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This paper presents findings from a qualitative study regarding adults’ recalled
definitions of function, and their attempts to draw simple linear functions. The
subjects in this research were 24 men and women between the ages of 30 to 45,
all engaged in successful careers. Findings support the principal conclusion of
Bahrick and Hall (1991), who claimed that retaining of high school mathe-
matical material strongly depends on the length of acquisition period and the
amount of practice. Also, some of the findings exemplify Bartlett's theory (1932)
concerning reconstruction vs. reproduction in the mechanism of recalling.

Introduction

Consider the phrase “curricular consensus”; sounds like an oxymoron, does it not? So
many different views exist about what should be taught in schools, that it seems a
great achievement if an agreement can be reached within a single school.
Nevertheless, we might find a consensus in the shared implicit expectation of all
curricula, which is — as we dare to assume — that graduates should be knowledgeable
to a certain degree about the contents they have learned. Such an expectation evokes
a cardinal question: What do adults remember from their past studies? This intriguing
question was scarcely addressed by research until two decades ago, much to the
explicit disappointment of cognitive psychologists specializing in memory research
(Neisser, 1978, Bahrick, 1979). Since 1980, some progress has been made in this area
(see a review by Semb et al., 1993), but the number of relevant researches is still
relatively low, probably due to unresolved methodological problems. In regard to
mathematics, a unique work is that of Bahrick and Hall (1991), a large-scale
quantitative study designed to identify variables that affect losses in recall of high
school algebra and geometry contents. A major finding of this work was:

“When the acquisition period extends over several years, during which the original
content is relearned and used in additional mathematics courses, the performance level at
the end of the training is retained for more than 50 years, even for participants who report
no significant additional rehearsal during this long period. In contrast, those whose
acquisition period is limited to a single year perform at near-chance levels...” (p.30).

The performance of Bahrick and Hall’s research participants (about 1700 in number)
was measured by psychometric means (that is, correct/incorrect answers); indeed, a
statistical study of such a large scale does not usually involve cognitive analysis of
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answers to open-ended questions. Since cognitive analysis could potentially reveal
phenomena that remain unnoticed by psychometric analysis (Karsenty & Vinner,
1996), it seems that a qualitative study, scrutinizing adults’ attempts to recall mathe-
matical material, could add to the general picture in the issue of maintenance of high
school mathematical contents. In this article we chose to present attempts to recall the
definition of function and graphical representations of linear functions.

Theoretical background

Mechanisms of recalling. The cognitive aspect of recalling contents has long been an
attractive subject for researchers (mostly referring to contents acquired in research
laboratories). The well-acknowledged classical work of Bartlett (1932) laid the
foundations of this field. Bartlett suggested that recalling is a mechanism of
reconstruction rather than reproduction. In other words, when requested to repeat a
story heard or an event experienced, people are likely to produce an interpreted
version, though they may be unaware of doing so. Thus, some details might be
omitted, others emphasized or even added. In this article we present examples of
attempts to recall the graphical representation of a linear function, in a way that
suggests that a similar mechanism of reconstruction takes place. Moreover, we intend
to show that such reconstructions, idiosyncratic as they might be, sometimes follow a
certain inner logic that is recruited in the absence of accessible relevant details.

The concept to be recalled: What is a function? Math educators and researchers
have debated on proper ways of introducing the concept of function, one of the most
difficult and complicated concepts that secondary school mathematics students
encounter (Buck, 1970). One of the core questions in that matter concerns the kind of
definition that should be used. Roughly speaking, we can divide definitions into two
groups, based on the historical development of the notion of function (see Kleiner,
1989). The first group is what we might call “old definitions” — definitions in the
spirit of 18" century mathematicians Euler and Lagrange. For them, a function was
“an analytic expression representing the relation between two variables with its graph
having no corners” (Malik, 1980, p. 490). The second group of definitions can be
referred to as “modern”. In these definitions the key word is correspondence, as in the
Dirichlet-Bourbaki definition. This major change in the definition of function was
reflected in most of the mathematical secondary school curricula all over the world.
Examination of ten 20" century Israeli textbooks, dating from 1923 to 1995, reveal a
shift from “old” definitions to “modern” ones, around the end of the sixties and the
beginning of the seventies (Karsenty, 2001). The question of whether this curricular
shift contributes to a better understanding of functions, stands at the heart of the
debate mentioned above. Malik (1980) criticizes the use of modern definition of
function in courses intended for average students:

"The necessity of teaching the modern definition of function at school level is not at all
obvious and most of the instructors feel that pedagogical considerations were ignored
while designing the course content and the mode of presentation” (p.490)
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Vinner and Dreyfus (1989) doubt the appropriateness of a modern definition for
certain courses, and suggest that an intensive example-based introduction should
precede and accompany the formal definition. Markovits et al. (1986) suggest ways
to overcome some obstacles and enable a successful use of the modern definition.

