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PREFACE 

The 1986 London Conference of PME marks the tenth anniversary 
of the formation of the International Group for the Psychology 
of Mathematics Education at the third ICME in Karlsruhe. 
During that time, the group has grown considerably and the 
annual conferences have proved successful in their declared 
aim of fostering international communication about 

psychological aspects of problems of mathematics education at 
all levels. The range of headings under which the research 
reports contained in this volume have been organised attests 
to the flourishing of this area, and part of the success of 
PME has been in carving out a domain of enquiry within the 
emerging discipline of mathematics education. 

The tenth annual conference takes place at the City 
University, London from July 20th to July 25th, 1986. There 
are a number of different ways in which participants at the 
conference may make a contribution; research reports, poster 

displays, working groups (initiated in 1984) and discussion 
groups (new this year). The background papers for the research 
reports, which are intended to be read before the 
presentation, form the bulk of the contents of this volume and 
have been organised under the following 7 headings: 

1. Number and number operations 

2. Spatial representation and geometrical understanding 

3. Developing and/or using models of mathematical learning 

4. Mathematical concept formation 

5. The mathematical learning environment 

6. Logic and proof 

7. Problem solving strategies 

The order in which they appear in this volume is alphabetic 
within each heading and therefore does not necessarily reflect 
the order of presentation within the meeting itself. The 
plenary sessions have been chosen to reflect diverse themes of 
potential interest to psychologists of mathematics education. 
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I. NUMBER AND NUMBER OPERATIONS



FIRST-GRADERS' LEVELS OF VERBAL PROBLEM PERFORMANCE 

Harriett c. Bebout 
University af Cincinnati 

Abstract 

This study used past findings an children's informal 
concrete modeling strategies for verbal problems and 
the resultant proposed medels af performance ta cate
gorize 45 first-graders inta three concrete represen
tational levels. The children were given an instruc
tional treatment intended ta teach them ta write 
forma! symbolic representations that corresponded ta 
their informal concrete representations. Preinstruc
tional and postinstructional measures af children's 
performance, an verbal problem tasks at each leve! 
are s.tated in the results. 

Young children's informal number concepts and successful 

strategies for solving verbal addition and subtraction problems have 

been documented. (See summaries in Carpenter, Blume, Hiebert, Auick, 

& Pimm, 1982; Ginsburg, 1983; Starkey & Gelman, 1982.) An important 

feature af children's earliest solution strategies is their under

standing af problem structure, as evidenced by their attempts ta 

represent problem structure with concrete items (Blume, 1981; 

Carpenter, Hiebert, & Moser, 1981; Carpenter & Moser, 1982, 1983, 

1984; Hiebert, 1982). Before forma! instruction, children set out 

concrete medels that represent the underlying mathematical structure 

af simple verbal problems land then manipulate these concrete 

representations ta find the solution. 

Children come ta forma! instruction at different levels af verbal 

problem solving performance. Same children can solve only those 

problems with less apparent structures. Their progressively 

sophisticated strategies have been studied and hierarchical medels af 
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pertormance have been proposed by Briars and Larkin (1984), Carpenter 

and Moser (1983, 1984), Cobb (1986), and Riley, Greeno, and Heller 

(198J). 

The present study used these previously proposed medels to 

categorize children into three levels based on children's use of 

problem structure for their concrete representations. This 

categorization preceded a whole-class instructional treatment that 

taught the same mathematical content to children at all levels. This 

content intended to move children from their informal concrete 

representational strategies to the formal symbolic representational 

forms, i.e., number sentences or simple eguations. The major

guestion posed involved the efficacy of teaching structure-based 

symbolic representations to children at all three entering concrete 

representational levels. 

Method 

Sample 

The subjects were 45 first-graders in two classrooms during the 

last guarter of the school year. The school was located in a rural 

community near Madison, Wisconsin. 

Procedure 

The children's performances were evaluated with individual

interviews and gro�p tests using problems from the current classi

fication of verbal problems (Carpenter & Moser, 1984; Riley, et al., 

1983). According to their use of concrete representational strategies 
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during the individual interviews, children were categorized into the 

levels of Basic, Direct Modeling, or Representation. A group paper

and-pencil test was given to examine children's attempts to 

symbolically represent and solve verbal problems prior to instruction. 

Fourteen instructional lessons followed, with the intent of teaching 

children to symbolically represent verbal problems with number 

sentences that directly represented problem structure. A post

instructional group paper-and-pencil test of verbal problems was 

administered to determine the change in children's symbolic 

representations and solutions. 

Results and Discussion 

Children's preinstructional and postinstructional symbolic 

representations and solutions for Change type problems are presented in 

Tables 1, 2, and 3. 

The study indicated several results. One major result was that 

after instruction in symbolically representing the structure of verbal 

problems, children categorized at all
_

three concrete modeling 

performance levels were successful in writing correct number sentences 

for the instructed verbal problem types. The children had been 

categorized into levels prior to instruction in anticipation of the 

instructional treatment not being appropriate for all levels of first

graders. Posttest results indicated that over 80% of the children at 

all three concrete modeling levels were successful in writing correct 

number sentences for the instructed verbal problem types, Change and 

Combine problems. 

Another result concerned the noninstructed problems, compare and 



Equalize problems. The instruction that children received in writing 

sentences to represent verbal problem structure did not appear to 

transfer to these two noninstructed problem types. Although over 

one-half of the children were able to solve these problem types on the 

posttest, less than 10% of the children wrote correct number 

sentences for Compare and Equalize problems. 

The study indicated that young children at varying levels of 

preinstructional ability were successful in learning to symbolically 

represent and solve verbal problems with number sentences that directly 

represent verbal problem structure. The study suggests an early 

program of verbal problem solving instruction that teaches children the 

formal symbols of mathematics to coincide with their informal concrete 

modeling strategies. 
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Table Preinstructional and Postinstruction.:il Performance on Croup Tests for Direct 
Hodel ing Level Students (�1•22) - Change Problems 

Correct Correct Direct Representation Rerepresentation 
Verbal 
Problem 
Type Sentence Solution Form Complete 1ncomplete Form Complete lncomplete Cther 

Change I pce 

post 

Change 2 pre 
post 

Change ) pre 
post 

Change 4 pre 
post 

Change S pre 
post 

Change 6 pre 
post 

Table 

Verbat 

16 15 8+7=0 16 
22 22 9+4•0 22 

16 14 1)-9•0 16 
20 19 12-9•0 20 

I 7 9+0•12 12-9·0 
19 21 7+0•1 1 19 1 1-7•0 

9 Il 14-0•9 14-9•0
21 16 15-0=8 16 15-8•0 

0 4 0+6•1) 1)-6•0 
20 16 0+5=11 20 11-5-0 

) 6 0-4-8 4+8■0 
20 20 O-5•8 20 5+8•0 

Preinstructional and Postinstructional Performance on Croup Tests for Basic 
level Students (tl•l2) - Chan!1e Problems 

17 
2 

20 
I 

17 
2 

Problem Correct Correct Direct Representation Rerepresentation 
Type Sentence Solution Form Complete lncomplete Form Complete lncomplete Cther 

Change I pre 
post 

Change 2 pre 
post 

Change ) pre 
post 

Charige 4 pre 
post 

°Change 5 pre 
post 

Change 6 pre 
post 

7 
Il 

9 
Il 

0 
9 
7 

12 
0 

10 

5 
10 

8 
7 

I 

JO 

6 
) 

8+)•0 7 
9+'1'"0 Il 

1)-9•0 9 
12-9•0 Il 

9+0=12 12-9•0 
7+0=11 11-7•0 
14-0•9 14-9•0 
15-0• 8 15-8•0 

0+6=1) 1)-6•0 
0+5=11 JO 11-5•0 

O-4•8 i.+e-o 
O-5•8 5+8•0 

Table Preinstructional and Postinstructional Performances on Group Tests for 
Rerepresent i ng leve 1 S tu den ts (N• 11) - Change Prob 1 ems 

Il 

) 

10 
2 

6 
) 

Verbal 
Problem 
Type 

Correct Correct Direct Represenution Rerepresentation 
Sentence Solution Form Complete lncomplete Form Complece lncomplete Cther 

Change 1 pre 
po,t 

Change 2 pre 
post 

Change 3 pre 
post 

Change !i pre 
post 

thange 5 pre 

post 

Change 6 pre 
post 

7 
Il 

7 
10 
2 

Il 

) 
Il 

I 

Il 

2 
Il 

10 
10 
7 

10 

7 
7 

8+7""0 
9+1i=O Il 

7 
12-9•0 10 
9+0=12 12-9•0 
7+D=ll Il 1 1-7•0 
14-0•9 14-9•0 
15-0•8 10 15- 8•0 

0+6:JJ 1)-6•0 
O+S=ll Il 11-5-o 

O-4•8 li+B• □
o-s-e Il 5+ 8•0 
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THE FEASIBILITY OF ASSESSING 7-11 YEAR OLD PUPILS' 
UNDERSTANDING OF NUMBER IN A GLASS ADMINISTERED TEST 

Brenda Denvir 
Centre for Educational Studies, 

King's College London (KQC), University of London 

Aim of Study and Rationale 

The aim of this work was to:-

investigate the extent to which a class assessment instrument 
would yield reliable diagnostic information about individual 
pupil's mathematical understanding 

The potential value of a class assessment instrument is two-fold. It would 

provide: 1. a diagnostic assessment instrument for the teacher; 2. a data 

collection instrument for research into children•s understanding of number. 

Theoretical Stance 

A constructivist view of learning, which has a Piagetian basis and is 

described by Schaeffer et al (1974) and more recently by von Glasersfeld (1985) is 

adopted in this study. Children are seen to construct their own knowledge by 

making links between previously unrelated ideas. The solutions which they offer 

will depend on their mental "re-presentation" (von Glasersfeld 1985) of the task, 

that is the overall definition or "meaning" which the task, as it is presented, 

evokes in the mind as a result of previous experience. The extent to whi ch 

different individuals - pupils and teachers - attach the same meaning to a task, 

will depend on their common experience and the opportunity they have to negotiate 

meaning. 

Research studies carried out for example by Carpenter and Moser (1982), Hart 

(1981) and Steffe (1983), based on individual interviews, have indicated that it is 

often possible to identify occasions when pupils are blindly following rules, • 

situations where they have a clear grasp of "what they are doing and why" and 

numerous occasions when the response is along the continuum between these two 
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extremes. Thus, whilst recognising that it is not possible or even meaningful to 

make a precise assessment of a child's understanding, it is hypothesised that for 

most children an individual interview will give a more accurate description than a 

class test. 

