The coiumns of a table form do rat represent the Basic but only the
rrect and Nondire t relations  (b) He had not .¢stinguished the recognition of basic
relations ithat he considered one of the “givens”; fiam the -+ ‘erence of the nondirect
relations trom them. (¢) He never mentioned nor etaborated on how this inference is
to be mad<. "he hypothesis tested was that this type of auxiliary is not heipful in the

solution of speend protiems as it was designed and is clarmmnd to be

ML THOD
The sphyects worn 100 s 1onts enrmilisd in three G soven 10, and three
11th grades i a comprehensive ligh schaol in Beer-Sheva. The tests were
admimistarsd to whole cl3gsns, and tha nstructions required only to set the
equation{s) but not t) solve tham The students were neither told nor hintexd a4,

what auxtharies o usn, but were reguirevd to provide full explanations to thetr
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answers. Enough time (up to one class period) allowed all the students to complete
the test.

To test the research hypothesis we used five variables. The independent
variable was the nature of Time Basic Relations from which Time Nondirect
Relations had to be inferred (explained later). Three variables were measured for
each solution: (i) whether it included a table form, (ii) whether it had congruent table
and equation(s), and (iii) whether it was correct (i.e., had a correct equation(s)).
Three dependent variables were derived, which record the number of solutions in
each test (0, 1, 2, or 3) with each of the features: (A} including table forms, {B)
having congruent table and equation, and (C) having a correct equations. Orderex.
in this way, each of them characterizes a more progressive phase in the soiution if
the test had at least one table form.

The test problem involves two cdrs, each going at a different speed from one
piace to another: "Two cars go from city A to city B, akm apart. Car 1 leaves city A b
hours after car 2. Car 1 arrives at city B d hours before car 2. Car 1 is ¢ckm/h taster
than car 2. Find the speed of each car.” This is the simplest problem type possible
for two cars, in which (1) the Distance Nondirect Relation can be easily inferred, (2)
the same Distance Speed Relation is that one car is faster than the other, (3) only
one Time Nondirect Relation has to be interred from two pairs of Time Basic
Relations that pertain to the starting and arriving times. The city names and the
values of &, b, ¢, and dwere specified, and the latter as well as the phrases before
and after were difterent in each problem, to provide for the experimental design.
The three possible time basic relations are: the cars started (arrived) together, car 1
started (arrived) first, and car 2 started (arrived) tirst. These yield 9 different
combinations, three of which were represented 1n each of the four test forms that

were distributed equaily among the students in each class



RESULTS
To test the hypothesis the tests were classified into the following two-way table,
In theory the three dependent variabies are unrelated to each other, but in practice
they were, as the table shows: the more advanced phase in the solution a feature

represents, the smailer the number of solutions that have it.

FEATURE NUMBER OF SOLUTIONS IN TEST TOTALNUMBER OF
P

Of SOLUTION v 1 Y R [ERS RTETOS N O A
A Has table form 11 8 70 89 218

B Has congruent 15 13 22 a9 74 174
table and equation

C Has correct 15 20 27 12 59 110
equation

These figures show that when a table form was used, the chance is .83
(174/210) that equation and table torm are congruent, and the chance is .63
(110/174 ) that the equation is correct. Hence, the overall chance to obtain a
sofution 1s about .S0.

The tfirst observation in regard to studen's Is that only half of them (83 out of
178) attempted to construct table forms (and 11 of these did not manage to write
any equation). The majority (89.7%) of those wt - - * xd table forms. dia so
consistently for all three problems (70/89). Of these, 17.1% (12/70) obtained three
correct equations, 37.1 % (26 out of 70) obtained two correct equations, and 27.1%
(19/70) obtained one correct solution. The rest (18.7%) did not get any correct
equation. Therefore, despite the success of most students in basing their equations
on the tables, the large percentage of incorrect equations reflects the general farlure
to construct table torms that refiect the Time Nondirect Relation

0f the students who constructed table forms for ali problems, onty 9.5% couid

derive 3 correct equations. Of thase that had three congnient tables and equations,

only 30 8%. (12/39) wrote correct equations. Further analysis revealed a positive

linear relation batween the number of table forms in the test and the number of
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correct solutions (the more tabie forms constructed the higher the success rate):
When 1, 2, and 3 table forms were constructed, 9.9%, 12.5%, and 17.1% of the
solutions were correct, respectively. Aiso, in 83.1% (74/89) of the tests at least one
equation was congruent with the table, and in 79.7%: {59/74) of these at least one
equation was correct. Therefore, of all the students who attempted table forms

(typically in 3 solutions), 66 3% got a correct solution to at feast one solution.

DISCUSSION

The results of this research clearly support the hypothesis that table forms do
not facilitate the solution of the simplest type of speed problems. Using table torms,
the chance of a student to obtain at least one correct solution for three identical
problems depends on the number of table forms constructed, and lies between .10
and .17. The chance of a solution to be correct when it is based on a table form are
about .50. These estimates can at best be the upper limit for these probabilities,
since only half of the students used table forms. Extrapolating from their results to
those who (for unknown reasons) preferred not to use table forms, it seems
plausible to estimate that 3/4 of the latter would not construct appropriate table
forms.

The reason why table forms, despite being consistently used by half of the
students, were found unhelpful lies 'n the natute of the INFER DURATION schema
and its role and function in the solutixn. We argue that if table forms were designed
to aid students glean the meaning of the problem by arranging the relations in an
orderly (and expectedly) helptu! manner, then it 1s not the case that our students
used table forms ineffectively. Students faiied to solve the problems because the
relations were not appropnately represented in the table form. Those © udents could
not be helped by table torms, that neither hint at nor provide for the instantiation of
the INFER schema tor the inference of the Time Nondimct Relation (or Distance
Nondirect Relation in other probleme«). The Inllowing tabie form for our test problems

lustrates this argument,
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VARWBLE

distance speed .. time
car { a ax X
car2 a &l{x+h+d)  x+b+d
EQUATION a/x=a/(x+b+d)+c

This table form includes the Time Nondirect Relation but not any Time Basic
Relation. The values in the speed column prove that the inference of the former
relation is a prerequisite, that cannot be bypassed, for the derivation of the Speed
Direct Relation. Table forms are useless for students who lack the INFER
DURATION schema in their knowledge base. This example clearly indicates that
the construction of table t rms is not & matter of automatically fitling in the variable
values, nor is it a warranty for correct problem solution (even to isomorphic
problems, one of which was successfully sotved).

The conclusion to be drawn from the results of this research is that if auxiliaries
are to be of any help in problem solving they must be based on theoretical cognitive
analysis of the solution processes (and therefore may be domain-specific) in the
first place. They also have to address specific tactors and processes that were
identitied by cognitive analysis or empirical findings as needing help.
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o i et renoning claims that there exist several level. of
IR S LR L P L feenf 0 an clmme o Tt tar dyeee ety
TeACRTL 1t ey Pt e nte o wunt the tiugents current leved
Theretory, une of the maim s of the Van Hieie 15 10 analyze each area
O geete s, o ot rmathennaticg an generall and 1o (haracterice each level of
FeALOTAL a0 e ernent L LelonoIng o @ QIVEN afea, 1 ofaer 1o develon tegting
WO, T e by tarr it g T et gtyre thete qr e Qenes il e o rnten
Ao e e Ohagaghine vy ETGRE D Hnter TR et Sy
Gegdes B Tihier T g aleo shecy i deacniptare ang teaching g
feiused on several areas of plane geometry  suych 3¢ pelygans, anglec o
Suttaces (oo Fuys Geddes S Tiachler (TG8%) ang Groally (16570 Byt there e
ether 1mportant topice which have not yet been investicated, ane oyoh e
Geometir o ntmatione g n parnicglan plane poametnie, Athanan yeet for

(3850 atg Alsing, Burques & Fortuny (198/7) do present descriptions of the

levels in terms of plane 1sometries, they are simply theoretical statements




lacking any turther practical apphication In our current research we have
continued the stuay ot the van Hiele moadge! that we dagan some time g, with
relation to measurerment and Lpaliad grometny teee Gutierres & Jaime (1087.4)
ang Gutierrez, fortuny & Jatrne (1988 by working on plane 1sometries

The results that we snow here have been obtained from our work over
several years on tegching plane 156metrive 1o primary school puptlis ang (o
future teacniers 1n Vaiencra (see Gulierrer A Jaime (19870 and 1988)) Our wish
1o provige pupiis with ativities accoraing to their reasoning abihities hac ied
Ut tuouse the van Hiele naegel Theretore we have first determined the
characteriatics of trantlatiene rotations angd symmetries for each van Hiele
level and, within eauh beve! thoae - oirecponaing to the learning phases which
aliow access to the righer jevel Seconaly, we have designed teaching units for
each isometry, taking intc account these characteristics

Now we chall present the qeneral characteristics of each level, relatec to
piane 1sometries AT we thonk that o1 will be clearer if we qive examples of
Just one 1sometry insteaa of yaing 2l three syremetries 1or different examples,
we wib confing ourcelves 1o the 1ranaiations in the examples

0Ot the various opinions on the numper of levels of the vVan Hiele model, we
assume (see Gulierrez & Jamme (1987a)) the existence of four levels of
reasoning, narely, by recognition, (20 anatyars, (3) classification and (4)
geduction Table boebnws 4 sammgy or the van Hiele Tevels of reasoning for
PV ANE 1SOMe T e

Now we ehall mave g get e e o cimtior of the Characteristice of {he
four levels ang the most signiticant results of our experiments The activities
on nlane 1sometries that we proponi 1o the students include, 1n genscral, the yse
ot cut-outs, to promote afbive learning and to avord diff culties caused by *he

children vk of drawing abihty
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Asking the students for some examples of transtations from his

ehvironment

Translating a figqure so that one of 1ts segments maps onto annther given

segment

{t 15 evident that when students use visyal recognition (a behaviour
characteristic of the first level), they use the elements of isometries (directed
segment, center, reflection line) and some of their basic properties, but they

will only become conscrous of them when they have reached the level 2

LEVEL 2  The work with the students at this level pegins with the
discovery of the basic elements and characteristics ot each 1sometry Directed
segment and paralietizm (transiations), center, directed angle and movement
along circumferences trotations), refiection line, equidistance, perpendicularity
and inversion (symmetries® when identifying which figures correspond to each
other under an isometry, at this fevel the students do not base their reasoning
only on visual recognition, but they aiso verify the presence of the basic
properties of the identified 1sometry, this 2llows the students to use ryter,
£ompass and protractor to move potnts of the figures

However, the stugents do not relate the properties to each other, that 1s,
they have not yet butlt up the network of relations, consequently, they are not
able te getermine miimmal sets of properties that chararterize an icometry and,

theren, they canndt propet 'y detine 1sometried

one  tyLical  prece ot behavioyr
®)
observed in the early phasen of level 216 to

expect different images after moving a
figure under the ame transiation when the
origin of the arrew h: been placed on

different points of the figure (see figure 1) Frloure §
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Atter experimentglion they realize that the resyit will be the same, Dni thoy

A7 TOT URASE L TanT Wiy

refattons ¢an alse be seen 1n the way ’ /7
. .

The  apeense 00 Tne Pelw(rt

stugents mantpulate two firqures to ¢neck
itthey  correspong  under 3 speCific

1sometry Moregver, tne students dn not

realize that they can iocate the wheoie

figure 1mage undef 3 Given isometry when
they know the tmage of Two points of the Fraure =
figure (zee figure 71

AU tevel 2, the students learn to distinguish ang to use the CharalCtv: - ticy
of translations (length, slope ang direction), they also ciscover bwv
experimentation ¢ther banir properties, sych as paraliehiem detwern the
correspong:ng figures wWhen working with squared paper, studento can alor
giscover the coordingtes of the arrew defining a transiation, ang theyv can
descrnbe thei by means of whole numbpers ¢aatified by worde caeh 2= right el
upsdown (11 <tudents already know the neqative =i 2rs, they {an use them)
They ¢an find products of translations and deguce from experimentation o
propert:es cych @t commutativity

WIlh recpect fooontanions anme OF The Tt Tt e hoggont it
discover 4t deve’ oare eaqoidistance from the center variating
Caccording = the folation anaie) of the rotueted Nqure, the mportance oy gl
direction and the existence of equivalent rotations The students can also
nandgle prodets af eataticns with the came center ang discover some alaetr 3ir
propertiie.

As for cymmetries, the students will discover  equidictance  and
perpendicutanity with respect to the reflection hine of two cymmetric points

They also recognize other properties such as the parallelism between the
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segments that join several pointe and thew respeclive 1mages unaer 3
symmetry, the inver-ion of figures the 137t that the pasition of the image of a
fine varies according to 1te pesition retative 1o the reflecion Hine, etc
There are somes exambles of Miferent oes  of tevel T oaclivities tor
translations
Perfarmiing 2 tranclation rvente directed seqment
Performing a 'ransialion 0N wQuared Laper, given the coordinates of 1ts
airected seqment (1or istance, 3 squares Lo the right, S squares down!
Lompleting severd’ e pattersy, frony the <ame fiqure by means of
tranclations: whooe arrows difter only ano slope, length or direction
COMAEN I Ko reulla and diccyssing the ditferences
Checking whether two “igures correspont 1o egch otrer after a trantiation
and, If thev do, Ninding Its arrow

Obtaiming progucts of translations and obeerving the results

LEVEL 3 Attme level tne students have already acquired the amiity to
relate the properties they already hrow 2rg 1o gisCover New properties by
expermmentation and informal deductive reasoning They give definitions for
each 1aometry, that is, they adentify mamima’ sets of sufficient conditions to
characterize an reemetry They can give nfermal proafs for propertiec
G covered @t evel

The otudents now Lrow (he mamimal romber of peant - e

Preoded Yoo 3o tne whode e e

WHT TR Dech T the Gradir bl aumett fe ) Ltudents Can deduce Wie 1enuts

CHDrome tnal P yrnmeli s o two 1ot atione T, will aliow them Lo begin

.

et e netwerk @t celatioge, hebween vt togse sometries in the iater
Phases Gt feved S bec g e they can Tine progacts which include difterent king:,
Ot rsometiies) ana o aopire a aletal undgerstanding of i, onetries when they

reach level @ 0t aiso posadie at this level to work with ;iide reflections and
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1o discover or deduce some of their properties from the Fnowleage they alreaay
have af transiations ang oyrmmet e

i the dater phases of pevel 3 e Ctudents et hancie the general
QECOMPOSITIon of 1wometries ang, 1n several cases, sttain all the possiple
salutions (intinite sometimes

As for rolations, the students £an deduce that the perpencicyiar Drsector
Of 2 seqQment s the cet 01 the tenters of all the possiple retations which map
one endpoint of the seament onto the other 1n this way, they will be able to
giscover the centero of rotation and witl ungerstana the mearing of the yayai
algorithr: "o giscover the center of acircle

Trare are come Zypes et level 3 activities apout "oanelatinr:

Fantg products of teveral transialions  ang Giscovering  1rom o the

coorirgtes of their directed segments, the coordinates o' the resuiting

mrected seqnient Generalizing and Justifying the resit

Decomposing a transiation into several products ¢t franciatien: 1ang

JUITITRG That there are intinite possibihties)

Cecompnsing o translation anto twe -ymmietries, 1) when one refleciion

Tine b been fived, Y wher no refiect =n hine nat been fixed (NaCevering

and coemparing the numper of pessible solutio: L pach cane

Brese Dy angd junfyaing the reogtt of the product o 2 tranaiation end o

RN [

LLYLL 4 Che et e DAty wWhin b hadents ey gt P el
TOrMIAT ) Corer o e g and proving comples proper e anag trear e
which i the preyimg tevels were oyt of the rtudents reach

Theoe gre core o P tac fo wmeh mepe b e 1ang n tre e tivitier beinning
Lo tevel d oy they hein te aegquire 3 globdl insight ol jnemetres

Thio oy M g e el thp [\i;qm‘\ reometryer e abhovar
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The Clas=ification Theorem of the Plane tcometries (every 1sometry 1<
eaUIVAIeNt 10 A Progylt ol ut mest Thren cymmetr e

Fauvalent movement s, Jocampos i gnd proaucts

fiven the cnaracteriatioe ot spverdt ‘x<.ormj‘t',"m‘-1 icentify the movement

which resyglts from ther orocast
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Representation and Contextualization
by Claude Janvier
Université du Québec A Montréal

Summary. This paper presents a theoritical framework on how engineers and
technicians make an efficient use of mathematics. Inspired from several cases
reported on arithmetics, it introduces the notion of contextualised
mathematics. Application and contextualization are contrasted from
examples. The role of representations will be examined in this conjunction.
This paper is basically theoritical in the sense that it determines new research
avenues on the fondamental issue of professional training in mathematics
and try to define some of the major factors concerned.

Introduction: a remark on the notion of contextualization.

The notion of representation will be understood as it is defined in Janvier
(1987) [sve the papers of Kaput, Mason and Goldin]. As for the notion of
contextualization, the aim of this paper is precisely to make it explicit and to
relate it to the notion of representation.

The context is often interpreted as the set of conditions or of propositions
that at some point in time "organize” the meaning of a concept. According to
such a definition of the notion of context, the development of a concept (and
its learning) is necessarily associated with a double process involving de-
contextualization and re-contextualization in which a notion gains meaning
through a series of more and more refined settings. I do not deny the validity
of such an approach but the issue at stake in this paper leads us to depart from
this interpretation.

In fact, the notion of context to which I refer in this paper, brings us
outside of mathematics. Context will be synonymous to situation. It will be
regarded as the “concrete” support from which a mathematical concepts is
derived. It basically presupposes that many basic mathematical ideas are
abstracted form the real world. The process involves mental images that are
close to the reality, close to the observed objects or relations.

The aim of the paper.

This paper *.ill present the rationale behind a research that 1 have just
strarted on how engineers and technicians make use of mathematics. Inspired
from several cases reported on arithmeties, T will try to make explicit what
could be meant by contextualised mathematics. This will lead me to question
the notion of application. Finally, some experimental details will be provided
This paper is basically theoritical in the sense that it determines new research
avenues on the fondamental issue of professional training in mathematics
and try to detine some of the major factors concerned.

The case of arithmetic,
Tereszinha N Carraher, Analucia D Sehliemann, Jean Lave and others (see
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references) have studied arithmetic "users” such as supermarket shoppers,
young market merchants in developing countries, illiterate carpenters, book-
keepers, warchouse workers, lottery ticket sellers . is order to discover to what
_extent arithmetic is used, the way it is used and how successfully?

These research projects has adopted a combination of observation
techniques and interview procedures that do not rely on the users'
impressions or beliefs. Their conclusions converge. As Lave, Murtaugh & de
la Rocha (1984) puts it: "There are evidence that workers make calculations
which are arithmetically more advanced than they had the opportunity to
learn at school.”

These calculations are made almost error-free. However, what appears to
me as more important, is that the algorithms and the procedures used are
different from the ones introduced in school. First of all, the exists a tacit
rule’no pencil, no paper”. Mental arithmetic is predominant. This explains
that computation methods turn out to be "primitive". But, since being
dismissed can be the consequence of a mistake, there exists a form of
“priority” for using methods which will ensure success and with which one
will feel confident.

Let us examine what is meant by primitive. For instance, multiplication is
performed as a repeated addition. Three coconuts at 80¢ each will cost: 80, 160,
240: $2.40. For calculating how much are 12 melons at 50 cruzeiros, the
youngster more or less mentally takes them "two by two" and counts: 100,
200, 300, 400, 500, 600. Sometimes, the procedure is more tricky: 10 times 35
will be carried out in the head as: (3 +3 +3) times 35 plus 1 time 35 which is
equivalent to 105 (3 times 35) + 105 +105 (315) +35... 350. The technique of
adding a "0" seems to be suspicious. As it has just been pointed out
"primitive” does not necessarily mean simple It may turn out to be
associated with a certain degree of complexity.

In ratio and proportion problems, going back to the value of a unit is quite
rare. Let us give an example. If 3 melons costs $6.00, how much are 9. In that
case, the value of 1T melon (32000 will not be evaluated. "Users” will consider
that they have three times more melons and that consequently they will pav
three times more: $9.00. Some combinations of numbers will make such a
procedure often difficult but it is by far prefered to the other one that consists
in tinding the rate, in other words, the price for a unit or the unity. This was
already pointed out by Freudenthal(1983), Vergnaud (19793 and others,

This research orientation scems very inspiring because a form of arith-
metic seems o be constructed on the basis of particular needs. There seems to

exist a school arithmetics and a contextuahized one It is possible to analyee
further the difterences hetween poth but 1 osill restrict myself to only one
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element: the problem solving dimension of the tasks must not be
overlooked. In fact, we cannot imagine contextualization without problem
solving whether the problem is solved on the spot or a known technique is
being re-utilized with adequate adjustements. The problem solving
"environment” seems to induce the"informal ways” of doing mathematical
calculations  “which have little to do with the procedures taught in
school..and that are more ¢ffective”|Carraher et al.(1985))].

The notion of contextualization.

However correct the explanations we find in the litterature may be, it
seems to me that the fact that the computations are contextualized is not
sufficiently emphasized In other words, the descriptions of the users'
performance do not take enough into account the inter-actions between the
conlext and the calculations. In fact, calculations are not made with abstract
numbers but rather on guantities, magnitudes or measures. More precisely,
numbers are processed in the operations without loosing their situational
cannotations. This equally means that the context plays an active role. A
multiplication problem becomes an addition problem as the melons (cither
actual as a mental images) are used as support for the reasoning. The
question: "How much for one?" is avoided since combining the units (to
obtain a rate) cannot be supported by a contextual entity which would be
derived from the combination of observed numerical entities.
Contextualized mathematics

If the-man-in-the-street uses arithmetic his own way or contextually, is it
possible that scientists, engineers or technicians do the same with
mathematics in solving cfficiently their problems whether when they solve
equations or when they make use of functions, integrals, derivatives...? This
is precisely the question the current rescarch will address.

Trying to ask this question brought me back "in spirit” to my university
years. Indeed, T have remembered how much I was frustrated by a Professor
teaching electronics and who could amazingly juggle with trigonometry and
complex numbers. 1 had the conviction that he was appplying mathematics
when carrying out his circuits analyses. However, either this was not my
mathematics oF we were not applying it the same way. That is probably these
memories that led me to cheek with electrical circuits and people around
me working on them
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Solution of an electricity circuit.

R1=30q
Ay

Ry

Figure 1

In the sort of easy problem presented in figure 1 and that is found at the
end of all chapters on elementary electricity, the students are asked to find the
resistance of resistor R3 given that the current is 3 amps and the battery
voltage 120 volts. The internal resistance of the battery is negligible.

In the traditional way to solve such a problem,, the students are expected
to set up the equations. To start with, it needs little inspiration to write down

V=Vi+Va
And then, they can write: V= Re i and V= Ry *i + R2¢i. The last equation
can be derived in many ways. The main goal to reach is the substitution of
values in it to get:

120 =3 * 10 + 3R2
And solving:

120 —- 30 = 3R2

R2=90/3=30

The point to emphasize here is that a lot of equation handlings are
performed without resorting to the circuit diagram. It would be very
interesting to know more precisely what is the real contribution of this
diagram in solving the problem. But, at any rate, the vast majority of physics
teachers would not write down equations when it comes to solve such a
simple electricity exercise. The equations would be replaced by “the diagram”
itself which will be used to combine the quantitative relations between the
variables involved. The context here can be considered as a mixture of the
well known basic current laws and the diagram which guides and supports
the reasoning. The equations implicitly used by them (and having a strong
schematic content) will differ from those of the students that are mostly
“mathematically inspired” in the sense that they are totally dependent on the
allowed algebraic transformations: to put the unknown on one side...
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In constrast, when our laboratory technician inspected the circuit, a total
resistance came to his mind going with a voltage drop in two steps. Indeed, 3
amps for a voltage drop of 120 volts “requires” 40 Q. The split 30 Q and 10 Q
(which gives 40 Q) appears quite clearly on the diagram. In short, the
fundamental relations that are conveyed by the equation are readily visible
on the diagram. In this sense, the diagram replaced the equation and was
most likely used as the mental images or the concrete objects which help the
young market merchants.

1 am inclined to believe that each wolution on the diagram (or without
equation) should be examined in order to discover how the fundamental
relations between voltage, resistance and current are articulated in
conjonction with the diagram. For instance, you shouid scrutinize the way
you or your friends would solve the above circuit. While in the arithmetic
examples, standard computations that would bring the users too far from the
context were avoided for reasons of certainty, here the equations are
dispensed with because they appear extrancous to the reasoning. Can
equations in such cases always be avoided? With more complex circuits, |
imagine that some equations would be partially written down and a fair
amount of work towards the solution would be carried at the diagram level.
However, the last statement is only a hypothesis suggested by the skillful
reasoning of my clectronic professor. From the few readings 1 made on the
topic (reasoning in electricity) the issue as to how the diagram comes into
play is overlooked: an interesting research orientation. et us clarify further
the notion of contextualisation.

Conteatualization

Applying mathematics is generally associated with setting up equations or
formulae and solving them. At a more basic level, only a simple arithmetic
operation or a proportionality relation will be set up. Nevertheless, and this
is what 1 consider as being most important, there exists an epistemological
tradition implicitly accepted by the scientific community which assigns to
mathematics a precise role that it plays with respect to science in general
According to this conception, mathematics is at first learnt in the
mathematics lessons and then applied in the science lessons. In fact,
mathematics is as every science a generalizable knowledge. Always according
to this conception, the domain in which mathematics is meaningful and in
which it can be used do not change the basic mental operation performed
when problems are solved. It is moreover considered that mathematics
points towards the genuine solution, the others being regarded as partial or
inadequate. This has brought about a very well defined scenario: applications
take place in the solutions of the end-of-chapter problems They conduce to
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the “writing down” of a few equations which are then solved more or less
successfully. Too often, the modelisation by which the equations are at first
associated to a phenomenon belong to the teacher exposition. The initial
maodel is reduced to the one mathematics can treat. The underlying analysis
through which contextual elements are associated to mathematical relations
is rarely assumed or realized by the students. Thus, by solving equations, one
“applies” mathematics which is regarded as an abstract system. The content or
the situation are at first absent and they are expected to arise through
applications. In other words, the contextual richness or depth will be added to
the mathematical concepts with the application exercises. Mathematical
notions (more today than in the past) are mainly determined by a kind of
inter-conceptual organization. For instance, the notion of variable has
become a special sort of cartesian product. The science teachers as
theappliers” or the utilizers make use of notions that are, so to speak,
bestowed by the mathematics teachers. However, even though this
epistemotogical perspective is never challenged, the day-to-day "life” in
schools is not so simple. It frequently happens, for instance, that science
teachers express concerns because mathematics teachers have not quite
“prepared” the "right” object. It is well known that students complain that
they have to deal with the functions of their mathematics teachers and that of
their science instructors. This is also too often the case for vectors or
logarithmic functions.

Several examples of contextualized mathematics can be provided. The
reader may refer to Janvier (1989). Thev all allow us to re-examine the notion
of application.

Application versus Contextualization or Modelization Revisited.

It is worth comparing "applying mathematics" with the process of
maodeling in science. Both start from the phenonenon which is at first
examined in order to find out patterns, relations already known to be
extended. This first stage leads to the formulation of a mathematical
equivalent counter-part of the situation, which is called a model, and that
will stand for the situation as the analysis will be carried on. In fact, the
maodel belongs to another level or mode of representation and imply
necessanly a selective reduction of the factors involved as more fully
expounded i Janvier (1980). This is what makes it abstract. In the case of
application, the real elaboration of an abstract model consists much more in a
selection of the right equations or relations. But, as the figure 2a illustrates it,
the dramatic similarity between application and modeling is that at some
point the entire work i assumed to be earried out within the model or
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within the mathematical domain. The interpretation process in modelization
is aimed at checking the domain of validity of the model and eventually
brings about a new “formulation-interpretation” cycle yiclding a more
refined model. For applications, going back to the context enables one to
detect calculation mistakes or inappropriate selection or processing of
equations. The article challenges the fact that always, at some point, work is
exclusively achieved in the mathematics domain. For some efficient users,
the context remains present and this fact entails particular abilities.

formulate

_ //-_\“ﬁ
P
equations
phenomena phenom
_/

—_— measures:
interpretate objects of contextualized
- methematics

figure 2a. figure 2b.
In applications, the work is done  Contextualization provides an over-
in the "mathematics domain” lap as "working space”.

This position is sugpested by the research whose results were exposed above
and several examples | have analyzed. The notion of contextualization has been
introduced to convey the idea that the context is kept into play even though the
appearance would allude to processes being achieved solely in the mathematies
domain. The modes through which the context exerts its influence are diverse:
diagrams, graphs, verbal deseriptions, mental images, imagined or actual
actions Their role in the process of contextualization is to bring closer the
situation and the "mathematics domain™ (see figure 2b) The overlap being
produced becomes the "working space” of contextualized mathematics whaose
objects are quantities, measures or magnitudes. They consist in mathematical
ideas that have kept some conerete connotations or in other words ot
mathematical entitics not entirely stripped of their situational content. The
cognitive status of those "quantities” have clearly to be examined further
mainly in their subte and implicit support for the reasoning in problem
solving settings

3EST COPY AVAILABLE




146
REPRESENTATION AND CONTEXTUALIZATION

The consequences for research.

The project we are about to start makes the assumption that day-to-day usage
by ingencers and technician induces particular procedures. On the one hand,
there exist particular mathematical procedures that are used; but on the other
hand, they are context related in the sense that the mathematical notions need,
in order to be mentally worked on ,the interventions of some features
borrowed from the context. It is aimed at verifying the nature of the
contextualized mathematics some electrical engincers and technicians resort to
while solving circuit problems.

In fact, the way they use mathematics will be described as a form of
coordination between representations as mentionded in Kaput, Goldin Lesh
and Janvier. In other words, it will be envisaged as a form of translation that
does not simply imply going from one source to another, but also coordinating
both sources taking into account the fact that the connotations attached to the
concepts are present. Consequenly, the notions of primitive conception
{Janvier), phenomenological primitive (diSessa), mental models (Gentner),
spontancous reasoning (Viennot) will be fondamental for our analysis in that
they contain, 1 believe, the basic ingredients of contextualized mathematics. The
notion of theorem-in-action of Vergnaud scems to be equally inspiring. A
major step in the research will be to scarch deeper into the work of Joshua
(1982), Closset (1983) and others to find the basic electricity models from which
the ones observed will be related.