In light of these opinions, it was interesting to look into the following question in
regard to our research subjects. Considering the fact that they had attended high
schools around the decade of change (see methodology section below), what kind of
definitions will they use when requested to define a function in an open-ended
manner? Some results follow the methodology description.

Methodology

The data and analyses reported here are part of a study, whose aim was to investigate
cognitive and affective characteristics of adults’ recollections in regard to their
mathematical experience and knowledge (Karsenty, 2001). The study was defined as
a “collective case study” (Stake, 1994), and focused on adults with considerably high
level of education. The subjects’ selection procedure was described in detail in a
previous article (Karsenty & Vinner, 2000), and will be repeated here briefly.

12 men and 12 women were selected for the study from an upper-middle class
community whose residents came from all over the country. At the time of the
interviewing process the subjects were between the ages of 30 to 45, and their high
school graduation year ranged from 1968 to 1984. All of them were graduates of
college or university, but they varied in the level of math they had taken in high
school! and the type of their current profession’. Each participant attended an
individual session, devoted mainly to an interview, which was semi-structured and
lasted about 2 hours®. The first part of it intended to explore personal affective
components of learning mathematics (see Karsenty & Vinner, 2000, for some
findings). In the second part of the interview, subjects were asked to “think aloud”
about fourteen mathematical tasks involving basic concepts and procedures. The
interview was intentionally held in a moderately-intervening manner. Thus, when a
subject persisted that he or she “doesn’t remember anything”, small hints were
suggested as triggers for eliciting any kind of respond associated with the question at
hand. All interviews were recorded and transcribed.

In the next section we present results in regard to two interview tasks, introduced to
the research participants as follows:

What is a function?
Can you sketch a graphical description of the function y=2x7*

" In Israel mathematics is a compulsory subject throughout high school, and can be studied in
three levels, herein referred to as high level, medium level and low level.

2 Professions were categorized by The Standard Classification of Occupations, a scale of 10
categories published by the Israeli Central Bureau of Statistics.

3 Subjects also filled two questionnaires, findings from which will be published elsewhere.

4 In some cases the given function was y=x or y=x+1 or y=2x+1.

PMEZ¢ 2002 3-187



Results and Discussion

I. Responses to the interview question "what is a function" were grouped into six
categories, which will be described and illustrated here in short. The categories are
partly adapted from Vinner and Dreyfus (1989).

Category A. The subject's response includes, as a dominant component, one of the
following expressions: "relation”, "dependence”, "influence”, in regard to variables
or number values.

Example:

"A function is, I think, a relation or a connection between two variables"
(Nurit (female), 38, psychologist, studied math in a high level track)

Category B. The subject's response includes, as a dominant component, one of the
following words: "equation”, "formula", "operation”.
Examples:

"A function is an equation. An equation that describes some kind of a line"
(Gadi (male), 41, architect, studied math in a medium level track)

"A function is... using a... a general formula, and then you can plug in different numbers
to reach certain goals. That is, it's some kind of a general formula that afterwards you can
use each time with variables that are appropriate in a certain situation”

(Irit (female), 33, senior banker, studied math in a medium level track)

Category C. The dominant aspect in the subject's response is visual; the notion of

function is mainly identified with a graphical representation.

Example:
"Ah... What is a function? A function is that thing with the... inside the graph, which has
all kinds of shapes, and it looks differently according to its elements. [...] I remember
that there are all kinds of functions [draws 3 different sketches of graphs]. Some are
like this, some are like this, it depends on how the x relates to the y."

(Amira (female), 31, museum director, studied math in a medium level track)

Category D. The subject recalls the concept of function mainly in a context of

exercises that he or she used to work on.

Example:
" recall some story of substituting points, of a formula that you check. There's a question
or instruction to plug in points and then every point to put on a graph [...] I remember the
requirement, say in an exercise, of the peak point, something like that, and the lowest
point, such things I remember. Or questions that dealt with the relation between the
y-axis and the x-axis. Below zero, above zero, such things I recall, very vaguely. It’s
been some 20 years ago, you know. If you ask me what happens with this and what is it
used for, I won’t be able to tell you"

Eli (male), 40, principal of a post-secondary institution, studied math in a low track)
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Category E. The subject can only elicit blurry associations related to the process of

sketching graphs.