In attempting to use assessment procedures in which meaning cannot be 

negotiated, there is likely to be an inaccurate description of the attainment of 

pupils whose perception of a task differs from that of the teacher. This study 

examines how closely pupils' performance in a class assessment of the understanding 

of number matches their performance in an individual interview when both are based 

on an empirically designed learning hierarchy. 

Background and Methodology 

This present study is based on the findings of earlier work (Denvir and Brown, 

1986a). It is hypothesised here that some inferences about the strategies and 

perceptions which children have available for tackling questions about number may 

be made from their written responses to suitably designed items. Items were 

developed so that they could be administered to a whole class of 7-11 year old 

pupils. The items were orally and/or pictorially administered in the class test. A 

subsample were interviewed individually and performances in the two testing modes 

were compared. 

The fourteen skills assessed are, in order of difficulty 

1. knowledge of standard number word sequence
2. interpolation between decade numbers (whole number intervals) 

3. estimation of numerosity of haphazard array of dots

4. cardinal representation of numeral
5. solution of addition and subtraction word problems 
6. representation of multiplication word problems 
7. enumeration of grouped collections 
8. representation of addition and subtraction word problems 
9. "ten more than" and "ten less than" two digi t numbers 

10. estimation of numerosity of cartesian array

11. mental subtraction of two digit numbers
12. representation of division word problems 

13. interpolation between decade numbers (0.1 intervals) 
14. solution of proportion problem 

-8-

The details of the class assessment sample and the interviewed sub-sample are 

shown in Table 1. Performance in the interview was regarded as a reliable 

description of pupils' understanding against which performance in the class 

assessment could be compared. 

School 

A 

B 

Total 

Table 1 

Number of Pupils in Main Sample by School and Year 
Number of Pupils in Interviewed Sub-sample in brackets 

Year of Junior School and Age Range 

1 2 3 4 
7.9-8.8 8.9-9.8 9.9-10.8 10.9-11.8 

23*(7) 25(10) 
19(3) 19( 3) 17 ( 4) 

20*(6) 23(4) 22(5) 29(3) 
18* 17 17* 

Total 

48(17) 

55( 10) 
94 ( 18) 

52 
43( 13) 60(7) 83(18) 63(7) 249(45) 

*In these classes four skills: 6, 12, 13, 14 were omitted from the assessment.

figure shows performance in the class test and the interview for the 

interviewed subsample who were assessed on every skill (n=32). 

figure 1 

Skills Passed and failed in Class and Interview by Age 
PUPILS------} 

5KILL5
2
1 .. 

,j, 
---

4 '-'-+-+-� 

5 l-t-t,,:,t-;,,,,t?, 

b!n+-++-1"'1�■

7�-f--+,-,1"'4c� 

s 1-t-+-t-"+-1r-\o• 
5 .....,.-+-+-J--+-

IOL f-j=�=�=[j:!:tJtJ:1ttj:,=t==•=1=t�tJ��=IJ 
12 

IJ ___ _ 
14 ____ _ 

),o,.t. dnltr,icw J It 5 5 • "I "I 9 9 10 10 1e1 io 10 11 
-C.lo.• 1<Jt z 3 r J S 1 i q q ,o i 9 • 'I 1c; 1. 

J/ Il Il 11 17. Il 1J Il IJ !J Il 1, IJ l'f 

f 'I 10 •O Il 11 , ,  Cj 10 
Dixrcpar-v c.J � O J l. ¼ f l l o I T l. lr r o 4 lr It, f 2. J l. 2 o 1t 'f tr l o o 
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Figure 2 shows the number successful on each skill in the class assessment and 

the interview for the subsample assessment on all the skills. 

For every child interviewed the interview responses which differed from the 

class result were examined in order to shed light on possi ble reasons for the 

variation and these are outlined in 'Discussion• below. 

Figure 2 j
Number of Children Successful in Class Asses_;,ment and Interview 

9 
0j<O)'ed.,n 

10 
inC-er--view. 

Il 

12 []].scorut I,� 
1.3 c.lcus test 
lit-

Performance on every skill except the hardest one was higher in the interview than 

the assessment. There was a total of 76 out of 448 (1711 pupil-skills on which 

performance differed in the class assessment and the interviews. Overall there was 

a reasonable correlation but for some indi vi duals, especially those who performed 

badly on the class assessment, the discrepancy was unacceptably large. In 

particular there were six pupils (whose records of performance are asterisked in 

Figure 2) whose understanding would have been grossly misrepresented by the class 

test. 
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oiscussion 

The possible reasons for variations between response in the class assessment and 

the interview are:-

1. Learning. This may come about in the interview because the pupil tries to 

resolve inconsistencies. 

2. Borderline knowledge. During construction of new knowledge, there is 

rarely an abrupt transi tion from "not knowing" to "knowing". More orten 

the pupil appears to "know" on some occasions and "not know" on others. 

3. Knowledge assessed in the class assessment is different from knowledge 

assessed in Interview. Asking the same question in a different context 

may stimulate quite di.fferent thought patterns in the child, which may 

produce different answers. 

4. Anxiety greater in one context than another.

5. Failure to understand the point of the question in the class assessment.

6. Incorrect assumptions made about the necessary strategy for a correct 

solution.

7. Expectation of feedback in interview produces better motivation.

8. Inability to hear, see or attend in the class assessment

9. Accidental error in class. 

10. Poor short term memory affects performance in the class.

11. Correctly guessing or estimating the answer in class. 

Conclusions 

1. It was not found possible to design written items for all of the number skills 

which the earlier study (Denvir and Brown, 1986a) had identified as crucial in

the development of the understanding of number.
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2. 

3. 

4. 

There were differences between pupils' performances in the class test and the 

interview. The number of differences vari ed according to the skill and the 

pupil. 

Of the 32 pupils in the interview sample, six would have been significantly 

misplaced by taking performance in the class test rather than performance in 

the interview as a measure of their attainment in number. For each of these 

six pupils performance in the class test underestimated their understanding of 

number. 

Nevertheless, the class assessment instrument designed in this study did 

provide an initial assessment of pupils' understanding of number from which 

pupils needing further diagnostic assessment could be identified. In 

particular, it was general ly the case that i f a pupil was successful on a 

skill in the class assessment then she was successful in the interview. 
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HOW D0 CHILDREN COPE WITH THE INFINITY OF NUMBERS7 

Ruma Falk, Drorit Gassner, Francoise Ben-Zoor and Karin Ben-Simon 

Department of Psychology and the Sturman Center for Human Development, 

The Hebrew University, Jerusalem 

What does "understanding infinity" mean? We certainly do not grasp it by any 

sensory means ner by imagination, we � that there are infinitely many numbers, 

and that there does not exist a largest number. We conceive the infinity of 

numbers although we do not perceive it. Two sets of pioneering studies of child

ren's ideas of infinity should be noted, one by Fischbein and his students and 

the other by Gelman and her associates. Fischbein et al. (1979) and Tirosh 

(1985) presented a variety of questions many of them concerning the unending 

divisibility of line segments (following the lead of Piaget and Inhelder, 1967) 

and similar geometrical problems. We chose to focus on potential infinity in the 

nurnerical area rather than on the infinite divisibility of line segments. A 

child may relate to the physical constraints of the task of dividing a segment, 

which is not what we are interested in, and rightfully claim that the partition

ing will eventually terminate because "there is no more space". Moreover, we 

preferred not to rely on geometrical images in order to avoid the need to refer 

to idealized concepts like a point that has neither length nor area. Evana and 

Gelman (1982) interviewed young children about the 11biggest number" and mapped 

several developmental stages, from "finite and small" through "finite and large" 

to "infinite", in children's understanding of infinity. We tried to devise a 

� situation in which a child's understanding of infinity could be exhibited 

without having to answer direct questions about the largest (smallest) number. 

We reasoned that the comprehension of the idea that the integers are unbounded 

should be expressed not only by a readiness to recite the slogan that "there is 

no biggest number", hut also by the ability to name a larger number than !!!L 

nurnber you may suggest. Our purpose was to find out whether children understand 

this principle so that they can profitably apply it in a competitive game, and 

whether they are able to verbalize it. 

� 
A nurnber-game played by the child and the experimenter was devised. The instruct-

ions ran as follows: "Each of us should say a number. The one whose number is 

larger will win. Would you like to be the first or the second?" After answering, 

and before playing, the child was asked to explain her choice. Upon choosing and 
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playing several times, a 11continuous game", in which both players were al ternately 

naming increasing numbers for five or six rounds in succession, was played. At 

that point the child was asked for how long the game can go on and whether it will 

ever end. Next, a variation of the game in which the winner is the one whose 

number is the smallest was suggested. This game was played in several versions: 

one with only non-negative integere, another with integers including negative 

numbers, and a third version with only positive numbers including fractions. The 

versions played with each child were determined by the child's ability to mani

pulate negative numbers and/or fractions. The dialog was not strictly structured. 

We tried to follow the spontaneous and free expressions of the children, sometimes 

at the expense of missing responses to some of our intended questions. 

Results 

The preliminary results of 95 children, 56 girls and 39 boys, aged 5(0) to 12(6), 

were analysed. The three games involving a possible endless succession of numbers 

were labeled: 1. Upwards - Natural Numbers 

2. Downwards - Integers 

3. Downwards - Positive Rationals. 

All children but one played game l; 33 played game 2, and 48 game 3. Every child 

was assigned three scores for three functions involved in each game: performance 

in the game, ability to verbalize the principle of winning, and understanding the 

boundlessness of the numbers and/or the idea that the game may go on indefinitely 

(the possible scores were +, -, or· 7). The distribution of the percentages of 

positive scores by grade (age) and task (i.e., game and function) is presented in 

Table 1. The percentages were computed out of the available responses in that 

grade and task. Empty cells represent cases where less than a third of the child

ren in the grade responded to the task. 

A general developmental trend is apparent. Preschoolers and some children in 

grades 1-3 could hardly play even the continuous part of game 1. Most 6 and 7 

year olds failed in understanding the boundlessness of the integers. This under

standing, and the ability to explain why one should play second, rise steadily 

with age and characterize the majority of the 11-12 age group. The conception of 

infinity•in games 2 and 3 appears later than in game 1, partly because children 

becorne familiar with negative numbers and fractions only in older ages. However, 

the results suggest that once they learn about negative numbers they easily per

ceive their symmetry to positive numbers all the way to infinity. Understanding 
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of the infinitesimal appears to pose additional difficulties. Quite a few subjects 

could understand the endlessness of the process in game 1 but not in game 3; there 

were no cascs where the reverse was true. By and large, correct choices in a game 

preceded formulations of the principle of winning, which in turn preceded the 

understanding of the infinity of the process. 

Table 1. Percentage of positive scores (out of the available responses in a 
given category), by grade (age) and task. 