As for the observation techniques, we shall make use of a scheme in which
the subjects will have to inter-act two by two on a rich set of situations
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1O INCULCATE VERSUS TO ELICIT KNOWLEDGE

Barbara Jaworski  Open University England

“The teacher's dilemma i t have to inculeate knowledge while appurently ehiciting 1t.” [Edwards
nnd Mercer 1987]

It 15 usual that @ mathematics teacher is required by some syllabus, scheme of
work, or curriculum to teach stated mathematical concepts to pupils. As a result of

the teaching/learning situation pupils acquire certain knowledge. A
constructivist view of learning suggests thit pupils learn as a result of their own
construal affecting their own experiential world, which implies that any
inculcation of knowledge can only be successful if it contacts the experience of the
learncr. The dilemma for the teacher ts “I've got to get them to construe x”

This report concerns teaching approaches which seek to encourage effective
construal by the learner of required mathematical concepts. It includes extracts
from a case study of one elassroom where there has been evidence of success in
methods used to elicit knowledge rather than a dependence on inculcating it.
Suvcessful teaching of mathematics involves a teacher in intentionally and effectively
assistingr pupils to construe, or make sense of mathematical topics. There are many words
and metaphors used to desenbe the pracess by which a teacher teaches and pupils, as a result,
gain knowledge. A familiar one is that of inculcation, of giving or handing over knowledge.
The gieing of a good explanation carries with it a sense of one person (the teacher) successfully
transmitting to another person (the pupil) some item of knowledge. Although some teachers
and pupils still see successful teaching in terms of such transmission. there is a movement
towards belief that in and of itself this is not enough. The literaturc which relates a
constructinist  view of learning to classroom teaching of mathematics suggests that teaching
has to take into account individual construal and its relation to and modification of
individual experience in the learner (see for example von Glasersfeld (1983), Kilpatrick
(1987), Cubb (198R), Jaworski (198R)). The view of knowledge and of learning which this
philosophy promotes may scem at variance with the requirements which society places on its
educational system, often through legislation, in terms of learning being measured by the
ability to reproduce certinn predefined items of knowledge on demand. This paper secks to
highlight some of the weues in teaching for effective learning, particularly with regard to
such requirements, and reports on the work of ane teacher who aims to meet the requirements
while working in a way he helinves to he most fruitful in providing opportunity for pupils to

make sense of mathematies
Teaching appreaches

In a desire to make teachimg more relevant to the lTearner, the phrase ‘learming from
experience’ has pined some currency, and this, hke the transmission metaphor, has proved
inadequate e desenbing a bicas for effective learming.  In their book Common Knowledge,

Edwards and Mercer (1987) repart on a number of lessons on ‘pendulums’ which were taught

by a teacher who, it was reportod, believed in the importance of experiential learning. Briefly,

this sugrgests that pupils can bewt learn a concept when they have experienced for themselves
manifestations of that concept Thus the teacher took eare to provide apportumity for pupiis to
experience aspects of pendulums, andito explore some of their properties. Tmpheit here seemed
to be the idea that expenience leads to learmings. The teacher in providing the experience s
therefore promoting learming
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Driver (1983) comments, of such experimental work in science teaching,

‘Actinty by itself 18 not enough. 1t1s the sense that 13 made of 1t that matiers.”’
She claimed, of science lessons, that often a lesson ends with the clearing up after practical
work is finished, so that opportunity for discussion of how experiences relate to new ideas is
missed Paul Cobb, wha has worked extensively with teachers on the implications of a
constructivist philosophy for the mathematics classroom, was asked how he would reply to the
question from a teacher,

“If Ieave pupils o eonstruct for themselves, how can [ be sure that they will construct what 1 want them

t construct®”

He said {Paul Cobib 1988, |
The 1den that we give the children some Bocks or some matenals and we leave them alone, and we come

buck in fifteen years” time and expect them to have invented caleulus just mukes absolutely no sense
whatsoever. The teacher 1s still vory much an authonty in the dassroom. The teacher sull teaches.,

Edwards and Mercer's pendulums teacher did not leave pupils just to come to their own
conclusions as a result of their experimentation with the pendulums apparatus. She engraged
with them in extensive discussion about the principles which were involved  Nevertheless,
conclusions were drawn that these pupils’ knowledge, or understanding, of pendulums was
still deficient. The authors distinguish between ritual knowledge and principled knowledge
They quote from research by Taha and Elzey (1964), citing the instance of a girl who regularly
achieved good marks in mathematics and described her procedures as follows:

"I know what to do by looking at the examples If there are only two numbers, 1 subtract. If there are lots

of numbers | add. If there are just two numbers and one 1s smaller than thye other it 13 a hard problem. |
divide to see if it comes out even and if it doesn't I multiply.”
Edwards and Mercer comment, )

‘What we are calling ritual knowledge is a particular sort of procedural knowledge, knowing how to do
something. In many contexts, of course, procedura! knowledge 1s entirely appropnate and exactly
what is required. This was the case with learning to do clay pottery, and was alko an important part of
the lessons nn pendulums; the pupils had to know how ty operate their apparatus, thetr stop watches and
calculators, and much of their ability to get through the lessons required knowledge which was
essentially procedural  Procedural knowledge becomes ‘ntual’ where it substitutes for an understanding
of underlying principles. Ritual knowledge 1s the sort exhibited rather crudely by the pupil in Tabi and
Elzey's example, .. Principled knowledge 1< defined ax essentinlly explanatory, oriented towards an
understanding of how procedures and processes work, of why certaun conclusions are necessary or
valid, rather than being arbitrary things o sy becatise they seem W plense the teacher

They go on to discuss the pendulum lessons from the point of view of the principled knowledge
which pupils gain and conclude that de<pite the teacher's declared attempts to enable a
principled understanding of the operation of pendulums<, nevertheless what they observe (s
onhy a ritualistre parroting of the aspects of pendulums which the teacher has emphaased

during their experimental work

[t is what 1s done which seems to be crueinl The pendulums teacher, i Ldwards and Mereer's
research prompted pupids an various ways and they appeared to sieze on her cues as th
important preces of knowledie which they were expeeted to take from the Jessons The authors
suggest that these pupils were not enconraged to conceptualise pendutums ndequately
However, it 1s ensy for an observer to moke judgements about teaching which appears

madequate because understanding appears ntuaheed,  but very much harder to identify
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teaching strategies which lead to successful principled understanding. Many teachers and
researchers have discussed activities and strategics which have been designed and
demonstrated to promote mathematical thinking in pupils in the classroom (see for example
Brown and Walters (1983); Collins (1988); Jaworski (1985), Cobh, Wood and Yackel (in
press)). In all of these, pupils are observed to engage with mathematical thinking and, it is
suggested, to take on some of the responsibility for their own learning, in that they are no
longer simply seeking for teachers' explanations. In classess which 1 have observed as part of
my own study (See Jaworski (1988) for details and methodology) it has been possible to observe
pupils engaged in their own mathematical activity, actively constructing mathematics
themselves The knowledge that is gained by pupils in consequence of this mijpht be described
as principled. What s often difficalt for the teacher in such circumstances 1s to assess pupils’
thinking in terms of the standard topics which the curriculum requires, and moreover to
ensure that the thinking ineludes ability to succeed in standardised tests on these topies. Put
into the context of pendulums, what teaching approaches would result in a principled
understanding of pendulums and wonld, a< well, enable pupils to succeed in standard tests
regarding pendulum operation”
Teaching requirements
In my own research, one of the teachers whom 1 observed planned a scries of lessons on
‘tessellation’ for a class of cleven-year-olds. During the planning she stated that she wanted
pupils to investigate aspects of tessellating polygons. A number of activitics were designed in
which pupils took part. | ohserved lively discussion about which polygons would tessellate - for
example, some pupils decided that regular pentagons would never tessellate, whercas
quadrilaterals would tf you could draw them better'. They had experimented by drawing
their own shapes, cutting them out and fitting them together, but recognised that their shapes
were imperfect and that they had to take this into account. Despite a certain amount of what she
later referred to ns prompting, the teacher felt that pupils had not gone as far with ideas as she
would have Itked them to, particularly in consideration of angles in the polygons. She said,
The group work that they did, I'm not sure that it worked exactly as I'd hoped it would work or that they
actually focused on the angles meeting ot a point as T hoped they might ... They kept refernng to the fuct
that 1f they were nble to make the shapes into quadrilnterals or rectangles, that they would be able to

tessoltata the shapes Bt vet they weren't all convinced that all quadnlaterals tesseltated  That was the
thim T winted them te o on ta

She had been pleased with the mathematical activity and discussion which provided insights
into the sense which the pupils were making, but she wanted more  She was justifinhly
influenced by her syllabus demands, and uncure about how she was gomyr to fulfill their
requirements Her view of nvestigational work anvelved only o maimimal devel of

intervention, and she was in the process of reconsidering what that intervention maght
involve,

Tencher: have to tike oeount of the edneational system in which the teaching: takes place, the
requirements of this s tem and the expectations of the concumers of the svstem Currently the

British government o~ an the process of introducing legislation to establish a National

Curniculum an schaols in England and Wales This will have associated attainment tarpets

and pupals will be teted aationally atthe apes of 7,10 and 14 The form which attamment
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targets and testing will take is the subject of much controversy. It is sometimes implied that it
is a straightforward matter to sav what standard a particular pupil has reached at any stage.
One attainment target , for example, requires that pupils can
Multiply a 3.digit number by a 2.dyt number and divide a 3.digit number by a 2-digt number in buth
cases without a calculator. (NCC 1988 . Target 3, level 5}
How this will be tested 1s not yet clear, but if testing involves asking pupils to apply the
algorithm to particular given numbers, then teachers will want ta ensure that pupils are able to
tackle this successfully. It raises questions about what methods of teaching are appropriate to
such success, and indeed what 1s implied for the childs overall mathematical development

One of the dangers of a rigid curriculum and systemn of testing is that teachers, pressured by
perceived expectations and shortage of time, feel unable to exploit teaching methods which
require & high degree of confidence for their appheation. This confidence lies in the belief that
the methods will promate learning most successfully, so that the requirements of the system
will he fulfilled along with other learning objectives  In terms of the attainment target quoted
above, it might mean that as children are helped to make sense of the arithmetic operations of
multiplication and division generally, they will learn to ¢ope with the algorithms required.
The teacher on tessellation however, felt that her methods had heen unsuccessful, because she
had not been able to elicit the particular mathematical ideas which she wanted from pupils as a
result of the activities she had provided. Edwards and Mercer, on the ather hand, felt that the
pendulums teacher had sacrificed a principled understanding of the pedulum concepts in her
pupils because of certain results which she had heen at pains to inculcate  In the remainder of
this paper I shall quote from a case study of one teacher whose lessons I observed aver a period
of six months. This teacher was very confident in his teaching methods, which might be
descrihed as investigative in style, and helieved in trying to teach in a way which provided
pupils with the best opportunity for learning mathematics

From a case study of an investigative method of teaching,

An investigative method of teaching, briefly, invalves encouraging pupils to explore ideas
and to develop their analytical and prablem solving abilities, My own research in its global
sense aims to characterise such teaching, and this case study is just a part of it. (See Jaworski
(198K “ar excerpts from another such case study ' The teacher, Ben, teaches 1n a 12-16

comprehensive school where he is head of mathematics. | observed him teaching a fourth year

class which he had been teaching for juct over one vear. They were starting preparation for

GOSE tGeneral Certificate of Seeandary Pducationt assessment at the end of their fifth year.
This invelves continuous asse-sment of course work and a final examination, 1 shall give
examples of a wav of working which encouraged the development of a principled
mathematical understanding, while keeping m sizht the demands of the final examination
and 1ts importance for pupils

[ ohserved a lesson where pupile were explorimg Kathy shapes  Ben'’s name for shapes which
have the same area as perimeter At the start of the lesson, Ben had asked for silence and said,
“Tet's recap last lesson”™  Pupils responded variously with reference to areas and perimeters
of varwous shapes and to Kathy shapes  Ben ashed, "What 4s a Kathy shape?”  Some
negotiation led to an articulation of same arca as perimeter’. Ben pushed them to explain

what they meant by area and ;wr'IwSBmI a number of pupils joined in struggling to express




their understanding of these terms. Ben commonly used this approach to a follow-up lesson,
beginning with whole class reconstruction of ideas to draw pupils back inte mathematical
thinking.  On this occasion, different groups in the room had chosen to work on different
shapes, some on squares and rectangles, some on triangles, some on circles, others more
ambitiously on pelygons generally. Ben had told me before the lesson that they would work in
groups of their own choice, and that this choice might reflect their own level of ability. In a
subsequent lesson, he said similarly, "How do you want to work, pairs, groups, ...”" A brief
period of class negotiation followed where pupils decided what they would start working on,
and so moved into like minded groups. 1 observed that Ber rarely constructed groups himself
and he later commented that he wanted pupils to make decisions about how it was most
appropriate for them to work. If he felt strongly that anyone was making the wrong decision,
then he would supgest why they might do otherwise - for example, one very bright pair of boys
were advised not to wark tegether because they vied with each other in a way which Ben felt was

not helping them to make progress

Three girls had  chosen to look for Kathy triangles.. They had started by drawing an
equilateral triangle of side two units whase height | they claimed, was treo units. "What do you
mean by height 7, said Ben. (Had they confused height with the length of a side?) One of them
traced out the vertical height with her pencil. It looked as if she understood height, but how
could she think it was of fength tuwo? Another girl started to draw the triangle accurately and
when complete she measured its height. It was less than twe! While she was drawing, the
others, at Ben's prompting, discussed what the height should be. They first thought that it
should be the same as the sides of the triangle, and then that it would be more than that. They
were surprised when it turned out to be less than two. Ben suggested that they should draw other
triangles and compare heights with sides "What am | always saying?’, he said. “Is there a
pattern?’, one girl replied.

At some point early in our discussions, Ben had smid to me, “You should ask them (the pupils:
what it is that [ always tell them to dn.” He was quite confident as to the reply that [ should get.
It emerged that the instruction was look for a pattern, aris there a pattern?, and indeed
whenever there was a hint of “what questions should we be asking?’, someone in the class
came up with “is there a pattern?’, (somectimes when, to Ben's chagrin and my amusement, at
was inappropriate’  The words symbolised Ben's belief in mathematies being about
expressing generality. Implicit in the interchange here was emphasis on conjecturing, on
trying out special cases, and on <eeking for generality As 1 continned to observe the class |
saw more and more evidence of pupils intuitive appreciation of these processes. For example,
onc group in the clinas had found a Kathy square 2 square of side four units In trying to
explan, one boy <and, “If you times 4 by 4 you get 16, and then of you times 4 by itself you get
sixteen.” Ren replied, "I don't understand the difference”. He said that the two things
sounded the same, o what did the hoy mean? The eonversation proceeded

Roy: Pekanumbzer  Ben: Three Boy: Right, what 1s three imes by tad” Ren: Nine  Boy: Becan o

asaquare has got toar side, to find the pervmeter you hive to himes that, three times four - Ben: Twelve
Boy: But1f yau do it with four, they beth equal the same nnmber, sixteen

As a response to Ben's debherate provecation, the boy had used o generre example to

demonstrate a peneral understanding of Kathy squares
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In discussion with me after the lesson Ben referred to the importance of recognising particular
misconceptions which pupils have, in order to try to correct them. A number of misconceptions
had been evident, for example the one ahout the height of a triangle descnibed above. Another
involved a belief by some pupils that any three numbers which they might choose could be
lengths of the sides of a trinngle. Yet another involved confusion between the terms area and
perimeter.  Ben admitted to surprise as to the difficulty which pupils had had in recognising
the vertical height of a triangle, and estimating its length. He felt that from work done
previously, pupils would have had a better understanding of these concepts. Yet he was happy
that an opportunity had arisen in which pupils could tackle them. He felt that the situation in
this lesson had aided his recoynition of these misconceptions better than a more narrowly

defined activity might have done

In a subsequent lesson Ben returned to Kathy shapes. Some work had been done on Pvthagoras’
theorem and he expected that use of the Pythagorean result would help in the scarch for Kathy
triangles. After the lesson | reminded Ben that he had expected pupils to use Pythagoras to
calculate lengths in triangles, and asked whether he folt this had happened. His reply was,
I suddenly realised that1t wasn't. [ suddenly saw people measurning and 1 was going W jump in and say
“hang on, why aren’'t you calculating 1t?°, and then I realised, if you're going to do 1t roughly why nut
measure 1t to hunt 1t down, you know, a far better strategy .. . | wanted them to use Pythagoras and
they've actually come up with a hetter stratey. And [ then made n decision that their's was a hetter one
than mine and they might as well use 1t why foree peaple to use inefTicient systems? But [ do reahise
that when they actually come down and say, “[ve measured 1t”, 1 enn turn round and say, "but 1x1t
exact?’, then they have o start using Pythagoras

Ben was ready to admit that often what occurred in a lesson was different to what he had
planned because he believed that flexibility in following up pupils’ methods and ideas was
important. We talked ahbout where the work might go from here. He referred to one group who
had been using graphs to hunt down Kathy shapes. He felt that it might be helpful to others in
the class to work on their graphical method, as well as providing some context for graphical
work required hy the GOSE syllabus In talking about how he made decisions for a particular
lesson he said,

If Tactually do graphs through Kathy <hapos, will they be bored with Kathy shapes then or not? I

they're bared with Kathy shapes, I're oy to lose out, Fmonot going to et my mathematical points

over Ko you weigh things hke that up - rale of thumb methods - [ have no fixed tochmgues, [just get a
ferling

In the event the class did work on graphe of Kathy shapes  The activity provided new
opportumties for pupils to express thetr understanding of area and perimter, and a familiar
context i which to develop ideas of graphical representation Ttis tempting: to sav that at this
stage most pupils were reaching g prinapled understanding of many aspects of arca and

perimeter Juctification of this wanld need o clower analvas of what was done and <and

However, nne instance of the development of principled understanding is worth reporting In s
learon on veetnrs Tobeerved fwa bove, Lee and s partner, Danny They had been asked to
mvent some veetors of their own and work ot the Tenptha of the veetors Lee explinned to

Danny what he thought thes had te do He o wrate down the sector AR, as below, placed points A
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and B on a grid, drew the triangle around them, drew squares on two sides of the triangle as

4

B 'G; (z)

4

shown, wrote the square numbers in the squares, and then worked out mentally aloud: " 16
plus 4, that's 20; square root .. about 4.5, (lie demonstrated considerable skill in estimating
square roots,) Danny secmed to follow what he had done, and the pair set about independently
inventing vectors and finding lengths. In each case Lee drew a diagram similar to the one
above, writing the square numbers into the squares. He then performed the calculation
mentally and wrote down the result. He seemed to demonstrate a fluency with using the
Pythagorean result, but I wondered what role the diagrams were playing for him in its use. |
mentioned this to Ben after the lesson. He reminded me that in one of the lessans on Kathy
shapes, Lee had had difficulty with the use of Pythagoras, and had certainly shown no fluency
with it. He was delighted to hear that Lee scemed to have 'learned’ its use in the intervening
period. I wondered if l.ee would in fact be able to abstract it - whether he would be able to cope
without his diagrams. With Ben's agreement, in another lesson (where in fact Pythagoras
was not in use at all) I went over to Lee and asked if I could try something out on him. He
seemed agreeable, so 1 asked if he remembered finding lengths of vectors, and if he would
work out the length of a vector for me. [ gave him the vector numerically, (5,7). He drew a
diagram similar to the one above, wrote the numbers 25 and 49 in the squares, then did a
mental calculation resulting in looking for the square root of 74. 1 then asked if he would try
another but without drawing a diagram. He worked it through aloud, getting to the result with
hardly a hesitation. Here, it seemed, was an example of learning actually having occurred
over a period of time. I was reminded of a saying of my colleague John Mason, that 'teaching
takes place tn time but learning happens over time'. Lee seemed to have demonstrated a
principled understanding of the Pythagorean result, and it seemed likely that he would be able
to reproduce it for use in an examination question. One of the problems of evaluating
investigative styles of teaching is that formal testing can be inappropriate. It is often not clear
what you actually test. What is required is a sense of the mathematical development which has
taken place for pupils and, as this is different for every pupil it is very hard to measure  The
teacher working in this way has to develop ways of perceiving the progress which individuat

pupils make, and this example of Lee was one of the treasures which a teacher hopes for

At the end of onc lesson, two boys remained after the rest of the class had left, in conversation
with Ben and my<elf ahout seme aspect of the lesson. The conversation turned onto aspects of
teaching and learning which the boys thoupght were important. Some of the worde from one of
the boys gu some way towards a vindication of the methods which this teacher used, and ther
perceived success

To tell you the truth (nddressed to me, slthough Ben was present) Tmean, Mr xaxxs - o different kand

of tencher completely  Refore, you've hind sums that you've been set . At first, to tell you the trath,
didn't ike him as a teacher. [thought, "No. Pathetic” | you know, “thin 1sn't inaths - what's this got o do
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with muths?" And us {'ve come along §'ve reatised that 1t's got & lat W do with maths. To have to learn
rather than just have to mt and "Oh, I've done 50 sums today *, "/'ve done a hundred. You don't bother
about that now, you just concentrate, and at the end of a lesson you've learned something - ... I've really
projrossed

Ben was nevertheless concerned that his class could cope with the externally set GCSE
examination papers in which pupils had to individually tackle questions on mathematical
topics from the GCSE syllabus. He set the class one past paper during the time that 1 was
observing, and reported that he was satisfied with pupils’ results at this stage of their course.
What was particularly interesting for me was how he tackled errors in pupils' solutions.
Rather than produce a set of model solutions, he duplicated a set of incorrect solutions. Pupils
had to compare their own solutions, right or wrong, with the incorrect solutions given. Their
task was to decide wherein lay the errors, and to work together to correct them. Discussions
which I heard indicated that pupils were being challenged to reconsider their understanding of
concepts involved through the various solutions which they had to compare.

In conclusion, 1 believe that T was given repeated evidence of the development of principled
understanding of mathematical eoncepts in the pupils | observed. 1 saw a teacher who
promoted independance of pupils in his classroom, and encouraged pupils to take
responsibility for their own learning, while maintaining a concern for concept development,
and recognition and tackling of mizconceptions. He was werking to a standard syllabus, and
there was evidence of pupils’ mastery of standard topics on this syllahus. It remains to be seen
how the pupils will fure in the standardised testing at the end of their course.
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VAN HIELE LEVFLS AND THE
SOLO TAXONOMY

Murad Jurduk

Ancerican University of Beirut

A mumber of studics have focussed on van Hiele model of
doveloprent in geometry,  One line of investicgation was to
establish thie hicrarchical nutare of van Hiele levels, Another
line wass to characterize van Hivcle levels operationally using
student behaviors s Jeved dndicators. Conelusiens in this,
arcn mav be o wenmaraced oan followso

In peneral there in evidence an supbort of the hicras
rebrea o nature o can i e Teve o (Muvbherryo, TOREY),
Sradento can e oaecciened aovan Hieloe Tevel biead on

their porformance on peometrieal task:., fowever, the
deca e mhenemenon wa obrerved aerons difterent

tas ke cwiprposaed by oan e same van Mhrede e
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Morcover, sane students performed below the expeeted
van Hicle level (Buroer and Shaughnesav, 1946,

avborry, 1083 and Usiskin, 1982).

An assumption underlying van Hiele model and subsequent
studie= is the existence of hierarchical levels, cach of whieh
haw 1ts adiosynerat ic mode aof functioning and can be characte -
rioed by dts own cet o devo lopmental tanke, Student bLiohaviee

on sweh tacks ray be o determined empirically. Assignment to vay

Hiele Tevels on cueh ot these tasks may be madety utilizing the

~tudent behuviors a0 ovan Hicle level indicators, This Goems

to be reminisevnt of Pragetian stage:s of development,

An alternotive scheme for ctudvingr performance on geomet
cal tacks bwoclareartvan learnaine outeomes by looking at
it steacture rather than clascifviny individuals by Tooking
at dindicators of some copnitive abilities, This is not to sup-
mest to denore van Hiede lTevels but rather to Jook at them as
copnitive abibitres which reflect typical modes of funetioning
proedominant at difterent <tagen of development in geometrical
thourht . The Structure of the Learned Quteomes (SOLO)Y taxonome
developed by By and Collic (1982Y js auch a soheme, In thiv
taxonomy, the structare of the learned outcome occurs within
cach mode of functronimr, The lTearned outeome hecomes increy
thc by o comples bt it Iy o the complexitien at oeach mod
are o the same,  On tlhe other hand, the van Hiele levels which
are apecifieally developed tooder erthe veometrieal thought
oane i soegquence of oo tive atalitien characteriging o oseqg-
Henee ol developuental ctaves o The dereriptions: ot 5010 and

vian Hielde appear an Foomre 1
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Mirpose

The purpose of this paber is twofold.  First, to estab-
Tish logreally the corvenpondenes amomr van Hicte Tovels ar?
the levels in the SOLO taxcenomy.  Second, to present an and -
lysis of an illustrative example to demonstrate the results

of the logical analvesis,

It the carrespondetce between van Hiele model and S010

taxonomy in tenuable, then the POLO taxonomy will proviace an

operational scheme for charaeterising a posteriori the learn-

'

ing outcemes In yreotietrical tasks without going throupgh the
process of ddentifving van Hiele lTevel indicators by empiri-
cally deriving them for a nmultitude of geometrical tasks,
Morceover, the constract valiydity of the SOLO taxonomy has
been established in torme of the hierarchical nature of its
Tevels and in terms of purtionine students at different age
levels into interpretabiie soroups that reflect the SOLO levels
(Rombery, Jurdak, Coilis= and Buehanan, (1982)Y, In addition,
the uselulness of the BOLO taxonomy in assessing levels of
reaszoning in mathematical problem solving has been establi-
shed (Collis, Rombere, durdak, 1986, At last, if the corro:
spondenes 15 o cotablyshed, then the SOTO Jevel which s
matehed with the van Pole tevel will be hypethetically the
proedoaminant less Do s o e tn thaet partyealar van Hoele

leved,

Levieal Correspondence
Preare Topreent b van fhrele levela with the hypothe
s12ed corvesponding S0LO levels.  Column 1 sbows the typical

van Hiele Jevebls waith thoar deseriptions o they anpeared ip

38T COPY AVAILABLE




Van Hivle Level

SOLO Level

Toove b 0 (NVaymaliration),

Virooant concoavderataion of

the comeent eou o whale but

Prone et tes,

Tove]l

Sfopropertion of peometrice

properties but these nro-

poortaey are dooluted and

Srraction), Per-

contron of relbationchip:

beotweon to form

pronert ies

vact e finition:.,

(e bretion),
within the
aormathemat neal

iny deduaction,

anvom, and detinition:

(Ana v} Percention

Lewe b 4 (ueer) Comparing

vustems, based on different

avitome tn the abence of

canerete modedn,

1

e e

Presitructural. Response

represents the use of no

reloevant aspect.,

Unistructural. Response

represents the use of one

rejevant aspect,

Multistructural.  Response

represents the use of several

disjoint aspects,

Relational,  Resvonse reore-

et e use of o all aspeets

related into an inteprated

whole,

Extended Abstricet

Compre-

hensive usie of atl redevant

acpcets toprether with related

hypothetical constructs and
abstract principles.
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Figure 1. A comparision between van Hiele and SOLO levels.




the literature (Hoffer, 1981; Mayberry, 1983; and Burger and
Shaughnessy, 1986). Column 2 shows the SOLO taxonomic levels
with their descriptions using sources like Bigigs and Collis
(1982) and Collis, Remberg, and Jurdak (1986).

A careful study of the desceriptions of the van Hiele and
SOLO levels in Ficur: 1 reveals that, with the excoeuption of
two levels, the two cvts giay be rewconably matehed. This
means that the ¢lacafication of a response of a geometric
task beloncing to a particuine van Hiele level falls within
the correasponding SOFYY Teved In other words, when the S0LO
taxonomy (which is of gencral nature) is applicd to geometric
tasks, the SOLO levels of recsoning are very similar to van
Hicle levels (which are specifice to geometric thoupht ), How-
cver, there scems to be twe exceptijons.  First, the prestrue-
tural SOLO level has no corresponding level in van Hiele model.,
This is understandable ¢ince the prestructural SOLO level is

simply a refusal or inability to become enpaged in the task,

Second, van Hiele Jevel 4 (ricor) hax no corresponding SOLO

Tevel, It is to be noted here that van Hiele level 4 has not
been identified for pro-universyty students and rarely for

math major studente,

An Tilnctrnrive Exunple
Tooallutrare the corre vondenee botween SOLO and van
Hiele Tevels, an enmple from the literature on van Hicle
model (Bureer and Shaughnesay, 19R6) was classified tn accor-
dance with the SOLO tavonomy and comparad with ite van Hiele
classitrention,  The esamole sces taken from a studye by Barger
and Shaupghnesey (10865 in which many geome  i¢ tasks were

administered to o swmple of students usi ‘he interview method,




The purpose of the study was to characterize the van Hiele
levels operationally by students  behaviors.,  The task is
called "Tdentafving and Defining task'™ and it consisted of
identifyvine guadrilaterals from a given sheet of drawn gquadri-
laterals by putting & on each square, R on each reectangle,

O nn o ocach paradlelorram and B oon edch rhombus,  The definine
tiask witee to basieally define the figure by givime o minimal
Tist for characterieing each figure (necostary and cafficient
conditrons ), The responcses of studints were taped, analveed
and e rened oovan Hicle lTevel by three reviewers,

In the 8010 taxonomy framework, the relovant dotae in the
tank consict of the quadrilateralss and their propertics as
reflected on the drawinges. The inereased use of data and re.
Tationshiye result in an inercased structural complexity in
the: rospon: o,

Freare 2 hows o detailed ecomparative elassificatinns of
the "Identifvingg and Defining Task"™ in SOIO and van Hicle
Aosiy Tos o Ther analyads in Froure 2 provides supoort for

nussibidbity of matehing the van b A4 80LO levels,

Concludine Remarks

There tovams 1o bee theoretieal oo well ac empirical suapport

for the possibitite of matebing the SOLO and van Hiele lovels,
S, responaon to o preomet rice tacks cuan be charactericod in oa
Wity conbdatiblie o wath van Hicele Levelss without necesyarily de-
riving the student behaviors indicative ol van Hiole levels
for very goomotric tank, The acqumpntion of SOLO taxonomy

it that the structural levels of responses occur within cach

dovelovment stape, thus the oxtended abstract level in one
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Response

SOLO Classification

Van Hiele
Classifi-
cation.t

identified some quudri-
laterals but failed to
identify others of the
same kind because of
consideration of irrve-
levant data.

Unistructural.Uscd
one relevant aspect

(the Ticure).

Level O

identificd typen of
quadrilaterals but

without class inclusion

Multistructural.

Used several rele-
vant disjoint aspects
(the quadrilateral
and its separate

properties).

Level 1

identified quadri-
laterals correctly
and defined them by

their components.,

Relational. Used all

relevant information

and the relationships
among them (the quad-

rilateral, properties

of its components,

sufficient conditions

to define the shape).

Level 2

defined varions quad-
rilaterals indepen-

dantly of each other

then checked definitions

to make sure that they
permitted the desired

class fnelusion,

L

Extended abstract.,

Comprehensive use of

the given information

(tijurc, properties,
relations) with re-
lated hypothetical
constructs and

abstract principles

(tested on the data).

Level 3

Figure 2. Comparative elassification of th
Defining Task" in SOLO and van Hiele mode

and Shaughnessy (1982),

(Identifying and
..+ Source: Burger
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stage becomes the unistructural level in the subsequent stage
to form a new learning cyele. Consequently, the predominant
level of reasoning in a particular van Hiele level would be
characterized by the corresponding SOIO Tevel,  The possible
occurence of all SOLO levels withina van Hiele lovel, with the
procominanec of one of them, probably explains the decalave

phenomenon oncerved an ovan Hiele levels,
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A PERSFECTIVE ON ALGEBRATIC THINK ING

Caralyn birer an

Uy ver <1 té du Ouebes & Montr éal
toanada

This theaoretical paper examines the 1ssue of algebraic
thinking. The Research Agenda Conference on the
Learning and Teaching of Algebra pointed to the topic of
algebraic thinking as an area sorely in need of research
attention. Since so0 li1ttle discussion of the taopic has
taken place, no real consencus exists as to what
algebraic thinbing means, This paper arques for a
particular 1nterpretation of the phrase and then goes on
to document findings from =ome 0of the few studies
related to this reseasrch 1ssue.,

e af the tonios pointed to 1n the Kescarch fgenda, an

outcome of the 1987 Fesearch Aqgienda Contercnce 1n Algebra (Wagner

breoran, 1987 «a an ares sorely 1o need af regearch attention 1s

that of algebraic thantainag, Coeer oot the gquestions rairsed by

conference participants weres

o Witiat dimentions of alaebr ac thainbing can we 1dontify

O, bawlordae o ctroe tures, s 0f vari1ables,

unders tanding Gf tonctiong, oymtol facility/sflesibility,

genoralising, 1nvarting ond reverwing operations and
relatsana, whrality to toraalice arithmetic patterne,
rte oy

a. bitvet tand o of thaouaghit procecsses are povalved an

var poe alqgebir s tapae g

t, b ot bl 0d fhi O e i O e nnen ar e regutred o
apnly claelr o ta prahlen e teationg”

[ What oo thie et e b atudying apecific topres

Gbeatont foacrlrry e algobir are thant ing”

o B alvas Yo oo a0 ise v Thacar pan of algobhr ase thantinng

[SERINRD ERTEE

P PILEPEE I NS B AN O ept o mot ot e wdgetirarc thant tng o
t, Uheet pnstrae traaal cte atagres prome be the
e pime bt st o daumen g nne 28 RIS AN

thanbrang™?
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c. Are there particolar types of (word) problems that
stimulatle the development of algelbralc reasaoning”
All of these «re 1nteresting, rescarchable guestionsg
however , thore would appear to be saomething missing an the abave
list. That comething 1 a meaning for algebralo thinbing:
worling definitron or characteriration ot the phrase that might
romowe some af the ambiguity from the abnove questions. In thas
paper y I will b tempt o orgue for & porticular anter pretation of
what we might considoer elugebrale ttinbing to be, and then provide
LS THTRINN AURE AT et e ament rog ctadenta drddicalty with thae
aspect ol ataete oo
Love (19000 tees propacod the following chracteriration of

algetirarn thind g

Algebrs 1€ now nat mer ely "giving meaning fo the cymboly,
but another lovel boyond thats concerning 1tseld with those
modes 0f thuught that are essentially algebraac-=tor erxample,
handling thoe as yoet untnown, inveriing and reversing
cperations, =eeing the general an the particolar, Recoaming
awat e of these processes, ard 1n contral ot them, 1% what 1t
means: Lo thianl algote arcally, (. 4
Gorpe laaeg though thils obva et s eatian miaght gean anitially,
eepecially the aopedt rofeering to wlo thiinhang s a
ditterent mode of thooaght, 1 would Tihe to gabtle wath {ove o
firat tu proce g brardi o the oo vyt and ok, érct anver ting
and revee 1oy sper at pant, o two prooce o, e 1o foded 1o the
procedur e o pne ol ved 1 o) vt egueat pane., Ther e ae wmple
omprrieal a0 U She thoat ctident g are obile to mangppetate
avmbrerl 10 e pr eccpong and nqustionts with o a o agreat desl of cantrnld
Aand suc o nany bt Wb ot e abidber to b muc s el ke e wlgetie

[ T T Ty e A A O A T A D . A woaqnier y Brachilan, ?

Jesvaen, Urdh bovorr o et pr ooy weang Ahe goenee ol g thae

Prat Lacadar o v te e b bty thiet s, qualatatyvely diétorent
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trram the othor two. However , aven this one does not seen ta go ‘

{ar vuough. 1 cuugest that, for a meaningful characterication of

algetraic thinting, 1t 15 net satilcient to see the gencral 1o the

Y.

raircal

partivular; one musl also be able to express 1t Al

Othen witse we w1 Ght ondy bho descorataieg the attlity to gener el ce ‘

and Lot the sbhilaty to thand lgebrer acally, Generalication ve
noetther eJulvalent Lo alacbhrare thinbing, nor does 1t oven roegalre
alqgetra, For alaebr -3¢ thaalbynag to e fmifforent from

that o ooenowoary comnpment 1o the tse of

goener alrration, 1 propo e
algebr a1 symtroliem to g evcaan abouat and ta eoprecs that ‘
generalraration,

To mabe the point aore clear iy on what [ mean by alaebraic

waent Lo reason about and to eupress

symbolism and how 1t can t
general statemente, 1 retor 1n some detail to an article by Harper ‘
(19137 .

