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ABSTRACT 
The aim of the study reported in this paper was to obtain construct related evidence 
of a test on pupils’ understanding on probabilities. The theoretical background 
underlying the design of the test is presented. The test was administered to year 4, 
year 5 and year 6 Cypriot pupils (n=623). The Extended Logistic Model of Rasch 
was used and the data were analysed by using the computer programme QUEST. A 
scale was created for the test and analysed for reliability, fit to the model, meaning 
and validity. It was also analysed separately for each of five groups (boys, girls, year 
4, year 5 and year 6 pupils) to test the invariance of the scale. Analysis of the data 
revealed that the instrument has satisfactory psychometric properties. Five levels of 
probabilistic thinking were also identified.  Despite the fact that there is a linear 
sequential hierarchy among the five levels, a big difference between the second and 
the third level was found. The findings are discussed with reference to intended uses 
of the assessment. Suggestions for further research are also drawn. 
 

I) INTRODUCTION 
In recently published literature on mathematics education there is a movement to 
introduce elements of probability into the elementary school curriculum. Thus, 
nowadays probability is one of the major areas of mathematics in primary curricula 
(NCTM, 2000; DfEE, 1999; Ministry of Education, 1994). The main purposes of the 
studies which have been developed by educational psychologists and mathematics 
educators about probability were the investigation of the conceptions of pupils about 
probability and the understanding of the concept of probability (Jones et al, 1999; 
Konold et al, 1993), the investigation of the misconceptions of children (Garfield & 
Ahlegren, 1998; O’Connell, 1999; Ayres & Way, 2000) and the proposition of valid 
framework which would enable young children’s probabilistic thinking to be 
described and predicted across levels (Jones et al, 1997; Amir & Williams, 1999). It 
has been shown that early primary pupils are able to develop conception about 
probability prior to classroom instruction and the experiences of the six years old 
pupils are useful for the teaching of probability (Ayres & Way, 1999; Ojeda, 1999). 
Children bring informal knowledge acquired in daily life from their culture which 
might interfere with their learning of probability. Ayres and Way (1999) reveal that 
children without any formal probability schooling can make decision based on 
likelihood. However, Amir and William (1994) argue that it is possible for pupils of 



 

 

twelve years old to encounter difficulties in predicting the probability of tossing a 
coin, believing that it depends on how you toss it.  
Although there has been considerable research into students’ probabilistic thinking, 
there has been almost no research on the development and evaluation of instructional 
programmes in probability. Instructional programmes are expected to be flexible and 
guided by formative assessment of pupils’ understanding of the subject, according to 
the cognitive stages of children. Jones et al. (1999) supported that pupils’ thinking 
about probability could be divided into four stages. At the first stage pupils predict 
the probability of an outcome on the basis of subjective judgement. At the second 
stage they predict the probability of an outcome after a combination of quantitative 
judgements and subjective judgements. At the third stage they compare the 
probabilities of different types of outcomes on the basis of consistent quantitative 
judgements and they distinguish “fair” and “unfair” probability generators on the 
basis of valid numerical reasoning. At the fourth stage they solve different types of 
problems on probabilities. This kind of theories empowers the construction of 
appropriate instructional programmes with purposes and school activities which are 
connected with students’ thinking about probability. In the absence of a framework 
for systematically describing and predicting young children’s thinking on probability 
the instruction of probability in primary education is possible to be inappropriate. 
According to Shaughnessy (1992) there is a need to develop appropriate tasks to 
assess students’ conceptions of probability, their understanding of probability and 
their ability to solve problems on probabilities. 
In this context, the main purpose of the study was the development of an assessment 
tool for measuring primary pupils’ ability on the understanding of probability and the 
examination of the construct validity of the test.  A test’s construct validity is defined 
by the degree to which a set of items measures the theoretical construct it was 
designed to measure (Allen & Yen, 1979). Construct validity is an ongoing process 
whereby a test is evaluated in the light of a specific construct. It is therefore 
important to collect data to verify that the measured attribute behaves in concordance 
with the underlying theory (Cronbach, 1990). Eventually, the purpose of the study 
was not only to construct a valid tool of assessment on probabilities for pupils of 
primary school but also to identify levels of probabilistic thinking which could be 
helpful for diagnostic teaching of probabilities at primary education. 