T v n e 0 f g a m e a n d f u n c t i o n 
Grade 1. u p w � r d s I) 0 w n w a r d s 
Age range Natural Numbers 2. I n t e g e r s 3. Positive Rationals 

Number of Perfor Princi Infini Perfor PrincJ -fot.ini Perfor Princi In!ini 
children mance ple ty mance ple ty mance ple ty 

Kindergarten 
5(0)-6(0) 25 0 0 

n;4 

1 
6(1)-7(6) 69 60 31 

n-13 

2 
7(0)-8(6) 77 70 46 

n 13 

3 
8(0)-9(2) 64 71 55 75• 

n 11 

4 
9(3)-10(6) 91 70 73 100• 100• 100• 50;ar; 

50;ar; 

n ,] 1 

5 
9(5)-11(2) 100 93 81 100 100" 72 

n 21 

6-7 
10(11)-12(6) 100 

I
92 86 100 100 78 100 61 

n. 22 I 

"Out of less than half the subjects of that grade. 

Verbal responses. Many responses were informative and instructive. Consider a few 

examples (the games to which the reponses refer are designated by their numbers): 

Negative scores: Shoshi's 8(6) answer to the question why she chose to be first 

in the continuous part of game I, was: "Because I thought that you'll be the firat 

to run out of numbers." Shoshi seemed on the alert to seize the "last number", 

however, she was not successful. When we got to 10,000 she said 111 have no more 

numbers ••• I don't know whether there are numbers beyond 10,000.11 Ron 11(0), 2. 
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"·•· just as we'll eventually reach the end af big numbers, so we'll get ta the 

end af negative numbers. It is the same, only one had puta minus in front of it." 

Erez 12(5), 3. "If we play a long time the numbers will end because they get 

smaller and smaller. 11 

Positive scores: Itai 6(6), when asked how long game 1 may go on: "Until no end, 

the numbers will never stop, because if there is, say, a milliard, ene can add to 

it another and another milliard, until infinity." When asked what happens if we 

add ene to infinity: "Nothing, because infinity is not a number." 3. Itai wanted 

to be second. He responded to 1 by J., and to J,; by "a quarter of a half • • • I, 11 

take a smaller and smaller grain, each time still smaller •··"• Avi 7(7), 1. ''We'll 

not finish playing, because if you say, for example, a number, I'll say a greater 

ene, and then you'll have a greater ene, and then I'll say still a greater ene." 

Yechi 8(6), 1. "It is bet ter for me to be second, because you' 11 reveal your num

ber and so I' 11 win, but if I am the f irst I reveal my number, and you win." s igal 

10(6), 1. "I want to play second because I'll know what you said first, and I'll 

be able to plan which greater number to say." 2. "I think one cannot finish this 

game either, because you simply take all the numbers, as before, and transfer them 

backwards behind zero." Yoram 11(11), 3. "I think we'll never reach zero, we'll 

only get closer to it each time ••• even though the interval looks small it inclu

des all the numbers in the world, because each number you can turn inte one divid

ed by the number." Oren 12(0), 2. "Big deal! I'll always be second and so I'll say 

a smaller number than yours, because to each big number you can add a minus and it 

becomes smal 1. 11 

Unexpected responses: Four children, aged 5(6) to 8(6), offered fractions of zero 

in response to zero in the downwards game. Haim 7(1): "Half a zero ••• J., of a zero 

is smaller than zero because it is not a whole zero but only part of it." These 

children were ready with the algorithm •�•hatever you say I'll respond by half of 

it", it was only the concept of zero that was not clear to them. Emmanuel 11(11) 

wanted to be second and knew why, however, he refused to play the games, because 

"it's boring". Emmanuel had a suggestion of his own: both players will write their 

numbers on notes and then we'll see which number is higher. This would be "fair". 

We followed his advioe and let a few subjects play also with notes. Then we asked 

them which kind of game is "fairer". They thought that the notes game is fairer, 

like Shimrit 7(6): "In the previous game the first one always loses, and here each 

ene writes and doesn't know what the other one is writing, and you can lose and 
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you can win." 

concluding comments 

It was surprising to realize the importance that several children attached to 

knowing the � of the numbers, as if the concept exists via its name. In cont

rast to Irene 9(8) who said "if there is a number, then there is alao a greater 

number", Roi 8(4), said: "I don't know a number greater than a milliard, I don't 

know how you name them ••• we don't know the largest number. There is a certain 

number but its name is unknown, nobody knows." Sarit 10(2) solved that difficulty 

elegantly: "you can never finish such a game, you can always add more and more 

numbers and invent more names for them as long as you wish. 11 

Children's attempts to cape with the conflict between the finiteness of every

thing around and the awareness of the poasibility of the infinite, were often 

manifested by contradictory statements within an answer, or by gaps and inconsis

tencies between answers. The intermediate stage between mastering finite number 

schemas and the breakthrough to infinity is of special interest. One has to make 

discontinuousneap between these two kinds of concepts, since nowhere does the a 
I 

very big start to merge inte the infinite. In order to find out when that unbri-· 

dgeable gap becomes clear to children, we start.ed presenting paired comparisona 

between � � very large sets and the "smallest" possible infinite set. Noga 

5(9) first decided that there are more grains of sand in the world than leaves on 

all the treea, than hair on all people's heads, and than words in all the languag

es. But when asked " What are there more - grains of sand, or numbers?" she chose 

numbers decisively "because the numbers never end hut the grains of sand 

alwaye stay as they are." This bold statement did not stop Noga from subsequently 

choosing to be firat in our games both upwards and downwards. 

Although the spatial-geometrical context had been neglected as a formal medium of 

inquiry in our research, a few children brought up geometrical images in the 

course of the interviewa. Rinat 11(2), 1. "One cannot finish playing, because it 

is like a building where you can pile more and more bricks on top of each other 

and it never stops." Smadar 9(10), 3. "I think that if we• 11 go on we could finish 

the game, because there is little space between O and 1 and there are not so many 

numbera there." Yifaat 10(11) also thought ene could finish counting all the 

numbers between O and 1 "because an interval is many points combined together, 

and if each point is a number we could count all the points and this way we'll 

count how many numbers there are in the interval." Apparently, geometrical images 
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like "space" and '1pointri interfere with the conception of the infinitc1irnal that should be free of all physical constraints. 

Paradoxically, understanding infinity, l'k 1 e other Piagetian concepts, can be 
analysed in terms of 

. . 
conservation. One has to realize that infinity is unchanged by add1t1on/subtraction of a finite (and even infinite) number. This is the heart of the problem and the most unintuitive characteri'sti'c of an infinite set. Some

of our subJ'ects were 1 apparent y aware of the "conservation of · f' 
objected 

in inity" when they 
to our suggestion to add any number to "infinity" in an attempt to get 

a bigger number. Nir's 9(1) response to such a suggestion was "that is impossiblef infinity is something greater th 11' an a rumbers." When asked whether infinity is a 
number, he said "no, infinity means, f 1 or examp e, that you getto a million and 
you go on counting without ever stopping." 
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First and Second Graders' Performance on Compare and Equalize Word Problems 

Karen C. Fuson and Gordon B. Willis 

Northwestern University 

First and second-graders' performance on Equalize was superior to 
that on Compare problems, due largely to children's inability to under
stand the 11more than" or "fewer than" relationships expressed in Campare 

problems. Performance as a function of missing story element depended on 
the child's overall preference for using addition; young children espe
cially tended to perform well only where addition was required. Generally, 
children performed better on problems in which the necessary solution 
strategy agreed with the directionality ("more" ar "less") implied in the 
given problem. 

This report describes studies in which performance of first and second graders 

an Campare and Equalize word problems was examined. Difficulties with solving 

Campare and Equalize problems were a particular foc.us of the present study because 

these types are not well represented in American textbooks, while Campare problems 

are very well represented in textbooks in the Soviet Union (Stigler, Fuson, Ham, & 

Kim, 1986). Furthermore, many of these forms have not been well studied to date, 

especially the "less" forms and the Equalize problems. 

Problem Subtypes 

Written tests of word problems that used sums and differences of 10 and less 

and that crossed the three missing numbers (Missing Difference, Missing Small, and 

Missing Large number) with problem type (Campare or Equalize) and with direction of 

the question form (More Than or Less/Fewer Than) were given early in the year to 

seven first- and second-grade classes in order ta obtain basic information on 

performance (see Table 1). Two basic dependent variables were analyzed: 

correctness of strategy (answer within 3 of the correct answer, which served to 

differentiate adding from subtracting) and correctness of answer. 

A significant superiority of Equalize over Campare was found for strategy in 5 

of the classes tested (classes 2HZ, 2AZ, 2AY, lAZ, and lAY), all K's,5.04, E<-05. 

Equalize was also superior to Cornpare for the answer measure in 5 classes, all 

!'s>4.34, f<,05 (classes 2HZ, 2AZ, ZLY, lAZ, lAY). Thus, a problem which states a 

comparison in terms of the action required to rernove the inequality was easier for 

children than one which merely expresses the comparison relationship. 

When all classes were combined, the effect of missing position was 

significant, reflecting better performance on the Missing Big forms for both 

strategy and answer. However, analyses by individual class showed this to be true 

only for the first graders and the lowest level second graders. Examination of 
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Table 1 

Different Forms af Campare and Equalize Word Problems 

Missing Difference (More) 

Jane has 7 dolls. 
Ann has 3 dolls. 
How many more dolls does Jane have 
than Ann? 

Missing Difference (Fewer) 

Jane has 7 dolls. 
Ann has 3 dolls. 
How many fewer dolls does Ann have 
than Jane? 

Missing Small (More) 

Jane has 7 dolls. 
Jane has 4 more dolls than Ann. 
How rnany dolls does Ann have? 

Missing Small (Fewer) 

Jane has 7 dolls. 
Ann has 4 fewer dolls than Jane. 
How many dolls does Ann have? 

Missing Big (More) 

Ann has 3 dolls. 
Jane has 4 more dolls than Ann. 
How rnany dolls does Jane have? 

Missing Big (Fewer) 

Ann has 3 dolls. 
Ann has 4 fewer dolls than Jane. 
How rnany dolls does Jane have? 

Equalize 

Missing Difference (More) 

Jane has 7 dolls. 
Ann has 3 dolls. 
How many dolls does Ann have ta get 
ta have as many dolls as Jane? 

Missing Difference (Fewer) 

Jane has 7 dolls. 
Ann has 3 dolls. 
How rnany dolls does Jane have ta lose 
ta have as rnany dolls as Ann? 

Missing Small (More) 

Jane has 7 dolls. 
If Ann gets 4 more dolls, she will 
have as many dolls as Jane, 
How many dolls does Ann have? 