The tictorical developaent of algebraic symbaolism 1 used by
Harper as a theorctical framewori for analyzing q;xalitatxve
differences 1o etudent atnlity to reprevent generalsrations of
numer1cal relatiang, Harper bogrna by describiang the thiree ‘
evolutionary cstage . throocgh which the development of alagebraic
cymbicliam bhas passed, The rheturical vtage, which belongs to the
period bofore Minphantur. (o, D00 AD) 0 was characterized by Lhe tee

|

of ordinary lanaguage doecrraptyons for wnlving particular type, of

probleme and lTachod the noe gt C,mbols or qpecial caan. to

reprecsent ol nowns,, The o one wbage, reforrod to by il per asy,

Diophantine, o teadead 4000 D piheant o b introduced the oo of

abtwr e cratione for b oo ettt tes ta the and of the casrtennth ‘
Cortr g, Bloor s o 4 it et ot thiat the concorn of wloobhr aie te

or 1g thee o vt 10e Wi v dusivoly that of o over 1 hg the

vttt af b Jebter ce o e g b an atte b tn veiprens the

171




166

general, The thard stage, reterred to by Harper we Vietan, wao
1ni1tiated by Vieta v use ot lettere to stand {for girven quantities.
At this point 1t became possible ta enpress geoaweral solutions and,
1n fact, to use algehra as a tool for praving rules governing
Aumarical relatsnng, [t 15 this Vietan stage 1n the development
of algebraitc synbalyam that forms the basis of witat 1 cuneldaer
algebraic thinling to be.

Ity s antervivews 0f 144 cesondary schoaol popile trom Year o

[RERS R VIS LN PRI I RS R Y] hoeyg

CTE v e een the vum o and the ditfer enco nf any two
ameeer v g sy vt s au can gl s fand oot what the number

Ar ok, "

Har por wes oo o i ovydence ot the three types af oluations
that cean tos pefonirdrend an Chictary of mathoemat o, With the
rhetorrcad method o thee poapa ]l dees ot ot alaetresc yaobinlpom bt
nevortheleoor specafles o procedure that 13 general (e.g., "rau
drvade the e ot ittt i fderence by I3 thon to get
Ehe first vomiar atd the ~um divided by 2 to the difierence
divided by Ji oto oget the conoand asher talbe the differencs divaded

D oty et

e vaan drwrded by U0 Harper o 198y o, 3 With
the Lioptiantane method, the papal e roolar letter ) to

repr e ent v g 0 Swil ptant g v oL andd

“wolsving £ b L arad bttt o met g

Qfiy urhaet o, baat . > L embe b ear a0 gener

Qretnt b biv th ! L TR R BTV R SERTONTS N PAFR TS SPR U I STR

vk oy ot g e St oy,

Lt i, ey
Catm g arad
Ay de o eta e 0t

R TR APVE ST ST I B I TR

tedd Yoot b o AT I 1Y

P A R e d et g bt e hyy
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It 15 1mportant to note that the iophantine solution assumes

that the same process can be carried on no matter which sum and
difference are chosen and, thus, » 1% an unbnown whose value 1s to
be found,. The Vietan solution, on the other hand, has a means of
e»pressing any sum and any difi{erence and of specifying the
solution:  The two numberd are (m ¢ ny /0 and (m ~ n) /2. Not only
is this solution general, 1t uses latters rather than cunventional
numerals to express gilven quantities.,

Only 28 ot the 144 mupile of the Harper study used a Vietan
type of response to the obove probilem. Har per points out that the
wae of thie approach oo, gramatically 1n Year U, but mostly
among the more mathematically able studente--0 04 the '8 who used
a Vietan response ware 1 Yoar ¢, He further notes that theso
findings accord well with the U% suctess rate among Year 4
students of thoe CSHMG study (DUchumann, 1978) on the question:

\

"Which 1s larger, In or n +

o1 why ™" Thus, 1t would appear that
the use of a Vietan approach 15 not womething that hiagh school
studaents are adept at.,

Another cxample 1llustrating the Vietan function ot letters
to express the ageneral 1o provided hy the worl of Chevallard and
Conne (1984) who have documonted students’ use of algebraic
symbalism as a tonl for proving rales governing numerical
relations, The o two reccarchior s precsented an eaghth-grade
student with a eqaenrcre ot quostiang thiat 1ncluded the tollowiog:

Tate throe coneecut 1ve number o, Now calculate the sguare of

the middle one, sabteast tram at the product of the other

two.e 4. MHow do ot with anuther three consecuative number s,

ees Can you evplain 1t wnih numbers” .., Can you use alagebira

to ovplain 1t

The < tudent begoan with the three conracative numbere 0 4, and Yy

which led to the caltenlation ot 14 U ta yareld tho reeaalt ot 1,
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He then tried out the roabiers fog 11, and 12, which led Lo the
same resualt.  When asltad Lo explain what was happening, using
algebra, he at tirst tried ont o< - y2 = |- -sumply replacing all
ot the "Qiven" numbers by letters, Having thern realized that the
use of only one letter would be better (“Fuia aprés )'al pense
qu’on proenatt simplenent le chiffre au carré quon remplagant par
une lettre outs les adterpg © eowt ce (hftee plus un et cr caffre
morre nt- - Choeval lard ¢ Conne, 19649, . 83, the «tudent proved the
rule goveraing thio onner 1eal relation with the formclation,

1y - 1. Chevallard and Conne pornt cut that
thio otooent o Shovgte Sy 1o the ergtar by arade, was one who had
Wittt l taer et ety i obranc reprenontations and therr une as
thainbing *oeias,

Matiy Gther ctudentae have, haweor, been found not toe be so
successfol o uasing aluobrarc gymboliem as a tool with which to
think abouvt and to euprecs general numaricsl relationships. Leea
and Wheoler (17875, 1n theit study of students  conceptions of
generaliration wnd justification, teasted 304 UGrade 10 students on
subsote of thetr guecstionnaer e ard cnhen anter crewed 00 of theose
student ., Linve ot the question, thoy, precentod to the otudente was
the {ollowing:

Voo b aosl byl rees oo nimbier by S0 cond thion addls HVA Che then

cutly st Uhio or rgihial el o R TYS BT SR A TS the rasult by 4,

Sho netr1ces that the wanow. o ene gets 1s D omoro thern $hae

numtier cho ctartod witt:, She o says, U othiab that o would

bappen, whatesor nomber 1oetarted with, "
Uning algebr o, ohow that «he pr rght,

Of the 118 ctocdents who wore g vonr thitea prablem, anly 2 oot up

Vo3 v b b o alaehie care al Uy owrr bt 3 bl by e .
Feowu of Yt e stoade et then vt sy bty T deemaniest e ste b Sl b,
Sothn by tacb y g o coeap ey ot a1 al oy sl Eon ihaarty, Lo

Ot hor o o ) o oand ther o poon s e Lo
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crmplity the lefl side, yet did not base therr conclusiong on
ther algebraic worl . They then worled numeraical examples and
concluded from these examples. The 1interviews provided further
evidence of students’ 1gnoring their algebra.,

Another question from the Lee and Wheeler study wae the
following:

Show, usi1ng alyebra, that the cum of two consecutive numbers

1 alway s an odd numer
Al though the way an whiach the Question was formulated 146 diféerent
from Chevallacrd and Conne oan that the lattor beogan by asting
students to worlk 1n1tially with numerical examples to see what
they came up with, 1t does ach what Chevallard and Conne
eventuallv reguested o3 Lherr eubvaect, Unly 7% of Lee and
Wheelnr s student s succeeds:d on this questian., Nevertheless, the

1interviews showed that atudents do appreciate an alqgetraic

demonstration when they or someone eloe produces 1t, but they are

happirer with their own numerical e amples.

The atudy by bheoloer end Leo showed that "formulating the
algebraic geoneralivation wens 0ot a maer problem for the ctudents
who chose to do =03 vaang ot and gy ecirating 1t ae & general
statemont was whoere thooe - tadont e darled” (Lee & Wheoler, 1987,
p. 140, Pvrdece 1l fr ctang thet the magority af high echonl
student s do ot veo alagebr s e 0t o] faor qeneralaisation and
Just i1 cat i on e alern coerr g b gy al bt gt thie Hor per (19035
study. o hratarical perapectryey agaeate that the “big preture®
of present.day algebra 1nvnlves two maror components: (a) the use
af alaehr are avaboliam a0 tonl to qolve wpecrfre problems Lo,
Aioccesnrang the vdenti bty o0 the Jetter ()Y, and D) the gy ot
algebr e symhalram tao o proce goner al qolutinns o an o toal dar

Prosiney roleg o Brong o taamer 10l el at s one,, e o ch evideno o
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tran Showt that oo ochoals ar e baettor ot oquipptng Stodfentsa to do
the faraee than thae Latter.,

s paper bag talen a restercted pergpective an that 1t has
tocnised on algebraic thinking as charactericed by the latter
compaonent. of thie "bag picture” of alaebra. Far some antthor «
(2.g., Open Untvarasity . 17850, the marn 1deo 0 algebhr o 1a that at
15 & means of reprewenting and manipirlatang gearrality and, thia,
they o algehr ore tninkaog evervetue e, even 1o thie cecarding of
aqeoumetric traet Or Mty o, Thero v e some advantagee tao talbing a
MmOr e roectraetedd por s tove, that 1o, an aot viewing algebrarc
thianb 1oy o vaorsalent ta clagebrea or te cgeneralysaty o, (e onf
thoeso 1o that 1t con o ovide redsearchier s with on entry point for
1nvestigating =tudent s ronceptualicetions an o woll-defined area
and asubsoguently grade then an conducting teaching e=poeiment s
artmed ot helpyney ot adente develop mearang for thie pocontyal
aspect ot algobra, A ocond advantage to taling this perspective
on algebraic thinlbing--and 1t may be the more 1mportant one at the
prosent time- 1. that 1t can alert s ta the ract that computer
technoalody ond,y canseginn® Ty g mosst Amprt e Lee e apprr achies fa
the tearbiing 0t alagebra are not adea 1y st | Lo 1ncornorating
thiae anpoct of Jdlaebhra anto there programmes, Alaebraic thioling--—
an charact sy mend e thirs papet ceontle wel D bocome an ar oa of
algebr a that o tatoght even Tean Gid wt all) an computenr
ervrr ofonent oot 1ty now teoaghit aee tr adptreaanl il oo e G,

That y a0 my cponiten ol b o oal oo o,

IR  RTR Y IRV RS T ITRIN &

Tty e 1 Ser ; Coap e b by s b Ede (b dram the Gt
Mupvee bt : (LS ERTHERE RO B N AN
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A STRUCTURAL CONCEPTUAL MODEUL FOR INVESTIGATING
SOME COGNITIVE ASPECTS OF PROBLEM-SOLVING

Dre. Nira Krumholtz
Departaent of Sducation in Technolowy & Science
Tochnron - Israel Instituta of Technology
aifa 32000, 1SPAEL

A crirortural o conceptiaal sodel of procrazming strategies,
wi'h

[AXNNER |

togather
vapirreal e trfieations, is presented. the paper stre s the
a ocnmplete structural model racher than studying isolated

. Gurrrpan's Facet Theory has been enployed for the
ot el the o

catidation of the proposed andel,  Throee

facets
Phee coneeptagael o moaind e

Fnowledme type (content, structure and
] of abstraction), and task Familiacity
ot ol genaralization) . The structural

rafleonts the ass v

nent ot Lanmueyre (]

lawlulnens
connections amomne
in the learner's mind.,  Seze comnitive
i implicnticns are disrussed,

INTRODUCTION

thee vl betwern tack perfornioe and
A cnneeptuil oodei based on the camitive analyvsg

Gortetion oF o cdtraetural oeonc tagal mododl, g Tt

eoented 0 thg paper,
two pon, The

Learner'a thi, . coanter froa nhrornd

oon 3 that oonneet o awongg those nents oare

rrelatiens Yetweon the corpeapond ingg abooereyy

tede e o an b medbd wn bl tend

corett e top toearde dhe antondoa gy moen

srnte e dn o perormin s prebpessanleinge

e fond

iy ctapnd

et e dat b g

[T IEUTET R Cape ot o F e b i

[P TR o sptete tr taral o conceg tuadomoebe ather rthan feow sty
eosinted copresontation of bl the Compenent s o in o ohe encomp o e ity
Sty ol et o by s whach e net o evrdorny oo stadvang
ot vattaman sy Paoeestheory {0 : P70 tuenn o ont e

parto bty gt cpeaate an purenitar thag preowy e eadel bailding.
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The first step towards constructing s conceptual model is to define the
world of discourse. The universe of content which was defined in this study is
concerned with strategies in perforaing progragming tasks. Nevertheless, most
of the implications for teaching and curriculum development can easily be
transferred to other learning dosains or even be generalized to phenomena
independent of school subjects.

The paper starts with briefly introducing Guttmuan's Facet Theory. In the
second and the third sections, this methodology is employed for constructing and
validating a proposed conceptual model. The last section is a discussion of

S0e cognitive aspects of problem solvine and possible educational implications.

FACET THEGRY - A METHODOLOGCY FOR CONSTRUCTING STRUCTURAL MODELNS

Accovding to Guttman's approach (Guttaan 1957), a universe of content 1
defined as a Cartesian product of several facets. A facet according to
Guttman's terminology, is a classafication rule according to which variables are
classified. FEach facet is g8 cospenent set of the Cartesian set which defines

the universe of content. The representation of ench strategy as a unique

element of the Cartesian set, roveals its sisilaritices and differences with any

other strategy.

THE METHOD

Choosing Relevant Facets for the Proposed Conceptual Modol,

The concept of & aodel arplics that 1t ds a ssmplfication of the real world,
Theretore, one hags to decids what the aspests of the world to be sodelled are,
For the sake of simplicity and generality, we decided to concentrate on three
facets only.,  The tacotn were chos « uf existing theories dealing
with human inforoation proces g and problem solvine (reviewed ins Krumbholte
1987, Bar-Cn & Krusholts, fortheooained.  The facots and their clements are

Ancerihed an the foilawrar et fone,

The familiaroty et

In thiis atudy tacka weess oo S Caciirar to andam b, s eding to e
familiacity of the ebjests dealt with,  The objects were the basie gecmetrical
Form, (squares and hexarons,, whoech served as baste bunldimg blocks. Hauares

wore conatdereod o be more Famloae Chan hexagons,
The Tammiyee facet,

Thoe socond facet jo concerned with the Lamngunge in which the  cseription of the

solution 14 expresaed, Lanpuages can be ordered accordin: to their Tovol of
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tormality. This hieravchy is consistent with the one proposed by Chomsky for
formal generative grammars. The two structs {elements in the facet) chosen in
this study were: natural language (Hebrew) and computer languawe (Logo), which

reprasont two extoeaes on the language hierarchy.

The knowledige type facet

The third facet is concerned with the type of knowledge which it presuaably
eaployed by the studunt.,  We propose to distinguish nzong three types of
Knowledge:

a. con

1 related Rnowiedse - refers to domain specific concepts and there

Loaningr, Fer oaxaeanlo, the o searatepy: "declarative verbal deso

teo g proce fural e whoch cannst be oezployed witheut vefereine to o
content oo, tbe gneepetrr s flguree)

b. Revow o B adoagr et o omeanicnt ton = s mant Pentsd ga o ener oy oy
1 ro e ram, by employing modules, congtr i, 4

ot eyt e, Ve cwledipe Do andepondent of o specifie contont,
¢, Knoowlodeo oo oy b tation schrmrs = which can be trented indepondently
A A cpestfie content e osregcture, Inoour case [Cwan o graphieal s he

1aplemeontation rrrarepiog wore olassitied according to the cpatial
topresent ot ian wnton whiieh they enployed: Extrinsic spatial representation
systen, tn rthis gstudy, the woll-known Cartosian rectangular sys*em, and

Inteinsie gpatial CHLAT 100 8Y

stem which was adopted by the “turtle

lanmumre™ (Ako e

A DiCesa, 1931) . The Logo computer languase, wsed wnothes

study, enabion the ungre o tath extring:e and intringin spatial eepeon

A Definitional System for the Obhsereation:,

In ordor to gebivere anocapirienl vals ot i 0 e propg

edomennl, oy v

apondenca betwesn the peeds Lothe obhsep

[RIRN i

Lyt

Doave,oa npe T detinrtional systen tfor the cheeevtnenss won e i,
Vi aog o toar o thive fasers dof] o (R0 100
[ AR SIS ST oot ateeie g wbiieh enn be enploae 1o deTine st e
dees e ey st ater e s o e the ttemnt o The aboeregt Do b ehiprrers were
tho on e S emp Tov e b ctearer e b ek subipeet (et oo gt e,
LRLY b bt . woro defoned e g o o oxperiment ol e e e

THE FEXPERIMENT

Population and Experimental Set-up

Ther eocaeareh popnlat pon ey ted o sement e ot Lahe st AL e
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subjocts were novice prograsmers and those courses were their first experience
with computers. The gubjects studied acceording to n curriculum, which was
especially designed for this study. The special design intended to emphasize
the higher copnitive skitls of progeamsing and to expose the subjacts to the two

spuat il representalion systows,

The experimental tusks

The experiacnt consiastod ol two proprawming tasks (Figure 1), in cach u
drawing of a geometricnl {imune wos presented. Each of the two tasks congsisted
of two sub-tasks: descviption i naturnl lanpuape and programwing in cooputer

Yangage . The Logo code wis wirtt ten withont using a conputer to verify f.

Figure T The two poometricnl fipures whiel b boon used
in the veperioontal o

“Saquares ficure” "Hoxapons Cigure”

1

Items and Catepories for Observation

An mentioned above, the prograsming Lebaviors of the learners were olsereoed
and their preferences tor the prodelined strategies were recorded,  The
following are the catepories for evaluatine the 1tems (a Jetailed deseription

in: Har-On & Krumholte, fortheoming),

Ttems concerning natural lanpuspe

ITtem 1. Using declarntive verkal descraptyon - The evaluntion of this {tem
ranyes from o peocedural dewoription to g A Tarative one Characteristiecs of
procedural deseryptions arer using verba (e do, deaw, tuen), dynamtc
desceription of consteaeting and coteaderiag the tezporal ordor of porformance
{o.r. first, then, at last),  Charscteristics of declarative descriptions are
stotic, using worda Vike: there nre, bt of ) ote, dpnoring the tenporal ordere
of constraction of the {ipaee,

Ttem 2. Holist perception of a Cigare = This ttem concerns the arder of
roferrving to the Ciguee when dosertbing it Possible deseriptions ranpe feom
firar dosevibingg the figure noonowhole, ta starting with o lesceription of the
detnils of the fapgare.

Item 3. Copploxity of “"bnvic bailding-block” - This {tea relates to the sost

fnchuaive "basie buflding-Hlock” used for consteucting the igure,
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Ttem 4. Fenoring dotails, Tiem 5. Spatial organization sns veasured from

sublect's indication of the Jocation of the figure on the paper.

Items concerning the use of formal lTanguage

Ttem 6. "Top Domn™ plannimg.  Ttem 7. Strocturing by using subepreosedarios,

Item 8, Explicit reference to location.

Item 9. Giving meanitetul nogee to the waia procedure.

{tem 100 Orpadcarioae of thee prodaced progaria.

The dast thres ftems (e 11, 120 1T motfer to peefereneo of extoingic spatial

repr mtation systen,

Mothod of Sadyais,

Avomett bono b, T naca D e ot adbeiaeeat pane dn s sl wn o con ermeed
whth aorc ing o tyjulorsy o0 progvanaing srteatepies, The methodology ol
treating *hia o prabdlen o thes Non wetvre Sl lont Gpsee Analyni {0 . Thin
anelysis in pertforced an the intercorralatien mntvic.  The computor program
enploys the nigorithn sunusited by Gutiman (1968), for ealeulatimg the smallest
space (@inieal nuaber of dimensions), required to represent the structure of
interrelatioans amony the steatepies. Tnoorder to revenl this cteuctuee, theene

interrelations are repeesonted geometrically,  ltems are represented ns points

in an Luclidenn space, where the distances between points reflect thear

dissimilarityoo. The dosired apace that cnnbles such an inverse relationchip to

exist boetwmern the cbenrasd vaprrelaticn s add the geomatrical distanees is one
whith the ol by o Gl dvioaediones . Ao e the enpirieal werafration
the prepooed stracraeal nodel from this e alveio TUobe explained v

resulta nectag,

nrsryTs

Typolopy of Brogrramaing Steatesics, < The Coltndeleal Towfalness

Pevor v ed Vppetieat ton o e b et e Sy D 1), e v
proparatory crteps Lot beens talion, e the nhection e aten o be nnadene ) and
the computation of vhe rnteprccrrs bntion: amony, the nelected ftemn (et deot
analyats n dear on & bt

e v et e . TR T A AT T O N E LT |
Wy Lo ol w0 Loy e i : Vol eetiine o (P
to the thrar proponead Foy

Fheoo bt linraty ob b Yo Paeot e papreaantod by gt dprenaion
whieh 1o vcethoponad to the Tangrgge cknowledes pliaia. Heewi $1le horizental
ctreulne dink (In Cigare 11 soparmios the items concorning the "Squates

Figure” from those coneeriing the "Hoxnpons Cipure”,
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Figure Il: A schematic CYLINDREX represents the structure of
interelations among the strategies when all
three facets are considered.

ETRVCTURE
e

7 -

The three dipensional cyiinder structure cnn be displayved as twoe separate

orthogonal projections ontn twe dimensional space:
2 ¥ F

Figure 111: Output of the SHA prograzm: projection of the three
dimensional CYLINDREX onto twn dimensional space.
This figure represents the strutture of interrelntions
AZONE the propramming strategies when only tie facets
of the "language” and “knowledge type” are considered.
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As cnn by seon from figure 1L, the Longuonge and the koowledpge-tape ploin can
be dividid {nto two concentric civealar bands,  The peripheral band contains the
points corvesponding to stratepies which are exprogsaed tn nataen! banpuage,
wherena stratepgies exprossed fn foermal (coaputer) Tanguye, ocsupy the innee
band.  Another stractura) Tawtulness revoeanlad dn the cauwe plain 4 the partition
to threo wodge - ke repions emnnat g {rem the same comaon oroping, eorpeapondingg

ter the throo typea of knowledge

DISCUSSTION

The eopnttive papecta feoleed an problen seolving which will be discoyasnd e

based on the eanstrarted and veritied sodel, The undorlying assumption was that

the gtrocture of ompicien] {ntarvolat {onug aoong obaerves] bohaviors, reflects the
nasocint {co connectinne ameng the problem-solving romeepts in the loaener's
epind. Further {t was asenmed that hypothet{ical comttive construrts explain the
observable bohavior:,

According tn that modol, tim knewledpos ecan be divided into content, straeturs
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types, reflocts no notion of order azong the elemcnts.  This {fmplies that no
prefoarence among these elements is suggested when a task is to be perforoed.
Thia finding has an important educational igplication in the process of
teaching, It means that it is important to analyse a given task concerning each
of those three types of knowledge separately., Dealing with each element
independently of the two others, emphasizes different aspects of the same
problen and thus, onables botter understanding of the problem at hand. Those
relations among the knowledge types hold whatever language of the two is being
used. For the designing of tasks in teaching it means, that students will be
asked to relate to the three types nf knowledge expressing them in various
lovels of abstraction and forzality.

The structure of relatien that was revealed between the first facet on ene
haund., and the second and the third on the other nand, reflects no dependency.
This means, the level of tumiliavity of the La.‘jk is andependent of the two other
facets since it depends on the individual learner. The relation iaoplies as
well, that the interrelations bhetween language and type of knowledge will remain
unchanged in different tasks. The findings emphasize the importance of
exhibiting both familiar and unfamiliar tasks in the teaching processes, while
starting with familiar problems. The finding that this structure is preserved
across different annlogical tasks is consistent with the meaning of analogy as a

structure preserving transforzition.
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SATISEFACTION AND REGRET
ABOUT THE CHOICE OF MATUH

HANS KUYPER and WILMA OITEN
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University of Oropugen

tostitute of Soaal and Organizational Psychology
University of Geamagen

ABSTRACT

This paper degds wath the chowe of math gs an exampnion subject and the
satsfaction with or regret of Uus chuace. Muore bovs than guls appearcd 1o
choose muath. e obsened a tendency for guis to regret their choitce  more
than bovs  Students  not choosing math regretted  thewr choice  more  than
students  choosing  math Tir owas  espeaalhy the case for boys  at lower
difficudty levels.  Frolablv  they  regrotted  thew esser future  possibilities
without math, e main reason for regret of no math choce. The main reason
for regret of the math choice had to do with poor achievement in math. 4s
predicted by the  athiude-model of Fushbevt & Apen (1975), we observed
qrite stong selanonshup benween the intended and actual chowe of matly He
faded w0 predict sawsfaction  with the  chowce at @ samsfactory level  wsing
decisional  vanables measwred a year ago. However, the role of the careers
master's believed opinion was remarkable i this prediction.

INTRODUCTION

Dutch peneral formatne secendary education consists of a tew Level (L1), a Medium
Lesel (ML), and a Bhph LPevel (HDY of ditticulty (in dutch MAVO, HAVO and VWO,
respectively). Alter passing three sears of education LI and ML students have 1o choose
six examination subjedts, one type of math may be chosen. The final examination takes
place after noe or two more years of education for LU and ML students, respectively. HIL
students have 1o choose seven examination subjects after passing tour years of education,
and the fmal examination takes place after two more sears. ‘Two tvpes of math may b
chosen: math A (neunle Capphed™ HEAY or math B (mainly “pore’. HEBY Tt 4 alee
possable to chonse neither one or both

In a donpitudinal study sanous aspects concermng the wiended choice of math, the
acvad chowe  of o math, and swrefacnon with the actual choice were studied  at all
difficulty levels One aspect concerned the prediction of the inlended choice of math by
mreans ol the attitude-model of Fichbein & Apen (197%), which provides insipht into the
deasion processss undethang a choice The attnude model distinpuishes two components

that inflaence the amention 1o porform 3 behavor the aggrepated cmnde towardy the

behavior and the apgrepated wibeectve nomn abont the behavior, 1L elements of the

atttuds and the subjective nonm are product terms of probatnlity rar L and importance

tatnns (for details, see Otten & Kuyper, 19%8) Uiy multiple 1epr on these product.
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terms (relenied o as the dectnonal variables hierealter), together  with  thiee  other

vaniables, predicted 037, To%, 00 and 7390 of the vasiance in the mtended choice at L,
ML, HL A and HL-B, tespectively (Kuyper & Meulenbeld, 1988, Otten & Kuyper, [988)

The other three vatiables were sex of student, math achievement (ie. the mean of
the math grades on the previous twa reports), and math requaement (ie, whether or not
math wan equited fo the favored vocational tanmnp)  The latter vamable was a main
predictor of intended  math choice  at all ditheulty desels,  espeaally  for boys
Notwithstanding the fact that at all levels sex of the student was not included i the
regression equatien, the  ditferences between  the boys and gitls  regression equations
could be auibuted to gender differences in favored  voustional tramings (Ottea &
Buvper, 1639

Pl oy the present paper s to desrnbe the actiad chone bebasir of the
studeats and the statebictnon with or regret ol that choice at alt ditficelts levels Do
dilterenerg et b rotpe of chowee gmath vs nesmath)y and sexoon these vanables!
Which are (they map e reasons {or regret? Given the fact that Pishbein & Apren (1979
postulate that intended choiee is the main determimant of actual choice behavior, we waill
cxamine the relanonship between antended and actual choice of math. Fually, we uy 1o

predict actual chower and satisfaction with that choies using a5 prediceas the dedisiona!

sariables, shich predicted the intended choice fairly well
METHOD

The conducted longitudinal study  consisted of two measurements: the first before the
choice of examination subjects (Mav and June, 1086), the sccond after this choice (May
and June, 1947} Lhe tcsults reported in the resent paper mamly concern the second
meastrement, In thic measurement 2445 cqudents from 16 secondary schools participated
(W% b, W ML, T HEY A minority of the 0 v v oparticipated in the fust
measnrement QAT Qe ML WS HDY
Nartabbec  bantere s o the secomd measurement swere (1) the actual chore of math
receath s choven, U mgrt chosen), (0 the satisflaction with the partealar cheice
sanbie L) catetied, U onot satishied bat also no orgeet, b1 bttt regret,
rruch reeret) Stadents expressing (some) regret of then choice (Cateponies 4,
an were cttered eleven or eipht reasons for o this repret, depending on the
partsbse e eepeetted (nath s o marh, eespecrively) The dudents were addked o
indicate whether the otfered reason was a cause of their regret (0 no cause, 3 s much
e cawed AL T these variables weee aked for both types of math (A and B)
Ounlv for atdents participatgy. an both measurements it was posable ta relae
intendsd chotce tehooce math 1 not, 0 manbe not, 3 - mavbe not, mavbe voe, 4 - mahe vme
«

Coyed) to atual chionce behavior. Also only for these students we could predict actual

chence behavor and atsbaction with ther chioiee vang w predators the decisional
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variables measured in o the fiust measutement These  decisional  vanables  consisted  of
twelve  atinde-clements  aned  six subjecnve  norm elements,  Besides  these  eighteen
decisional  variables, the  variables  sex  of  student,  math-achievement  and  math-
requirement were used  as predictors in the multiple  regression analyses  (see  also

Introduction; Otten & Kuyper, 1988),
RESULTS

Actual Chowce

The results regarding actual chowe and satplaction with this chowee are stimmarized in
Table 1. The sevond column of Table 1 showe that more boys than girls chose math as an
examination subject  In general the dilference s about 3%, except at HL-A - Capplied’)
whete 1oas onlv 87

Satisfaction  with the choice

Before discussing  the  data  concerning satsfuction with  the  choice,  represented  ia
Table 1, we want to stress three points relevant for the interpretation of these data.
First, it appeared that 7% of the data on the satisfaction variable were niissing. ‘This
percentage is higher for boys than pirls (8% vs $7:) and higher for no math choice than
for math choice (M7 vs. 4%) Speculating on this last finding, it is conceivable that not

answening this question is an indication of repret

Table I:Total nuster of bove and girls, percentages of studenra rhoosing @ath, and gercentages of
satisfaction vith and vegret «f the choice. Mise:rg dara are excluded,

NO-MATH CHOICE

MATH CHOLCE

1 math P e e mm o i e e e

N chelce sariat, regrat satisf., orddle regrec
LL bawvse Pk 8) a1 15 & (L] [} 8
slcls b Sl &7 21 1 Te 16 10
ML bovs (AN L i o H &y &1 13
girls AR «8 T 17 s (L] PR 10
Hi-A bove L [ L} Ta “ L FAl 1%
girin AR b T ir L3 60 Ta In
Bl RBbovae s AT R3 1t “ L n b
gl 1 A bl 0t ' RO Je 3

The second point telaies to the terpretation of the ‘not satisfied but also no tegret’
category Tt appeared that a constderable number of students in this category also scored
the  subeequent reasons for pegret, atthoueh they were not ashed to do so For this
reasen the category might be better aterpreted as sandaction on the one hnd, regret
on the other'. This eategory 1s relerred to as the Middie catepore (M) hereafter

Thied, o0 appeared that the ‘repret and ‘much regeet’ cateporr s were hardly used;
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of the relatively few students indicating regret about 75% scored the ‘a bit of regeet’

category. For this reason the theee regret categories (categories 4.5 and o) are taken
together and refecred 1o as Regrer category (R) hercafter. Abo the two  satisfaction
categorics (cnlrgorigs Lzand 2, in which the frequencies were maoge cqual distributed) ae
taken together and refered 10 as the Safisfacnon category (S) ’

Table 1, columns 3 through 8, shows that most students (7470 S 18T MR R) were
satished with their choice In general it scems that less students were satified wath a
no-math choice (999 S; 21% M; 10% R) than with a math choice (F09% S, 170 M 7% R)
The main cxception are the Ll.girls. Looking at sex, there seems (o be a slight
difference in satisfaction; gitls (7200 S, 18% M, 109 R) seem (o repaet their chowe more
than boys (759 S, 197 M, 0%t R) The exceptiony are found in the no math choice w L

and ML Hers we tind a remarhable high pereentage of bowvs with “muxed feclings” abaut

i

their chce (LL- 4000 S, 45 AL 87 R, ML 4370 S, 4100 M 13 Ry
onsidering fevel of dilticuity, Table 1 shows that the mest satnticd cudents are

found at HL I3 (8197 S, 1477 M. ST Ry, followed by o8 A (7377 SO DY MO0 R TL

(TTEL S, 1990 M 1057 R and ML (094 $; 229% M 97 RY In general, the studeats were mot
satisfied wath their choice at HL B (math and no math choice) and HL-A (math chowe
only) The stinlents were least witistied with their no math chowee at HE A ML and LL
Reasons for regret

Only the students indicatiog regret (Table 1, columns 5 and &) are mcjuded i the
analysis of the importance of the reasons for regeet 1o case of segreting the math
choice, eleven reasons were offered. The most important reaton was ‘math was very
difficult this year' (overall mean 2.1), followed by ‘afraid of failng the year’ (18) and
oo low grades on math’ (10), which are related to the fust (and to each other) The
ned ceason was in fact a reformulation of rep et 'l wish I had chosen another subject’
(11), folowsd by I had to spend a lot of time n math ot home’ (11) and 'F did nat
Lke nath thie sear’ (10) The next two reasons staie 1h n is not npecescay fov the
intended (vocationalt studv and profession (10 and D9) 1. swast important reasons were
T did rot ke the math teacher' (N7}, 'L did not khe the (=l studente (02, and ‘mv
parents forced me 1o take math’ (91),

In tase of reerettng the noomath choice eipht reacons weee olfresd Purdentt. the
most amportant redson was L have less posabihties without math™ (19 followed by
‘math v requued for the (vocational) study Totend (o follow’ (09, "math s nncessary
for mv future profession’ (07)  which are related to the fiest  and U wrrh | had not
chosen math’ (a reformulation of regret), The other four redasons were not unportant at
all On both sets of reasans the means for L1, ML, HE A and HICB did not devate
avstematicaliv from the overall means, nether del the meany Lo bove and el
Intended and actual chowe
At b difficulty levels the Pearvon praduct moment correlation between pmtended

choien s guite bph B e X ME e 093 I A 2 90 ae b B o
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Prediction of actial chowce and  sattsfuction

Lable 2 shows the explamed varunce 0 vanous enteng ot all diflicuity teels by the
decisonal saviables, sex of studeat, math achicvemsnt amd onth requoement. The numbers
i column 1 ol Table 2 shightly dilfer trom the cxplamed wariances meationed my the
Introduction, because the analyses in Table 2 are performed on the students participating
in both meastrements, wheress the before mesnoned  explaned sariances resutted from
amalyses on all students in measurement 1. Companng column § and 2 in Table 2 reveal
that the predictor variables of measurement 1 explain about 20% less vatiance in the
actual choice behmvior than o the intended choice behavior, The exception is at ML,
whete the differenee s anly 870 The predictor vanables entenng the repression cquations
ol actual choice are similu to the equations of istended  choice and  the latter are

reported elsewhers (Otten & Kuvper, 1S, Kuivper & Mealenbeld, 198%)

s .al oche

Table 2: The explatnad varcance {{D0ak’) ar ,oand satisfac

the rartizular rhoy-e. Baturen parenide.ws Tarizum nuphet ot gubiects 1n the mulriple

regrenssion acalysiy.