II) THE DEVELOPMENT OF THE TEST: SPECIFICATION OF THE 
CONSTRUCT DOMAIN 
The construction of the test was guided by existing research and theory in the 
following two areas: a) current philosophy on Mathematics Education and b) 
research and theory on developmental assessment. Moreover, a key requirement in 
designing the test was its alignment with the mathematics curriculum that was 
operative in the area where the study is conducted. It was therefore taken into 



 

 

account that probabilities consisted a major part of the Cyprus primary mathematics 
curriculum. A content analysis of the national textbooks in Mathematics was 
conducted which helped us to identify seven main aims of teaching probabilities at 
primary schools and the emphasis which is given to each of them. Moreover, a 
documentary analysis of the National Standards of the USA (NCTM, 2000) and of 
the English National Curriculum (DfEE, 1999) was conducted. It was found that 
these seven aims are also implied in the national standards of USA (NCTM, 2000) 
and the English national curriculum (DfEE, 1999). Thus, the test tasks were 
constructed according to these seven aims (see Table 1). As far as the influence of 
research and theory on developmental assessment, the applications of developmental 
assessments for measuring proficiency in cognitive abilities and content areas 
(Brown et al, 1992) were taken into account. Two essential concepts derived from 
these works were as follows: a) the developmental ordering of tasks on a continuum 
of difficulty and b) the provision of controlled, interactive support to examinees 
during the testing process. It was therefore decided to include in the test assessment 
tasks related with each aim on pupils’ skills in probabilities which will cover a range 
of item difficulties. Moreover, in the instructions given to teachers who were asked 
to administer the test information were provided on the kind of support that pupils 
could have.    

Table 1: Specification table of the Probability Test (PT)  
Aims Tasks of the test at different levels  

Pupils should be able to: 1 2 3 4 5 
Describe events as impossible, likely or certain. 1, 2     
Compare events according to their degree of likelihood. 5, 8, 9 6, 10    
Estimate the probability of an event by using the 
formula of Laplace. 

 3, 4, 11    

Predict the change of the probability of an outcome of 
type A if the conditions of the experiment are 
changed. 

  12, 13   

Compute probabilities for simple compound events, 
using such methods as organised lists or tree diagrams. 

  7, 16,17   

Use Laplace formula of estimating the probability of an 
outcome of type A to compute the total number of 
possible outcomes or the number of outcomes of type 
A.   

   14, 15  

Examine the fairness of a game.     18, 19 

III) METHODS 
Once the final version of the test was developed, a table which indicated the relations 
between the tasks of the test and the aims of the teaching of probabilities was created 
(Table 1). The specifications and the tasks were content validated by two 
experienced primary teachers, the authors of the national textbooks, two postgraduate 
students of Mathematics Education, and two members of the Educational staff of the 



 

 

Department of Education at the University of Cyprus. The “judges” of the content 
and the face validity of the test were asked to mark-up and to make comments on the 
items. In the light of their comments minor amendments were made. The final 
version of the written test was administered to 623 Cypriot primary pupils of year 4 
(220), year 5 (218) and year 6 (185). Additionally, 318 of the subjects were girls and 
305 were boys. 
The Extended Logistic Model of Rasch (Rasch, 1980) was used and the data were 
analysed by using the computer programme Quest (Adams & Khoo, 1996) to create a 
scale satisfying the seven measurement criteria set out by Wright and Masters (1981) 
which have to be met in order to claim that the items form a valid and reliable scale. 
The scale is based on the log odds (called logits) of pupils' abilities to answer 
correctly the 19 items of the Probability Test (PT). The items are ordered along the 
scale at interval measurement level from easiest to hardest. The Rasch measure 
produces scale-free measures of pupils’ abilities and sample free-item difficulties 
(Wright & Masters, 1981). This implies that the differences between pairs of 
measures of pupils’ abilities and item difficulties are expected to be sample 
independent.  