Missing Small (Fewer) 

Jane has 7 dolls. 
If Jane loses 4 dolls, she will 
have as many dolls as Ann. 
How many dolls does Ann have? 

Missing Big (More) 

Ann has 3 dolls. 
If Ann gets 4 more dolls, she will 
have as many dolls as Jane. 
How many dolls does Jane have? 

Missing Big (Fewer) 

Ann has 3 dolls. 
If Jane loses 4 dolls, she will have 
as many dolls as Ann. 
How many dolls does Jane have? 

Campare and Equalize problems all involve the comparison af two amounts (which 
we have termed Big and Small) and the difference between these amounts (Big - Small 
= Difference and Small+ Difference = Big). 
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individual student papers revealed that many children in these classes added an all 

problems, resulting in higher performance an the one missing position form solved 

by adding: the Missing Big problem. In general, as age and ability level 

increased, there was a tendency for the Missing Difference form ta become easier 

than the other forms. Thus, as the children got more experience with subtraction, 

they improved more an the Missing Difference form than an the others. No 

significant main effect af varying the direction af the wording in the problem 

(More ar Fewer) was found, either overall ar for any af the 7 classes analyzed. 

Performance as a function af specific problem subtype varied markedly 

according ta class. The independent variables did interact with one another, but 

often did so in an unstable manner; both the presence and direction af these 

interactions tended ta depend an class in a manner not easily explained. This 

suggests that these various effects are either unstable ar interact further with 

ability level and prior learning. An exception was the Missing-Position X 

More-Fewer interaction, which was significant for strategy and answer in 5 af the 7 

classes (2HZ, 2AZ, 2AY, 2LY, lAY). In all 5 classes, performance an the forms 

involving the 1
1rnore11 direction increased linearly from S ta D ta B, while 

performance an the "fewer" forms was higher for the Missing Difference form than 

for the others. Overall, the Missing Big "more" forms produced considerably higher 

performance than the Missing Big 1

1fewer11 forms, and the Missing Small 11fewer" forms 

were somewhat easier tha
_
n the Missing Small 1

1more1
1 forms. Thus, performance was 

better where the directionality af the problem parallelled the strategy necessary 

for solution ("more" implies adding and "fewer" subtracting). Interestingly, for 

classes showing this interaction, performance an the Missing Difference problems 

was better for the "fewer11 than for the "more11 forms wherever there was no ceiling 

effect. Because this form requires subtraction for the solution strategy, it 

appears that the 1
1fewer11 structure may have acted as a cue ta subtract. 

Interview Studies 

Interviews were held with 23 first graders who had solved correctly at least 

one problem an a written test. The four simplest (Missing Difference) forms af the 

Campare and Equalize problems were given. Children were first required ta retell 

the given story (e.g., see De Corte and Verschaffel, 1985a) and then ta represent 

and solve the problem using physical models af people and objects that represented 

people and objects in the problems. It was found that more correct retellings, 

strategies, and answers were given for the two Equalize stories than for the two 

Campare stories: 27 and 10, respectively, for the retellings, !(l, 22) = 16.82, 
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E
<.001; 34 and 19 for strategies, !(l, 22) = 12.50, E<.002, and 30 and 15 for 

answers, !(l, 22) = 14.14, E<-001. Analysis af the retellings and modelled 

solutions indicated that many beginning first graders could not solve these Campare 

stories correctly because they lacked an understanding af the meaning af the 

questions "How many more (less) does Susan have than Jane?" Children understood 

the Equalize forms af these questions ("How many does Jane need ta get (lose) ta 

have as many as Susan?") better. By far the mast frequent error made for these 

problems was ta answer with one af the given numbers (this occurred 17 times) as if 

the child was ignoring the comparison and was just answering the question "How 

many does Susan have?" 

Interviews were also collected from 31 second graders an the more difficult 

Missing Big and Missing Small forms. Interviewed children were those who showed 

discrepant scores an Equalize and Campare problems ar who got all problems correct 

an a written test. The results indicated that although children were more accurate 

in retelling the Campare (19 correct) than the Equalize (10 correct) forms af these 

problems, !(l, 23) = 4.97, E<.04, strategies were correct marginally more often for 

Equalize (27) forms than for Campare (20) forms, !(l, 23) 3.62, E<.07, and 

answers were nonsignificantly higher for Equalize forms (24 versus 19). The 

superiority in retelling af the Campare story seemed ta occur mostly because af the 

length and verbal complexity af the Equalize forms. Many incorrectly retold 

Equalize stories were simply incomplete; the retellings often reflected the total 

structure af the Equalize problem (the child retold the first two sentences) but 

omitted the last question. The mast common retelling error for both Campare and 

Equalize stories was ta give each person in the story one af the numbers in the 

story, i.e., to reduce the story to the simple Missing Difference form. This 

indicates that, when presented with a phrase such as 1
1Mary has 5 more than Jane", 

children often have difficulty in simultaneously comprehending both the inequality 

(that Mary has more than Jane) and the amount of the inequality (5 more), and so 

simply encode and/or remember the quantity as belonging to the person mentioned 

("Mary has 5. "). 

Conclusions 

The results of the present studies point to several conclusions related to 

story problems in general and to Campare and Equalize types specifically. First, 

it appears that the general assumption that semantic types of word problems are 

stable in their degree af difficulty is a false one. Performance as a function of 

problem semantic variables may vary markedly with such factors as ability level, 
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teacher, math topics just learned at the time of testing (especially addition and 

subtraction), and topics already learned; time of year in school may influence the 

last two variables considerably. Especially important is the finding that the 

inherent "difficulty" of various problem types depends strongly on the child's 

prior knowledge of addition versus subtraction and thus on his or her tendency to 

favor one operation or the other. Thus, a word problem may be difficult not 

because of semantic components inherent in that problem but because the required 

solution strategy is inconsistent with the one preferred by the child at that time. 

However, such preferences seemed to be held much more by young or by slow learners. 

Older and brighter children did not routinely use one operation almost to the 

exclusion of another. Second, although Campare and Equalize word problems may be 

structurally similar, they are not responded to in an identical manner by children. 

First graders have little trouble comprehending Equalize stories, but many do not 

understand the "more than 11 relationship expressed in Campare stories. Even same 

second graders show difficulty in comprehending the "more than" relationship 

expressed in the difficult Campare stories. Thus, the mast consistent effect in 

these studies was one of a superiority of performance on Equalize over that on 

Campare problems. Third, as has been reported previously (De Corte & Verschaffel, 

1985b; Willis & Fuson, 1985), problems in which the solution strategy conflicts 

with the implied directionality of the problem action are difficult for children. 
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CHOICE 01' OPERATIONS: FROM 10-YEAR-OLDS TO STUDENT TEACHERS 

Brian Greer and Clare Mangan 

Queen's University Belfast 

Fischbein, Deri, Nello and Marino (1985) have proposed a theory to account for 

observed results when children are presented with single-operation verbal 

problems involving multiplication and division and asked to specify which 

operation would produce the answer. In particular, they hypothesized that the 

primitive medel associated with multiplication is repeated addition, in which a 

number of collections of the same size are put together, In this situation, the 

number of objects in each collection (the multiplicand) clearly plays a 

different role from that of the number of collections (the 11DJltiplier). A 

consequence of this is the distinction between partitive and quotitive division 

when a collection is split up into equal subcollections. Partition and quotition 

are hypothesized as the two primitive models for division. 

The theory postulates that choice of operation will prove easy if the situation 

can be assimilated to the appropriate primitive model. The consequent numerical 

constraints are as follows: 

(a) multiplication: the multiplier must be an integer (though for older pupils 

it is suggested that an "absorption effect" may operate for decimals where the 

whole part is clearly larger than the decimal part). 

(b) partitive division: the divisor must be an integer. (Fischbein et al also 

propose that the dividend must be larger than the divisor, but this is by no 

means clear, and will not be assumed here). 

(c) quotitive division: the dividend must be larger than the divisor. 
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Greer (in press) suggests that the multiplicand/multiplier distinction may be 

extended to more complex multiplicative structures such as Change of Scale, Rate 

and Measure Conversion. For example, if a man walks for 3 hours at 4 miles per 

hour, then the 3 plays the role of the multiplier and the 4 that of the 

multiplicand. Moreover, the definitions of partition and quotition can be 

generalized by defining the former as division by the multiplier and the latter 

as division by the multiplicand. 

The experiment to be reported here extended the empirical investigations 

reported by Fischbein et al in several respects: 

1. A wider developmental range was tested. 

2. A more varied and systematic sampling of number combinations was used. 

3. More complex contexts were used, namely Measure Conversion (specifically 

currency conversion), Price (unit price/quantity/total cost) and Speed. 

IIETHOD 

Paper-and-pencil tests were administered to six groups: 10-year-olds (n = 68), 

2nd form pupils (n = 82), 4th form pupils (n = 73), pupils at a College of 

Further Education (n 54), first year psychology students (n 50) and students 

training to be primary school teachers (n = 50). Three tests with 40 items in 

each were given on separate occasions. Each item was a verbal problem involving 

two numbers for which the subjects had to specify the operation which would 

yield the correct answer, but were not required to calculate the answer. The 120 

items included 8 multiplication items, 8 partitive division items, and 8 

quotitive division items for each of the three contexts. Addition and 

subtraction items were also included so that it could not be assumed that the 
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correct operation was always multiplication or division. Classes of comparable 

oumber combinations were constructed so that incidental features of particular 

combioations of numbers would not bias the results. (For details of the matching 

of items, counterbalancing of order, definitions of number classes etc., see 

Mangan (1986)). 

RESULTS 

llultiplication: For each af the 6 groups, 3 contexts and 8 number classes the 

facility (percentage of correct answers) was calculated, yielding 144 facilities 

in all. Graphical analysis made it clear that the pattern af results across 

number types was remarkably consistent regardless of the subject group and 

context being analyzed. A regression analysis was therefore carried out, with 

the 144 facilities as the criterion variable, and groups, contexts, type of 

multiplicand, and type of multiplier, as predictors. This confirmed that an 

additive model provided a very good fit (accounting for 92% of the variance). 

The results can therefore be summarized in terms of the overall means for each 

level of each factor, averaging over all the other factors. The first column in 

Table 1 shows that there was the sort of developmental improvement in 

performance that could have been expected, and that the currency conversion 

problems proved rather more difficult than the speed and price problems. 