INTENDED CHCOLCE ACTUAL CHOTCF HATH SATIS. NO-MATH

Ln (3] 1193y «3 [READ] ot [NRCA 29 TN
L8 7S o LE rap \ [RREA] 12 80
HA L4 (AR B tin I «ra 24 (19
yL.og PRy tlte) Su [RLUN o [ - (@}

The  percentares  explained  sariinee in o columns 3 and 3 indicate  that predicing
satisfaction  with  the  actual chowwe  in measurement 2 by the  predictor  variables  of

measutement 1 was not quite a success The best results are found at LL where 29% and

1ol the vanance we satisbactien with the math and no math choiee, respectively, was
explained. The worst result is fonnd at FH-B where no prediction of the satisfaction with
the no math choice was possible, because of the small corrclations between the predictos
variables and the criterium. Despite the small amount of explained  vanance in the
satiskaction with the choice, we will boetle i cass ahe predictor vindables entering the
tepression Sqinlions

In Vahle ¥ the enteromn samabic, s e soth chone, 0 mirrored, <o the
trebker the wcore an cusbaction the more e teed weth the dvaer AL LL the studenis
wers more aanedicd with o there path chace when thes weree g bowg had higher madh
prades on thear previons twnopeports, saw snore poealnlite o the duture with math e
dn cxamination subject, speat less tme at math home work and when they liked their
vath teachere Copdennpg the noomah choaee, T aademts swere more satisfied when
they waw ese foture ponabibines with math e an examinaion <nbyeet and (pecubiarlyg
expected their math prade 1o be haph at the cxumnabon. At M), the students were more
stisfied  with thew math chowes when they thought their fiend's  pinior was not o

choose math as an examination cubgect The MU audenty were e atislied with @ e
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math choice when math was not a tequirement for their favored vocational training and
when they expected to stay together with then friend in the same school class doing so.
AU HE A the students were more satisfied with their math choice when they need not to
take estra math-lessons and thougt their carcers master’s opinion was to do so. Also
HIL A students were more satisfied with their no-math choice when they thougt  their
carcers master’s opinion was to do snoand their friend's opinton was, o contnast, o
choose it as an subject Finally, the HE-B students were more sabisficd with their math
chowe when they had higher math grades on their previous two reports and thousht

math was necessary loe ther future prolession

Tabla }i The eieman'y incladad it the regrevsion equations prediciing the saristaction with che

*% hnt e, Reprwaanrted are the fioweighes, the frelattan of the predirror

cetium (2 1) betwe pacenthesas; the rritert.m (catistactiand sa ayrecred,

il
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e
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R x i 10
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veesion at HL is chosen by (almost) equal numbers ol both sexes. Considenng, the
satisfaction with therr chowe  there seems to be some dilference between the sewes
There is a shpht teadency that ey reatly vepret thewr choice more than boys

More strtking is the fact that not choosmy math is more regretted than coosing
math. Especially the high percentage of boys wt {1 and ML having mixed fechngs  bout
their no-mnath choee 1s surpusing Probably they reabee after their choice that they have
less possilulities without math, which wae the main reason for regret of the noomath
choice On the other hand those “mued” bovs mav not have been the most beilliamt math
students, considering the fact that the main ceasons for regret of the math choe were
‘math was very difficul¢’, aftaid of Tading this yew” and ‘oo low grades on math’,

The relanonship  between  intended  choice and  actual  choice  was  quite  strong,
supporting the postulation of the Fishben & Ayzen model (1975) that inteaded choice & a
determinant of actual choice behavior. Usne the decisional variables, sex of student,
math.achievement and math sequurement ot the first measurement to sredict the etual
choice in measurement 2 proved to be e cuceessful than the prediction of intended
choice. The best prediction was at ME where #7770 of the varance in actual choice could
be explained, the worst prediction was at HEL A where ooly 27% of the variance could be
explained.

The attempt 1o predict the satisfacton with the  choce  with predictor  variables
measured one year before failed to reach 2 satisfactory leve) The explained vasiances
varied between 097 and 2990 Remarkable was the role of the careers masier’s believed
opinion in predicting satisfaction with the choice at HI A iirespective of which apinion,
when the students acted accordingly, they were more satisfied with their choice. Abso
expected possibilities in the future with(out) math and math achicvement appeared to be
predictors of satistaction. The latter two relating 10 the main reason(s) for segret of the

(no-ymath choice.
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IMPORTANT TO_CHILDREN LEARNING WiTH THE TURTLE?

Chronis Kynigos
institute of Education Umyersity of London

Abstract This s a report of case - study research whose aim was o
n estigate children's criteria for choosing between Intrinsic and
Ev i'dean geometrical notions while employing the turtte metaphor in a
Circle micr-vorld 1n Logo. Two 11 - 12 year old Logo - experienced
children worked collaboratively within the microworid for 24 hours in
total The analysis shows that the children did not seem to find
qualitative differences between the nature of Intrinsic and tuclidean
notions instead, their choices were influenced by certan broader aspects
of the mathematical situations generated during the study

Research intn the learming processes of children engaged in Logo programming
activities has provided substantial evidence that Logo can be used as a means
to generate rich mathematical environments for children to act upon in a
personaiiy meaningful way (Noss, 1985, Hoyles and Sutherland, in press)
However, it does not necessarily follow that children always use the
mathematics embedded in the Logo language Regarding the learning of
geometrical content, for ns.ance, researchers have shown that children do not
necessarily use geometrical 1deas when doing Turtie geometry, an important
part of Logo {Hillel and Kieran, 1987, Leron, 1983), nstead, they often restrict
themselves to the use of perceptual cues in deciding how to change the turtle’s
state on the screen (Hillel et a1, 168 ) Furthermare, httle attention has been
given to the nature of the geometric it content children can actually learn
while using the turtle metaphor, 1e whon *»~ adentify with the turtle to
drive 1t on the screen

Analises of the geometrical structure of Turtle geometry have characterised
1t as intrinsic (Papert, 1980, Abelson and d1Sessa, 1981, Harvey, 1985), 1e as
embedding the two following main geornetrical principles a) the turtle's state
15 umquely determined by 1ts 1mmediately previous state and b) there 15 no
reference to any part of space outside the turtle’s immediate vicimty
Furthermore, Papert and Lawier argue that the use of the turtle metaphor
(termed “intrinsic schema’) by children draws upon intutlive ideas oriqinating
from very early experiences of bodily motion (Papert, 1980, | awlier, 1985)

The rescarch reporled here was part of a wider research project amed at
investigating the potential for chiidren to use the turtle metaphor 1 Lego 1n
order to develop undorstandings of 3 wide 5pan of geometrical ideas belonging
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not only to Intrinsic, but also to Euclidean and Coordinate geometry (Kynigos,
1989) The evidence from this research project corroborates the previous view
regarding the ntuitive nature of the intrinsic schema (Kymigos, in press) The
particular case - study reported here involved a pair of children working with
a Circle microworld and was awmed at questioning the implicit general
assumption that children's intrinsic schema can be a powerful too! mainly in
the learmng of Intrinsic geometry

O0BJECTIVES
The general aim of the Circle microworld case - study was to investigate the
criteria children develop 1n choosing between Intrinsic and fuclidean ideas
within the context of Turtle geometry

The study nvolved a pair of children and consisted of two (hases In phase |
{which was of a preliminary nature), the children participated in a learning
sequence involving the construction and use of four circle procedures, each of
which embedded specific Intrinsic and/or Euclidean notions. The procedures the
children wrote as a result of the learning sequence are Qiven in figure 1. In
phase 2 (the main research phase), these four circle procedures were treated
as primitives of 3 Circle microworid The children were given structured
tasks involving the construction of fiqures consisting of compositions of
circles. They had the choice of which of the four circle procedures to use in
constructing the figures (examples of the task figures are given in figure 2)
The specific research objectives in phase 2 were to nvestigate

a) the extent to whic the children used the geometrical notions embedded in
the structured tasks and the nature of the notions they used for constructing
the tasks' figures,

b} the nature of the children’s implicit or explicit criterta for choosing
Intrinsic or Euchdean geometrical rolions in their constructions

METHOO

The paw of 17 year old children participating in the Circle microwor id case -
study (Alexandros and Valentim), had previously had around SO hours of
expertence with Turtle qeometry in an informal classroom environment Ouring
the case - study, the children worked collaboratively with the computer for 24
hours in total The collected data included hard copte:. of everything that was
said, typed and writlen on paper Verbatim transcrir'tons from audio tape,
dribble fites and written notes wer e used regpectivel:
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A CIR4 6 A LIRS 50
Y ‘) tﬁ-"- l
AL \ /
S~ 10 CIR9 R ST
10 CIR4 'S RT S
REPEAT 36 [fD 5 RT 10] REPEAT 36 [FD R » Z » 3,14/ 30 RT 10}
END LT 5
END
10 COR17 5 CIR1IY 50
LT 53 Lo~ TO MOVE S 1C 50
Mo / QA tocwiB s Py P
PO il‘)u—‘ ) KT 9l e s /'\ ,\'/
KT 99 \\~ ;b 0 50:L ..
) M DY t0 57 S K,': NV,
END L1990 8] St ,3
10 CIR19 5 2] Bk, S e 5/ 9
(:lR" S tND np
CIR9 5 ENO TO TC S
CIR1B 5 REPEAT 360 [MOVE 5 RT 1]
tND END

<\ Nepotes a turtle state during the execution of the pracedure
L
¢

Laehutes the tyrtle's state of transparency

Figa L emldrens_constructions of the Circle microworld's primitives

(ur 10y the mann phiace (phase 2) the ¢t 'tdren were each given a copy of 3 task
Dlguar e aned asked irst of all Lo divifudlly write down their strategy for
solving the task They were then askec tn ~al” ~-rate by discussing their
strategres and trying them out on the compu... 0 the process of changing
themoororelirnng them Finally, the recearcher carried out semi - structured
Inter view., At e end of edach task norder to gain further nsight into their
criteria tor choosing Intrinsic or Euchidean notions A Q0 minute session was
dllewed tor each task The results from the anglysis of the doata are outhned
below ©oecitye epranges from tr o resedrch are described in order 1o yllustirate
P e ool e anglynis

] .
; \ O O o \(' SR
{\. yi ) O ( ko (~)) ( )
/’ ‘Y’ Y oy ) _' / ;o N \ J
. ')\\ / e (¥ k\/ \....'j o T -
TASK 4 TASK § TASK 7 TASK 8 TASK 9

Prgore D benpte cof the slrgctur @ L s s 10 phase 2 ot the Gane - 5ty
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PLSULTS
At the end of the learning Sequence tn phase !, even though the children had
ample time to construct and use the four circle procedures meaningfully and
although they seemed aware of their functioning, there were hmits to which
they showed an explicit awareness of which geometrical notions were
embedded within each circle constr ultion

in pnase 2, the analys's of the chtldrens chotces between using Intrinsic and
Euchdean nottons in constructing the task figures provided evidence of a
balance 1n their use of both kinds of notions 1e the children seemed to be
Quite prepared to use both (ntrinsic and Euchidean 1deas n planring and
explainming turtle actions

inorder to Niustrate the chiidren's use of both types ot geometrical 1deas, an
example 15 given of an episcde which took place during their solution of task 4,
f1g 2 The episode 1llustrates how the children saw the connection between the
positions of the centre points of the three circles After having tried out
severa!l strategies involving the construction of one circle after the other and
stumbhing on the working out of the interface between the second and third
circle, Alexandros seemed to spot the umformity of the lengths batween the
circles’ centres by revolving the piece of paper on which the figure was
drawn, so that a bottom circle would go to the top and vice versa Although the
children seermed enthusiastic about thewr "discovery” concerning the distances
between centres, they still did not consider the positions of the centres,
although they had dectded on the length of the second interface, they turned the
turtle 45 degrees to the left apparently using their perceptual cues (fiq 3)

CiR19 40

AT %0 el e

PU / "W \

FD 80 ( » )

LT 90 \, Y /

PO . . .

CiIR19 40

LT 45

(]
Frgure 5 The omt e an parcnntydt strateny w tas 4

The rosearcher decided to prompt thom to focus ¢ -ar attention o the
uniformity of the Digure they had noticed from Alexandr - turning of the piere
of paper Thew dialogue @t f9s pownt ilgstrates how o relationship among

209







1949

the same because 1n CIR19 1t starts from the rmddle Jike TC and
In those two 1t starts from the edge”

in this occaston, vaientin seemed to refer to the CIR4 and CIRS procedures as
a product of the turtle’s action, imphcitly de - emphasising how thms action is
quantified Her criterion for distinguishing tne CIR4 and CIR9 procedures from
the CIR19 ang the TC involved the notion of where the turtle started (and
ended) n constructing the circle, e on the curve itsell or on a point away
from the curve In explaining why she thought CIR4 and CIRQ were “equally
easy’, Vatentim subsequently snd

V "Because both of them make a circle A 36 - agon that 1s
tspecially from the turtie's point of view, the turtle would say
that 4 15 easier Herause 4 1s completely clear, you tell her ‘go
forward turn. go torward turn while n CIRQ 1t does all that
thing ™

R "So, for the turtle CIRd G easier Does that mean that for you
CIRS 15 eazrer ¥~

V "It'5 the same "

A “It's the same”

The ndications that the childrens criteria for using Intrinsic ang Euclidean
notions were not primarily related to inherent characteristics of the notions
themselves, but rather on aspects of the broader mathematical situations
generated during the research iead to a further prompting of which of these
aspects were important n the forming of the children's choices and why.

Two factors concerning the role of the intrinsic schema in the children's
choices emerged from the analysis firstly, they found employing the schema
meamngful and did not seem to favour one kind of notion or the other as a
consequence of having employed 1t Secondly, thew criteria for using the
schemg tended to relate to its intuttive nature rather than to g par ticuiar type
of qeormetrical notions The programming and moduylarity involved 1n the
children's strateqies aloo anfluenced therr choices on which notions to use
However, their prioryties in their decisions lay with the programming rather
than with what kind of qeometrical notions to use The children's critical
remarks on qener alised rules involving Intrinsic and tuchidean notions referred
to whether the rules had been dorived via an inductive method ot not, rather
than on which kind of qener ahised rules wer e edster Lo understand Finatly, the
chiliren expressad g preterence for employing notans which they had
previously used i porsonatly meamnafud contexts ratt than those presented

207




to them through the school system Their distinction between “personalised”
and “impersonal’ notions, however, did not seem to be related to the
distinction between intrinsic and tuchidean notions

REPEAT 4 [CIR19 20 PUJ FD 40 PO RT 90}

TASK 8

Figur~ 4. The chijdrens solution of task 8

An eprsade ancaisulatling the above 133ues occured within the context of the
chldren discussing ther solutien of 2 task - figure involving circles placea n
a square formaticn (f13 4) Both children said that they preferred exptaiming
the turtles turn of 90 degrees by means of the partitioning of 2 total turn
rather than adding up the internal angies of the formed square Wwhat s
interesting 15 not their preference as such (after all, they were using the
turtie to construct the figure), but the reasons they gave for and against the
two methods

{The childrens reasons on why they did nol prefer the internal angles
method)

V " they tell us that defimtely it's 360 (she means that the sum cf the
Internal angles 1s 360 degrees)} and that 5 1t, you can't say anything, 1t's
defimitely 360 | know and you can't ask, you can't dn a thing”

A “IUz Nke | told you the other time Geon..'r' *.rces us, we cant ask
her this, since 1t's been discovered that this 1s that much, that much
we'll write b We can't ask her why 15 1t ke that and why 1s 1t hike this
becaise theeytl tell us because that's what 1t want's to be”

(Their reasans on why they preferred the total turn method)

Vo TBecaase ats more natural yes ats more nataral now o thoaght o
that anybody can under stand it -

A “BEvenat he doesn't krow turtle at 3l

R “Tell me something What does somenna hiave ta know to under stand ths,
thing?"

Vo Nothing

As mphiod by the ghave avample, the chldren did not senm Lo con ior one
type of notinng eanaer ty understand than the other Instead, thew chove of
which one to ae was Influenced by other  factors of the qener aten
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mathematical sttuations outhined above, such as whether using a notion had
been part of the children's personal expertence Therefore, it was ulimately
those factors which were important in the children's choices and not whether
one type of notions, Intrinsic or Luclidean, made more sense than the other

CONCLUSIONS

The analysts has indicated that the children did not find quahitative
differences between the nature of Intrinsic and fuclidean notions while
emploging their turtle schema n the Circle microworld The case - study can
therefore be used to argue that there is rich educational potential n ¢reating
microwor1d environments which on the one hand invite children to use their
Intringic scherna and on the other emboay conceptual fields (in the sense of
Vergnaud, 1982} 1ncorpwating a range of geometricadl 1deas substantially
wider than the one provided DY Intring:c geometry
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RAVRS

MATHOPHOBIA:
A CLASSROOM INTERVENTION
AT THE COLLEGE LEVEL

Raynald Lacasse, Université d'Ottawa.
Linda Gattuso, Cégep du Vieux-Montréal.

Fol'owing an investigation conducted with mathophobics students
1Gattuso, lL.acasse,1986), we formulated a set of working
hypotheses for mathematcs teaching. This new model was put 10
Jse in a regular class of at the college level. The main objective was
to create an environment in which the a'fective aspects of learning
mathematics would be recognized and coped with, along the lines
astermined by our former research, through genuine mathematical
activtiez (T workshop wili be presented in English)

1 Cheminement

Ce texte prisente lus résultas d'une recherche menee en vue darticuler un
modele dintervention en ciasse qui permetie a 'éleve de poursuivre des activités
mathématiques dans un centexte qui minimiserait 'émeargence de réactions négatives
face a ceite demarche Nimier (1976), Tobias (1978), Blanchard-Laville (1981) et
Blouin (1985,1085,1987), entre autres, font apparaitre ''mpontance du coté affecf de
l'enseignement des mathémahques; nous nous ntéressons particuliérement a ces
aspects negatits qui sont recouverts par le 'erme "mathophobie”. Notre modéle devait
shinspirer ¢os résultats obtenus dans notr- recherche | “Les mathophobes: une
expérience de reinserion au niveau collégial.” (C .acasse 1986).

Ceutte gramiére étude nous a permis d'analyser le phénoméne de Ia
mathoeh e o dans le cadre d'ateliers qu avaent pour but g& raconcilier un certam
nombre Seides avant un vecn negatt face aux mathemat.ques 4 acasee Gattuso,
PRIE X s Aoy e dTageus it ao vanr i el mo e g med e Vathtude
ers einyen Lara g rethom igues

S e et preeore recherchn Gunne . e s oratieptoben sant
Teqronpe s Ao e trete encnees oo bypothenses g sombisnt 200 nd guer un
ensembin de conditions permettart do creer un environnement tavarahle a
Fappren® e dos eathamarquen o, o oo Gy 0R00erne Caapeat et P

COBIE, oS Ly Oy g ot o e o el gn aden aon specligae ol o

Y e S . .
I R O A T O S (R SR A ROFL LI O e OGS AVUD Y ke o L L0 0

210




deuxieme volel a cette rocherche L'analyse des resuitats obtenus a mis en evidence
un centain nombre de tacteurs sur lesquels les enseignants peuvent etfectivement
intervenir dans une deémarche d:dactique réguhére  Une parte des résultats a ete
présentée au PME XIf (1988) Nous amenons maintenant completer cett
présentation, a la lumiére de fanalyse que nous avons fate depuis

2 Les problemes d'implantation
Le commencement

La question cruc.a'e, au deout, c'eialt Dien sur de construire le cours en tenant
compte des hypothéses Nos av.ors fat v crox d'une démarche trés onentée vars
lactivité de !'éleve Gr Penyoanraptent physigue au sens large ncus amerne
beauccup de contrantes. Lers ¢es actvites, s eléves travalilent en groupe mass les
locaux sont exigus et ies tabies de travai sont assez petites De pius, la disposition
n'est pas prévue pour ce gunre ge travai Lors de notre intervention, le hasard nqQus
avait attnbué des classes qui etaent Lbres a {a suite des périodes de cours. Les
éléves en profitent souvent pour rester en classe aprés le cours et poursuivre leur
travaill ou leurs echanges. L'atmosphare demeure trés détendue. Dés le départ les
relations personnelles entre les eléves et ir'ence.gnante sont ‘avorisées. La présence
au cours s'en est ressent'e de mame que la complicite entre (0s éldves

La constructan dos aoh, s

Neus avons pu expormanter pus vors BChvies ubesant du maténal concret La
plupan du terros, i matenal est hien regu des dinves, méme il n'est presque jamais
destine au cclleguai L'enseignant dot corstammen: nvenier, imaginer et auss
constriure des Suppons CONCrels Que s wlevias pagvent mampuler 1!y 4 beawcoup
de travai a facs an oo~ Nein avars o oaeetater fore de la prepatation des

pretocainn dractiviies L U G vt (LG Tenan ettt Cornains g mepta

IMPAciies 8O ora nose gL s et e en g et saptades G es
SUMOG! VI AN T e C ety e L e e e e e gt det et 1oy
A Comarume o renn LN peenets ot e et a1 e0lutan G ar e

contenu Lors d'un cours o civnactere con manalnal ce gony entre quires choses, par
S€S GuaslioNd Gue 'er e anant poutra ete 0 e Sen BIGCOGNL Rt
R B Qe o e e e L 8 sy s

Lo vt T0n e e T e e e etng by o

d'écharaar aw

Sreruin o T o S e L aes Yoo s s appmecent e




204

fait de découvnr, cela leur permet de comprendre. Cependant, il y a tout un
apprentissage a !tare pour eux et ce n'est pas évident. lis ont des difficultés a
travailler, & se développer une meéthode. C'est pourquo! le rdle de I'enseignant est
trés impontant. Il doit agir comme un guide: resituer I'éleve, relancer le travail, poser
des questions et éclairer a I'occasion mais sans rien imposer

3 L'évolution des éleves: attitudes et comportements
La classe réaulére

A ia sute de lerpérience des ateliers, nous nous posions une guestion
fondamertae: est-ce possibie de metire en place cette fagon de travailier avec les
éleves requiers? O, bien gu'il soit difficle de voir des résultats immeéaiats sur le stnct
p'an de la performarce, ¢ans I'ensemble, nous répondons our a cette question pour
plus ¢'une raizor

I''y a eu sens.biement moins d'abandons, soit sur ‘e plan formel (abandon de la
sessicn). soit sur le plan de lactivité quotdienne, Lors des entrevues, nous avons pu
constater I'effet géneraiement positit de notre approche. Les éleves expriment avec
grande facilité leurs réactions partois négatives, parfois positives par rapporn au cours,
aux mathematiques.

Le phénoméne du deblocage chez les eleves

Nous avons pergu, en cours de session, un changement chez certains éléves,
un débiocage par rapport aux mathématiques. Pou I'éléve, il s'agit de se dire: je vais
réussir ce cours de mathématique et je va's prendre les moyens nécessaires a cette
réussite. Le déblocage peut étre identifié a un me~ | trés précis; c'est-a-dire, il peut
y avoir une période de ges‘aton et puis, tout d'un coup, ¢n trouve qu'on a du plaisir a
fare der mathématques Cependant. | ne taut pas perser que ¢'est permanent.
Cest piu'dt un 2:g zag, MA's, UNe personne qu! vit uNe expernence postve en tire uns
certama caracte 4 fare face ala precha ne attague d'anxiete de fagen un peu plus
sohdwn
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réduit au minimum. C'est le rdle des activités ouvertes. Ce style d'enseignement qui
consiste a ne pas trop donner de réponses mais a relancer le questionnement s‘avere
plus efficace probablement lorsqu'il est utiisé, comme on I'a fait, de fagon trés
systématique.

Deux facteurs sont génants dans la poursuite de cette démarche.
Premiérement, 1l y a le programme, le systéme. C'est une énorme contrainte; les
objections des enseignants a propos du programme a suivre sont compréhensibles. !
y a aussi le facteur relié au temps qu'il faut pour démarrer. Au début, lincertitude est
totale. On se demande si les éléves qui vont avoir réalisé telle partie des activités
vont avoir réussi a couvrir tous les eléments

Sefon les dossiers scolaires. dix éeléves sur 19 ont été récupérés
temporairement. On peut donc présumer que ce modéle d'enseignement favorise
lapprentissage des mathématiques. Le taux de réussite assez faible de la session
suivante permet de supposer que l'intervention est positive mais peut-étre pas assez
longue. Un suivi serait nécessaire. |l fallait s'attendre a cette conclusion: il est
impossible de refaire en une session un mode d'apprentissage qui s'est instalié
pendant des années. Dans l'ensembie. nous croyons qu'une étude plus compléte du
cheminement des éléves devrait étre faite et devrait mettre en jeu un suivi sur
plusieurs sessions. A la lumiere de notre travail dans les ateliers de phobie des maths
et & la suite de nos deux expérimentations, nous croyons que la prochaine étape,
c'est de suivre un groupe d'éléves a travers tous leurs cours de mathématiques au
cégep. Nous pourrions alors mesurer la qualité de lintervention et la permanence
des acquis sur toute la durée de leur présence au cégep.

4 Le jeu des relations et des perceptions
Canaux de cecmmunication

La forme de traval prvicigme gans rotre irtarvention a éte le travall dequipe
L'enseignante a mis les €lvves dans une stuaton favorsart les échanges et le trava!
de groupe. Nous y avons vu plusimurs avaniages Le travial en groupe permet une
activite mathématique qui &e b ve souvent encchio DA dns ¢isCus5S0Ns Qul emanen!
des questions des éloves Coins dertre eux ¢nt gy prendre confiance en eux ot sc
sont senti valonisés de pouvorr en ader d'autres De plus les situations de résolution
de problemes permettent A cenains eieves. et ce ne sont pas les forts habituels, de se
faire valorr; en effat, ces situatiors fant souvert appel a d'autros habietés que celles
generalement utiisees dians ros cLasaes do mathemalgues ¢ ime fIimagination, la
capamts de synthivan I v, won b e
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te traval an aroupe. nous avons pu l'obhserver, comparte cependant ses
difficultés. Les trés faibles et trop timides ne s'intégrent pas a une équipe, d'autres ont
tendance a trop se fier sur les voisins. Par ailleurs certains éléves plus forts n'ont pas
toujours envie d'aider les plus faibles. |ls mettent beaucoup de temps 4 travailler leurs
mathématiques et voudraient avec raison que les autres en fassent autant. lis ne
veulent pas perdre leur temps.

Pour les éléves au point de départ, verbaliser leur démarche n'est pas facile.
Mais le travai! en équipe, surtout au moment d'activités pius exploratoires, ameme
doucement les eléves a décrire ce qu'ils font et ensuite Ils en discutent et I'évaluent.
Ce procedé les aide a comprendre ce qu'ils font {(que ce so!t juste ou non) trop
souvent instinctivement sans aucune analyse. 1ls sortent de ces échanges valorisés.
L'enseignant qui les écoute peut juger des acquis, méme si, a l'occasion, certains
éleves ruestent nsécures.

Relaticns éléves-enseignant

Si l'apprenant prend conscience que les résultats découlent de son travail, il y
a de bonnes chances qu'il puisse les retrouver au besoin. L'euréka, c'est simplement
un signal ires important que !a personne reste accrochée a sa démarche. Cette
réaction est aussi une forme d'auto-renforcement ou ge rerforcement interne et c'est
dans ce sens que le fait d'apprendre nous rend curieux et nous pousse a vouloir
apprendre autre chose. L'enseignant cherche donc a multiplier les occasions
d'émergence de ce signal qui ne peut survenir que dans les activités.

Les é!éves prennent plaisir a compr ndre et & réussir. lls sont par la suite plus
encouranes & poursuivre leur travail. D'autre part, I'enseignant deit faire en sorte que
les acquis soient conserves Pour cette ru.2cn - * lement pour favoriser une
certaine continuité dans les cours, il nous apparait primordial quil souligne les
cécouverty ¥ dec éigves soit individuellement ou en groupe a P'occasion d'un retour a
‘atindu o pérode de travail

Un dermer point o cours magst i sert aussi dans une bonnag mesure a
transmettre lo viécu de fensegnant | est nportant que l'enseignart puisse montrer
ses demarches, ses conectures, ses tatennements  Dans notre ¢, commely a ey
tres pau de cours Matistraux, 0o 0ccanons de tranmaitee oo gy 50 sont fades rares
Cependant, nous restons avec le sentiment que cetle dimension doit demeurer
precente 3 Fospnt do Fensgnant comme st le chon de cotto formule didactique ¢ia

GO OnNe B e desir g rangmetire une parts de uon veoy mathem e
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5 Le vécu de l'enseignant
Premiéres constatations

Nous avons prété une attention particuliere au cheminement de l'enseignante
et il nous a semblé que les points suivants étaient les plus saillants.

D'abord la personnalité de I'enseignante, son "personnage” en quelque sorte,
est reliée & 1a gestion du cours comme tel. Par exemple, le fait de se rendre disponible
entre les cours a pu jouer dans le déblocage de certains éléves. Mais cette
disponibilité trés grande et la réponse que les éléves y font dépend dans une large
mesure de personnalités qui s'accomodent. Le rep test fait état d'une composante
importante pour 'enseignante: la capacité pour I'éléve d'utiliser ia ressource “prof”.
Un manque de maturité de I'eléve sera mal requ ou mal pergu sur ce plan.

Deuxiémement, la structuration du cours, surtout dans les parties les plus
novatrices, pose des problémes. |l faut souvent créer du maténel nouveau selon une
démarche inhabituelle puisqu'expérimentale. La pression constante des régularités
du milieu engendre une fatigue qui, assez rapidement, va faire en sorte que
I'enseignant va retomber dans ses anciens schémas, ses anciennes habitudes. I
aura recours a des méthodes d'enseignement plus traditionnelles, des méthodes ou
les éléves, comme l'enseignant, ne sont pas constamment confrontés a la racherche
du sens.

Les conceptions des éléves eux-mémaes sont parfois des obstacles sérieux a ce
nouveau fonctionnement. Ce sont toutes les fausses conceptions Qqui jouent: les
éléves habitués a d'autres exigeances s'accomodent mal de ce nouveau réle surtout
s'ils croient qu'il ne se poursuivra pas dans les cours suivants.

Enfin, le modéle applicabie semble s'orienter vers deux aspects principaux: un
enseignement visant surtout la communication ol l'importance est dans la
construction et I'utilisation du langage mathématique et un enseignement axé sur la
découverte ou le contenu mathématique est primordial. Ces deux aspects doivent
étre conservés a travers une etape de consolidation formelle des acquis. Cette
consolidation deépend de !'action de !'enseignant, par exemple au niveau de la
cldture de chaque cours cu de chaque sequence d'activités

Les exigences en termes de disponibiinté de I'enseignant

L'un des avantages de la methode de travail par activités devrat étre de
permettre a l'enseignant dintervens pius précisement selon (25 besoins de chacun.

Q1!




208

Nous avons pu constater qu'il est possible d'agir ainsi en classe méme en dépit des
contraintes.

Par ailleurs, les éléves ont souvent eu recours a 'aide de l'enseignante aprés
les périodes de classes. Les éléves sentent qu'il y a toujours une possibilité de
demander de l'aide soit a I'enseignant soit aux autres éléves. l's arrivent ainsi a
dépasser leur timidité a poser des questions car, en géneral, ils n'y sont pas nabitués
et ils ont toujours peur de paraitre ridicule ou stupide. La préparaticn par I'enseignant
de ce qu'on pourrait appeler I'environnement didactique doit donc inclure cette
composante.