IV) FINDINGS 
The data were analysed initially with the whole sample (n=623) and all the 19 items 
together. There were two items (16 and 17) which did not fit the model. Thus, the 
analysis was repeated with the whole sample and the 17 remaining items. Then, the 
analysis was repeated with each of the five groups of the sample. This was done to 
investigate whether the test is used consistently by boys, girls, year 4, year 5 and year 
6 pupils and is part of the measurement criteria set out by Wright and Masters 
(1981).  
Table 2: Statistics relating to the test for the whole sample and the five groups 

Statistics Whole 
(n=623) 

Boys 
(n=305) 

Girls 
(n=318)  

Year 4 
(n=220) 

Year 5 
(n=218) 

Year 6 
(n=185) 

Mean (items) 
          (persons) 

0.00 
-1.18 

0.00 
-1.21 

0.00 
-1.16 

0.00 
-2.55 

0.00 
-1.17 

0.00 
-0.22 

Standard deviation (items) 
                           (persons) 

1.67 
1.39 

1.84 
1.35 

1.61 
1.36 

1.84 
0.96 

1.32 
1.22 

1.58 
1.17 

Separability* (items) 
                     (persons)                   

0.99 
0.89 

0.99 
0.86 

0.99 
0.89 

0.96 
0.86 

0.99 
0.91 

0.99 
0.90 

Mean Infit mean square (items) 
                                 (persons) 

0.99 
0.99 

1.00 
0.99 

0.99 
0.99 

1.00 
1.00 

0.99 
0.99 

1.00 
1.00 

Mean Outfit mean square (items) 
                                 (persons)   

1.02 
1.02 

1.00 
1.01 

1.03 
1.04 

1.03 
1.02 

1.02 
1.03 

1.01 
1.01 

Infit t (items) 
          (persons) 

-0.04 
-0.01 

-0.05 
-0.01 

-0.05 
-0.01 

0.03 
-0.03 

-0.04 
-0.01 

-0.06 
-0.04 

Outfit t (items) 
            (persons) 

-0.07 
0.04 

0.06 
0.11 

0.11 
0.08 

0.10 
0.15 

0.11 
0.02 

0.09 
0.04 



 

 

* Separability (reliability) represents the proportion of observed variance considered to be true. A value of 1 represents 
high separability and a value of 0 represents low separability. 

Table 2 provides a summary of the scale statistics for the whole sample and the five 
groups. The following observations arise from this table. First, we can observe that 
for the whole sample and for each group the indices of cases and item separation are 
higher than 0,85 indicating that the separability of the scale is satisfactory. Second, 
the infit mean squares and the outfit mean squares are approximately 1 (0,99 up to 
1,03) and the values of the infit t-scores and the outfit t-scores are approximately 
zero (-0,07 up to 0,11). And since the mean squares are within 30% of the expected 
values, calculated according to the model, it can be claimed that there is a good fit to 
the model. It is also important to note that all the items have difficulties which could 
be considered invariant across the 5 groups, within the measurement error (0,15). 
Thus, an important aspect of creating a scale (sample-free item difficulties) has been 
achieved. Third, the mean scores of pupils’ performance indicate that an increase of 
performance by age can be identified. However, even the mean of year 6 pupils is 
relatively low (-0,22) and thereby the mean of the whole sample is very low (-1,18).  
Fourth, the standard deviations of the abilities of each year group but year 4 are 
relatively high. This implies that there is a big variation among the responses of year 
5 and year 6 pupils whereas the performance of year 4 pupils was generally very low.  
Figure 1 illustrates the scale for the remaining 17 items of the test with item 
difficulties and the whole group of pupils’ measures calibrated on the same scale. 
The following observations arise from Figure 1. First, the items are well targeted 
against pupils’ abilities in probabilities. More specifically, pupils scores range from -
4,18 to 3,04 logits and the item difficulties range from -3,34 to 2,68. It can be, 
however, claimed that the targeting of the items at pupils’ abilities in probabilities 
could be improved by adding some very easy items (Thresholds ≈ -4,00). Second, the 
most important weakness of the test is the absence of moderately easy items to 
moderately hard (i.e. from -0,76 to 0,91 logits). Thus, although the psychometric 
properties of the test seem to be satisfactory, the Probability Test could be improved 
by adding items which are neither easy nor hard. Third, five levels of probabilistic 
thinking can be identified.  These levels are very similar to the levels mentioned at 
the specification table of the test. More specifically, pupils who are at the first level 
(i.e. below –2,00 logits) are able to describe events as impossible, likely or certain. 
They are also able to find which of two events is more likely to happen and their 
decision is based on the fact that they have realised that the probability of an event A 
depends on the number of outcomes of type A. However, pupils who are at the 
second level (-2,00 up to –0,75) are able to use the formula of Laplace for computing 
a probability and to compare events according to their degree of likelihood. After the 
second level, there is a relatively big area where none item is included. This could be 
attributed to weaknesses of the test either in including neither easy nor difficult tasks 
or in the fact that another level of probabilistic thinking should be included in the 
design of the specification table. However, this finding may reveal a gap between the 