Table 2 shows a clear difference in the size of effects associated with the 

multiplicand and multiplier. The type of number used as multiplicand had 

virtually no effect, whereas changing the multiplier from an integer to a 

decimal less than 1 lowered performance by about 46% across the board. 
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Division: Additive models were found to fit the results for division equally 

well (for separate regression analyses for partition and quotition, in each case 

the proportion of variance accounted for was 92%). The rest of Table 1 shows 

similar developmental and contextual effects as for multiplication, with only 

small differences between the results for partition and quotition. The first two 

columns of Table 3 show the facilities for partition and quotition for the 8 

number classes used. Again the differences between partition and quotition are 

rather small. A further analysis was carried out on the types of error made. 

Most of the errors consisted of either choosing multiplication or of reversing 

the numbers to be divided. For each number class, the number of reversal errors 

was calculated as a percentage of the number of reversal and multiplication 

errors combined; the results are shown in the second part of Table 3. 

DISCUSSIO!f 

The results for multiplication vindicate the extension of the multiplicand/ 

multiplier distinction and are entirely consistent with Fischbein's theory since 

they clearly demonstrate the crucial importance of the constraint that the 

multiplier be an integer. 

The results for division are less clearcut, since the differences in facility 

between partition and quotition items involving the same number classes were 

rather small. However, it is noticeable that there are three types for which 

performance for quotition items was better by about 10% overall. These include 

two types which satisfy the constraint for quotition, but not that for 

partition, namely 32/5.69 and 8/0.77; moreover, a similar explanation may be 

advanced for the third s�ch type, 5.87/0.44, by invoking the absorption effect. 
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Thus, there is some evidence that the subjects were sensitive to the structural

b t Partitive and quotitive items, although it seems likely that difference e ween 

many of t e  errors h were due to responding superficially to the two numbers

stated in the problem, and the relationship between them. (Although Fischbein et

� play down the role of numerical misconceptions, 

they are implicated in many errors). 

there is clear evidence that

Further evidence that the partitive/quotitive distinction was affecting 

performance was provided by the analysis of the types of error made 

The two types 32/5.69 and 8/0.77 are difficult to assimilate to the 

(Table 3). 

partitive 

mode 1, hence there is a strong tendency to 11force " them inta this model by 

reversing the order of the numbers. The resul ts confirm that most of the errors 

in these cases were indeed reversals. By contrast, both types � be assimilated 

to the quotitive model, and in this case only a small proportion of errors were 

reversals. 

The remarkable consistency of the patterns of results across number types for 

all age groups provides strong support for Fischbein's belief that the primitive 

operations continue to affect the interpretation of multiplicative situations 

even after extensiva formal training. Fischbein et al suggest that what is 

needed is an attempt to "provide learners with efficient mental strategies that 

would enable them to control the impact of these primitive models" (p.16). 

Arguably, an alternative strategy would be to introduce a wider range of 

multiplicative structures as early as possible. Particular attention also needs 

to be given to the critical point at which the concepts of multiplication and 

division are generalized from the domain of integers to that of the rationals. 
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Table 1. Overall means for groups and contexts 

Multiplication Partition Quoti tian 

Student teachers 79 72 77 
Psychology students 76 61 66 
F.E. students 68 55 58 
4th form pupils 65 54 59 
2nd form pupils 57 43 45 
Primary pupils 41 25 25 

Price 71 61 63 
Speed 67 48 46 
Currency conversiori 56 46 56 

Table 2. Overall means for different typea of numbers 

Multiplicand 
Mul tiplier 

Number class 

25/8 
26.85/9 
11 -44/4-51 
32/5.69 
5,87/0.44 
8/0.77 
7/23 
0,39/0.89 

Integer 

67 
84 

Decimal > 1 

64 
71 

Decimal< 1 

63 
38 

Table 3. Results for division items 

Facilities 100R I (R + M) 

Partition Quoti tian Partition Quoti tian 

79 80 31 18 
85 84 32 21 
74 75 (not enough for stable estimates) 
50 61 85 31 
54 62 35 10 
31 41 67 17 
22 18 92 78 
19 20 68 67 

(R = number of reversal errors, M number of multiplication errors) 
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THE DEVELOFMENT OF NUMERATION CONCEITS: SCPOCLCHILDREN AND THFIR CURRICl!LUM 

Bruce P�rrison, Marshall P. Eye, and 'Thomas L. Schroeder 

ABSTP.ACT 

'lhis paper reports percentage distributions cy cognitive Jevel of the 
responses that 500 six- to eleven-year-olds roade to Numeration tasks that are 
central to the elementary school curriculun. 'Jhe levels of fUpil response 
are then contrasted with the cognitive demand levels of the relevant 
curriculun objectives, textbook material, teacher presentations, and 
achievement test items. 

Is there a reasonacle fit between the instructional cognitive dernands in 

Numeration topics for six- to eleven-year-olds and the levels of pupil cognitive 

response? Pursuing ene of the IME goals, to better understand the psycho]ogical 

impacts (and implications) of learning and teaching mathematics, the preceding 

question was addressed in a tm-year cognitive assessment project (�archand, Eye, 

Harrison, & Schroeder, 1985) wtiich was designed on principles drawn from 

constructivist theories about how children learn mathematics (e.g., those of 

Piaget and Skemp). 

COGNITIVE ASSESSMENT 

Cognitive assessment procedures were developed for principal Numeration 

topics in each of the six elementary school grades. The assessment interviews 

were drawn largely from the mrk of Jean Piaget and from interviews reported by 

Robert Davis. In all, 594 Numeration interview task assessments were roade of the 

resfonses from 360 Grade 1 to 3 pupils. The interviews were conducted by 23 

Teacher-Interviewers wtio had participated in four day-long mrkshops led by the 

investigators. 

Mest of the i terr.s for the paper-and-pencil assessment tests were selected or 

adapted from the Australian Council for Fducational Research (ACER) Mathematics 

Profile S eries based on Collis' research findings, with additional items adapted 

from the Olelsea Diagnostic �thematics Tests (Hart et al., 1985). The Grade 3 to 
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6 cognitive resronse levels of 391 pupils were assessed by means of a Grade 3/4 or 

5/6 Numeration parer-and-pencil test. 

'Ihe criteria imbedded in the pupil response assessments w�re also used to 

assess the cognitive demends made by the 1-'umeration curriculum objectives, 

textbook materials, teacher presentations, and Alberta Education Achievanent 

Tests. 

Sample interview tasks, test it€111s, and cognitive dananc criteria are given 

in Harrison, Eye, & Schroeder (1985, p. 211-213) and in �archand, Pye, Harrison, & 

Schroeder (1985). 

RESEARCH QUESTIONS 

The information from the assessments was analyzed to provide answers to the 

following questions: 

1) \mat levels of cognitive ability are demonstrated in Numeration 
topics by Alberta pupils in each of Grades 1 through 6 (Ages 6 through 11)? 

2) Wiat are the levels of cogni tive demand made on pupils in 1-'umeration
topics at each grade level by: 

i) the objectives identified by the Elementary Mathematics
Curriculum Guide, "1berta &Jucation, 1982,

ii) the prescribed textbooks,
iii) teacher presentations, and
iv) achievement tests?

3) How well do the curricular danands (made by the curriculum
objectives, texts, teacher presentations, and tests) fit the distributions of 
pupil cogni tive responses in Numeration topics at each grade level? 

COGNITIVE RFSPONSE AND CEl'IAND FINDINGS: NUMEFATION 

Summaries of the findings relevant to (uestions 1) to 3) are presented in 

Figures 1 and 2 on the following pages. 

Regarding Question 1), it was found that from 74 to 90% of the pupil 

responses were at the Concrete Operational level. 'Ihe remaining responses were 

primarily at the Freop€rational level in the early grades (10% to 22%) and at the 

Early Formal Operational level in the higher grades (3% to 13%). 

Tabulation of the data relevant to (uestion 2 )  showed that 9 to 100% of the 
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Figure 1 

Curricular I:emand and FUpil Response Contrasts: Numeration, Grades 1 to 3 

Gr.l Interview 
Patings 
60 pupils 

Gr.l Curric. 
Objectives 
6 i tems 

Gr .1 Textbooks 
(Nurr.eration) 
2363 items 

Gr.l Classroom 
Observations 
64 minutes 

PO 
22 

% 

PO 
17 

% 

PO 
22 

% 

Gr.2 Interview ro EC 
Patings 13 28 

EC 

41 
'l, 

EC 
66 

% 

EC 
68 

% 

EC 

97 

% 

LC 
57 
% 60 pupils % % 

Gr. 2 Curric. �--�---=E"'c�-�---�-----,
LC 

Objectives 56 
9 items % 

Gr. 2 Textbooks 
(Numeration) 
2995 i tems 

Gr. 2 Classroom 
Observations 
29 minutes 

EC 
38 

% 

EC 
69 

% 

44 

% 

LC 
55 

% 

LC 
37 

% 

LC 
28 

% 

K-S D 
Probability 
Decision 
D=O. 205 
p=0.162 
Accept 
D=O. 268 
p=0.028 
Reject 
D=O. 340 
p=0.003 
Reject 

K-S D 
Probabil i ty 
Decision 

D=0.145 
p>0.200
Jlccept 
D=O. 307 
p=0.007 
Reject 
C=0.129
p>0.200
Accept 

Gr. 3 Interview PO EC EF In ter- K-S D LC 
37 Ratings 14 37 12 view Prob. 
% 60 pupils >-=�%_.._ ___ .,,.;c% ___ ....,. ____ � __ __._ __ �%� Dec'n 

Paper 6· Pencil FC EC Paper 0.117 LC 
Tests (ACER) 10 43 K-S D >O. 20047 

% 115 pupils % % Prob. l\cc.

Gr.3 Curric. EC 0.142 0.096 LC 
55 Objectives 45 >O. 200 >O. 200 

11 items % Acc. Acc. % 

Gr.3 Textbooks F EC 0.130 0.084 LC 
(Numeration) 46 >O. 200 >O. 200 53 
1303 i tems 1 % Jlcc. Acc. % 

Gr.3 Classroom 0.508 0.530 
Observations <O. 001 <O. 001 

e minutes Rej. Rej. 
Achlevement EC LC 0.142 O. 096 
Test (Gr .3) 59 41 >O. 200 >O. 200
17 items % % Acc. P..cc.