En guise de conclusion

Dans i'état actuel des choses, les faiblesses des éléves se situent sur deux
plans: il y a I'aspect préparation au contenu mathématique et il y a la préparation a
travailier tout court. En tant gu'enseignant en mathématigues, nous trouvons quil y a
quelgue chose de special a lintérieur de l'activité mathématique. Ce n'est pas
nécessairement relté aux notions apprises a I'école; dans la vie de tous les jours,
quand se sert-on des mathématiques offertes au niveau collégial? Mais, dans 1a vie
courante, la formation mathématique conditionne-t-elie notre fagon de réagir a

différentes situations? Peut-étre que oui, mais comment? N'est-ce pas dans cette
direction qu'il faut chercher une raison d'étre a I'enseignement des mathématiques a
quelque niveau que ce son?
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LI MICRO-ORDINATEUR, OUTIL DE REVELATION ET D'ANALYSE
DE PROCEDURES DANS DE COURTES DEMONSTRATIONS DE
GEOMETRIE,

Annie LARHER D et Régis GRAS %)
Equipe de Didactique de Flnstitut Mathématique - Université de Rennes |

Resumé, Les eléves frangais de 12 A 14 ans mettent en oeuvre leur raisannement déductif
prncipalement en peometrie. Les difficultés rencontrées sont trés importantes | elles
hypothequent quelquetois fa suite de leur scolarité mathématique. L'étude présentéc ici vise &
counaditre Forynne et la nature des errcurs les plus frequentes, Nous utilisons pour cela le
mirero ordinateur qui s'avere puissant outil de révélation et d'analyse des démarches des
vieves, en particulier dans e cas on Factivite déductive se réduit a une simple inference. Des
methades statistiques multrdimensionnelles permettent de dégager les grandes structures de
compartements errone:

Abuztract Fronch papils between the ages of 12 and 14 use deductive reasoning especially in
peometey Thes have to cope with many difficalties which may jeopardize thetr success in
fature mathematics soursesThe study that we are submitting here aims at a deeper knowledge
of the crynn and the nature of the most common mistakes. In order to achieve this we use the
micro computer which appears to he a powerful tool to reveal and analyse pupils'ways of
reasomng, espectitllv when the deductive activity is limited to a simple inference.
Multy dimensional statistien] methods provide us with the possibility of bringing out the main
structures of erroneous behaviours,

§1 - PROBLEMATIQUE.
~Des obsgervations et quelques études plus approfondies de productions
d ¢lisves, de 4°™" en particulier (13-14 ans), sur les problémes a démonstration
preometrique, ont montré la multitude et la grande variété des procédures
crronées des éloves. Certes, les erreurs puisent leur origine profonde dans
I'absence de signification de la preuve mathématique et dans une carence de
maitrise du lexique nécessaire (puisqie, done, or, car ...), mais également de
fagon ou conséquente ou conjointe :
* dans une absence de rigueur 0 V- dculation dissymétrique des
trois élements-clés de l'inférence : hypothése - tnéoréme - conclusion
* dans la prise en compte d'indicateurs extrinséques pour choisir
Pan queleanague de ces éléments-elés ¢
Cindicateurs formels (structure, rythme, )
" sémiotiques (mot, lettre, symbole, .. )
semantigies (un sens voisin, une utilisation ante-
rioure, b
st difficile, vare impossible, pour Tenseignant de repérer i chaque
fors din s une capie dieleve le type d'erreur commise ot surtout sa répétition
che Peleve, sic freguence dans L elasse et les conditions dans leaquellos
Ferveur gélabore et apparait, De plus, il Jui est encore plus difficile de trouver
pour chaque cleve les situations qui permettraient de perturber ¢t miecux,
deliminer [os procedure s errone
Lordinatenr, enoeehane, permet un travaal plus individualise ot
cartonts ane sanction ammediate de Fervear ot done un retour de Telove aur
(YN p!'l)(‘t'(llll‘t‘:w
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§2 - METHODOLOGIE RETENULL

Il semble donc important, pour micux traiter ensuite ces procédures
chez chaque éleve, de les identifier et d'en repérer les circonstances
d'apparition, I parait nécessaire de limiter les variables en interaction et pour
cela de fournir a l'elove des situations oit le sens entretenu par le but lointain
de la démonstration n'est pas le moteur essentiel et ou le lexique est réduit.

Pour ce faire, on détablira une liste de faits mathématiques
(geométriques en l'occurence) pouvant tenir lieu, suivant les situations,
d'hypothéses ou de conclusions et une liste de théorémes. Une inférence
incompléte - voire un probleme & démonstration - étant proposée, l'éleve devra
choisir un ou plusicurs fuits, un ou plusicurs théorémes pour que soit validées
I'inférence ou les inféreners successives, La tiche de I'éleve sera excéeutée a
I'aide d'un logiciel permettant un travail personnel, puis une analyse
individuelle de ses réponses tapris cventuellement 2 essais).

(1

. , . . R ) . Lo N
Notre tiche didactique et informatique consistera alors, 4 plus ou

ntoins long torme

* !

a constrinre des situations ot leg variables sont contrdlables ;

* A identifier et interpréter les errcurs et les conditions de leur
émergence

* A eonstruire un modole prédictif de procédures erronées ;

* A construire des situations ou celles-ci scraient déséquilibrées |

* a ¢laborer des logiciels satisfaisant les objectifs didactiques.

Schématiquement, compte tenu de ces objectifs, le micro-ordinateur est
intépré sous 2 aspects @

* aide tutorielle de I'éléve duns une situation de probléme a
démonstration (logiciel 1)

* aide pour l'enscignant 4 niicux comprendre les crreurs commises
par l'é¢leve et donc si possible a les corriger (logiciels "Premiers Pas” ¢t
"Multipas”) .

[évaluation du logiciel I (aide a4 la démonstration), souligne, entre
autres, trois difficultds :
1°) Les ¢éleves, dans la conduite de 1la démonstration, butent sur des obstacles de
nature logique : difficultés a identifier avec précision
- 1a ou les hypotheses assoeiées & une assertion restant a prouver
- Ia ou les conclusions découlant d'hypothéses données et d'un théoréme
- 1o théortme justifiant que telle hypothese conduit o telle conclusion,

2 Les obstacles rencontré: por Peleve sont auss? tris souvent d'ordre lexical ot
discurstf,

3 Le nombre de variables didietigues o controler est éleve et certiines d'entre
elles demeurent difficilenient maitrisables. Aussi, pour ¢échapper 4 un
empirisie preéjudictable o Laorecherche meme, nons atlons chercher, a travers
une recherche aneidente, o himater bes variables en jen afin d'amr pla.
cfficacement suyr efle.

Nous sommes alors eanduits de fagon nécessaire a affronter diftorentes
questions hides oces trois difficultes. Comment vemr a4 bout do celles-ei ?
Comment aider Jes jennes eleven (hrme op debut 4°Mey dans Fapprentizssage de
Lo demonstration, en conmenvant par celle 4 un pas, pour é¢hminer ey
difficultes imtrodimte. par Ly vedaction ef Leeanception prlobale d'an probleme ?

D hans e cadre du Cronpenme it de Heeherehe, du O N RS " Didactique et Acquisition dee
cottssances cowentfiies” Le pronpe de Rennes ool condnus, o s fos prasentateurs dw co
texte Marie Dameéle Fontaine (Colldgre de Combourg), Alain Ni aag (LE.P, Victor.-Rault),
Andre Simon (Lyece Bregupgny), 'L Giorgiutti, ¥, Ruamps stitut Mathematique de
Rennes), de P Nicolas ot D0 PY dnstitut de Rechierche en laformague ot Systémes Aleatoires
de Rennca) et de C. Boulard (College L Harpe, Renncs). Tous ces enseignanta-chercheurs
participent & cette recherche, A son expérimentation ot son évaluation.




Comment leur permettre de savoir faire un choix pertinent, parmi une
liste d'assertions et de théordmes, de triplets dont les termes sont :
- hypothese
- théoréme
- conclusion ?

Exemple : Question ire : 6 questions indépendantes. Hypothoses ot
thdorémes sont donnés. La conclusion est a trouver. (cf. analyse § ).

Nous avons ¢ntrepris pour ce questionnaire le traitement statistique des,
données recucillies suivant deux méthodes d'analyse : la classification
hiérarchique (selon L.O. LERMAN) ¢t la classification implicative (selon
R. GRAS). Nous verrons plus loin les résultats que nous en avons déduts.

D'ores et ddéji, nous pouvons nous demander sur quoi s‘appuie la
stratégie de décision de Veleve dans cet exercice tres particulier qui consiste a
faire un choix purmi un ensemble fermé de solutions ?

Cette stratégrie est nécessairement fort proche de celle déplevée dans les
Q.C. M., et en revanche, tres différente de celle qui est suivie dans les
démonstrations a1 plusieurs pas, dans les problemes ouverts et méme dans le
logiciel 1. i Péleve doit seulement retenir on rejeter un element d'une liste. il
n'a pas de veritable activité créatrice. De plus, le sens global n'est pas
mobilisable ; les seuls points d'appui sont le sens du pas de démonstration ct
I'ensemble langagier des assertions ou théorémes dont il dispose. Nous avons
cependant remarqué, grace a la répétition, a l'accumulation et a la
concomitance d'erreurs, la stabilité de certaines procédures qui correspondent
a4 des modéles de fonctionnement en équilibre aussi bien chez un éléve
particulier que chez Yéleve en général. Les errcurs, que nous appelons tous
"erreurs de raisonnement”, relevent de causes profondément ancrées et pas
seulement d'ordre logique. Elles tiennent aussi a la méconnaissance des objets
traités (quand ce n'est pas du vocabulaire utilisé) et aussi, trés fortement, lors
de l'articulation  hvpotheése théoreme - opilusion , au pouvoir attracteur
de certains mots, certains signes ou symboles, certaines formes (structures de
phrases, rythmes,...). L'¢love assemble plus, quand il se trompe a partir d'un
critére "sigme” que d'un critere "sens”. Il va puiser dans les solutions offertes
les indices formels les plus vraisemblables, Lyl 1 tinents pour lui.

§3 - LOGICIELS DE . VELATION ET ID'ANALYSE.
3.1 "Premiers Pas'.

Il ne s'agit pas o vroprement parler diun didacticiel mads plutot dun
outil de dingrnostic,

al Le.module dleve

Lieliove dispose d'une Tiste de faits (énoneés pouvant servir anss ben en
hypothose qu'en conelusion) ot d'une histe de theoremes reperes par un
numdro. Une démonstration & un pas - inference - T est proposee. Inlle
comporte un ou plusicurs trous quil doit completer. Toutes les reponses
fournies gont bien entendu conserveos, .
Fxempleg de questions et ? 302 1 manque une hypothese of L conelizion

20 D sende Thivpothese ext demandce tolle pet
comporter un T,

Survant beochony Lt an depart par Fensenprnant tmodule PREPAY Fedeve

dispose de pluticurs excais on non et o bonne réponse lut est donnee oun non,

W Le meduly PREPA  preparation du professeur.
Outre quelques options que te professeur peut choisir (¢, ci-dessus),
I'essentiel du travail de préparation est la constitution des fichiers de faits,
théordmes, démonstrations, exercicog :
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Le fichier "démonstrations” contient les inférences “exactes” attendues
par lenseignant et le fichier "excrcice” localise les "trous”.

It est & noter que Venseijmant a Uentidre liberté de son exercice, tant du
point de vue du choix des théoreémes et faits que de leur formulation. Il a
I'entiere responsabiilté du choix des questions en fonction des variables
didactiques qu'il souhaite observer. Le logiciel est donc parfaitement neutre de
ce point de vue et personnalisable en fonction d'objectifs :
1. Renforcement d'apprentissage du fonctionnement dun pas déductif.
2. Bilan, recensement des acquis des éloves.
3. Réveélation, analyse, diagnostic des erreurs pour une étude didactique

¢) Le module BRILAN.

[l comporte des compteurs standards gerant les fautes les plus
courantes, comme inverston hypothese conclusion, et des comptenrs non
standards qui permettent au professeur d'etudier de fagon plus précise des
vanables didactiques,

3.2, MultiPAS.

a) Objectifs.

Comme nous l'avons vu, la vocation vssentielle de "Premiers PAS™ est le
diagnostic des procédures d'errcur commises par les éléves. Cependant son
utilisation nous fait découvrir d'indéniables apports au niveau de
V'apprentissage de la démonstration a un pas.

I'ambition de "MultiPAS" est de mettre plus l'accent sur l'objectif
approntissage @ il scra proposé aux éloves de résoudre un probléeme simple
mais complet, avec a sa disposition :

* des faits-données

* un fait-conclusion

* une liste de théorémes

* des faits “intermdédiaires”.

L'opérationnalisation de cet objectif se poursuivra suivant deux axes :

1 - la reconnaissance du changement possible dans le statut d'un fait (un fait
démontré, qui apparait en conclusion d'un pas, peut étre utilisé comme
hypothése ou partie d'hypothese dans un pas qui suit) ;

2 - l'enchainement des pas, avee la possibilité donnée éventucellement a l'éleve
d'inscrire ses pas dans lUordre de son choix, v compris 4 partir de la
ennelusion,

b) Conception penerals
"MultiPAS” herite du dopiciel precddent une conception en tros.
modules o * préparation des exorcices par Uensefgnant ;
* recherche diune demonstration par les ¢leves (loutes les reponses
sont enregristrees)
* bilan, exdeute apres le passage des groupes d'éleves.

¥4 ANALYSES STATISTIQUES T DIDACTIQUES D'UN QUESTIONNAING,

4.1, Présentation da questionnaire.

Un ensemble de 6 questions est propose ivdes éleves de o elasse de heme (1213
ans) apres Venseignement de guelgues proprictés de la symdétrie par rapport a
un point. A chaque question correspond une inférenerr que U'élove doit
campléter en choisissant un des 11 faits suivants 3 titre de conclusion ¢
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On peut schématiser les proximités formelle, sémantigue et
référenticlle, a priori, de ces six questions :
Soitete o 7 S centrale Toansttivisd dy

caral il fsme

4.2. Résultats.
17 Paramitres des roggsutes,
a) Mayens
On retrouve la hidrarchic presumee a priori entre les reussites R, aux 6

questions : Ry (96,25%), RU(TETHM) ot R (72,57,

Ona:Ry= R (875 )
R, nettement inférieur & R, . R, légérement supérieur a Rq.
Le taux de réussite de Qg (85 %) est un peu inférieur aux taux de
réussite de Q, et Q, {Q; ne fait pas référence a la symétrie centrale ; son

théoreme est instancié). 1l est nettement inférieur a celui de Q, malgré la
méme formulation du théoreme en “si... alors...” ; est-ce en raison de la double
hypothese ?

b) Coefficients de_corrélption ot x

des € questions.
- Les plus fortes liaisons positives sont observées entre ;

2 ontre los modalités "réussites”

R; et R, (formulation différente du théoreme mais méme
contenu) ; p = 0,38,

Ry et Ry fp - 02580 Deatco que e sont les mémes eleéves qui ont

des difficultés & L mise en train (Q)V et i soutenir leur attention (Q )

ol l(,-, ont avec toutes les autres reassites un coefficient de
correlation tres proche de O ot meme nepatifiael avee Ry
2 Analyse hierarchigqne des reponses,

Nous utilisons la methode de classihication de LG Lerman selon
PFalgorithime dit de Ia veadsemblanee dua lien

A Bicravchigue des et




L'arbre complet figgure en annexe.

7.4. Analyse implicative.
Selon une méthode analogue A celle de 1LC Lerman, R Gras mesure

Fimplication entre attribut a et b 4 partir de 'indicateur de base I

Ahb
ensemble des individus contredisant a - s b.

[¢ tableau des imphceations permet de censtruire le graphe oriente,
transitif, pondére, associé d la relation de quasi-implication.

Arbre amplicatif de réunssites.

$5 - En conclusion, il semble clair que I'outil informatique s'avere puiszant
au nivean didactique pour controler ot activer certaines variables dont un
mesure mal Peftet dans les cadres traditionnels de Texpression orale ou éerite
de L elavse 11 permet, enatténuant Ninfluence de Paffect dans 1o relation de
Ueleve au savoir, de faire dmerger des procédures spontanées ot naturelles ot
embrassant des populations de taille jmportante ¢ ans imposer un plan
d'expérience lourd et eomplexer, d'analyser des ropularités dans e
procidures © Ansi o bemibsion de congectures sur le plan des stratooe:
dimpenerie didacthique trouve un fondement moins cmpirigue gque eelug quoun
cuseignant peut formuler au v des productions des dleves de saelasse. Aussi,
nous continuerons dans Ly vine dialectique d'une part, de perfectionnement,
efficacite et accesalnhte de lenends, daatre part, ennsaon, operationalization
ot evaluaten d'hvpotheses didactiques. Cest, nous semble Cila travers des
telles dunlites que Tintopration doomicro ardinatear dans Lo proee: s
d'enseipnement puriera son sins et convannera deozon utilite,
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GENDER O GTERFERENCES DTN MATHEMATICS LFARNING REVEISL iR L)

Grlah ¢ leder
Faculty ot kbducat ton
Motivsh Tnpversaty

Clhavton, Victorna, Anstrealia, jin¥

Abst ract
Over the fast peeade much atteption has been focused by practitioners,
vlmimi st rtoras Sl osaatems, Jovernments, as well As researchers, on

Setder b eretces s mee bemat tes s bearnane. Lo this paper data
sathered Shproneh sntervieas an PR with stadents an dresde thieo and

e clneses are dincusoeds bartyenlar emphasas s placed on o bect e
varvebiles bebieced tooampae b on mthepatres Tearning. 14 1s ardueed
Preetosnmmre sttty s e e b splemented with o anterview data tor
Mt pve e ription o continang Oonder
Ao renn e mt hemat s bearnng,
The St b by v the Fdacat tone b wards (Commonwenalth
Commiseron s PUSTY Coamaloced quate explicttly the commitment o1 the
Vestreal v gevernment teogerder ety an edueat ion., The prociarmed
poliey vummarrsed and boadt on practioos and instial ives already n
Flhoce v wrrons S dtes and systems, Tt recommendat fons 1ne buded
the v dapment ot edoe st tonad progeams and related sty on in
primaey nd wecandary ccheods Lo whieh wi o enable sl Austialaan
trrteoand bovs b deselop their potental,
Petare ate patdacat ton, spectal funde had been made avagiabte for
mounted topedreas the daeadvantages faced by girls o

cottins s Theonth not Ste men porpoee, the sty

Yo ampe
Gt b wath o mathemat o bearnane,

choetne oWyt by

DRSS AN TR U AT SN RS S

ViM
Mmoo ter tident P ety
B O N R A A R Pl partvo apat e toon b 1o weet e qnbome o thogt

Pl we b gar kbl mat it the peaenre b, However , the dat g
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coftection procedure used mlso atiowed & vumber of gender differences
to be examined,

METHOD
Mathemat 1o jessons were videotaped at various times during the school
vear,  Selected exvcerpts were replaved to the students ina one=to-one
settamg to enplore whiat they heard and processed when teacheres
explared andt disoiseed matneme el coneeptss Anadyers of these data
are st bt oo prodress,

Viarrous wtratedie s wers weesd b facalitate rapport boetween the
Stoedente sand the anterviewer deeand the e sewsrons, For example,
boelore turene to the vpdeotqpes students were ashed questions about
theor backaround, soraal snterests, and reactions to daifferent aspects
of mathematies lessons Thes o seasions were erther videotaped or
audiotaped,  ITnspection of the students’ responses revealed a
sufficient number of continuing gender differences to warrant closer
examination of the data,

Menenres of student acbievement were collestod on two occastons:
during terms 2 oamd Y0, one quarter of the way through and towards
the end of the school sedr respectively,

Fhe sample
The wample comprose. T oo Pl and B bovs, in wrades 3 oand
nofoee it ferent o the same rentaion one Mejbourne, Australin,
et redtonnd o Ueer for thea
opeat ooy Iy ; I tortes tae et renal phaloaegphe,
triment

Mt bt ety o i et S toar the Aot reported b,

Lot et it e e thear natape and weope
beoome apprent an bbb e b e pea i tay they are not descoribed

vameete et b,
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ao measures of student achievement were obtained: throagt the

adminast rat ton ol mathematices tests and thromth teacher rankings,

The Progressive A hievement Tests i Mathemat 1es Cinstralian Coune

for Educational Kesearch, 1984) was admintstered to the @rade threee

students; The Class Achiovement Tests in Mathematios (Australian

vEofor Bdueatoonad Keseaech, 19768) to the grade 6 students

Frior to the admieactt ¢ on of the tests tea hivrs were asked

fherir students ot s P hree gronpst abuve averade, averade, and
et

REGULTS

Noosaund Doeant ditteren o owere found an garls' oand boys’ cierag

pertormance on the mathemattos tests, This held for each class, at

wreade Tevel, and tor hoth testings,  The broad overlap between

teacher rataing and student score attained on the tests can be

summarised by repoarting that an each class students rated above average

However, a4 namls i osubtle differences were noted 1n teachers

the hghest mean score, followed by those rated as average, with
strdents ratod g below average havaing the lowest mean seores,
'oratings
theor stndents, Despite the very similar performances of the girls
the oty oliectively teachers rated 258 of the boys b
tho e abenve vernade group, and TH2 of the hows
Aothe s an the below average group. when askoed
e e byen abont thear omn pertormance, 2 . oo
S e e b ande cted it they censidered themselves ;obe qbone
wes T0% of the boeve and 2HZ of the girlsy below averags,  Kespoenises
thor oent ot e vammearraed b o Becgnee ot he
ot gy te b, me g

v nambeer of the gqoections ashed,
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SSpare taime qet vt e
while there was moch overtap aon wrrs’ and bovs' lersure time
wotivitaes, firts seemed o spend more time on sedentary indoor
act vt res; hovs on e tave cntdoor parsuagt s,

s oarite lesson:
Mathemat tes wae weminated Yy T2 o the bovs and 21% of the arrels:
Sport o by YRT G the bove st el cf the e lss Tamrnaate by 188 oY
e

oottty ot omeet e
Tharss theee o ' Tt : i constderod mathemat tos to by
vy, comparcd aptho T ot b PET ol the arla amd 3152 of
the hoes Dot v ed mathemst oo o be o dettaientts the rest “conldn’t
s o e bveved that Tt chpends oo the wark',

when faced with a diffrenlt mathematics problem, about two-

thirde ot both the @irls and the bove wonld ask the teacher for

helpe Streatedioa of troimt ntian or retarmng to the problem

Aater were volunteered by oabeat one-thied of the bovs and
approvimat el halt the sarios Sarprivingly, very few students
indi ated thay they woald cesh o trrend tor hely,
v pateay oo cat e up, atter o oabeaene
Frocnds tearnred ctronede n the repiios to Vs guestion, Abont
tweethards of b bovcss and bt the b andreated that they
woaldd ek o e e Lttt e tae anhiaordud sy typaeealtas
of e same e e et ot oa guarter ot the bovs and
100 of the el wonnisd Foret tarn e the toacher, The remaander
s e s bd et . . il Tt know ',
Thoetm mathemat Alone ce owatho ety

Pecpte some crprany s bl pareterenees most student s

tdrenteod that Uy Bakedd bt hy,
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SUcrerpved parentsT attitades to nathemat sos
Vpproaamate s 0L ot the bova and ot o the darls nmdroated that
thevr pare Boed woased that meathemat 1o = e i impor tant
ard that b the <tudents, should tey hard toodo owelt
cord theet they heed e ade Wbt tlear

metiemet v vt then b e them ot o e

bove o

tren v

st pve A g namber

She s o here d the top mark oan her
anerdered v beoweb b oaboo o averaane I
cepre tame b

ookt

Shoete e thng

b whiat v e o,
RS PRTNA B S YRR TR B

Fhe o b amd can
Whit - b

R ITL P N B R A N TR Y Y R

pob ey and e b b o wea ket w
oo othonk g o cmethtet o boe s bty

he e e mathemat o on her ownand has some hes st o ahe

warkaims with o partoer, 230




e time s when boworl o wath o others they tell mer D dontt tecd
gite s decd becanuse somet paes when they do that, they mis toel!
mee and L oend up with the mecmd sum, cduse they mis-told
me, ... tRat Y 1 odont e mond ety others,
Sl U he that Carde are prcbatiy pettor o mathemt ves than bevesn
Co
VD the arde o an oot afrades are o ot better at mathemnties than
the bovs. o0 D think Vo choald tryy Some people do Tearn more
then othoren Bat o1t ow o nbd beonn et we all Tearnt the same
Lot wenban T ot e IS P wdrade treey Lk b asany
" L S B
" Pt L B S L R - H NEN LA o el tha!
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Com
to . PRSI . . ; Cob i o
I IR B ' Lo [ I SN et et et
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My b oate o 0 ' [T L] ' ot o) !
Hoomo b 2ok 1 oine Moo et o e b the bt
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Yk wbeeowh Lewe T L [T SNSRI A TLVR S VR C B
Loy e 0N L
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Yhonk mathemat e e w1t ! el vt b belyeveo s e e ot
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Pec n e s s oh the two testangs, He s regarded as oa wood

EENTYS T P VAN TIPS VRN T (VR O Tno bios spare tame b Lakes

Wt e, Sl omy mom osatd o pearn o my tables so

tomnt oL vt ate Jesson at schood,

b bihe ate You need to Jearn 2t for when you ga taoa

! "

b Beeencne e b ko mathemat oS,
TIRE I rotes o topne o mathemat yes fesson, he o

T oot e aenal by do somee o work toanether, we idn
the W oob e gy v write an vour book and word VLN

e o

i
I L o th b ct s bman st thie o Doy herd wame
s e T e ke e hitve el ey ones,

Pre e e o cane maathemot o on hiis own hecanse

YT et et ke ek o dronp oo bty el vy
e 00 ot

N woreld sk Nthang s best friend, for helpo He
Pobionen ot b et e rlbs o are the same at maths:
| TR TI SO abd e nome thngs better than o ], bot o oa o grrd
dht de cthor thangs betters oMYy mum ds real ool at b, My dad
et b b b ameters amd things for houses at oworko RBut bt
IR A A T T T A R T
el
e potr ey 0 Aoeviere, ahe seopred the highe of mark at
TR PR [ vioc b ot by her teacher ae o0 oot
Ay Sl e e e Crme e Trhaen b tupee,
Pt me e e campat e o perhogps reaeds whinbe general iy
P N
CEgror i mahematy Poomy P ate Lesenn booapee g1t
tan oo e L becmee b anderatand gt and 1t eqey, Some people
Phoagn 0 b bt whier o woap brow o what v oa Aot vou engoay gt
[T B '
Mo, 'y cof G toon b o Yo e tame o Pvamp e o
whoete e b when be T Uinnahed thit s some of the peopae 1 the
i (R BT " tiome ¢ ol hen whoen that 's ad L fanished we can
v
She o acnder s hera 1 ta be one of the top at mathematics,  when <he




chvoutiters a ditftoenlt problem:
Sometimes 1 oash Mryo N and he gives me hints and 1 oget 1t straaght
off. Somctimes T ojust sit there and walt until 1t comes 1nto my
head.

She can not say whether rels or boves are hetter st mathemat ics becanse

ttoadl depends on how smaey yen are, tot whether yon're a boy or
girl.

Her poarent s

Ao pretts o ctpnot o : ey sy 1T'm oot to fool around an

oy

mathe co F U petes aed s o, ey want me to b proetty oo

inomathe . My dad's wood e sometaimes he mabes me these Titt e

storres amd Dohose to woak them vt

ONT LT TENG COMMEN
Moy o f o b bt mere e ot oemed thoeee ot e b ey

recear b bhespate e vderab e number o protiams moanted to
Promete cqurts o mathemat o fearnind, it s aned boves with comparable
thievement gnoeathemat ton poroegsed themeolven, and wepe perceived tn
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La résolution de praoblimes dans 1°'enseignement des
sathénatiques: compte renmdu d‘'une expérience
aupres d'enseignants du primaire

Giséle Lemoyne et Frangois Conne
Université de Hontréal

Abstract

Mathematical prodlem solving 1s a part of the curricula for
primary and secondary school levels. Viewed by most of the teachers
and the authors of the curricula as & royal Bmean to coastruct
mathematical bhadilities and knowledge. problem solving beuristics
constitute apn object to teach. In order to get a Dbetter understanding
of that pbenamena. we conducted an erperiment with teachers in whict
they were linvited to solve problems they judjed difficults. tc
discuss adout the leuristics tbey usad and to clarify tbe role of
mathematical problem solving in the teaching of mathematics.

1. Discutant des heuristiques. les emseigmants découvrent que
les  mathématiques ont un contenu

Intéressés & infléchir les conceptions des enseignmants sur les
mérites d'un enseignement des heuristiques de résolution de problémes
mathématiques, nous les invitons A& résoudre des problémes et &
discuter des heuristiques alors appliquées. De cette erpérience, la
majorité des enseignants ne retiennent que les connaissances
mathématiques qu'ils ont pu construire. Le compte rendu et l'amalyse
de cette expérience visent une interprétation de ce résultat.

2. La résolution de probldmes dans 1°élaboration des savoirp
en mathématiques

L'activité des mathématiciens. productrice de savoirs sawvants,
est déclenchée et modulée par les problémes, les conjectures et les
questions envisagés par ces chercheurs (Brousseau, 1986). La
résolution de problémes caractérise cette activité de construction de
savoirs. Le mathématicien partage ainsi avec sa comaupauté
scientifique. non seulement des savoirs mais également des savoir
*ire. L'intérét des didacticiens et des enseignants pour ces savoir
taire apparait pleinement justifié.

<34




L'intérét des enseignants pour la résolution de problémes,
a toujours été Comme le fait remarquer Conne (1989), les probléses
sont des ‘*archétypes dans 1'épistémologie commune® des enseignants
qui les proposent depuis des siécles auxr éldves; cet intérét trouve
sa justification dans les astuces de raisonnement ou les heuristiques
qQui emnoblissent cette activité qui apparait alors une manifestation
éclatante de 1'intelligence générale. La notion d'heuristique s'avdre
également des plus coamodes dans 1'interprétation des échecs ou des
ditticultés des éléves en mathématiques, au centre d'élaborations qui
préservent les identités des enseignants et des éléves. Enfin. les
enseignants ne peuvent généralement que recourir eux heuristiques
pour rendre compte de la construction de leurs connaissances en
mathématiques. ces heuristiques constituent également dans 1'échange
enseignant-éléves les entrées du nmodéle de construction de
conmaissances que 1'enseigmant entend transmettre aux éldves.

La résolution de problémes est également un objet privilégié per
les chercheurs en didactique des mathématiques. Les études réalisées
depuis les dix dernidres annédes (Kilpatrick, 1986; Kintach § Greeno,
1985; Krutetskii, 1976; MNayer, 1983 Schoenfeld, 1985; Vergnmaud,
1961, 1962) ont modifié les perceptions initiales sur les
heuristiques de résolution de problémes; peu de chercheurs en
didactique des mathématiques ne songent maintemant & dissocier 1les
heuristiques de résolution des contenus mathématiques des problémes
et ne croient utiles d'imposer asux éléves des démarches de
résolution de problémes.

Ces modifications des connmaissances et des prescriptions des
chercheurs en didactique des mathématiques n'ont pas encore atteint
les enseignants et les curriculs en mathématiques Bien au contraire.
on observe depuis un certain nombre d'esnnédes une inclusion
d'heuristiques de résolution de problémes mathématiques dens les
programses d'enseignesent de cette matiére On assiste donc a 1la
création d'un nouvel objet d'enseignement' les heuristiques . voire
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méne, les algorithmes de résolution de problémes. Ce glisseament
mnétadidactique reldve-t-il d'une transposition didactique? Notre
interprétation des études du phénoménc de transposition didactique
(Chevallard. 1965. Brousseau, 1986) nous incite & le penser.

4. Les objoctifs de la présente étude

Les questions suivantes sont & 1'origine de cette étude:. a)
Quelles sont les connaissances des enseignants sur les heuristiques
de résolution de probléaes? b) Quel rdle 1les enseignants
attribuent-ils & la résolution de problémes dans 1'enseignement et
1'apprentissage des mathématiques? ¢) Quelles sont les heuristiques
que ces enseignants mettent spontanéaent en oeuvre dans la résolution
de problémes mathématiques? Correspondent-elles & celles qu'ils
préconisent dans leur enseignement? d) Quelles sont 1les
heuristiques que ces enseignants mettent en oeuvre dans une activité
de résolution de problémes étalée sur plusieurs jours, exigeant de
aultiples tentatives de résolution de problimes jugés complexes ou
difticiles? e) Cette dernitre activité de résolution de problémes
nodifie-t-elle leurs perceptions de la place et du rdle de 1la
résolution de problémes dans 1'enseignement des mathématiques?

é e didac e

36 enseignants (28 étudiants en formation des maitres et 8
enseignants en perfectionnement) participent & cette expérience.

6.1. premidre étape

Les enseignants sont d'abord invités & répondre individuellement
auxr questions suivantes: a) Quelles sont les heuristiques
(stratégies) de résolution de problémes mathématiques que vwous
conpaissez ou utilisez; parai celles-ci, quelles sont selon vous les
plus efficaces? b) Quel réle attribuez-vous 4 la résolution de
problémes dans 1'enseignement et 1'apprentissage des mathématiques?
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§.2. acconde étape

Une banque de problémes leur est ensuite présentée. Les prablimes
retenus sont puisés des problémes discutés par Schoenfeld (1985) et
Hayer (1983): ume treduction et une adaptation sont effectudes. A
titre d'exemple. le probléme suivant: “Une distance de 363 km aépare
deux villes. Jeen et Paul décident de se remcontrer. Si Jean
parcourt 1 km la premidre journée, 3 la seconde, 6 la troisidme et
ainsi de suite. et si Paul parcourt 2 km la premidre journée, 6 la
seconde, 10 la troisiéme et ainsi de suite, quand se
tencontreront-ils?*

Les enseigmants disposent chacun de 2 heures pour résoudre ces
problémes. Ils sont invités A& essayer de résowdre tous les problémes
et & indiquer pour chacun les heuristiques qu'ils utilisent et le
temps de résolution. Leurs solutions sont ensuite examinées; les
problémes apparemment les plus difficiles sont retemus. Puis. chacun
des enseignants se voit contrsint de résowdre le problame qu'il juge
le plus difficile. 11 dispose alors d'une période de 2 semaines: il
enregistre sa démarche et rédige um rapport écrit de son eactivite.