 

 

second and third level and that pupils have to make an important progress in order to 
move from the second to the third stage. At the third level (0,90 up to 1,30), pupils 
are able to compute probabilities for simple compound events (e.g. throwing two 
dices), using such methods as organised lists or tree-diagrams. They are also able to 
predict the changes of the probability of an outcome of type A when the conditions of 
the relevant experiment are changed. Pupils who are at the fourth level (1,30 up to 2,00) 
they can not only find the probability of an outcome of a specific type but are also able to 
use Laplace formula in order to compute the total number of possible outcomes or the 
number of outcomes of a specific type. Finally, pupils at the fifth level (above 2,00) are 
able to examine the rules of a game and find out whether the game is fair.  
Figure 1: Scale for the Probability Test (N=623, L=17) 
------------------------------------------------------------------- 
High Achievement in Probabilities    Difficult items  
  3.0 Thresholds                 X   | 
                              | 
                                   | 
                                  |      19 
                               XX  | 
                                   |      18 
  2.0                             | 
                               XX   |      15 
                                   |       
                               XXX  |      14 
                                  |       
                                  | 
  1.0                         XXXX |      13 
                                ΧΧ   |       7      12 
                                  | 
                            XXXXXX  | 
                                  | 
                       XXXXXX  | 
   .0                       | 
                            | 
                 XXXXXXXXXXXXX  | 
                            | 
                            |       6 
           XXXXXXXXXXXXXXXXXXX | 
 -1.0                      |       3   10 
                            | 
                   XXXXXXXXXXXXXXXX  |       11 
                            | 
                            |       4 
                XXXXXXXXXXXXXXXX | 
 -2.0                       |       8     9 
                            | 
                            |         
                   XXXXXXXXXXXXXXX  |       5 
                            | 
                            |       1 
 -3.0                       | 
                       XXXXXXXXXXX  | 
                            |       2 
                            | 
                            | 



 

 

-4.0                      XXXXXX  | 
  Weak achievement in Probabilities    Easy items 
------------------------------------------------------------------- 
Note: Each X represents 5 pupils 

 
V) DISCUSSION 
The Extended Logistic Model of Rasch was useful in creating a good interval level 
measure of the Probability Test identifying primary pupils’ abilities in probabilities 
and for investigating its validity and reliability. The Rasch model was also helpful in 
analysing the conceptual design of the test. The findings of this study reveal that the 
Rasch analysis supports the conceptual design of the instrument. The underlying 
trait, that is primary pupils’ abilities in probabilities, seems to be an overarching 
concept comprised of five different levels of probabilistic thinking. Thus, the 
Probability Test and its Rasch scale may help teachers decide how to identify and 
meet pupils’ learning needs in relation to the five levels of probabilistic thinking and 
how to use their teaching time and their resources. An important implication of the 
identification of learning needs is that decisions about the next learning steps follow 
from it and pupils could be helped to improve their abilities and move from a lower 
level of thinking to a higher level. However, teachers should be aware of the fact that 
although the five levels follow a linear sequential hierarchy, there are pupils who are 
at the same level but their abilities may differ. Moreover, there is no clear distinction 
between the levels but between the second and the third level. It is important to note 
that acceptable fit was also obtained using structural equation modeling procedures 
for the theoretical five-factor first-order structure. A two second-order factors 
structure was also supported revealing that factors 1 to 2 (i.e. levels 1 and 2) were 
explained better by a second-order factor variable which was substantively different 
from that which was explaining factors 3 to 5. However, further research regarding 
the levels of probabilistic thinking is needed in order to examine whether a new level 
covering aims of teaching probability which are not mentioned in the Cyprus 
curriculum should be included in order to cover the area between the second and the 
third level of probabilistic thinking. Finally, the analysis leads to suggestions for 
improving the targeting of items against pupils’ measures through the addition of one 
very easy item and some neither easy nor very difficult items (-0,5 up to 1,0 logits). 
Thus, further validation studies of a new version of the Probability Test may be 
needed in order to obtain a better targeting against primary pupils’ abilities in 
probabilities.  
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