PC-Preoperational; EC-Early Concrete; LO-Late Concrete; 
EF-Early Formal; F-Formal 
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Figure 2 

Cunicular J;emand anc Fupil Response C'ontrc1sts: Numeration, Grades 4 to 6 

Gr. 4 PEP Test 
!la tings 

94 pupils 
Gr.4 Cunic. 
Objectives 
11 ite111s 

Gr. 4 Textbooks 
(Numeration) 
2321 items 

Gr. 4 Classroom 
Observations 
72 minutes 

Gr. 5 P&P Test 
Ratings 

92 pupils 
Gr.5 Cunic. 
Objectives 
13 items 

Gr. 5 Textbooks 
(Numeration) 
1662 items 

Gr. 5 Classrnom 
Observations 

e6 minutes 

Gr. 6 P&P Test 
Ratings 

SO pupils 
Gr.6 Cunic. 
Objectives 
14 items 

Gr. 6 Textbooks 
(Numeration) 
2591 items 

Gr. 6 Cl assrnom 
Observations 

135 minutes 
Achievement 
Test (Gr .6) 
11 items 

p EC 
0 28 

1 % 

EC 
]8 
% 

EC 
22 

% 

EC u:: 

10 47 
% % 

FC 

16 
% 

EC u:: 

15 31 
% % 

E
i 

I 

u:: 

52 
% 

u:: 

3e 
% 

FO EC 

I14 17 
% % 

EC u:: 

14 36 
% % 

u:: 

I,.. 15 
1 % 

u:: 

9 
% 

EC u:: 

I9 27 
% % 

u:: 

59 
% 

u:: 

55 
% 

u:: 

55 
% 

EC 

I42 
% 

I 
I 

I
EF 
62 

% 

u:: 

57 
% 

I 
EF 
84 

% 

EF 
91 

% 

EF 
64 

% 

EF 
13 

% 

EF 
27 

% 

EF 
23 
% 

EF 
43 

% 

u:: 

39 
% 

EF 
54 

% 

EF 
39 

% 

J
Er 
12 

% 

EF 
se 

'i, 

1; 

K-S 1;
Probability 
Decision 

D=0.145 
p>O. 200 
Accept 
1;---0. 098 
p>O. 200
Jl.ccept 
1;=0. 303 
p<0.001
Reject

K-S I;
Frobabil i ty 
Decision 

D=O. 506 
p<O. 001 
Reject 
D=O. 485 
p<0.001 
Reject 
D=O. 584 
p<O. 001 
Reject 

K-S D 
Probabil i ty 
Cecision 

D=O. 378 
p<0.001 
Reject 
C=O. 718 
p<0.001 
Reject 
D=O. 789 
p<0.001 
Reject 
D=O. 514 
p<O. 001 
Reject 

PO-Preoperat1onal; EC'-Early Concrete; LC-Late Concrete, 
EF-Early Formal; F-Formal 
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�'umeration demands were at the Concrete Operational level. Of the remaining 

demands, up to 91% were Early Formal at one grace level, with small f€rcentages of 

Preoperational and Formal Operational demands. 'Ihe distributions of curriculum 

objective demands showed the mast consistent pattern, becoming increasingly 

demanding with increasing grade level. 'Ihe textbook and classroom demands were 

predominantly Concrete Operational up to Grade 4 and predominantly Early Formal in 

Grades 5 & 6 (excepting Grade 5 textbooks). 'Ihe Grace 3 & 6 achievement test 

demand distributions were generally comparable to those of the textbooks. 

As for Cµestion 3), t�-sample Kolmogorov-Smirnov tests were used to 

determine v.nether or not there were significant differences between the 

distributions of pupil responses anc those of the relevant curricular demands. 

Two distributions were considered to be not significantly different if the 

probability of observing the calculated K-S D was greater than 0.05. 

Mismatches attributable to disproportionately high percentages of Farly 

Formal Operational demands were found in the �umeration curriculum objective 

demands, as compared with the responses of the Crade 5 & 6 pupils (Ages 10 & 11). 

In Grades 3 & 4 (Ages 8 & 9), there were reasonable matches between textbook 

demand and pupil response distributions, but in the other four grades there were 

significant mismatches attributable to toa few Late Concrete Operational dernands 

for the younger children and toa many Early Formal Operational demands for the 

older pupi]s. Except in Grade 2 (Jlge 7), the classroom demands were invariably 

pitched at cognitive levels well beyond the response levels of mast pupils. 'Ihe 

achievement-test demand distribution matched the pupi] response distribution 

reasonably well at the Grade 3 (Jlge 8) level, but at Grade 6 (Age 11) there were 

toa many dernands at the Early Formal Operational level. 

RECCJ,1MTh1DATIONS 

'Ihe findings support a recommendation that the ttumeration curricu] um 
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objectives be reviewed and revised where necessary to provide more adequately for 

the cognitively less able, particularly in Grades 5 and 6, and for the cognitively 

more able, particularly in Graces 1 and 2. Also supported is a recommendation 

that the textbooks be supplemented to provide more learning experiences at the 

lower demand levels, especially the Preoperational and Early Concrete Operational 

levels. Furthermore, it is recommended that learning activities promoting the 

development of cognitive structures arising from Numeration topics be provided for 

every classroom. 'Ihe kinds of materials envisaged are best exemplified by those 

produced by Richard Skemp in the Primary ll'athematics Froject. 
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CHILDREN'S UNDERSTANDING OF RATIONAL NUMBERS - AN EMPIRICAL INVESTIGATION 

Gisela Heink 

A report on an empirical investigation of a current project, run by scientists of 

different fields of the Freie Universität Berlin and of the Technische Universität 

Berlin concerning difficulties in solving mathematical problems. 

G. Ebneth; G. Heink; U. Lehnert; G. LeBner; R. Spann; R. Spyra; W. Reitberger 

The problem - questions and hypotheses 

It has often been observed that pupils were having enormous difficulties in under

standing the rational number concept. Empirical investigations by K.M. Hart (3) 

and (4), K. Hasemann (5, Sa) and Th.R. Post, J. Wachsmuth, R. Lesh and M.J. Behr 

(6) and (7) based on analysis of specially elaborated tests, on interviews with 

pupils and on direct observation - have shown considerable discrepancies between 

the concept of rational number the teachers believed to have tought and the actual 

concept the pupils had acquired. 

The object of our investigation is to conceive these discrepancies in a systemati

cal way. Our intention was to find out whether the aspects the teachers concider 

as contributing mainly to structuring the concept of rational numbers will be the 

same the pupils recognize as essential, and - if they are identical - whether they 

are weighted in the same way by teachers and pupils. 

Issues of the excellently documented (8),(9) international reports on the last few 

years research led us to choose 11fraction 11
, "quotient", "ratio" and "chance11 as 

basic concepts. 

At school, these concepts are tought in connection with certain realizations: 

kilogramme, kilometre, ... , geometrical representations, and texts. The geometrical 

representations are: circle, rectangle, straight line and line segment. Comparison 

and equivalence are essential topics. Calculation was excluded because there are 

many reports on research in addition, multiplication, etc., We are not so much 

interested in difficult calculation with rational numbers, but in the understand

ing of the concept of rational numbers. 
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The result of a structural analysis of our own concept of rational numbers is 

represented by the following scheme of categories: 
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qucstion 
for th e who le 

indirect question 
dircct ciucstion 

or it is neccessary to 

the whole is given evaluate. the whole 

-� E E:r solv1ng the task 
_________ , -1.--------1-•--------t---------l 

representation 
of the l tem text essential text not essential 

,__T _______ H:�T .. ,· -------IJ_,_ ______ +----�----+ 

basic concept part - part part - whole q uotient chance 

ratio proba

�--------, l';V'-'--------l�--------1\,l.,,_.. __ __,c,\J..,_
b

1_· 
l

_i_
t

_y
--l 

fraction 

number of s teps 
necessar-y for 
solving the item 

Bl can be devided

one etep 

into Bla
Blb 
Blc 
81d 

: 

: 

: 

: 

more than one step more than one step 
and 

comporison 

circle 

rectangle 

line segment 

s traigh t line 

This scheme of categories represents our hypotheses. The intention of our empiri

cal investigation is to find out whether this scheme of categories corresponds to 

the pupils' concept of rational numbers. 
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Outline of the investigation 

The test: 

We first constructed a test consisting of 60 items (in the second administration: 

62 items) corresponding to items of the "CSMS Mathematics Test" by the National 

Foundation for Educational Research (3), to the "Assessment of Rational Number 

Concepts" and the "Assessment of Rational Number Relationship" developed by the 

National Science Foundation (6),(7) and to items in different school-books. 

These items only test the understanding of the rational number concept, not the 

skill in dealing with calculations. With only a few exceptions we considered only 

positive rational numbers smaller than 1 with denominators 2,4,8,3,6,5,10,(7),12. 

We took care to present the problems in contextual frameworks or sketches. Items 

consis ting merely of numerals and operations ( f of f), were only inserted as means 

for control. Difficulties in understanding the text were minimized by a clear and 

simple style. Auxiliary lines and hints were sometimes given to make the solution 

definite. The items were chosen in a way that the test can be given to the grades 

6-10. The test <lid not include decimals and percentages. For some items we used 

the multiple-choice method. All the items were categorized as shown in fig. 2:

fig. 2 

' 

EE �
Mr Brummer earns 2400 DM 

month. 1 of per He spends 
6 

Find the correct solution: his salary on the rent for 

A is larger than B □ his house. 

A is smaller than B □ 
A is equivalent to B □ 

How much is the rent ? 

A2 Blb El T
2 

v
2 

s3 A3 B2 
El 

T
l 

v
2 

sl 

item 4 item 13 

When constructing the test we took care to consider all significant combinations 

of categories. 

The adminitration of the test 

In order to prove our hypothetical scheme of categories we tested it 

a) in 0ctober 1984 with 90 pupils of the 9th grade in a comprehensive school in 
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Berlin-Neukölln 

b) in April 1985 with 218 pupils also of the 9 th grade in a comprehensive school 

in Berlin-Spandau 

c) in September 1985 with 70 pupils of the 9th grade in a Real-Schule in

Wentorf (Schleswig-Holstein).

The test was devided inta two subtests, so that in each subtest there were corre

sponding items - items of the same categories and of the same assumed difficulty. 

For each subtest the pupils were given the time of one lesson (45 minutes). 

The items were handed out in random order, different for each pupil - so as to 

avoid any effects of learning. The subject matter (rational numbers) had deliber

ately not been repeated in the classroom before the administration of the test. 

The pupils were allowed to use a ruler with scale. Time limit and pressure on the 

pupils were avoided as far as possible. 

The evaluation of the test 

The items were classified as correctly solved {o} or as incorrectly or not solved 

{ 1]. For the analys is of the data we used different methods of "cluster analys is" 

(10) and "multidimensional scaling" (11).