Suit une présentation commentée des heuristiques de résolution de
problémes décrites par Schoenfeld (1985). Les analyses de chacun des
enseignants sont slors discutées en fonction de cette présentation:
des questions contrdlemt cette discussion: Quelles sont les
heuristiques dont fait état votre analyse? Quelles sont les
connaissances qui président & 1'évocation de 1'une ou 1'sutre de ces
heuristiques? Ist-i11 possible d'ordonmner ces heuristiques et de
suggérer une séquence d'application de ces bheuristiques? Ixistent-ils
des heuristiques plus efficaces selon le contenus mathématiques?

roisiéae étape

Quatre équipes sont formées et doivent résowdre le probléme
suivant

Un automobiliste part de Montréal et se remd A Québec. 11l
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offectue ce trajet & une vitesse moyenne v. A quelle vitesse doit-il
revenir & Hontréal. s'il veut que la vitesse moyemme pour tout le
percours (aller-retour) soit 2 v?

Une heuristique différente est imposée & trois des équipes. la
dernidre équipe pouvant choisir les heuristiques qui 1lui seablent
appropriées: équipe 1: représentation graphique; équipe 2
représentation nmumérique. équipe 3. représentation algébrique. Les
solutions de chacune des équipes sont discutées

5.4. guatridae étape

Les questions formulées & la premildre étape sont reprises & cette
dernidre étape; un examen des réponses est alors effectuée et les
enseignants sont confrontés & leurs réponses initiales.

6. Ezanen des comportements
6.1. les perceptions injtiales des emseigmants

Invités & préciser le role de la résolution de problimes dans
1'apprentissage et 1'enseignement des mathématiques, les enseigmants
ne font jamais aeppel & leurs activités en mathématiques. Ils
invoquent trois points de vue essentiels: le point de vue de
1'enseignant qui tente d'ezpliquer les réussites et les échecs des
é1ldves en résolution de problémes; le point de vue de 1'enseignant
qui reléve certaines observations sur 1'efticacité de certaines
situations de résolution de problémes. de certaines tAches, en regard
des heuristiques dont elles peuvent susciter l'application. le point
de vue de 1'enseignant sur les processus de résolution de problémes,
relevant davantage de la psycho-pédagogie que de la didactique.

6.2. 1les heuriatiguea appliguées par leca enseigpants au
cours du travail prolongé eu résolution d'un probléme

Les heuristiques de résolution de probléaes mises en oeuvre au
cours de la premiére tentative de résolution des problémes qu'ils
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jugent difficiles sont peu wvariées chez ces enseignants: lecture
répétée des textes. inscription de certaines domnées, calculs
immédiats ou encore., représentation algébrique de certaines domnées.
Peu de schémas ou de dessins sont comstruits. Tous abandonnent ces
problémes aprés avoir procédé & certains calculs.

Ces comportements se aodifient par la »suite; contraints de
poursuivre la résolution d'un de ces probléses, plusieurs enseigmants
nettent en oeuvre diverses heuristiques et peuvent les évaluer en
tenant compte des connaissances en jeu dans les problémes.

Dans la discussion des protocoles. la majorité des enseignants
peuvent reconmaitre les heuristiques de résolution de problémes
décrites par Schoenfeld (1985). 1Ils constatent également que
1'application d'heuristiques dépend de conmaissences spécifiques; ils
s'entendent sussi sur le fait qu'une heuristique n'assure pas la
réussite d'un probléme. S'ils puancent alors leurs jugements
initisuz sur les heuristiques, la discussion n'entraine pas ums
soditication des conceptions du réle des heuristiques dans la
résolution de problémes et une dissociation des notions
d’'heuristiques et d’'algorithmes.

! t ntrainte _ d'heuristiques
particulidzes per les enseignants

Devant appliquer une heuristique spécifique pour résoudre 1le
probléme sur la vitesse (troisitme étape), quelques enseigmants
seulenent parviemnent & résoudre ce probléme; certains résolvent
d'abord le praobléme & leur facon (une solution mmérique, en général)
puis produisent une solution adaptée & 1'heuristique desandée.

6.4. le bilan réalisé par les enseignants & la suite des
activités de réaclution de problémes

Le bilan des enseignants sur les résultats de 1'expérience

qu'ils ont vécue ne comporte presqu’'exclusivement que des références
aur connaissances sathématiques construites. Ainsi, placés dans ume
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situation anmalogue A celle des éleves auxquels ils s‘adressent.
devant ainsi réscudre des probldmes non routiniers et eppliquer
certaines des heuristiques qu'ils suggérent normalement aux éldves
d'appliquer, ils sont amenés & s'interroger sur la pertinence de ces
heuristiques et A lier ces heuristiques aux contenus mathématiques
des problémes et aux commaissances dont ils disposent. Cette
activité leur permet avant tout de comstruire diverses commaissances
sathématiques; pour cette raison, bien peu parmi eux attiraent avoir
égalenent élaboré des savoir faire en mathématigues.

On peut taire 1'hypothése que ces constatations sur leurs
expériences puissent les conduire & modifier leurs perceptions du
rdle et de la place de la résolution de problémes dans 1'enseigmeaent
des mathématiques. Cette hypothése serait, dans notre étude, non
confirmée. En effet, lors de la reprise des questions initiales, la
majorité des enseigmants s'appuient sur les ditférences entre leurs
situations d'enseignmants et les situations d'éléves pour rappeler
1'importance de proposer des démarches de résolution de problémes aux
éldves; les raisons invoquées sont de cette nature: contreirement aux
adultes, les éldves ne savent pas comment aborder les problémes, il
faut donc leur enseigner. les ¢léves n'ont pas encore fait
suffisemment d‘'activités mathématiques pour étre en nmesure
d'identitier les stratégies pertinentes, il convient donc de leur
faire découvrir 1'importance de ces stratégies & travers des
activités wvariées de résolution de problémes. Les enseignants
concluent en déclsrant que cette expérience leur a permis toutefois
de découvrir que les contenus mathématiques des probldmes doivent
étre exaninés avant de proposer des heuristiques. un tel examen leur
peraettant de proposer des heuristiques plus pertinentes.

7. Rétéxences

Brousseau, G. (1966). Theorisation des phénoménes d'enseignement des
mathématiques, Thése d'état. Université de Bordeausx 1

Chevallard, Y (1985). La_transposition didactique, Editions La
pensée sauvage. Gienuble

ail




Conne, F., Pauli, L. (1989). Initiation & une réflexion sur le rdle
du langage dans 1'enseignement des mathématiques, Petit zx. (4
peraitre).

Kilpatrick, J. (1986). 4 retrospective account of the past
tventy-five years of research on teaching mathematical problea

solving, in E. A Silver (EQ. ) Teaching and learning mathematical
problea solving. Hillsdale. N. J. . Erlbaum. 1-15

Kintsch, ¥., Greeno, J. G. (1985) Understanding and solving word
arithmetic probleas, Paychological Review, 92, 109-129.

Krutetskii, V A (1976) The_Psychology of lathematical Abjljties

in School Children. University of Chicago Press.

Mayer. R. T (1983) Thinking, Problem Solving, Cognition, Freeman:
. Mew York.
Schoenfeld, A. H (1985). Mathematical Problem Solving, Academic

Press. Nev York.

Yergnaud, G. (1981). Quelques orientations théoriques et
méthodologiques des recherches francaises en didactique des
mathématiques, Actes du 5 e Collogue PME, 2, 7-17, Grenoble.

Vergnaud. G.  (1932) A classification of cognitive tasks and
operations of thought involved in addition and subtraction probleas,
in T. P. Carpenter , J. U Moser & T. A Romberg (eds. ). Addition and
subtraction. a cognitive perspective, Hillsdale, N. J. : Erlbaum.

[ gV
bom
-




BY "ADDERS' 1IN PRODPORTIONAL REATONING

Poat taan lan

Depaitt nrent o8 Mathees iy, Hoataonal Tonwas o roal SDnvensty

A dern e st bents Wi cvarnntent by tgad the pevamet o
sty o Chand et tean Boedih adbers, e
adhtion b sty onn meedt of rotio dtems, Botlho wintten tesg
Peapestoated L ow bt Shewod that Tatwan o iy e
srnantly the foees et malpheatave alenthoe
Sratespens Vatwan okdorn euad e

wWerto earared an e I aviews,

eanye A o Stratesay Ao Acdder.

Wipenn et toy endarrge zl 3 o bhiat thee neew b Iiee o, chili
" ,

concentrating on the ditterynee S03 mather than 5/4 will say: chr e

than 4, o thes now et IS moune than 2, danswer 2 S atesry

for calvvr s prrovationd it posows cablod the mnearmeet adrhtion srateory,

I b b gt (0 1) UM o study and its rephieated sy an Tares
(Lan ot al, 19), the moroect vdidibion strateey occured meast frogaently oo
four o' teme (the addition tytee questions), namely, Mr. short gaostion
(the mivvans valie jagee ol , otlumement with ratio B0 ot i lo s
and onlareeoent Wt ptne AU e YR o K Ghvge, Dbt ey g
@prafrant featimes af e perterpaneye of chnliven operating at the Lwer
Jovols o cprdastign it woes ther wo ab thee mnevarredt ceidition ety (11,
Tty L e g, e

i | ST T S S P T N I KT B N S S KA R R IR DI BT

oottty
strateay oo typical rswer trom a chihd at o the fate conerete staae, Howeunt
Kapplis o Al (000 od Bt (O0984) oo 0 ot s an et bl cogeavy e
of b e o g oot b Wi s e e oo,
doevelop adaopeny o duerert, Pater parenad e 0 b ecearary !

vt Lt why el e e kg o crree s Cargrepont iy, Hort

(R R R ) B R N P N L L R R TR BN PR NS SN THNT FRTYRS RTINS

242

Foglizh canmple




Hart. (1981) doscribed thawe students who consistently wsad the anoonrect -
—addition strutexgy to salve at least threwe oat of the abowve four addition-type
items as 'adders’. Therve are about 30 (resp.2us) of adders in Englidy (tessp,
Taiwan) chiliren populitzon of aged 13-15, It was found that adders are not in
any particulay age grougp. Mot of adders are not the least able. .
Accardui) to Hart's (1984) Linxdings, English adders usad the akditive
methads conmstently on ratio problems,  wWhere the relationship bet woen the
values mnvalvead was aimple uch as dauhle, halt, three tames 0 eted, the
students worr ahle to ase thoir additive moethods to oo o cormyxt solution.
Difficulties; arvee when the numerical relationship were mare complex, In thessy:
casas, the ‘adders’ woere not ahle to apply their methods camectly, Instead,
they reaorted to o mmpie ad hitton of the qven values, This given rise to the
‘incorrect-acdition tratesyts I genvral, English adders' approach was
characteriasd by
a) using addtion-basexd child methads, such as halving, doubling, addng on and
building up to salve casy ratw items;

b} avaiding applying multiphication of fractions, and tauvaht algarnthms; ancd

) never using mulpplicative strategics, such as the unitary methad (how much
far one), and the tormda method (a/b = ¢/d).

Instead of the taught multipbicatave methads, Enalid addors wsd
mevalently their own ctull methods on ratio tasks, In Taiwan, Lin (1958)
showed that the taught algarnthms is the only system n junior hugh school
mathematics.,  With such ditterence, 1t 1 a mattor of interost to exanine
whether the stratoaques wsd by Tawwan adders were similar to Engbsh ackdors o
not. This poper theretone sets ot to stady the chaacteristios of Tarwan

adders,

Methadoloay
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the tont paper coi pletod catfioer, and askesd to caplann the aqpuwerns b o
items they B corplotod, Sinee the piestion nndor examination w v Wit
Taiwatess viban’ prrtormance s chatactereasd by e saome toatan s as the O,
adders’ pertormanes, stadonts wers interviewed on selectod Toamer' stems whone

cortvet apewers condd be found by oackhitave mothoks, o COMB addors o, e W dl
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as on the addation-type iwesstaons. This was necesary in ader to determine it

the tems whach they had atsiwersd conectly beed also baeen handbed by additave

maothals,

Fallowing students' explanations amd boanra in mond the teatures
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On g reape item whoerys the amounts tor 8 peopde wae given and the amounts
for 6 peoples w.oe eiked, 8 oat ot 33 addezy viewed 6 people s the saon ot 4
peoplis and 7 povpade and weed the babdding op o strategy to salve at,

When the nimarncal rebitionship wore moare complex (eage 8oy 10805 ‘
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between two figures; the within ratio method is wsaxd by the adder who

concentrated on the ratio of two portions within a fiqure. Most of the Taiwan
adders were aware of one kind of ratio but might not have been aware of txoth
kind of rataos. None of the adders in the mterviews showexd the ahility to

chuxar the o econaome omne antotee two ke of ratices,

(i) Drginguesung ratio from non-ratio contexts

Some Pawan adders wientitasd the type of gquestaon, additive ar
multiplicativ by checking some key wards in the problem sentences. Some, wlhiorn
thoy wsd the native mothols, ‘higger so adding/ mudtiplying' and 'smallor so
subtractana/dividing', chese thewr oporations 1 terms of how comfortalle thoy
felt about the numbxas to e operated on.

In order tonnvest pate ther prnaxoeaes of solving problems, o
non - multiphcative Lk with setoce structure similar o misdng value
popartional item was asked dizing the interviews, 14 out of 33 adders wwd
the multiplier method to solve ity They torvied to solve the poblem by

repeating methods wwad on they ratio test paper.

4, Summary

In terms of the tindings, wme chanctornstios of Taawan adiors conbd e
sum marized as fallows:
a), Using multiplicative doonthaes predominantly on casy ratio item:s,
b}l Thinkina of multyalyiing, however thear multiphicative methals are oot
secure on harder tems with rataos 2:3, 219 ste.
c). Switching to the incarret -rddtion srategy becaws o, car,
non awarvie s o nonsinteaor multiple, obrdaclos of the aoomotne
sottisr, on the atfition by peestions,
Mangpalatinog trastues by toegid alaorithisng poes aborstandinos o
fraction,
The prrwsann Of e protien s Wt bt aat o, Sy e
chve e trre bt e,
NOD awaretwns OF non mteger mealtiphe,
ondy et b cte el of patne, witlan or Yetweon r,
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Dusewsdon

Almaost all the Tawan adders wsed taught mudtipbicative algorithms on the
cagy ttems ot the ratio test, Unlike the Engliah adders who are only warkung
in the additinn system, Tarwan addars are ko warking in the muadtiplication
system, especlally on easy dtomas, From thin point of view, Taiwan addes are
not really adders', mnothe thae sense of that wond,

Evuiencss from othes Taibwoes stiddioos (g, T98) Sugaests that the maan
reseaotes far thess oo e eoowie b e vory ditterent teaching apgaooches
tor which the two sets of studonts are crpexad, T Tarwan the teaching emphoae:
15 oon cwrventional algoritiome whide s the UF, the teachors encoarage students:
tor ke apw o of whoteer et it Botend o ctndente ddevedop wiod Bt h
(1981) callwvd "child potiea ', "which v bosesd on conntuyy, aiding on or
b dsg-up appatasch, ane oy whach clal s attormpd oo rehve matbeiationd

probbeme within o himan s framew nr'

Ioters b the tinete o thas il e b ction, shoul d e eeto
oo ot dhescdogino e et ' de winchs we hiope ton e ol
benefit to, il students,

1. Tarwan akdern: wore el «omentipher and unttary methads on easy

ratio protulemss Pherc b, notrfen which i bt on the Mtar-ewvessy!
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meatunyg of /3 and 3/7, as Hat's (1984) madade showed, has provaed to e
very ettective tor Parwan adders (Bao et al., 1986),

A tormal methaa of tuabng mudtiples, e tikd xoin aex=b , chotdd e
Joearnedd e the aewareness of pon iteses moaltdpe should b developed,
Hoth withan ad between patue shionkd beoomplueizad a0 that thee tlesatabity
ot chiexxnmng the aoavy cccaorne Bad b ratio to pateh the Gontext can e

dervelopnad,
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Canonical Representations of Fractions
as Cognitive Obstacles in Elenentary Teachers

Liora Linchevski & Shlomo Vinner
Israel Science Teaching Center
Hebrew University, Jerusalea

THE EXPERIENCE SUGGESTED TO STUDENTS IN THE CUNTEXT OF FRACTIONS IS
TOO RESTRICTED AND LACKS THE RFLUIRED COMPLEXITY. 1T IS BASED ON TWO
OR THREE STEREOTYPES WHICH WE CALL CANONICAL. THESE STEREOTYPES LEAD
TO A NARROW CONCEPTION AND CAN EASTLY CAUSE MISCONCEPTI1ONS AND
CONFUSIONS. IN A SAMPLE OF ELEMENTARY TEACHERS THAT WE EXAMINED WE
ACTUALLY FOUND ALL THESE MISCONCEPTIONS AND CONFUSIONS,

Frege's charactcerization ol whole numbers is not only an ingeniously
mathematical achievement. 1t can also be considered as a deop
psychological insipht. It tells you, it vou wish to interpret it this
way, what the cognitive requitements needed for constructing the
meaning of the whole numbers are. (According to Frege, the number
five, for instance, is the class of all sets which contain exactly
five elements) .

Thus, many psycholojical claims made about the child conception of
number can be considered as claims whithin Frege's arithmetical
paradigm. Here you can count Piaget (1952) and many others as Gelman
(1978), Skemp (1971) and Stefte ot al (1983). We can illustrate this
point by the following quotation:

Skemp (1971, p. 144-146) asks: WHAT DO WE MEAN BY "THREE"? His answer
is: "THREE" IS THE CHARACTERISTIC PRCPEKTY OF A CERTAIN COLLECTION OF
SETS OF WHICH WE CAN CHOOSE A SUFFICIENT VARIETY TO ENABLE OUR
STUDENTS T.() FORM THE CONCEPT ITSELF.

When dealing with fractions, one sces imnediately that this domain
has striking inferiority relative to the domain of natural numbers.
We do not refer by this to the well known fact that firactions are
harder for thee studenty than whole nusbers, What s 1eally missing
(1) o mathematical detinition which is also psvehologically valid
and, as a reeult ot ot w chataiterization ot the conctete experience
tequited in erder to goquine the abrtract concept of fraction
(analogous to the concrete experience implied by ‘ge's detinition),
We would Libe 1o suppest oodetinition of a traction which tmmitates
Frege's definition of a whole number, This definition, so we hope,
contains altwo the pivchalopical elerents ot the fraction concept and
thus has the potentiol of sugeciting conctete experience requited in

order to agquite the tractior concept,
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DEFINITION: a fraction m/n, n#0, Osmsn, IS THE CLASS OF ALL

TRIPLETS in the first place of which there is a whole, in the second
place theze is a partition of the whole into n equal parts and in the
third place there are m parts of the partition.

Note that by this detfinition we have detined only proper fractions
and we have not defined the notion ot rational number. Namely, we
have not defined the equivalence of fractiouns. But one can easily sre
how to define the missing concepts by applying the above definition,.
Also the above definition lacks an additional condition on the whole
which we omitted in order to avoid complications. However, the
implicit assumption there is that some measure is associated with the
whole, It can be length, area, volume, weight, etc. in case of a
traction of a continuous quantity and can be the number ot efementsy
in case of a discrete quantity., In this paper we will deal with
fractions of continuous quantities.

Note that the notion of the whole is esseatial in our definition. It
implies that it has to be clear of what whole a partition is going to
be made. Qur impression is that this problem is ignored by most
methods of teaching fractions and this fact leads to many well known
confusions and misconceptions of students and teachers. In addition
to that, the concrete experience suggested to students in relation
vith the fraction concept is by no means not rich and not variegated
as the concrete experience they get in relation with the whole
number.

When introducing tractions as CONTINUOUS QUANTITLES there are some
stercotypes which we call canonical that block the way to the
abstraction required in order to acquire the fraction concept
according to our detinition, The most common whole with which
students interact when learning fractions is the circle,

Sometimes they see also squares or rectangles which are not squares,
As a result of using the circle as a whole, the partition into cqual
parts becomes a partition into conpruent parts. This causes soimet imes
a failure to identity tractions in case where the parts are equal but
not congruent. The fact that the question ot the whole 15 not
discussed explicitly and that implicit assumptions are very often
involved causrs sometimes confusion,

Examples and test items relataing to this confugion one can tind 1n
Pock and Jonck (1981) , Hart (1979, p. 66) and Leesh et a1 (1981

pp. 309 Y,
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The goal of our study here was to examine elementary teachers
conceptions about the points raised above. The research questions
were:
1. To what extent elementary teachers are flexible when the
canonical whole is replaced by another whole?
To what extent do they realize that the awareness to the question
what the whole is determines sometimes the success on traction
tasks?
To what extent do they realize that the partition of the whole
does not have to be to conypruent parts?
To what extent do elementary teachers have non-canonical

representations for tractions?
Hethod

Several interviews with elementary teachers were made and as a resule
of these the following questionnaire was formed:
1, What is the whole if the following tigure is 2/3 of iL?

2. Students were asked to evaluate 1/3 + 2/5, One student drow:

S\

1/3

and got the answer: l

Another student drew similar representations tor 1/3 and 2/95 and

AR R

378
o the tirt tadent correct? Ty the second student correct?
Please, explain!
(This question is baned on Peck and Jencks (1981)) .
Pleave determane o each faypurte whether 1t was divided into

thirds, It there is a mistake in 4 tigute, please, explain it!
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4. How will you illustrate to a student the meaning of 2/5. Please,
do it in at least two different ways!
S. A teacher asked her students to mark 2/3 of the following

configuration. O D

One student drew

Another student drew

Is the first answer correct? ls the second answer correct?

Please, explain!

The reader can easily see that questions | and 5 in the questionnaite
vere designed to answer research question 1. Question 2 in the
questionnaire was designed to answer research question 2, question 3
in the questionnaire was designed to answer research question 3 and
question bdin the questionnaire was designed to answer research

qQuestion 4.

The above questionnaire was distributed to 237 teachers and 72 pre-

service teachers. 54 teachers out of the 237 had the official title

of Mathematics coordinators in their schools. These are teachers who
have more interest in mathematics than the average teacher and also

underwent some in-service mathematical training.

In the result section they will be referred to as math coordindators

while the other teachers will be referred to as teachers.
Results

Question | was designed to examine directly whether the cananical
roepresentation ot the traction as a part ot a complete citcle iy an
obstacle in the way to the correct answer in a non-canonical

situation. The results are given in Table 1.

BEST COPY AVAILABLE
253




246

The wvhole is The whole is I do not know or
TABLE the complete 3/4 of the it is impossible

circle circle to know

Pre - service 433

teachers (N = 72) e u

Teachers 29¢ 7 k]

(d = 183) ' 23

Math coordinators 21% 7% 72¢

(N = 54)

Note that the first column indicates the expected misconception. The
complete circle is the whole, no matter what additional intormation
is given., The second column indicates a correct but possibly narrow
conception, since they are intinitely many ways to complete the given
figure in order to obtain a whole.

This was expressed by one of the math coordinators who claimed that
"it is impossible to tell what the whole is. We can only evaluate its
area. There are infinitely many wholes 2/3 of which is the given
figure", This can explain the fact that 72X of the math coordinators
are in the third column. The percentage of the incorrect answer in
the math coordinators was the least in the three subgrcups but it was
also the least in the case of the correct but possibly narrow
conception of the fraction. Since verbal explanations were missing in
most of the answers we cannot tell whether somebody is in the third
column because of a correet or an incorrect reason.

The most common drawings for the c¢laim that the complete circle is

the whole were: -

R

X

NN
N
N

Ve

Y

In the first one, the figure which was given in the question was
ipnoted,. In the second cne, the arithmetical information which was
given in the questicn was ipnored. Such phenomena occur when
stereotypes atre so dominant that they attract all the attention and
the additional information i ignoated.

As to question 5 we believe that a teacher who has a flexible
conception of the ways to represent fractions would have claimed that
both diawings ate legitinate and correct, But only 42% of the entite

sample demonstrated such flexibility, The dotails are in table 2,
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The rigid conc-| The flexible
TABLE 2 eption (only 1 {conception, both
dravlng correct)ldravings correct

Pre - service 62%
teachers (N = 72)

Teachers 46%
(e 183)

Math coordinators 443
(N = 54)

Question 3 included three (out of five) non-canonical
representations of thirds. In order to claim that (a), (c) and (e)
are partitions into thirds a certain geometrical knowledge is
tequired and we were not sure that all the teachers in our sample
had it. What we assumed was that all of them had the geometrical
knowledge required for (4). Hence, teachers who claimed that only
(b) and (d) were partitions into thirds were considered by us as
people who believe that the parts of a partition represernting a
fraction should be congruent. We believe that if these teachers were
aware of the fact that the parts of a partition can be equal without
being congruent they would have examined (a) and would have come to

the conclusion that it is a partition into thirds.

—— ——— ey

All the partiti-| only (b% & (4) only {(a, b & &)
TABLE ons, partitions are partitions are partitions
into thirds into thirds into thirds

Pre - service 20% 513 263
teachers (N = 72)

Teacher 4 kIR 25

)
rdinators 52% 158 33t

s
83
00

)

4

Note that the common cdanonical tepresentation prevented them from
examnining {(a) and their failure in (@) is due to the lack of a
conceptual understanding and not to the lack of geometrical
knowledpo,

As woe pointed Qo our introdaction, it s extremely important an given
traction tasks to be aware ot the question what the whole is, Thiw
point is not emphasised enough in textbooks or by teachers. In ordes

to illustrate (1/73):(1/3) many authors use:

RN R

without mentioning explicitly what the whole should be,
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This leads immediately to the mistakes presented to our teachers by
question 2, We were interested to see what percentage of the teachers
could explain conceptually the childrens' mistakes. An answer like
"the child is wrong because (1/3)+(2/5) are 11/15" is not considered
as a conceptual explanation. Of course, it is better than an answer
justifying one of the childrens' results (and unfortunately there
ware some answers like that). Nevertheless, such an answer is not
satisfactory because it does not have any conceptual explanatory
puower. It indicates probably that the teacher does not have a
conceptual understanding ot the situation. An indication of a
conceptual understanding can be the claim that the whole should

remain the same throgph the entire process of adding.

A claim of wronglA claim of wrong| A claim that
TABLE 4 answers with answers with NO one of the

conceptual conceptual answers 1s
explanation explanation correct

Pre - service 143 662 20¢

‘teachers (N = 72} |

Teachers 16% 663 18¢%

(N = 183)

Math coordinators 263 618 13%

IN=84) e

Together with Table 4 we should consider also the answers to
question 4. Here, only 2 precservice teachers out of the entire
population gave non ranonical representations for 2/5. This is in
spite of the fact that the question asked tor at least two difterent
representations. This is not surprising because in construction
tasks usually the domingnt! representation is evoked in the mind and
thus the vespondents eould use a cirele and a rectangle or tvo non-
sizmilar rectangle, and to divide them into congruent parts,
Therefore, in ordor to pet g nore accutate picture, one should
consult Table 3 whicthi relates to the identitication task. Thisu
table, when taking a liberal eriterion to which columns 1 and 3 are
the columns of the correct gpoewers, shiows us that at most 61% ot the
entire sample realize that pon canonical representations are

lopitindte representations of tractions
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Discussion

The above results show that teachers' visual representations of
fractions are incomplete and unsatisfactory. They are not sufficient
to form a complete concept of fraction. We do not intend here to
recommend specific learning aids which caa improve the situation.
The direction is clear. One should provide the student with various
non-similar representations. We are aware of the risk ot vatious
representations. They might confuse the student. Therefore, it is
worthwhile in this context to quote Behr et al (1983, p. 124):
"Contraty to the prevailing opinion among Mathematics educators, we
have learned that a "good” manipulative aid is one that causes a
certain ammonunt ot contusion. The resultant cognitive disequilibrianm

leads to greater learning'.
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USING CONCEPT MAPS TO EXPLORE STUJUENTS' UNDERSTANDING IN GEOMETRY

Helen Mansfield, Curtin University of Technology, Western Australia
John Happs, Western Australian College of Advanced Education

Concept maps were used before and atter a teaching program on the toplc
wf parallel ltnes. The maps were studled to identity which concept
names were familiar to the students, and which propositions the students
woere able to construct. The concept maps revealed some mlsconceptions
that were not evident in other forms ot testlng that were also used.

Concept maps have been used extensively in some subjects, notably
science, as a method of ctudying students' knowledpge and understanding of
various topics. According to Novak and Cowin (1984), a concept map "is a
schematic device for representing a set of concept meanings embedded in a
framewock of propositions™ (p.1%). As an evaluation tool, concept maps can
be used to determine what concepts are familiar to students and what links
the students have formed between the concepts.

A constructivist view of leacning holds that students construct
knowledge in the context of actions on objects, including ideas, and
reflections on those actions., New knowledpe might occur as the addition of
new information to the structures already held by the student, or

alternatively a nore vadical restructuring of the student's existing

knowledge may be made to accorpodatse new information.  Yor meaningtul

learning to take place, stadents wust choose Lo relate new information to
velevant concepts and proponitions they aleeady know.  For this reason, it
is necessary for the teachor Yo tey to et ablich the main ideas and
relationships that each stodent has a4t the beyinning of a new unit ot

work The teaching mo .t then Y e dpned vo challenge the views the
student aleeady has, o and bo e mpaee el contegat Phe student ' views with
those ot other student o and the teacher Individual nterviews ace one

APpropriate means of probing tudent st views and their use
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teaching and learning is well established. However, their use in larger
scale studies or by teachers in daily classroom activities is not always
viable.

In our tesearch on students’ misconceptions in gecmetry, we have used
individual interviews in earlier phases of our study where the number of
students was relatively small. In the latest phase of our study, however,
we had twelve teachers in ten different schools using our teaching
materials on parallel lines. We decided to ask the students i1n these
classes to construct 4 coneopt map concecning parallel lines as part of
written pre- and post tests, Following is a report on the concept maps

constructed by onse class, and what we learned from them.

Procedure

The class of 29 Year 8 students (12 girls, 17 boys) attended a high
school in a disadvantaged suburd of Perth, Western Australia. The tests
were administered before and after the teaching program by their
mathematics teacher, who also taught the program,

The tests consisted of three parts: (1) the constructiun ot a concept
map, (2) a set of propositions and (3) a set of drawings. In part (2} the
students were asked to indicate which of fourteen propositions about
parallel lines they thought were true, false, or were unhsure about. In
part (3), they weres asked to indicate whether each of the ten drawings
thowed lines that were parallel or not parallel. Pacrt (1) tivst showed a
siaple concept map made by a Year 8 student to chow the Tink between com
ideas about tractions. A statement pointed out that the Qdeas wors written
inside the boxes in the map and that the line:s with arvows showed the links:
hetweon the e Ten ddeas related to pacallel Hines weee then 1400
The students were aiked to Jraw a #ap showing the links botween the yiven
tdeas, to Label the binba, and 1o add other tdeas about parallel Ve ot

they wished

259




exampyle

In pact

Bt wereny

et g

Those students had not received instruction previously on how to
construct a concept map. Other researchers (Edwards and Fraser, 1983;
Novak and Cowin, 1984) have stressed the importance of introducing students
carefully to the techniques of counstructing concept maps but physical
constraints prevented us from doing this. These students were, therefore,
confronted with a novel task that not only required them to construct and
wrgintze propositions about o topic, but also to interpret the given

and to understand what the task was acking of them,  We expected
that these students would tind the construction of a concept map very
crhallenging.

Inteinsically, cousteucting concept maps is a more ditficult task thuan
the other tasks an our tests, since to congtruct a concept map studenty
have to work out a hierarchy of the given concepts, construct propositions
tu link those cone 'pts, and make an intelligible spatial arrangement of the
roncepts. In part (2) of our tests, the propositions were already

constructed and the students had cnly to decide between three responses.

To evaluite roncept maps, Novak and Cowin (1984, p.36) suggest a
numeriea
reaningful, vatid propugsitions shown, the aumber of valid levels of the

gerarchical atcangement of the conceply, valid and significant cress links

cansept s

proacedares that cann be teaesterred readily to other contexts.  Our

able to constpuct before and atter instruction, which concepl names wete

taitoar

thteregted o the number ot propo ations the studentys made and whether or

1) ot our test, no propositional thinking was necessarily involved.

I seore with different weightinge given to the number of

et of related conceptys er oproposition:, and exanples given ot
Grher authors surh as Brumby (1983) have used coding and scoring

wit e e whoat pe oy b rene abegt parallel linen the students were

toothen, and whether they had any maseonceptions that we were

cdereot an Phe other partes ot onge tests. Accordingly, we wers
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not these were correct. An incorrect relationship suggests a misconception
that Lhe student has. Misconceptions can be localized and specific and
exist in an otherwise satisfactory conceptual framework. Similarly,
concept maps can identify omissions in a student's undecstanding. Since we
provided the students with the ten concepts we wanted them to link, the
omission of any of these trom a map might suggest either toat the student
did not understand the concept, was not familiar with the word naming the
concept, or could not name 4 relationship between that concept and others

that were listed,

of the 9 students in the class, 26 were present for both tests. In
the pre.- test, one student re-drew the given fractions concept map and added
explanatory notes to it. Nine students did not attempt the concept map at
all in the pre test. As suggested earlier, this may have been because the
task was unfamiliar, or because they did not understand the given concepts,
or because they could not ovganize the concepts in any meaningful way. 1In
the post test, all the students constructed a concept map, even though
there had been no instruction about them during Lhe teaching program.

The numbers of correct, incorrect, and meaningless propositions made by
the students were tallied. The data for the 16 students who campleted both
raps shownd that in the pout test most students (10 out of 16) constructed
mnate propasttions, tncluding both incorrect and meaningless proposition:,
four made the same numher and two made fower propositions.  Twelye stadents
rade note vareect propesiliong in the pout test, two made the same nuaber
(both zero), and two made tewer. If the number of incorrect propositions
b ovoanted ) vhe Stadents penerally either made the same number of tneorrect

pocgositiones oh stadent) or clightly anee incocrect propositions 7

students) . Gverall, the total number of propositions made 1n the post et

wat predter than in the pee.tost (122 compaved with J6) and the porcentape
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that were incorrect and meaningless dropped (29.9% compared with 48.7%).
these results suggest that in the por.-test, the students were able and
willing to make more propositions, and indeed correct propositions, while
still showing some misconceptions.