Example:
"I remember that function was... we used to set up the... we used to set up on the graph
there, on the x-axis and the y-axis, points... what was it? x-axis, y-axis, the points, and
construct the function accordingly”

(Arie (male), 38, insurance representative, studied math in a low level track)

Category F. The subject can neither define, nor exemplify, or even elicit associations
to the word 'function’. It seems like the concept has been "deleted".

The distribution of subjects within the six categories is shown in table 1. Several
observations can be made in regard to the data presented. First, it should be noted that
none of the 24 subjects has defined a function in a way that could be regarded as
modern. Generally it can be said that half of the subjects remembered the concept of
function and defined it mostly in the spirit of old definitions (relation, dependence,
equation, formula, operation, or via smooth graphs). The fact that the modern
definition was not preserved in subjects' memory might suggest that it was not well
assimilated, in spite of the favorable leamning circumstances mentioned before (i.e.,
when the modern definition became popular in textbooks). It could be claimed,
however, that this state of affairs is due to teachers' dissatisfaction with the use of the
modern definition, as noted by Malik (1980) (see also Cha & Wilson's report (1999)
concerning the inclination of prospective math teachers to define functions as
equations or machines rather than by way of sets). One might suspect that, as a result
of such dissatisfaction, the modern definition of function has played a lesser role in
the implemented curriculum than it did in the intended curriculum.

Second, a connection can be noticed between high school math level tracks and the
category distribution: Most of the subjects who participated in a high level track were
classified to categories A-B, expressing familiarity with the concept of function. All

No. of subjects assigned to this category,

Category distributed by level of math taken in high school
High Medium Low Total in this
level: level: level: category:
A: Relation, dependence, influence 3 - 2 5
B: Equation, formula, operation 2 2 1 5
C: Visual response - 1 1 2
D: Context of exercises to solve 1 2 2 5
E: Blurry associations - - 3 3
F: The concept has been "deleted" 1 - 3 4

Table 1. Distribution of subjects within the six categories of function definition (N=24).
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medium-level graduates were classified to categories B-D. Most of the low-level
graduates (8 of 12) were classified to categories D-F, which can be characterized by
vague recollections, if any at all, about the definition of function. This finding is in
accordance with the general conclusion of Bahrick and Hall (1991) in regard to
lifetime maintenance of mathematical material, which is basically that the rate of loss
is most affected by variables concerned with the amount and distribution of practice.
Finally, attention should be drawn to the other half of the subjects, those assigned to
categories D-F. Our general impression was that for them, the concept of function
was absent from what might be referred to as an "available concept pool". Using
Vinner's (1983) terms, it can be said that the cell of "concept definition” became
devoid; any associations, if elicited at all, were based on random pieces from the
"concept image" cell. This finding is noteworthy, considering the fact that these
people are educated adults who are well positioned in modern society. One can only
conjecture on the extent of loss, in regard to this important concept, among the wider
population of high school graduates.

IL. Subjects' attempts to draw graphs for simple linear functions were classified into
seven categories. We will not describe these categories here, due to space limitations.
Instead, we present three examples of drawings made by subjects. However, we
would like to point out that of the 24 adults participating in the study, only 7 could
sketch, without intervening clues, a graph that was correct in its general idea.

Example 1. Figure 1 presents a drawing of the function y=x, made by Dov (male, 37,
government official, studied math in a low-level track).

N —
X”"/

Figure 1. Drawing of the function y=x, made by Dov.

As can be seen, Dov does not recall the Cartesian system. In the absence of this frame
of reference, he tackles the task in an idiosyncratic way. In other words, since Dov's
knowledge of linear graphs is inaccessible, and thus can not be reproduced, Dov re-
constructs the idea of y=x based on his present interpretation. Apparently, y=X is seen
as an equality between quantities, and the two identical line segments illustrate this
understanding. Two other subjects gave quantity illustrations; one described y=x as
two identical circles, the other described y=2x as two small circles and a bigger circle.

Example 2. Figure 2 presents drawings of the functions y=x and y=2x, made by Tamar
(female, 42, high school humanities teacher, studied math in a low-level track).
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Figure 2. Drawing of the functions y=x and y=2x made by Tamar.

Tamar recalls the axis system, but not the Cartesian representation of points. Like
Dov, she reconstructs the idea of linear graphs on the basis of her current common
sense. While drawing y=x she says: "Well, anyway, there's got to be something equal
here". Thus, she allocates equal segments of one unit on both axis. She then joins the
two endpoints by a line. This last action might be ascribed to vague residues of the
notion of function, elicited earlier by Tamar: When requested to define a function,
she said - "There is a horizontal axis and a vertical axis, and there are points. You
join the points and you get a function”. Note that Tamar persists with the same logic
when drawing y=2x. This time the segment allocated on the x-axis is twice as long as
the one allocated on the y-axis, thus reflecting a common proportional misconception.
Similar descriptions of linear functions were given by two other subjects.