This is the matrix of data for the second administration (3 items were not consid

ered because too many pupils hadn't solved them):

pupil 

item 

1 2 3 

0 1 

2 1 0 1 

3 

219 

57 58 59 

0 

1 

By cluster analysis (Ward, Complete-Linkage) we got 3 clusters of pupils. For 

each cluster there was a similarity concerning the correct or incorrect solution 

of the items. We considered the solutions of the items for each cluster indepen

dently. We compared the solut ion (0 or 1) of all possible pairs if items for each 

pupil of this cluster. If there _was a correspondence (both items solved correc tly 

or both items solved in.correctly or unsolved) the pair got the index 0, otherwise 
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the index 1. This analysis was carried out for all pupils. Considering all the 

pupils now we added up the non-conformity for each pair of items (aij with aij;ajJ, 

We thus got a synnnetric matrix of "non-confonnity" of the items. This matrix was 

interpreted as a matrix of "dissimilarities" of the item. 

item 

1 2 3 4 59 The procedure of multidimensional 

item 1 0 al2 al3 al4 
scaling (MDS, MINISSA) calculates 

2 a21 0 a23 a24 
the dissimilarities as distances 

3 a31 a32 
0 a34 

and illustra tes the items as points 

in a space with n dimensions. 

59 0 

Example: 
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Results and their interpretations will be given in the presentation and will be 

a good foundament for discussion. 
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COUNTING PROCEDURES USED BY KINDERGARTEN CHILDREN 

Nicolas Herscovics, Concordia University 

Jacques C. Bergeron, Universite de Montreal 

Anne Bergeron, Universite de Montreal 

Fuson, Richards & Briars (1982) have investigated systematically 

the acquisition of the number word sequence by young children aged 3.6 to 5.11. 

For those aged 5.0-5.5 (n=lO) they report that without objects, they could 

count up to an average of 40.19 and for rows of blocks they could count up to 

22.38 For children aged 5.6-5.11 (n=lO), these figures were 38.17 and 25.00 

respectively. These results indicate clearly that by the time they reach ele

mentary school, most children have acquired considerable counting skills. How

ever, these do not necessarily reflect their understanding of the counting proce

dure. The counting procedure was studied extens_ively by Gelman & Gallistel (1978) 

who identified three "how to count" underlying principles, the one-one principle, 

the stable order principle, and the cardinal principle. In analyzing the different 

kinds of possible errors occurring in the application of the one-one principle, 

they suggested three distinct classes: "tagging" errors, partitioning errors, 

coordination errors. Their observations provide us with the following data for 

5-year-olds:

Set 
size 

7-19

One-one errors 

Set size No of counts 7. errors Tag-duplication Partitioning Coordination 
7-19 207 35.7 1.4 23.2 19.8 

(a count trial could have more than one error) 

Partitioning Errors 

Double Recount Omit Stop too 
count soon 

7.3 1.5 12.1 2.3 

Coordination Errors 

Begin- End 

0 14.0 

Over- Asyn
run chrony 

4.8 1.0 

These results indicate that there are almost no tag-duplicatio.n 

errors (1.47.) at the age of 5 and that most errors sre of the partitioning 

Research funded by the Quebec Ministry of Education (F.C.A.R., EQ-2923). 
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(23.27.) and coordination (19,27.) types. The majority of coordination errors 

(147.) occur because the child missed or double-counted the last item. It 

seems to us that this type of error could easily be considered as being a par

tition error since whether it occurs at the very end or in the middle of the 

count, in both csses it reflects the inability to keep track of the objects 

enumerated. Thus we can consider the partition errors to be by far the predom

inant ones. 

While the above studies reveal ho� difficult it is for children 

to master the skill of·partitioning, they do not inform us about different par

titioning procedures or the frequency with which they are used as a way of 

separating the objects remaining to be counted from those already counted. In 

some exploratory work, we found that kindergartners have three distinct spon

taneous counting procedures: visual counting (V) in which the child keeps track 

of the objects visually without any physical contact; touch-counting (T) 

where each object is touched without any displacement; physical partitioning 

(P) where the child separates the objects as they are counted by pushing them 

aside one at a time. In the first two procedures, the partition is established 

mentally and this can lead to many errors, especially when the objects are 

displayed randomly. 

The frequency·of these partitioning procedures was but one of the 

questions we wished to investigate. We also wondered if children in this age 

group would perceive one of the procedures as being better, would prefer one in 

particular, would choose a specific one "if they had to teach a child who does 

not'yet know how to count", might remember how they themselves had le11,rned. 

Finally, we wondered if inducing this kind of reflection in them would affect 

in any way their counting procedure. 

To find answers to our questions we interviewed 31 kindergartners 

(16 girls, 15 boys coqsidered weak, average or strong·by their teacher) in 5 

-44-

different French schools of Greater Montreal (one in upper �nd four in middle 

class neighborhoods), The interviews were conducted by 15 prospective elemen

tary school teachers who were in the second year of their B.Ed. program, and 

as such, had enrolled in a course on the teaching of arithmetic at the primary 

level. These 15 future teachers were grouped inta small teams (from 2 to 5). 

Their training consisted of various simulations, the study of video-interviews 

and the study of the semi-standardized questionnaire to·be used in the experi

ment. Each interview was handled by two team ��mbers, one interviewing, the 

other one observing and audio-recording. Each recording was then totally 

transcribed. 

We firat decided to assess the children's knowledge of the num

ber word sequence by asking them to count out loud, and then, their ability to 

enumerate, which was tested by determining how far they could count when given 

a pile of 100 chips. The following table describes the counting scope of 29 

subjects. 

� B. No object counting Counting j!ile of chi2s 

under 6* 14 38.1 36. 7
S.D. 26,5 26,9
Range ( 16-119) 16-119)

6.0-6.6 15 54.2 43,l 
S.D. 41.l 23.5 
Range 27-179) 15-100)

* 4 children were between 5.2 and 5.5, and 10 between 5.6 and 5.11 

Two subjects,who could only count up to 3'·and 9 respectively, were eliminated 

since they were judged to have toa many difficulties with their number word 

seq·uence to provide us with valuable information regarding their understand

ing of the one-one principle. If we campare our results with those of .Fuson 

et al, we notice that for. their 5-year-olds, their knowledge of the number 

word sequence is almost the same as that of our subjects in the under-6 age 

group, while the difference in counting with objects might be attributed to 
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the way in which our respective tests were designed. We have found- ·that the 

difference between the knowledge of the number word sequence and the counting 

of objects is relatively small in this age group (38.1 vs 36.7). It is 

interesting to note that with three of our subjects, their counting of objects 

went beyond their initial verbal recitation of the number words. 

We tested the notion of cardinality explicitly by asking how 

many blocks were in a set of 15 cubes laid out at random in front of the child. 

Everyone spontaneously set out to enwnerate the .. given set to answer the ques

tion, thus demonstrating their grssp of this notion. We noted that 14 subjects 

used a physical partition (P), 11 used touch-counting (T) and 4 resorted to 

visual counting (V). It is interesting that among the 6 children who 

made a mistake, 5 used T, while only 1 had used P. The two types of errors 

observed were double-counting (3) and loosing track (5), some mistakes invol

ving two types of error. The rate of errors we observed (20.7%) is much lower 

than that found by Gelman & Gallistel (35.7%). But it is difficult to compare 

since half of our subjects were over the age of 6. 

We also verified explicitly whether or not children perceived 

that the result of enumerating a· given set had to be unique. Ginsburg (1977) 

had shown that at an early age, some children did not find any contradiction 

in obtaining different results from different counts of the same set. Only 

one of our subjects thought·that two different results would be acceptable. 

In addition,. we investigated how·children·understood the one-one principle by 

telling them that we were going to commit counting errors in front of �hem and 

asking them to spot our mistakes. One mistake was counting twice the same chip 

and the other mistake was to skip one chip. Everyone of our 29 subjects was 

able to identify the two mistakes,except the subject mentioned above who did 

not spot the double-count, in spite of the fact that he knew his number word 

sequence up to 59 and··could count a pile of chips up to 49. 

-46-

As mentioned earlier, we wished to find out how.the three count

ing procedures were perceived by· the children. We provided·-them with photo

graphs of three children, each one using a distinct procedure 

V: Visual T: Touching only P :Pliysical partition 

and in each case, the interviewer acted out these procedures. The photographs 

were presented with each question as a reminder of the three procedures. The 

que.stions were (a) "Do you think there is a wuy of countiug ,·hich is best?"; 

(b) "Wheu you count, which way do you · prefer?"; (c) "I know a child who does 

not yet know·how to count. If I asked you to show him how to count, which way 

would you pick to show him?"; (d) "When you learned how to count, do you re

member which way?". The following table gives the frequency of their first 

choice. 

Under 6 n=l4 6.0-6.6 n=l5 Total.. n=29 

guestion p .!. '!... p .!. V l .P .!. '!... 

(a) best 6 6 2 9 2 4 15 8 6 

(b) preferred 9 2 3 10 3 2 19 5 5 

(c) to teach 7 2 4 1 9 5 l 16 7 5 

(d) learned 5 2 1 6 10 2 1 2 15 4 2 

Overall, we note that in considering what is the best procedure, 

about half chose p while the others chose a non physical partition. This is 

comparable to the ratios found in the spontaneous procedures mentioned earlier 

(14P, 11+4=15 others). What seemed evident is that the questions we raised 

were totally new for the children and that probably they may not have had suf

ficient time to reflect about them. This might explain the shift we note in 
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their choices for the preferred procedure. As far as preference is c�ncerned, 

there does not seem te be any marked difference between the age groups. But 

when it comes te consider teaching, while P remains the principal choice for 

both groups, only ene child among the older enes favors V. Fewer of the young

er children seem te remember how they learned how te count. Perhaps the abil

ity te answer such a question has te de with maturation. 

By way of conclusion, we wish te present data regarding the last 

task in which we simply asked the children te find how many blocks there were 

in a given pile of cubes (10). The frequency of their spontaneous choices 

(P=l5, T=8 , V=6) does not seem te differ much from that found in the initial 

task (P=l4, T=ll, V=4). But when the fourteen children who had used T er V 

were asked "Would you have another way of counting te make sure that there 

are ten blocks?", eleven of them answered this. question by counting again 

using a physical partition. These results seem te indicate that even if 

there was no direct teaching involved in the experiment, the mere inducement 

te reflect en various counting procedures brings te the child a greater aware

ness of the different choices available and the relative merits of physical 

partitioning. 
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Children's conceptions of multiplication Neil 1-�acCuish 

Inner London EducB.tion Authority 

IN�'R0DUCTION 

According te Piaget the source of mathematical structures during devel

opment is the child's own activity. That is, mathematical knowledge arises 

through the child reflectively abstracting some principle of his/her own func

tioning. Multiplication seems te be an intriguing area for investigation of 

reflective abstraction. It involves the use of an operation an an operation�. 

And the higher level operation can be thought of as a copy of the lower level 

operation. That is, in 5 x 3 not only is there the repeHted addition of three 

but also the five can be broken up and composed additively through the distrib

utive laws. 