The concept names that were omitted most frequently in the pre-test
were “coplanar” (13 times) and “equidistant” (12 times). Both these wordg
are tiot commonly met by students in everyday speech. Wwhile all concepts
were omitted less frequently in the pust test, these two concepts were
still omitted the most frequently (both 6 times). Both concepts were the
focus of parts ol the teaching program.  Nevertheless, trom the maps it
seems clear that both tvemained diftficult i1deas tor some students.

The difficulty the students had with “coplanar™ was not surprising to
us. In previous phases of our study we had observed students®' difficulties
with this concept. The difficulty with the concept "equidistant” was,
however, a complete surprise, although we knew of the difficulty some
students have in measuring accurately. An examination of the responses in
part (2) of our pre test showed that the propositions that caused most
difficulty were “"parallel lines have to be coplanatr” and "paralle' lines
can be curved”, In the pre test, only three students said that parallel
lines must be coplanar, while 21 were unsure.  The students' rvesponses
indicated in the pre test that they were unfamiliacr with the concept
“eoplanar”.  In the past test, only three were ttill unsure, while 18
answered "teuct and xoanswered Utalse” . The students now seemed to be
familiar with the concept while not neccesaraly correct in recopnising that
parallel Lines mast be coplanar

The proposition “parallel Tines have to be the gsame distance apart™ was
correctly ancwered hy 00 ctadtent o oon the pre et and IR o the pogt tese

Note that in this proponrtiog we did not ogse the word ™ pidast ant™

Evidently the weed “equidist ant”™ gtaelt, although used in the toegehing

program, presented difficulties to aome Student s, An examination of the
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links made between "equidistant”™ and other concepts in the students’
concept maps suggested that some students thought that "equidistant™ was a
synonym for "equal length". We were only able to identify this confusion
of language by an examination of the concept maps, since the proposition
concerning equal distance apart caused problems to so few students.

The value of concept maps in showing misconceptions where the responses
to propositions or interview questions might not was evident in several
individual cases. For example, on his post-test map Nathan T made the link
"parallel lines must be coplanar®.  However, he also made the links
"intersecting lines are not coplanar” and "curved lines cannot be
coplanar”. These propositions suggest an incomplete understanding of the
concept "coplanar” and identify what aspects of the concept need further
exploration. Ancthet concept that seemed to be difficult for some students
was “alongside”. For example, Graham clearly thought that parallel lines
must be alongside (aligned rather than non-aligned segments). He stated
"to be parallel they must be alongside” and "they can be on any angle as
long as there (sic) alongside each cother.” Similar propositions were made
by several other students. Sharlene made the comment "It's not necessary
to be alongside each other but it does help to tell if they ave parallel
lines”, perhaps summarizing the view that some students have about why they
think being alongside is an important aspect of being parallel.

Finally, the overall style or appearance of the concept maps seemed to
pive an indication ot how the =tudents were able to organize the knowledype
they had about parallel lines. Generally, the poct test maps were more
complex than the pre tedt maps, becadse more concepts were included and
more links were made and labelled to show propositions. A few students
made Linear maps by linking the concept names together to form a sentence
For example, hoth of Anitta':s maps were linear, althouph she [abelled the

links in the post test map and showed much greater understanding of the

topic.  She was nnt able to label croun links or to arranpe the concept g
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hierarchically. An excellent example of a map that was arranged

hierarchically was CGordon's post test map. He organized his map to show
three branches: things that “don't occur in parallel lines™, things that
“aren't very important for parallel”, and things that “"have to be" for
parallel lines.

Natasha's pre-test map showed a different approach. She linked six of
the concepts to "parallel lines” by illustrating them pictorially. She
drew a vertical line, a curved line, equal lincs, and slanting lines to
illusteate the meaning of these concepts, without in fact making any valid
propositions about parallel lines. Unfortunately, she was absent from the
post test so a comparison between her maps was not poussible. Generally,
despite the greater complexity of the post test maps, there were some
stylistic similarities between the students' pre-test and post- test maps,
suggesting perhaps that the ways in which they interpreted the task and

their ways of ovganizing the concepts had not changed substantially.

Conclusions

wWe acknowledge that the task of constructing a concept map was a nNew
and difficult one for these students. Nevertheless, we considered that the
task was worthwhile trom our point of view. We were able to find out which
coneepts may have been unknown to the students both before and atter the
teaching program by looking at what concepte were omitted. We could not
have obtained this anformaticn trom part (2) ¢! our tests which could have

i

bestn anawered by puessing, we were able to Jook at individudls® maps and
ident ity some of thetr specitic misooneeptions which did not show up in
cither part (4) ot part (3 ot cae test s weo pdent g tied g oproblem with
language that was surprising to un, Finally, some stadents scemed to have
A particutar style that they ueed onoconsteucting their raps whicohosay
supyest how they viewed the baak they were ot and the ways i whieh fhey

were able to arpannae the concept s
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Used along with the other types ot questions we have used, the concept

maps added considerably to our understanding of what students learned about

paraliel lines and how they structured their knowledge of the topic.
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The Role of the Figure in Students® Concepts of Geometric Proof

W. Gary Martin Guershon Harel

University of Hawaii Northern Illinois University

410 university students enrolled in a lower-division “core” mathematics course
designed for nonscience majors were asked 1o judge the correciness of a proof of a
gLeometric statement, and 1o assess the effect of using a different figure on the
rroof s validity. Two major findings emerged. First, use of non-generic figures
didd not appear to imfluence their judgments of the correcaness of the proof;
morcover, e of the specal features of a non-gencerie figure did not eppear to

influence their judgments of the proof. Second, for many students, the proof

apipeared to be particular to the given figure; they indicated that a new proof would

be required if a different figure were used. The “'fit” between the two figures

appeared 1o be a criticel isswe in determining whether the same proof could be used.

The concept of proot is one of the most imponant ideas in mathematics, yet research has
shown that only the very ablest students achieve understandin, of it (Senk, 1985, Williams,
19800, Ina previous stidy, we found that maay students do not titit their concept of
mathematical proof to deductive arguments, but also accept inductive evidenee as mathematical
proot (Martin and Harel, 1989 Faschbein and Kedem (1982) showed that high-school
students do not uaderstand that statemenis mathematically proved to be true require no turther
cinpiiical veatcaton Feoelis of Vinner (1983 capport this result and add the suggestion thiait

‘Bigh whool studenss view a general proof as 4 method 1 examine and 1o verify a particular case
e o ess of the proot s genesabzed tther thae the resuttof the proot; this also agreed

with findimes moonre presioos study eNrtm and Harel, 1989),




In this study we address a further aspect of students’ understanding of proof as
establishing a result versus proof as establishing a process. A formal proof of a general
statement usually involves various symbols and, in geometry a figure, which are used as
external representations of the variable elements represented within the statement. Qur question
is whether students understand that these external representations do not influence the generality
of the proot, For example, in an algebraic context, if a theorem is proved far three variables
labeled x. y, and z, it is equally proved if they are labeled a, b, and ¢, In this paper we focus on
this phenomenoen in the context of geometry -~ to what degree do students of mathematics
realize that the proof of a general geometric statement is not dependent on the particular figure
accompanying the proot”? More specifically,
1. Do students of mathematies realize that the proof of a general geometric statenxkent is not
dependent on the figure accompanying the proof? Conversely, do they realize that the proof of
a general geometric statement may not depend on special features of the figure?
2. Do students conceptualize a geometric prouf as 1 process that must be recapitulated in
terms of a particular figure rather than as a proof of the statement for all figures?

Procedure

Instrumentition

Three parallel paper-and-pencil instruments were designed to aid in answening our

research questions. In each instrument, subjects were presented with three situations, each

- ﬁu:mcdnn scpm(é page of the instruinent, refated (o the statement: “A segmens Joining the.

midpaints of two sides of a triangle iy I,': the tength of the third side ™

=AY
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In the first situation of each mstrument, subjects were presented with an argument and an
accompanying figure purporting to prove the statement. They were presented with a fived:

response question about its correctness < Yes, itis a conect proof’ or No, 1t s not i correct
proof”--and asked to explan their response. Tn the second and third situations of each
instrument, subjects were provided with an alterative figure talong with the onginal figure)
and asked to evatuate whether the same proof would still work, ina fixed-response question -
“The previous proot will work here™, “We will need o new proof™, or *'1 would need to look at
the previous proot to ansaer the question”™ and asked o explan their response

Figures presented mthe istrument varied in the degree to which they represented a

genenic triangle without special features. The proofs presented in the initial situation of each

- B - -

- .

instrument differed in whether they were a general proof, or whether they relied on special

fewures of the figure. The conditions of the three instruments are summanzed in Table 1.

Tahle 1. Conditions tound in Instruments 1, 2, and 3,

Situation 1 Situation 2 Situation 3
Kind of Proof  Kind of figuare Kind of I'ipure Kind of Figure

Instrument | General Cienerud Generail Particular
Instrument 2 General Pamticutar Partcular Geneial

1

Instrument 3 Partunlar Portioubi Partcular General

Subyeets and Method

One of the three et was preented toeashoot SHG et entolled i g fowey

Jevel “cors" mathematios coutse destened for nonsctence muarons ata L midwestern

276
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wniversity: completion of i igh schood Tevel geomery course s aprerequisite for the course.
The nstrinnent was administered duning a required class meetng in the twelith week of the
hficen week course. Subjects were allowed at least twenty munutes o complete their
instrument; all subjects were castly able to finish.
Results
Responses toeach of the instruments were anily zed using two difterent methadologies.

Fiarst, frequencies of respouses to the toreed answer questions were tabulateds see Table 2

Table 20 Porventages vt respotaes o toreed chioree questtons m Invraments 1,2, and 3

N UNPOTINE

n Yes No Look agamn

Instrument 1

Situation 1 130 87 13 (n.a)

Situation 2 113} 75 15 7

Situation 3 1131 ol 33 f
Instrument 2

Situation 1 145 N2 17 (n.u)

Siuation 2 1ol AS N N

Sttuition 3 1ol M 63 4
Instrument 2

Siuanon | 135 b i~ 1.

Situation D totl ol ] 4

Situdtion 3 1 AR il 0

I mntedd o students whio respoinbed Y eV o the st siuaton

Several observations can be niade at this Jevel ot anadysis:
A
| Rty equad o D220 200 percenees o subpects aceeptod e il proot 1o

the it ard second mvramenis Thas, presennzgy e coneral proot withoonoen seret 1o

s R
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did not appear to influence subjects” judgment of the proof, relative to presentng the same
proof with a more generic figure.
2. Roughly equal (G 2204494, p>0.500) percentages of subjects accepted the initial proot in
the second and third istruments, Thus, subjects dud not appear o distinguish between a proof
which ix general but attached to a non generic figure, and a proof which vses features of that
same nomgeneric figure.
Ax seen inresponses to each of the mstruments, many subjects telt that the validity ot a
proof may be dependent on the figure used in explicatny the proot. In each instrument, a keast
157 o1 the subjects who had accepted the onginal proof sere not convineed gt the proaf
woald work with the tigure in Staaton 20 which was “hhe™ the onginal figure. In cach
instrumient, at least 39°0 (ranging up to 76%0) of the subjects who had aceepted the original
proof were not convineed that the proot would work with the figure in Sunation 3, which was
quite different in appearance from the orngnal figare

In attempung to farther explain their beliets of the role of the figure ina proof, subjecis’
explananons for ther responses were reviewed and categorized. These were limited to
Envtruments and 2 due o the inadequacy of the base Tine tskoan Instrument 2

The tollowing magor categortes of response tor subiects who telt that a proot would apply
to the new fipure were desetoped Subecty coterorzedas Genetal appealed tothe gencraiity ot

proot s i the folhnvmy respor e " A proot tat findsostirement sbaald hold e tor gl

enamples eb the e satenen T Subeecrccaironzed e Reptay Selodat the ame proot conld

beapphied o Sreplaved™ i the Canent sitanon s Yowoonld o teaph atb ot the aeps

voruses hetore ard e tthe prehitansweer O Sabyectocatreons b Lo toc don the
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aew Digare as a transfonnation of the previous figure, as i PAlL vou did was enbirge the wiangle
and tuen the triangle 1SOY ™ Subjects categorized as Staement focused on the statement rather
Uuan the proot, as m T e statement is true, then o mustwork,” The remanning students were

categonzed as Nogyplanguen or Other - See Table ? for frequencies of categorizations,

Table 3 Frequenciest of categorzaions for Suhjects who aceepted Situation 1.

tosttument | Instnument 2
Nidion Y Sitaabion 3 Siuaton 2 Siusion 3

Caterornzainon

Aceepred situation
Generat
Replay
Transter
Suternent
Unclassitied
Noeaplenaton
bid notaceept sitaanon
Not Replivable
Not Transferable 1.
Unclassified 5
No explananon )

1Seme respondents were clasaitied in more than one way

- s ; W P ~ - -
-l i -~ A" = _
In the cave of cubeects who feltthar aproof would roz apply 1o the new figure, two major
cateponzation were desceloped - Subiects cateporized as No Replay felt that the same proof

cottid not be oot o rephaved T nethe cunrenit srion, as i U When the addieona) Iine e

added e twevcorrespondig maneles sl no Jonger be congruent ™ Subjects Coteronzed s
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Neo-Transfer focused on the new figure as a “too different” wansfornition of the previous
figure, as in “This is a new figure which is compietely different.” "The remaining students were

cutegonzed as Noex

planation or Qther. Frequencies of categories are presented in Table 3.
Several observations niey be made from areview of these categorizatons,

1. Relatively few students appealed to the generality of proof when arguing that a

previously -uccepted proof will work with a new figure. Many more students relied on suiface

features of “likeness™ of the figures, as seen in the Fransfer and Replay categorizations,

2. This same relance on the sarlace teatures of higures lead many students o believe that s

new proof would be required wath a dittereat figure, as can be seen in the No ‘T

Reaplay categorizations. This etfect was heightened as the figure differed more substantially
from the original figure, as can be seen in the increased frequencies for these categorizations in
Situation 3.
Discussion and Conclusions
We can summuanze our findings to our research guestions as follows:
1. Useof non genenie figures does not appear to intleence students” judgments of the
correctness of @ mathematical proot. This finding s tempered by the observation that use of the

features of a non-geneny frgure 16 also not seen as o prohlem

2 Many stwdents appear tocone epiaabize g s vneme proot asd process that minst be
recapituldated mnene o the pan wie Sore wldre e Thesc ber secnan the number of

subjects who wanted ares proot whes presentd with anew fgaire indeed, afarge

proportion of these Studentsmdicred o they were e s ndement Iased on e B

hetween the twoteee Berber cvea antentowhodid b e e proot woedd he
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vahid with a ditferent tigtne ended o base therr judgments on e refatively few appedied o
the generality of proot,

Further evidence of this phenomenum was tound in 9 subjects categorized Transterand 7
subpects categorized No Transter i Insrument 20 Ta lostrument 2 the figures i the Lasttwo
stttations were “shewed™ i opposite directions: these students mentioned that the proofs would
need 1o be reformuatated reversing the role ot the labels of several of the points, This represents
very ditect evidenee for proof ax replay.

Based onthe tindiees on this study L the tok of the figure ma peometne proot clearis
requtres additonal attention, both n the inaructiona! provess snd in fenete reseach
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The Inner Teacher, The Didactic Tension., And Shifts of Attention
J.H. Mason & P.J.Davis
Centre for Mathematics Education, Open University

Abstract: Hirabavashi and Shigematsu have written several articles
(1986, 1987, 1988) exploring the hypothesis of the Inner Teacher. Briefly
stated, this hypothesis is that students tend to pick up suggestions and
expressions of advice which they hear from their teachers, so that when
they are working, it s almost as if they can hear their teacher's advice
Here we report on an opportunity taken to probe the Inner Teacher
hypothesis in the context of Open University students altending a week
long intensive mathematics summerschool while taking their first
university mathematics course. The study is used as a springboard to
examine connections hetween the Inner Teacher hypothesis, the Didactic
Contract/ Tension (Brousscau 1984, Mason 1986), and Shifts in the
structure and nature of Awareness (Mason & Dauvis 1988).

BACKGROUND of THE COURSE and STUDENTS

Students of the Open University have to be over 21 years of age but otherwise
neced have no other qualifications. They study at home (about 10 hours a week
for 32 weeks is expected for one course, and six courses make a peneral degree)
from printed texts, television programmes and audiotapes. The printed
materials make particular use of such suggestions as clarify what you know,
sort out wha!l you want, build a bridge bolween them; when you are stuck,
specialise, then re-generalise. There ts also one week's work devoted solely to
these processes and their role in both learning and doing mathematics (Mason
1985). As part of their studies all students attend a week-long summer school,
choosing from one of three sites over a ten week period.  The summer school
involves investigative mathematical exploration, with specific suygrestions as
to how to go about it, as well as revision.

THE STUDY

Two cohorts of students were usked gquestions before and after their summer-
school week. The students present for the first week were asked two questions
while waiting for the opening lecture to begin, The first was

Pre 1.1 Think back to vour days at school. Can you recall any slopans,
questions or adviee that your teachers tsed (o talk to vou about
working on or learmmy mathenaties?

For the second week, the guestion was changed very slightly, because we
i A A

regretted the word slogan, which may have triggered o particular form of

reply

e 12 Phink baek to vour dave ot socheol What addseaes or s uspeention.

from yvour teachers abhout workvy o or Teaaning mathematics can
you reeall?
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There were 170 students registered for ecach week, so about 160 were probably
there. Note that some students offered more than one reply.

Advice recalled from school Week One Week Two

None 74 (50%) 106 (69¢¢)

Some aspect of memorising trig ratios 24 (16%) 7(4%)

Some aspect of practicing using examples
or reading the question carefully 15 L10%) 31 (207)

Miscellancous* 15 (10%) 10 (6%

Totals 128 replies 154 replies)

* For example Don't say can't, say I will tomorrow; pay attention; show all
your working,

The second question posed both weeks before the opening lecture, was about
more recent advice recalled from their course. Again, the question was altered
slightly in the second week.

Pre 2.1 What advice, slogans or suggestions about working on or learning
mathematics from the course text or tutor stands out for you now?”

Pre 2.2  Think back to doing the last assessment assignment. What advice
if any from the course or tutor came into your head?

Advice recalled from course/tutor Week One Week Two

None 81 (55%) T7535%)

Process Vocabulary
Know & Want 7(6%) 310200

Process Vocabulary
Specialise & Generalise, Conjecturing 139 201%)

Miscellanous? 30 (217 45317

Speaific to OU Study RARES 1701200

Mathematical Content 1017y 0

Total Student responses 143 rephes 144 rephe;

At the end of the week students were asked

Post What advice or sigyrestions struck yvou particalarty durning the
wick”

Durmny the week there are @ number of mathematical sonps and slogans
connected with mathematieal topies tmost notably QDQ ' eonnected with
matrix disgenaliation), which are inescapable
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Advice recalled from the week Week One Week Two

QDQ 1 and other such slogans 10(9%) T(6%)

Process vocabulary:
Know and Want; clarily question 10 (9% 9 (R

Process vocabulary
Specialise & Generalise, Conjecturing 40 (35%) 25 €23

Miscellancous* 25 (240 35 132400

General comments** 2 24 (2207

None (including ton many; nothing salient) 25 (2270 DR

Total number of student replies 115 replies 109 replied

* Many of these are connected with some striking incident or remark, eg week
one, tutor "I've got my lucky knickers on”, quoted by two students. Advice
ranges from be methodical, wo take a break, don't panic, Listen to others, . ..

** Comments on the value of particular sessions, and other more personal
comments like I feel I'm thinking more mathematically.

METHODOLOGICAL REMARKS

We find it useful to distinguish three points in a spectrum of probes, ranging
from the explicitly directive, through prompted or cued, to spontancous
utterances. Thus, do you recall . . .7 is a highly directed question, whereas a
prompt or cue of the form what advice did I give your colleague a few minutes
ago?, is intended to trigger recall, and, at the other extreme, one can look for
spontaneous utterances by students which signal awareness of particular
advice. We favour the spontancous (Davis & Mason 1987) as the only
unambiguous indication of a persun having begun to internalise advice,
integratirg it into the automatic functioning of the inner teacher. Of course
spontanecous utterances are fow and far between, and therefore difficult to use
quantitatively. Thus in a study of this form it is necessary to resort to probes of
various sorts, and with groups of 150 <tudents, such probes have to he fairly
directive in order to elicit any analvsable respanse at all.

The ambiguity present in interpreting directed and probed responses, stems
from an instancee of the Didactic Tenston. a term derived by Mason (19860 from
Brousseau's Didactic Transposition (19541 The tension, which necessarily
pervades any teaching incident, is that the more explicit and precise a teacher
is about the behaviour sought (as evidence of learmng), the more likely it is that
puptls will exhibit the behaviour mechanically, rather than as o result of
understanding. In the case of the Inner Teacher hypothiesis, the more explicit
the researcher 1x about the kind of rezponse being <ouht, or the kind ot
experience being lnoked for (op the spontanconus welling up inside of a strategy
for dealing with a particular mathematical situations, the more hikely the
subject 1s to provide such i response, not spontanconsty, ot as o resolt of
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having been prompted. For this reason, the questions posed to the students in
our study were carefully chosen to be prompting but not wholly directing. It
would have been perfectly possible, for instance, to ask students what advice
they recalled from the course about what to do when you get stuck, since they
had had a whole week’s work on this, together with the same advice at various
times in the mathematical texts. But the results would have provided even less
evidence about the growth of an inner teacher,

The aim of the study was to probe the Inner Teacher hypothesis. The word
probe was used intentionally, because it is not possible to prove or disprove the
hypothesis by a study of this type. However, it is possible to use such a study as
a springboard for further refinement and for reflection on some key issucs in
mathematics education centred on the inner teacher and the didactic tension.

ANALYTIC REMARKS

Hyabashi and Shigematsu (1988) were able to classify pupil replies in terms of
explanation, question, indication, or evaluation. The replies we received were
all in the form of questions or indications, but we found the distinction hard to
sustain, hecause tutor questions sometimes emerged in the indicative mood,
transformed into advice for the self.

The pre-week replies are sufficiently different between the weeks to attract
attention. It is possible that more of the students in the first week were
teachers, or that the precise wording of the questions triggered different
memories. If the latter is the case, it highlights the sensitivity of replies to
minor changes in wording, and hence the difficulty of getting spontaneous
rather than prompted expressions of what students are thinking.

The comparison between pre- and post- week replies in both weeks is
heartening, even when bearing in mind that these are prompted responses
after an intensive week. Long term, the effects are likely to wear off, and there
is a world of difference between recalling advice when prompted, and using
advice when you get stuck, or even integrating the advice into your automatic
behaviour. Yet with these adults, we can assert that a significant number
became aware of the existence of advice, whatever the psychology of integrating
that advice into appropriate behaviour,

The replies suggest that the initial question may have triggered the classic
experience of tunnel vizion when asked an unexpected question.  Nothing
particularly resonated with students waiting eagerly, and sometimes
uncertainly for the week of mathematies to begin. Of those who did think of
something in week one, the main advice recalled from school is connected with
memorising particular ficts, especially trigonometry,  Although as indicated
there were a variety of replies, we had no less than ten different versions of the
sine 1s stde over hypotenuse sequence SOHCAHTOA, ranging from the
ordinary (Silly Old Hens Cackle Al Hours Through Old Ajred to the adult (Sex
On Hohday Can Always Help To Overcome Anxiety ). Other mathematical
topics were similarly represented mnemonieally,

A more caretul conclumion s that, when asked these questions i the




circumstances of waiting for the first lecture to begin on the first evening of
what is for most a new experience, namely a whole week of mathematieal
activity, what came to mind was school mnemonics.

It is tempting to hypothesise that novelty plays a significant role in supporting
long-term memory retrieval, and furthermore, that there is a cultural
transmission of the mechanism of using novel mnemonics to remember facts -
“that's how things stick in your mind’. DPerhaps this leads teachers to
construct new mnemonics for their pupils, taking pleasure in the novelty of
their own particular version, but perhaps losing sight of the main aim which
is for students to have ready access to the meanings of the trig ratio-names.
The SOCAHTOA sequence was presumably itself intended to be memorable.
Yet the convoluted two step process of recalling a sentence to get the letters and
then decoding the letters to get the trig ratios secems far more effort than
becoming imbued with the three trig ratios directly. 1s it helpful to
recommend such expensive (in terms of mental energy) strategies? Is there
not a good chance that memarising of the mnemonic actually blocks further
integration of awareness of trng ratio-names as ideas, so that it is not possible
to subordinate and automate the awarunesses becuuse they have been labelled
and stored in a mechanical-linguistic way?

By contrast, in week two the dominant feature was the need to practice in order
to succeed at mathematics. These replies cauld be seen as a manifestation of
the culturally dominant impression of m.chematics as a series of techniques

which have to be practiced until they become automatic, so that you get the
right answers. Some summer-=chool activities are intended to challenge this
view, and the replies to the post-week question hear this out.

THEORETICAL DISCUSSION

The study reaftirms the ohservation that some students will not only notice the
use of process vocabulary and advice from tutors, bhut also remember it, and
even recall it when prompted by a question such as the ones we used. In Davis
& Mason (1987) we reported on a similar phenomenon by students studying the
same course, but with a Jonger time frame and with only spontaneous
utterances as feedback from students. Hirabashi and Shigematsu (1986, 1987,
1988) also report similar experiences. How might we account for this, ‘as well
as for its not being nmversali, and what ssues does it ranse for rescarchers
and teachers?

We suygrest that the phenomenon descnibed i an instance of subconscious
tramimg of behaviour T Pavie & Macon 1970w arpued that the techmgue of
repeatedly using the <aume languape pattern vor What do you want?, What do
you know? ete) is more likely to reprister with students, even subconsciously,
than constantly ustrgr ditlerent Lanvuage for the some thing  Furthermore it
i more likely to ren=ter ifat s ascocrated with an incident in which the adviee
actually helped (this observation hes behind the diserg line of noticing
claborated in Ma<on 195750 And finallv, such binguagge 12 more likely to be
noticed as advice, 1l atte ntion 1+ drawn exphatly to it, or some other means s
used tainvoke i shift i the natre ind <tricture of students attention (Mason

& Davis 19R8)
P
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We suggest that the picking up of mannerisms, strategies and advice as
described by the notion of the inner teacher, arises from investment (conscious
or unconscious) in the teacher. Thus we would predict that it is more likely to
happen in pre-adolescents who are (generally) eager to please; in adults who
want to learn and who are impressed by what tutors secem to know; and by
those adolescents who find a suitable role model in a particular teacher. We
note that there can be deliberate mimicking (which is subject to the Didactic
Tension in terms of its value to the student, since what is picked up is the
behaviour rather than the understanding which generates the behaviour).
There can also be deliberate rejection. Thus there is no easily identifiable
general cause and effect operating, so it is necessary to look more closely, We
conjecture that the significant factors are investment/respect; deliberate &
explicit use at moments when the comments help the student out of difficulty;
and supportive use of a pradual movement from directed introduct.on of
advice, through prompted recall of that adviee, towards unprompted, relatively
spontaneous use by students

It could be argued that recall is never purely spontancous if the teacher is
present, or cven if the student is working on material associated with the
teacher, because the very presence of the teacher, or the clasrcom context may
trigger recall. We sugpgest that this is but one step on the way to the educating
of the inner teacher. There are close connections here with the shift of
attention which comes from resonance induced by context or comment (Ma<on
& Davis 1988). Resonance is the mechanism by which any association comes to
mind, whether by expert or novice. The whole point of teaching is presumably
to help students to integrate useful behaviour and to obtain access to that
behaviour when appropriate. Integration comes by subordinating it (Gattegno
1987) to more automatic functioning, thereby releasing attention for higher
order activity, and in particular, monitoring of activity (Schoenfeld 1986;
Mason, Burton & Stacey 1984). Automatising behaviour can come through
practicing (as stressed particularly by students in weck two) and by more
efficient means (Gattegno 1987, Tahta 1988) and 1s an important aspect of
learning. To develop a wide base of resonance, the teacher chooses moments to
invoke directed or prompted responses which are judged to be likely to make
significant sense to students, and through attention being drawn to the
interventions (a shift of attention), a rich web of meaning is built by students,
The richer the web, the more likely the associnted advice i1s to surface in times
of need, or inather words, the more likely is the Inner Teacher to be heard.

James (1917 uses the term Acting As If (o desenibe intentional change in
muood, perspectivie and attention, The unantentional picking up of hehaviour
patterns has much of the lavour of actingr as if, in the sense that the student
finds themself mimicking teacher behaviour (ie acting as if they were the
teacher), We all experience it, expecially when we suddenly notice that we
have picked up o new word, phrase or ciche - ometimes even agrainst our
wishes, We suddenly hecome aware that we are using o particular phrase,
and we can almast even hear our “ouree saying at o The foree of the tnner
Teacher hypothesis Hes, for us, precsely an the brief moment of expeniencing
the ather, or sonice. For a brief instant it is possible for the student, in a sense,
tn he the revered teacher, As Mlvabashi and Shigematsu (1988 put it, “the
teacher becomes another selt of the pupil, menitoring and evaluating: the
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original selfs activity”,

BEHAVIOUR and AWARENESS

Education is as prone to fad and fashions as any other human endeavour, and
mathematics education has its fair share. Of particular relevance to this study
is the opinion, often more implicit than explicit in what people say, that
teachers should not (note the moral imperative - a sure sign of dubious
reasoning) engage in activitics which may prompt students to automatise
behaviour superficially. Phrases such as teaching for understanding are often
heard in discussions amongst teachers of mathematics, with the implication
that anything which contributes to rote learning is unhelpful if not dangerous
or irresponsible.

Our study is a reminder that this issue is not nearly as cut and dried as it
seems at first. It is part of humun nuture to integrate behaviour and to
subordinate or automate it. Furthermore it is only natural for pupils to wish to
minimise the attention and energy needed to invest in manifesting the
behaviour which the teacher sceks. This is the force which energises the
Didactic Transposition (Brousscau 1984).

We suggest that there is nothing wrong in itself with training of behaviour,
indeed we go so far as to suggest that Only behaviour is trainable, (an adage

which is the essence of part of the framework used in Griffin et al (1988), for
preparing to teach any topic). But hand in hand with behaviour goes
awareness, and the inspiring assertion of Gattegno that Only awareness is
educable (Gattegno 1976, Mason 1987, and used in Griffin et al 1988). Despite
the current theology that understanding precedes automaticity, we suggest
that responses such as those reported in our study remind us that the training
of behaviour and the educating of awareness go together. Neither specifically
or necessarily precedes the other. As we subordinate certain functioning,
attention can be freed to attend to more executive type of control, and our
awareness of appropriateness, of the range of relevant contexts, can grow
correspondingly. As we exercise a skill we begin to sce more ramifications
than were visible on first encounter. Familiarity breeds contempt (prompts
become superficial jargon or cliché), when it involves a loss of richness and
stimulation. When familiarity has a sense of exploration, of uncovering
greater richness, of stimulation (prompts become more meaningful)
familiarity can also breed respect.  Contempt and respect impinge on the
affective domain, the third aspect of our psyche which is not wisely omitted. It
has a correlate adage, Only emotion is harnessable, which links affect with
motivation and drive. This is the essence of the mechanisin exploited in
Mason, Burton & Stacey (1984) in the forin of emotional snopshots, and which
has been developed much further recently in the discipline of noticing (Mason
1987, Mason & Davis 1989, and Jaworski «f al 19%9),

VALIDITY and CONSEQUENCES

As with our previous work, validity of our study lies, for ui,an the extent to
which it resonates with experience. and to which 1t awakens awareness of
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issues which they might otherwise have overlooked. 1f it helps some people to
think about the relationships between the educating of awareness and the
training of behaviour, or if it provokes further consideration of the Inner
Teacher hypothesis, then it will have served its purpose. There has not been
room or time here to develop teacher strategies which make use of
opportunities noticed (triggered by awureness of the Inner Teacher hypothesis)
in classrooms while teaching or rescarching, which is where the best test of
validity and effectiveness ies.

BIBLIOGRAPHY

Gattegna, Calel 1987 The Scicnee (f Education, Edueational Selutions, New
York.

Gnffin, Peter et al 19588 Prearing 1o Teach Angle, Open University Milwon
Keynes

Hyabashi, 1. and Shigematsu K, 1986 Metacogmtion: the role of the imner
teacher, proceedings of PMIS X, London p165-174).

Hyabashi, 1. and Shigematsu K. 1987 Metacognition: the role of the inner
teacher (2), proceedings of PME X1, Montreal Vol 11, p243-249.

Hyabashi, 1. and Shigematsu K. 1988 Metacognition: the role of the inner
teacher (3), proceedings of PME X111, Vezprém, Hungary p410-416.

James, William 1917 The Gospel Of Relaxation, in Selected Papers On
Philosophy, Everyman edition, Dent, London.

Jaworski, Barbara 1989 Investigating Your Own Teaching, unit 5 of the Qpen
University course ME236: Using Mathematical Thinking, Milton Keynes.

Mason J. 1987 The Epistemethodology of Noticing, invited adress to British
Society for Rescarch Into Learning of Maths, Sheffield, ed. S. Pirie.