Example 3. Figure 3 presents a drawing of the
function y=3x+2 made by Judy (female, 35, lawyer,
studied math in a medium-level track).

It is the second graph drawn by Judy. She first
drew a correct graph of the function y=x+1, by
calculating values of several points and joining
them with a straight line. However, while doing
so, she remarked: "It's a straight graph because it's
very simple, it only has 1 added, and no multipli-
cation”. This remark led the interviewer to ask her
to draw y=3x+2. This time, although Judy correctly
calculates five point values, she joins the points
with a curved line, as can be seen in Figure 3. She
claims that due to the multiplication of x by 3, Figure 3. Drawing of the
"what happens is that it's going to be higher and function y=3x+2, made by Judy
higher".

Again, we can see that a mechanism of reconstruction of knowledge takes place, even
when the basic ideas of function graphical representation can be recalled. As a final
comment we would like to emphasize, that the examples given above are merely
illustrations of interesting phenomena of recalling mathematical material, yet to be
explored.

\/= 3¥+d

——pr— ettty

PME26 2002 3-191




References

Bahrick, H. P. (1979). Maintenance of knowledge: Questions about memory we forget to ask.
Journal of Experimental Psychology: General, 108 (3), 296-308.

Bahrick, H. P., & Hall, L. K. (1991). Lifetime maintenance of high school mathematics content.
Journal of Experimental Psychology: General, 120 (1), 20-33.

Bartlett, F. C. (1932). Remembering: A Study in Experimental and Social Psychology.
Cambridge: Cambridge University Press.

Buck, R. C. (1970). Functions. In E. G. Begle (Ed.), Mathematics Education, The Sixty-ninth
Yearbook of the National Society for the Study of Education (part I, pp. 236-259). Chicago:
University of Chicago Press.

Cha, I. & Wilson, M. (1999). Prospective secondary mathematics teachers' conceptions of function:
Mathematical and pedagogical understandings. Proceedings of the 23rd Conference of the
International Group for the Psychology of Mathematics Education (Vol.1, p. 269). Haifa:
Technion - Israel Institute of Technology.

Karsenty, R. (2001). Mathematics, years after the matriculation exams: Cognitive and affective
characteristics of adults recalling mathematics. Unpublished doctoral dissertation, Hebrew
University of Jerusalem

Karsenty, R. & Vinner, S. (1996). To have or not to have mathematical ability, and what is the
question. In L. Puig & A. Gutiérrez (Eds.), Proceedings of the 20th Conference of the
International Group for the Psychology of Mathematics Education (Vol.3, pp. 177-184).
Valencia: University of Valencia.

Karsenty, R. & Vinner, S. (2000). What do we remember when it's over? Adults recollections of
their mathematical experience. In T. Nakahara & M. Koyama (Eds.), Proceedings of the 24"
Conference of the International Group for the Psychology of Mathematics Education (Vol.3,
pp. 119-126). Hiroshima: Hiroshima University.

Kleiner, I. (1989). Evolution of the function concept: A brief survey. College Mathematics
Journal, 20 (4).

Malik, M. A. (1980). Historical and pedagogical aspects of the definition of function. International
Journal of Mathematics Education in Science and Technology, 11 (4), 489-492.

Markovits, Z., Eylon, B., & Bruckheimer, M. (1986). Functions today and yesterday. For the
Learning of Mathematics, 6 (2), 18-28.

Neisser, U. (1978). Memory: What are the important questions? In M. M. Gruneberg, P. E. Morris,
& R. N. Sykes (Eds.), Practical Aspects of Memory (pp. 3-24). London: Academic Press.

Semb, G. B, Ellis, J. A. & Araujo, J. (1993). Long-term memory for knowledge learned in school.
Journal of Educational Psychology, 85 (2), 305-316.

Stake, R. E. (1994). Case studies. In N. K. Denzin, & Y. S. Lincoln (Eds.), Handbook of
Qualitative Research (pp. 236-247). Thousand Oaks, CA: Sage.

Vinner, S. (1983). Concept definition, concept image and the notion of function. Infernational
Journal of Mathematics Education in Science and Technology, 14 (3), 293-305.

Vinner, S., & Dreyfus, T. (1989). Images and definitions for the concept of function. Journal for
Research in Mathematics Education, 20 (4), 356-366.

3-192 PME26 2002