Mason, John & Burton, Leone & Stacey, Kaye 1982 Thinking Mathematically,
Addison Wesley, London,

Mason, John & Davis, Jov 1987 The Use of Explicitly Introduced Vocabutary in
Helping Students= to Learn, and Teachers to teach in Mathematies, PME X1
ed. J. Bergeron, N, Herscovies & ) Kieran, Montreal Vol 11 p 275-281.

Maxon, John & Davis, Joy 1988 Shifts Of Attention, PME X1 proceedings od.
A, Borbas, Vesprem, Hungary p 487494,

Mason, John & Davis, Joy 1988 A Radical Constructivist Fpistemethodolosy,
Journal of Structural Learmny, to appear,

Mason, John 1985 Learnings and Doing Mathematies Open University Course
unit, revised edition 189 published by Macmillan, Basingstoke,

Schoenfeld, Al 10%h Mathematieal Problem Solcinse, Aeademe pree o,
London

Tahta, ek 1952 The Sewenee Of FEdueation, Mathematies Teaching 125 ploa g,

289




282

LECIURE ET CONSTRUCTION DE DIAGRAMMES EN BATONS
DANS LE PREMIER CYCLE DE L'ENSEIGNEMENT SECONDAIRE FRANCAIN
S. MAURY* | M. JANVIER® , J. BAILLE**
¢ Equipe E.E.AM, Universit¢é Montpcllier 11
¢+ Equipc E.E.AM. et Université Grenoble 1l
Ré sumé
La  prdsente oo cavitnn 0 tadtement des dewgtummes en
P TUE NS R Eontrognoment avcoriaee -
HETNS SV W R : CofLte O e comttiactoon dtadafoy aonl adg -
17 S O N ULV B o adtats ddfvrancant fu o proatersan
Lo petdotmance s sy L wrarane e

actevddda 0 e aifdacteon

I TR S AU SR ST vt gkt aembine et gniotiogud 1.

Abatract

Tiea  resvuidn wfa wdte e catmant of atechs-daagrums by the

Bty ch tne st et oo ey brnonen aecenduty cducation. The acadang

and comstiuction actenetars wrne wlatls to the achool fevels. The tesults
Ancw  the orptevarment Od e potioimances fothed e cach actooddy and

oferactenr Bt en aclevdt s (oo or comstractaon! and chgect {num-

resentatinng graphiques
la lectare {4ui con-

une premices approche,
Aattyviten e distingaent
Gt artivite

e dtenblen,

Tevy e st ion

LT R e ontas

ticns graphiques Laatelpre




:lcm:e de la totalite des nombres dans un cas, ou possibilite de lewr ea
tion & partir du graphique dans 1l'autre), 1l'extension des Jdeux activite.
de lecture et de construction aax valeurs nunérigues des grandeurs représer-
tees. Clest done a une exploration des relatinns entre activite de lectur.
et activite de conatruction relatives & la trace graphique et aux nombire
correspondants j. 1o present trava
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Quatre séries de quinze items chacune sont organisdes. Tout item
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de villes et un diagramme. Relativement aux valeurs numériques et aux log-
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de méme nature, nombres ou bitons 5 cing autres des relations de type T
tion” simples entre des gramleurs de npacures difterenter, enfin les cirng
derniers contiennent des pelutions addivivey simples entre graniears
méme nature,
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Yoici 4 villes dont les populations

sont :
A : 6 000 hauitants; B : 18 000 nabjtants
C @ 9 000 habitants; D ; 13 000 havitants
Sur lo graphique on a deja indijue
le batun qui represente la population de
1a ville 8,
Plarms sous les autres batuns le

item N°1
de la
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Voici 3 villes dont les popula*ions

sant

A ;18 000 hatitants: B : 6 CO0 masitants
C : 9000 hahitants

ftem N°1 1 - vl Sur le graphigue on a deja indigque
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Le plan d'expérience combine trois facteurs : le niveau scolaire (qua-
tre modalités : sixiéme, cinquiéme, quatriéme, troisiéme), un facteur ac-
tivitéd (A) a deux modalitis (L) et {C), un facteur "objet™ vers lequel est
dirige l'activite (D) et (N). La varinble dépendante étudiée est la perfor-
mance : chaque item est nots O en cas d'échec, 1 pour une réussite partielle
et 2 pour la reussite totale.

Dans chaqur niveau scolaire, les eleves sont repartis au hasard en qua-
tre groupes, Coajgue groups correspomd 2 une disposition (LN}, (LD}, (CN),
(CD) des modalites. La durée de l'epreuve est limitee a 50 minutes.

Résultats :

a) Etude globafe

Pute, foan avols poarte dans e tableas ci-deseos

Pout ¢luepie nrve g be
les moyennes obtenues par chacun des groupes (moyennes sur 30 points, arron-
dies au point prés).

Tablesy 1
floyenne par niveau scolaire et par groupe

Nivesu scolaire sixidme cinquiéme quatridme troisiéme

Groupe | N CD | N CN | CD N D | LN

Moyenne 6t 22 18} 29 2 |2y |7 23 |28

Af'in de tester l'effet des trois Facteurs ainsi que les éventuellos
interactions, nous avons effectud une analyse de la variance sur les donneos
résumées dans e tableau 1. A cet eftet, nous mvens utilise la proced .o
G.L.M. (Gopepqd Linear Models) du systeme Statistical Analysis Sy tem (5.4.5.

1982), en dimundant e option Te tent des pangs multiplen de Dunean

cn clagse a l'interieur desquelle:

stiquement significatives). Ues
ge, pottes dans 1o tatlew UL, attestent le fort impact da niveau seo
sur les performances dos eleves, Toutefois, nous verron, que la proge

Ohsepvie ne ponvait par strictement 3 la sulte Jdes niveaurn scolajres, Notans




ment, l'application du test de Duncan conduit a une indifférenciation des
niveaux troisiéme ¢t quatriéme. Se distinguent et suivent dans l'ordre d'une
performance décroissante, les éléves de cinquidme et enfin ceux de sixiéme.

Tableau 11

Résultats de l'analyse de la variance relative
aux donndes du tablesu |

Source Df F PRYF
Niveau scolaire S 25.58 Q,0001
Activite (L. C) 102,12 0,0001
Objet (N, D) 0.%4 0,611
Activité x objet 9.8 G.0019
Classe x activite . 0,2562
Classe x objet 0,240
Classe x gbjet x activite Q.35

Ajoutons que si les artivités (L) et (C) se distinguent, 1'activite
de lecture étant treés significativement plus faclile, tous objets confondus
que celle de constructicn, il semble, en revanche, que la nature (D) ou
(N} de l'objet visé ne determine aucune différence significative des per-
formances. [l rcste que la forte interaction obiervie entre objets et ac-

tivités méritera, pius loin, guelques commentaires,

b) Ltude pur modalité du fucteur uctovddy

lableau 1!

Moyennes des notes (M) et écarts types (&) par niveau scoleire pour
chacune des ativités (L) et (C), tous objets confondus

Ni;":‘“ Sleinme cirguieme Quatrieme troisiére
s$colaires
e e

Activité
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conduit & des performances moyennes distinctes entre

la sixiéme et la cinquidme, l'activité construction ne partitionne pas ces

deuyx premiers niveaux scolaives.

de ces diagrammes en bitors,

traitement

Par rapport a l'efficacite du

le niveas guatrieme cenrresponde a un saut signiticata?,

il semble done que

Dlautre part, les resultals sudgorent qu'une attention plus grande soit por-

tee a l'apprentissage de la canstrurtion de reprisentations graphinques dans

Lenement covandaipoe.

Tes premices nivesay de e

Afin de faciliter Pinterpretation de )'interaction mise en evider oo

par l'analyse de la variance (tableay [I), nous avons construit la ficure

¢) Etude de U'interuction entre objets et activalia
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traftement. Dans les items correspondants de la

visuellement ce type de

série (LD), les éléves dojvent, au préalable, mesurer la longueur des bitons.

prosuppose un ancrage initial du traitement sur les

interprétation

Cette

nombres en (LN) et suar le diarramme en (LD,

le risque d'erreur n'est pas égquivalent

Pans l'activite e

sur les bdtons et les nombres. Sy les bitons, l'erreur est plus rare car ,‘

moins ). L'ajustement au

minimun uh carread en plus oy en

(au

plus nette

juste des €léves ayant adepte une

carreau pres peut conduire 3 une reponse

e mame guand Iféchelle ne conduyit pas 4 un nombre

procédure retour a 1"

v d'hatitants, Pany le cas ol les eléves adop-

entier de ecarreaux par milli

-
—
[~

correspondants de la serie (CN},

tent la méme procodure dans les it

Celle-ci est

carread.

1

d'nahi

"valeur" {en noatre

1a

calculent

nultiplient ensuite par le nombre de

un nombre ddécimal non entier qu'ils

carreaux. Ils obtiennent un nombre dont ils ne retiennent que la partie N

entiére. Cet ajustement coniuit dans tous les cas & une erreur alors qu'il

n'en va pas de méme lors de 1'ajustemont an carreau prés.

Discussion

£ Dans un commentaire qui succedait 3 la présentation des résultats 4

concernant 1'effet da facteur astivite, nous avons déclard gue les activités

farile que les activites de construc-
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au long des calculs. Dans ce dernier cas, si vérification il y a,

revait qu'au terme des calceuls, sans passibilité de comparaison. Ajouton

que l'interaction temoiyne d'ane complexite plus grande du phincmeé
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COOPERATIVE GROUP LEARNING OF GEOME TRIC PROOF CONSTRUCTION

A CLASSROOM ASSESSMENT
taDonna MacRae and Bruce Harnson

The University of Calgary, Canada

In this study, the effects of two aifferent leactung metnods on achwvement n and atlude fowd' Js the
leamung of dedu € geomety were examined  The expenmental method emphasized small grow. cooperalive
ieaming through process cner- * proolConstiucton 13sks designed N accordance with 1he van Mok

devefopmental levels. The coniroi method, dwectinsruction, emphasized whok! Class, feasher led nsiucicn No

sigruticant differences i overal achiovemen! of 31K we e 10U DR e Ba OImert rTeys buwee
the cooperalive- keaming group did make Modest prscess oriented QNS while MAMIINNG COMEN Ly Srace 10
geometry skills The resuits of @ descrpiive ilen anaiysis suggest thal while 1 Crect instruc! o methwd
tended 1a produce a fvgher rate of Student SUCCESs 0N ams (N3t lesled Sirarght knowledge anc Jppheatien of ine
geomelnc content studiec. the ccoperalive learning method tanded I enhance stident perlrmance on astali

proo! construchion

The curent research kiterature on the teaching n* geemelry indicat2s that bigh schooi stugen!s are mast'y
unsuccessiul in their efforts to learn proof construction (Serk, 1983, 13851 and that h.gh schioo! geamiiry as expenenzed by
many students, it not most, is but a coliechon of meaningiess rsolated facts and proof sequences to be memoried in order 13
pass the exams (HoMer, 1981, McDonald, 1983, and others) is it possibie 1o teach geometry and prodt construchion to high
schoo! students so that higher levels of thinking in mathematcs are cultivaled rather than rote memarization o facts” Te
assess the leasibility of one leaming theory-based alternative ta conventianal appraaches 1o teaching deductive geomelr,
MacRae (1988) compared the ef'acts of Cooparative group arming of process crantnd tasks wth those of drest
classroom instruction

Ciunst ane y,-‘,,,r-i O
1. Wil there be a sigruficant ¢ forenie betwean the qroud mear post lest amd rmiend o v achov ment &S

oblained by the students taught qrom 'y w ot

PO LR G Ty CeED e B g grou T
using process onented maleriale

2. is one method superor 10 the other Tor produc.ng 3 tag*es Sludenl success rate on pacicuidr lypes of gromatry
or proo! questions?

3 Towhal extentweil ot Mot her e e gt e e ey e

to construct proofs at vanous difcalty leve”
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4. What kinds of attitudes will be extubiled towards geomelry as measured by enjoyment and anamly subscaies,
before and after the study of the geometry unit? Will there be significant ditferences between the group mean changes i
attitude?

Method

Brocedure

Two 25-student Mathematics 10 classes parhcipated in the study  One class studied geomelry 11 3 Quigud discovery
approach, using cooperalive-learning techriques (e.g., Slawin, 1980, Sharan & Sharan, 1976} and process-orentec geometry
materials which were structured arcund the van Hiele levels of mental development (Freudenthal, 1973 A drrecl nslructon
method was used in teaching the other class, emphasizing those leactung behaviors currently held to be most effective for
student fearming under direct instruction, namely' emphasis on achve teaching with httie seatwork, trequent tuedback
through regular homework checking, smooth fransitions between activites. clear presentations with explanations ct eacn stee
in the learming process, regular review, and a farly tast paced delivery (Good & Grouws, 1377, Good. 1450 Brophy & Geus
1984; Good , 1984).

The study began after a common midterm aigebra exam was given  No significant @ terence betven 1he Class maanse
of the wo groups on the midterm exam was found

Both classes were taught the Mathematics 10 geometry unit by the fwst author over a period of four weeks  The
members of the *direct-instruction” cluss had ampie time to frush and review the geometry course in preparation lor the
achievement exams written at the end of the study. The cooperative-leaming group was hard pressed to cover the content »
the four weeks of the study 50 no review or practice ime was allowed them betore the exams were writien

Upon completion of the urit both classes wrote a geometry unit exam and a proct lest  Seven months later 2
geometry retenbon exam was given to 14 students from each of the originat treatment groups who could be fucated ina
sequent Mathematics course Bothclas s also wrote pre- and post- attitude towards geomelry questionnases 10 INGicale
change in enjoyment and anxiety towards the learming of geometry.
Andlysis

The data collecled rom the achavement tests were anatyzed using 1 lests 1o datarmene wht 1
signihcant differences between e class means of the we groups oneach test Tre resuls ¢!t a4 L e
were andiyzed using a two factor analysis of vanance with repealed measures gesign

A descriphive analysis of specihic items on the achievement tests was used 1o ety rmime whet e ety g w
were laught through a cooperalive learning method which used process onenied matenals atained a higher percentage ¢t
successes of failures on particutar types of geomelry questions than the students taught by direct instruct 91 An analysie
of student responses to these items revealed parterns Indic aling spec:hc areas of Sirength 3nd ae throw Tt ey

with respect to ne teashing of proof construchion

BEST COPY AVAILABLF

239




The resuits of the stalistical analyses indicated that there were no sigmificant ditierences between the group means
of the direct-instruction class and the cooperative-iearning class on the fvee geomelry achievemen tesls given This s an
interesting result considering that the cooperative-learning class was severely pressed 1o hrush the unit in tme (0 write the
exams and, uniike the direct-insiruction class, was given no time in class 10 review or prepare for the exams

However, there is reason 10 believe that the cooperative-learnmng, "guided discovery® group did make some modest
process-oriented gains while maintaining conventional Grade 10 geomelry skills. The results of a descriptive item analysis
suggested that while the direct instruction method seemed fo produce a higher rale of student success on items that tesied
straight knowledge and application of the geometric content siudied, the cooperative-learning method enhanced student
performance on actual proo! construchon.

The resuits of the statistical analysis of the Athtude Towards Geometry questionnaire indicated that both groups
showed a slight improvement in enjoyment of geomelry and a shight owering o! anxiely towards geometry at the conciusion of
the study but there were no significant difterences between the group mean scores

Discussion
Strengths and Weaknesses of Each Methad

The strengths of the cooperative -learming method included: providing for a closer contact with the geometry
com.2pts and a greater involvement in forming one’s own procedures for constructing proofs, promoting intellectual
involvement Brough the exchange of ideas with others to help clanfy one's thinking and thus understanding, helping students
appreciate what is involved in learning axiomatic systems, and encouraging students to be more independent of the leacher in
leaming mathematics. In particular, the members of the cooperative-leaming class seemed to be more adventuresome than
those in the direct-nstruction class in attemptirg proofs to the more ditficult and unfamitiar problems, even though they may
not have been particularly successiul in compleling them  They were ¢.ile used to attacking problems and creating their own
procedures for solving them without teacher guidance

Another cooperative-learning strength was thal the students using this method seemed (o enjoy working and learning
1 smalt groups. However, 1S surpnsing that ther measured change in athitude lowards geomeliy did not seem to 1 flec!
this enjoyment A reason for this finding might be that while the students did enjoy the group work, they did not necessarily
enpoy leaming geometry as much  They found geametry and «~pecally proot construction much more difficult than algebra
Furthermore, not having had the tme to compicte the urit by using the cooperative learming methed ur to consohidate their
knowledge Brough a review of the matenal in preparation for the exams could well have ket them loss happy with thew
accomplishments than they may otherwise have been

The greatest weakness of the cooperalive: eartung method seems 1o e the amount of s tequited 10 implement

1N 3 classfoom situabon. Not enotigh hme was devolid 1o review and practice of the matenal lnarmed  There are other
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weaknesses which might have been overcome with more teacher guidance. First, not crough atiention was given {0 makng I'e:
“discovered” concepts expbcit [especially 10 the less able members of the class) and to the details of seting up the form i
which a proof should be presented. Second, the lack of taught procedures which coutd be appled o new problems so that the
students did not have to start from first panciples on each queshon may have slowed them down when wriling exams
However, if more tme had been availabie for review and practice this weakness may have been overcome. Third. ft was
perhaps 100 easy for the less able students in each grour *» hide befund the accomphshments ¢t (e more adie group members
10 the detnment of their own mathematical development. Fourth, 1 is possible that at least somie of the “giscoveres” were
not actually made by the students m thew group discussions I this case they woutd not have kearbed the rolevant geomet
concept or retaon weli @nough to apply it to other problems

The sirengths of the direct-mstruction method seem to foliow directly rom the weaknesses of the cooperative learming
method: more ieacher guidance in concept formation and proot construchon, more time avaitable for review and practice ot
the material studed, and more teacher heip avaiable especially tor the less abl: students  Additionally. the students in the
direct instruction class might have been be better prepared for the Math 10 Geometry Exam, in partcular, since in this
approach teachers lend to (inadvertently) teach towards the exam; that s, 1o cover exphcilly all of the content mos! bkety 12
be tested.

A major weakness of the direct-instruction method 1s that students become oo dependent on the teacher in therr
learming of mathemalics. The members of the direct instruction class were much more insecure than those of the
cooperative deaming cass when faced with a problem, especially a proof, they had not seen before. They relred loo heawiy on
the teacher o show them procedures which they coukd use, before they had even attempted the question The
cooperativedeaming members. on the other hand, would complete the proot 1o the question first, and then ask the teacher 1o
check the finished product

Another weakness of the direct-instruction method is that the teacher can never feally tell whather the stugents

have understood the concepls presented, or whether they have just Memorized them  And. 1n using the question answer

technique (Socratic approach), it 1s the teacher who is giving the leading questions based on a logical approach to the prebin™
- the students supply answers bul perhaps never really learn which pertinent questions they should be asking themselves
when atlacking problems on thew own - The atility to make correct rephes 10 16ading QUESHIENS IS N0t NELESHAN'Y AT v
e students having a clear understanding of what is invelved in prao! construction One of the ma,of prabey "5 win o

direct instruction method n teaching geometry is that the leacher ¢an never be Certain about what ang how ! students ae
fearming  Yhat are the students’ perceptions of the material that 1s deliverad 12 them? Do they really understane what s
brersg ddight welt enougt 1o bre abie 1o apply 1, of do they reson only lo memanng what they e Lragh! S Are Py

becoming too dependent on tauqht procediires and mathods to the detnmant of learming their own? Whte it teus !

stugents learrung through the cooperative feaming method may also resort ony (o memonaing facts and approaches, it -5
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perhaps less tkely because they are encouraged to actively negotiate their mathemancai knowiedge through discussion wti
their group members as wefl as the teacher. Perhaps a synthesis of the twe methods which draws on the sliengiis of each
could be developed and tested in another study
Discussron of the Achievement Tests
The Math 10 Geometry Exam (observed relabity coethcient of 0 7915 was a standard Mathemmatics 10 guaretry
exam which adequately tested the obiectives as histed in the provincial curnculum  The itlem analys:s revedled Ciferent
strengths and weaknesses in addressing particular items which may have been the direct result 0! the teachng metnocs
empioyed. But the Geometry Proof Test (observed reliabibty coeffcient of 0 7302) was perhaps far 10c ¢:!ficult 1o expese
many ol the real ditferences between the two groups in actual understanding of proof constructon 1t did reveal the
students’ inadequacies and misconceplions in the different areas of gecmetry more clearly than did the former exam  The
results suggested that the problems that stugents had with proct construction were not necessarty o 2 :0gical nature bu!
had more to do with ack of ntuition of the geometne concepts and reiatons themselves  Toractly this £.201e Ume would e
required for students 1o work with the concepts and to apply them in vanous situahons
The Geomelry Retention Test (observed reliabiily cotcient of C 9999) was Laken by the siudents seven montrs
later and without any preparation lor 1. The knowledge and applicaton questions were suitable 101 testng the amount o!
geometrical knowledge retaned by the members of both groups. but the proots may have been toc dithcult to Indicate
adequalely relention ol prool construchion  Perhaps some siraght-forward proots which involved simpler, more basic
concepts shoukt have been incluoed. 1o better ndicaie how tar the students could st go towards seting up a preper proc’
Conghysion

The cooperative-eaming approach using Drocess-onented geomelry materidls structured around the van Hiele leve!s ¢!
mental development can add an mportant dimension 1o the leaming of geometry which is Fo! necessanty expenenced by
students taught exclusively by the direct-instrucbon approach, thatis. an active participaton ¢f the learners in Me
exploraton of geomelincal concep!s, leacing 1o the censiruction of Mo rowr axomalc systems of geemetry itis 3 mathe:
whih, with appropnate modifications desgried 10 address Me weaanasses 1ound i this sludy, £an be usns 1S provde
personai experiences of *mathematzing.” and thus 1o ¢iltvate b 3her fevess ¢f thaag inmathemat ¢s 1 can be argues !
a cooperalive leaming approach diaclly 33495508 Concers 100, S'udert bhe's Mgt Mormal mat s 00 pros
have nothing to do with discovery and Mynnt an * rasa g o i o uwwe the v, ts el farmal mat —at o3
problem-solving situabons (Scheenfeid, 1935 18¢7,  And 1o intae3hng 1o net thal orice the tlude='s mad eapvrn
the cooperalive teaming method many wers miuctan! is g Back b2 T die Larsliyhon matsed 3! the canctymon of tve
study They preferred 10 GisCover for thm i anet 3t e we fgfh A0 oot Lo ber Mo 0 0t Mg ek v
WO 0ass AISCUSSIONS w2 Miny oF om0, gt et 1 Ty Depagene e At

Boeause of P imuted tme gl s the gty ctge g a Mo 1 e
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especially prachical Classioom approach  Instead it may be weser 10 dewise d (aching approdctt whict dlienmprs 1o draw ¢
strengihs and eiminale e weaknesses of both methods, for teaciing tgh schoot geometry  The process orented malena
and group leaming sessions coutd be used 1N conunction with Mare frequent teacher-kid class sessions to consohdate thy
understanding of the concepts and procedures “tiscovered

1t may be 1hat 100 much was expocted lrom the students In a relatively SNOM geomelty Lt 2 opuCady it as e
leved of thinking ana proof construction demanded on the achievement fests were conceried Wi e prams may v e

better constructed. the researcher believes that the inteliectual demands made on the students and depih of the mateny ‘

covered and tested shoutd not be kessened in an attempt to make for better exam resulls  The Stucunts teed red wapengs o

5ok g

of "mathematzing.” and it mere tme 15 required 1or s 10 be realsed then perhaps one shousd Lk 3 we
mathemancs aurmculd 10 see how this might te accomphist.ed
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COMPARTHG EXPERTS S ARD NOVICES!
APPECT IV BEACTIONG To MATHEMATICAL PROBLEM SOLV NG

At EXPLOUPATORY STuny

SUate Unpveroaty
Saer, balonar ool lege

Cathieen Craviotyo, Washington btate tiniversity

Abstract
This study investigated the role of atfective factors in the
performance of both experts and novices who were asked to
solve nonroutine matheratical problems. The affective

reactions of the experts (tour research mathematicians) were

similar to those of the novices (four undergraduate students),

but experts and novices differed in their ability to control

the influence of affective factors.

THTRODIC T i
Resear hoon ot rebles salvang han tended o
concentrate Coamitive tactors that oinfluence portarninee,

In rocepns v o vy thers has beon oincreasing

Feetomn ety ‘ R : oattective factore
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can be much more intense and oemetional, rather than
attitudinal, 1n nature (Mason, burton, & Stacey, 1982
Mcleod, 1988). The investigation ot aftective reactions to
mathematical problem solving requires a new theoretical
foundation 1t it 1u to proceed in an intellectually satistying
way. The work ot Mandler (1984, in press) provides such oo

foundation.

Mandler’s view j@ that the basis of attective reactions to
problern solving (or rore gonorally any task) is generatoed oot
O tne o cciver s et ana ]l respenses to the anterruption o

plan, o Mandlersc Corras, plans artae tror thee activat o

a svherag, eem s procilcen an o action o senaence; 3t he
Aanticipated oo gquence et actlons cannot be completed, the
blockage or discrepancy is followed by the arousal of the
autononic nervous aysten.  This response may be expericnood o
an incerease in heartbeat or in nuscle tension.  The arsucal
aorves as o the rechanism tor alerting the individual and
redirectiny attention to the soursoe ot the intorrups: oo L

they arousal cocnrs, the

Hividual atterpts to ovaiuate ¢
neaning of che anterruption. This interpretation ot the

tnterrapt ior right classity it as o a trustrating bloeck :

[SEANSTEY SPREY RIS S I SRS I S0 BRNET O E I S A TN Ther cogqnit ive st : :
L T R I O L I S T LRSI B T EE B PR N A T ATE B ST B T S R TR T
Tt ety [ N S ST A I SR F I PO I O LU PR RS SRR

fhec o Y b b et et Bleckane or o anterrupt eon

b nt e nt ey e ot have o pent e gy !
ol the ok e, oth o peridt by At ter ot bt o Gyt

[ L N T T O O T S O AT A O O R A AR o
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that 1s attempted by mathematics students results in just the
kind of interruption that Mandler has analyzed 1n his theory.
In this study the responsoes ot both oxperts and navices were
examnined te look tor similarities and ditferences in thear

responses to interruaptions in problem solving.

YESTGN AND PROCEDURES

Interviews wore comducted with eight sublec who had
participated 1n propler-nolving sessions,  Four of the
subjects were research-active professors of mathematics: all
woare rmales in v T > o! their carecers.  The other !oour
subjects were undergraduste students (two temale, two male)

who wers majerint inoocne o1 the soC1al welences or cducation:

all were enrolled 1n a ¢ollegr-level rathemati1cs course at the

timo.  All nterviews lasted about an hour: most subject::
participated in two interviews., The four protessors were
censidered "expert" prcblem sclvers, and the four students

were designated "noevice!" problem scolvers.

The tour protessors weors orirginally chosen to participate an

study ot how ac .thetic factors intluenced problem-soalving

pertormance amopra ciaht =atheraticlanns and graduate students

SV § Mor ey an proos Theae tour were chonen for this

exporienced pro
vt 3 <ol
trom a ‘ RR T ety bved on owhether or not they

dothe probiesn

The antervrens boepare A iaonssion of the think-alond

procedure tor coathering v on thought procesces during

396
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probles solberng (Lriesson & Simon, 1980) . Then participant
worre asked to think aloud as they solved problems. Atter they
had attempted one or pore ot the problems, the subjects wers:
asked to comrent on therr teelings cbout problem solving,
particul ariy therr teclbings about berng stuck onoa protooes
how they teit when they had solved o probrlem,  Atter the
IS A TATEIREE I Tiect e tactors related to preblemn solvaing,
the « et to oolve additional problems.  In ocone
[RTEITER diccasaan retarned to the topic ot attect and

[‘Y'l:h]' )

AR S R TR . TN tooand
[AISAS R . b g cootrem the ey pert categary
foll i thcheenteold, 1asg
soare chocen on the circurfereonce of
troantle containing them s drawn, What
el to an the triangle with o the Darepes

Pt by o your o answer,

protlen trom the novicr category:
moorchanrd through coven aateds
clvber oot oapplens,

FI S T

i
et ettt he

dioe b aather
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For a complete list of problems given to the experts, see
Silver and Metzger (in press) . The problems given tao the

novices were simntlar to those tn Burton (184) .

The novices solved o out of 13 problens; the exports
solved about halt ot their problems (8 out ot 17).
probler set appeared to gchieve the right level of
tor each arcup: bl e cte cwperienoe |
tailurse an they o wWrive the problors
RESETE

Audiot e ot HUer Ve wWere i therd aned
accuracy byt

the data tor

the magnita e Lt th
erotional reactrons that o wore reported by
(MoTeod, 1oess

Mont exports oan RN SRR doerted that they owper e
relatively ant,
When they wore

Gaoproblem, ewnpa BN PERYIR BSE § tructrat jon, agar
meb disappoant o RIS ceptented moany ot he

0y

Coodttige, bat ey i N Cot e

it it ten AR Y
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way.  Por exarple, navices would repeatedly try to reprenent

the seven gates problem with an equation rather thoan chanagiceg

to a mere helptul srrategy like working backwards,  We

hypathesice that novices were more Tikely to usne up o shoaprt =ty

Yot teect v o, thigs re ey g

thedir ability v thane ot pew gpproaches ta the pro

-5

o : vy, T ppoort : . TR T P A A LT P O
vyl . Cade, bttty RN
feer et e e e e e et Dy et e e b nevaat ree e by
(RS R S S boorh et LLNTE B ATEIN A v

[ oot e, bt the et were mare ke Ly
Yoot an Bt Navhesr s appeeare d U b o T Ty
Tot thoepr tr oot vy e ey ther 0 popeated Uune of the oo
STrateay, PUtocwrert s e nee b Dby e nt ey e it by et
conslder el et Tt dienn,
Proepoaratar o rhy o pap e v nppaer o b part by th
Natarenal Uodlen e b oprhation Moo Mbl=EL0T Ay
AN NG, conciustay, 1 Godations are thone ot e
bt s TR TS S Y B A I e I R N ot
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THE DEVELOPMENT OF CHILDREN'S CONCEPTS OF ANGLE
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tundamentdl tole 1n perceptual processing.  However, orlentation has

saliency in deciding when two flgures dare “the same", so that resp oes

P

e

sensitive t 1ostreley bias towards crrentataons o whioh o flgnre appeal s

upragit ot otabdes or albgned with a suwrrounding trame Vertooar oand

hor1rontal orlentations thus play a priviieged tole 1n percept non,

Amglee an tay Very young ohn hiren dincramonate the oroent ¢

[FIRTS DYCENS ST TN S wy Degertd s Uhe annghe with the poroeptaag vty ,
but 1t oo anly at e T ovhat chinldres dencnsitrate Chee abuitty to per
orientationn,  Gryans (Lald) claamed

that 5 yr costd eatly hiuorim

right angles (oo non right angies and

do this better thin they discrimingte

non-right anjles from eact other, A B

However, Nooss (w2 Jound that lea, e e —m
than =0% o his 120 11 yr-oldy thought

thit the two angles in Fig 1o were egual. Pl

1o sabJect to

(‘A.;-yn\! 0t

dopened cn Dine r et ol anetie e and Shee vraentataern o
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AC and CHB, appatent.y ¢ pying the entire tigure, However, chyidren aged 10
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and uver often megsired AD, DH, DO and the perpendicular
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KESEARCH ON ANGLES
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{as an abstract representation of both regions and rotations) plays a central
role. The integration of the reqion and rotation aspects of angle probably

takes place via the ray-pair aspect and would be a rather late developmen® .

IMPLICATIONS FOR TEACHING

We have reached the position that the geometrical concept

treated as either ray pait or region or rotation, butl muot

of all three, Teaching should theretore eacourage the deveiopment !
three aspects of angla, previding ever closer connect tons boet&eon e

student s reddy (0 tredt the concapt 35 3 Uity with many appeiaoal o

The concept of angle as region tends to be treated in the elementary oohe ol
and to be restricted to the right angle. Further activities Compar:ing the
"sharpness” of corners of tigures by superposition and on fitting cotners
together (as in tessellations) could be highly beneficial. Fiqures with
concave corners shou.d not be omitted. Diagrams used in this work shoulld

show the angle as a shaded requon with the suggestion of untcundedner:,

The angie as rotation on the othar hand tends to be left o the
school, ust betore andgle measurement, This 1s cortainly too lat
experience Of rotatson can oand shouid be gained an the ciementary
(Karseta, Lty . ' ANien My b convenient iy e
diagrons, tu torcow nhauld not always Ltart o

The newt ey

[UFS O R+ O B N R T SR R T A S I FEP S P L, manaig v

standard angle diapram can represen’ both conceptas A poncatle vel,

this step s the discussion ot rotaraonal symmetry, which can be epava.ent .,
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treated using repeated regions or repeated rotations. Only after this
attempt at integration should angle measurement be treated, 4t best starting

witn npon-standard unmits and ending with the circoular protractorn.

one tinal implication: the formulation of & singlie, mathematically rigorous

definition of angle should follow murnh later. In view of the variety of

practig

whethel aly ex Yy

el inition Coud ERRVETT VRIS VS RPN G0l axiomat o treatment,

RESFARCH NEEDS

My review of rosoaran on the Qnjle DU
our knowledys,  Foroexam
compar ing the aniien n Fig 17

- When ard under what o mstanses o children conse ve angle?  How
are consetvation judgements attected by the transtormation made and
by the presence @ absenve of a4 denonstration ot this transformation:
Is thete a bieparoty tor Lhe Giscromination and recognition of angles,

54
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gurnt Lot (YA the e the same ", "Are thege




the same angle!", "Which of these is sharper?”, "which tends tnhe

attect performince on angie comparison taske!
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