In the present study the subjects were given a multiplication task 

which could be solved by simple addition. The subjects were given a completed 

sum as a �ue, for example 261 x 20 = 5220, and then given a probe question de

rived from the cue by adding er subtracting ene from the multiplier, for example 

262 X 20 = ? The w�y the subjects utilize the information given in the cue is 

informative of their conceptions of multiplication. 

METH0D 

Subjects There were thirty eight subjects. The subjects formed ene third year 

class and ene fourth yea:r cla.ss (age range 9.6.7 - ll.5.14). 

Procedure The subjects were tested in their classroom as a group. The experi

menter wrote up the cue as a completed sum en the blackboard so a.11 the subjects 

could see it; underneath he wrote the probe question. After the main task the 

subjects were given the six control questions. 

Material The cue and the probe questions are shown in table 1. There are fou:r 
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types used. The multiplier can either be increaserl or rlecreaserl by one, giving, 

in effect addition er subtraction. And the multiplicand is either a multiple of 

ten pr simply units. The control questions are addition or subtractio� sums com

parable in difficulty to the sums implicitly defined by the multiplication task. 

T!cBIE 1 : CUE ANil !'ROBE -�UESTIONS 

J�ctual order Type of implicit Tens or 
presented operation units 

1 Add Tens 261 X 20 = 5220 262 X 20 = 

8 30 X 322 = 9660 30 X 323 = 

3 Suhtract Tens 312 X 20 = 311 X 20 = 

5 30 X 255 = 7650 30 X 254 = 

4 Add Units 716 X 4 = 2864 717 X 4 = 

7 3 X 715 = 2145 3 X 7l6 = 

2 Subtract Units 3 X 339 = 1017 3 X 338 = 

6 564 X 4 = 2256 5(,3 X 4 = 

T!,BLE 2 CONTROL ,JlJESTIONS 

Actual order presented i::,uestion 

9 7140 - 20 
10 5130 + 30 
11 3 + 3155
12 5118 - 4 
13 8140 - 20 
14 1960 + 30 

-so-

TABLS 3 RESPONS8S FOR EACH TYJJE; OF QUF.STION (IN PERCENT)

Subjects' 
<;:uestion T:t:12e:- Questio, Reauir-es:-

Addition of Subtraction of Addition of Subtraction of 
Respanse ten ten units U."li ts 

Correct 22.37 19.74 17.11 15.79 

Add 1 22.37 3.95 27.63 6.58 

Add 10 13.16 1.32 2.64 1.32 

S1ilbtract 1 3.95 19.74 5.26 26.32 

Subtract 10 0 15.79 0 2.64 

Other error 38.16 39.47 47.37 47.37 

RESULTS 
� 

1. Thirty five percent of the error total was the addition or subtraction 

of a. uni t, and eleven percent was the a.ddi tion or subtraction of a ten, so that 

forty six percent af the error total was of this sort. 

2a) Subjects gave significantly more of the error response involving plus/ 

minus ten on the questions which had a multiplicand which was a multiple of ten 

than an questions which had a uni t multi pli er ( Sign test p < , 002), 

b) Conversely subjects gave more errors involving plus/minus one on

questions in which the multiplicand was in units than on questians in which it 

was a multiple af ten ( Sign test p < . 08). 

3a) The subjects gave significantly more plus one/ten responses on questions 

in which the mul tiplier was increased by one than on questions in which it wa.s 

decreased (Sign test on third years p<.001, on fourth years pi...001), 

b) Conversely, the subjects gave more minus one/ten responses on questions

in which the tr.ultiplier was decrea.sed by one than on questions in which it was 

increased (Sign test on third years p < .001, on fourth years p< .05). 

4. The subjects were significantly better at the control questions tha.n at 
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the comparable mul tiplic,,tion tasks ( Twelve sign test a.11 significant 

the .001 level, two at the .01 level, .snd two ;i.t the .05 levd). 

eight at 

5. Ir; the third yea.r group thP. subjects who scored zero on the control 

questions gave significantly less of the error under consideration (Mann lföi tney 

z = 2. 22, p <� • 05). 

nrscussrm1 

As would be expected the subjects were worse on the mul tipliciition task 

than on the comparable addition or subtraction question. Although not surprising 

this does indicate that the probe and cue technique did bring into play the sub

ject's conceptions of multiplication. Over a third of the responses were the 

addition or subtraction of a ten or unit. For comparison only a.pproxim,,.tely a 

fifth of the responses were correct. Such a common error pattern must reflect 

the subject's conception of multiplication. 

Piaget found almost exactly this error in his study of the genesis of 

proportionality (Pia.get 1977). Both the subject and the experimenter had a simi

lar stripe with a sequence of holes on it and the subject's ta.sk was to place 

his/her marker twice as far as the experimenter placed his, that is to place the 

marker at 2N to correspond to the experimenter's marker at n. Piaget found a 

stage 1 in which the subject placed the marker at n + 1 instead of at 2n. He also 

found a stage 2 in which the subjects placed the marker at n + k, where k is 

bigger than 1 but less tha.n n. He found similar responRes in another task in 

which the subject was shown three different length eels and told to provide food. 

in proportion to the eel's length. The additive strategy is not only found in 

these two tasks but it has been found in a variety of proportionality tasks. 

In the present task in making the error under discussion subjects showed 

a differential sensitivity to the operation and the multiplicand. That is on 

questions in l<'hich the mul tiplica.nd was a rnul tiple of ten the subjects were more 

like ly to give a plus or minus ten response than on questions in wliich the rnul ti

plica.nd was in units; conversely they were more likely to give a plus ar minus 

one response on questions in which the multiplicand was in units. And on ques

tions wbich implicitly involved addition the subjects were more likely to give a 

plus resvon'1e than on questions implicitly involving subtraction; convarsely an 

questions which implicitly involved subtractions subjects were more likely to 

give a. minus response. 

Multiplication is a multi- componented task. Obviously children making 

these errors have not completely acquired the complete structure, but this dif

ferential sensitivity shows that they ha.ve same partial knowledge af multipli

cation. They know both that multiplication involves repetition (as either re

pea.ted increase or decrease) and tha.t it involves repetition af a definite some

thing. This partial knowledge can be described as an intuition about multipli

cation. That is, using intuition in a sense analogous to Brown and McNeil's 

(1966) tip-of-the-tongue phenomena; they showed that if subjects thought they 

knew a word but were una.ble to recall it then the subjects possessed same accu

ra.te partial knowledge, for example above chance level knowledge of the first 

letter. 

Pia.get believed that the reason for the plus type responses in his tasks 

was that the primacy of one way actions in the child' s thought leads the child. 

to be dominated by order effects. So long as the order is preserved, which it 

is by the plus type responses, the child is satisfied. Piaget is thus locating 

the reason for this error in the overall organization of the child's thought. 

I would like to ra.ise the possibility that the child' s difficul ty has a 

more circumscribed origin, namely in the child's representation of the task. 

Ka.rmiloff-Smith (1984) argues that the same three phases of development of repre
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sent1ttional processes c'in be found at all levels n.f �evelor'.llent. Alo,ae these 

lines it is suggested th:,.t the acldi tive error in the 1-reRent task is very akin to 

the pre-concept which Piaget deRcribed in the much ynunger child. In the rre

concept a part stanrls for the clasR an1 can substitute for it instead of merely 

reprPsenting it; it is a privilP.ged sample to which other ,elements are assimi

lated. 

In the present ta.sk the child is ,iealing wi th what is irnplici tly an in

fini te set of repe'lted :additions. Part of the forrr.ation of r-mltiplicative struc;

tures is thP collapsing o!' the.t infini te set of procerlures of ,rldi tj 0:1 to an ex

plicit representation. Prior te the formation of this meta-level re11re�enbtion 

the chilo confuses the member with the set and selects nne procedure te represent 

the whole set of procedures. Both the pre-concept and the present error .srise 

from the sa.me cause, namely the lack of explicit meta.-level revi·esent1t tinns, but 

in the present ca.se operating on a more advancecl representationa.l level, that is 

on a problem spa.ce of a set of procedures in3tead of a set of perceived objects. 
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WhY some children fail ta learn the four rules of Arithmetics 

professor F Marton and D Neuman 

oepartment of Education, University af Gothenburg, Sweden 

Earlier investigations have shown that about 15% of each age cohort in Sweden 

fail te acquire sufficient mastery of elementary skills in Arithmetic. On the 

assumption that this is due te the lack of the conceptual prerequisits for the

forma! teaching adopted in schools 105 school beginners (7 years elds) were 

interviewed in order to find out the sense in which they use counting words, 

how they conceptualize numbers and how they approach simple arithmetic problems. 

some of the findings were: 

l. counting words are used in a number of qualitatively different ways by 

children .. They are understood as denoting 

sounds, 

movements, 

extent, 

names, etc. 

2. There are two distinctly different ways in which children approach simple 

addition and subtraction problems, namely 

by counting, or 

by structuring. 

The former means that they are counting ene object (e.g. a finger) at a time 

while the latter refers to the fact that they see relations (part-whole 

relations in particular) within and between numbers. There are several different 

strategies within both approaches. 
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Why some children fail to learn the four rules of Arithmetics 

Professor F Marton and D Neuman 

Department of Education, University of Gothenburg, Sweden 

3. Understanding the fact that counting words have a number meaning is a 

necessary prerequisit for the development of the second approach 

(i.e. structuring). 

4. "The structuring approach" is a necessary prerequisit for the development 

of elementary number concepts (i.e. the mastery of all the possible relations 

within and between the numbers 1-10). 

5. The developrnent of "the elementary number concepts" is a necessary prerequisit 

for the acquisition of further arithmetic skills (addition and subtraction 

over 10, multiplication, division). 

In consequence with these findings,an experimental teaching program was set up, 

primarly aimed at developing the number meaning of counting words and sub

sequently at developing the elementary number concepts. 24 school beginners 

were judged to lack the necessary prerequisits for acquiring basic skills in 

Arithmetic. 12 participated in the experimental program carried out in two 

different classes while 12 remained in 5 different classes with regular teaching. 

All the children in the experimental group acquired all the skills in 

Arithmetic they were supposed to acquire during the first two school years 

according to the curriculum, while at least 6 of the 12 children in the 

control group seemed to have serious difficulties in Mathematics. 
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PRESERVICE TEACHERS' CHOICE OF OPERATION FOR MULTIPLICATION AND 

DIVISION WORD PROBLEMS 

Dina Tirosh,1 Anna 0. Graeber,2 Roseanne M. Glover
University of Georgia 

In recent years much has been written about children's and adolescents' 

misconceptions concerning the operation needed to solve multiplication and 

division word problems (e.g., Vergnaud, 1980; Hart, 1981; Bell, 1982). The 

purpose of this study was to explore whether preservice elementary teachers 

have the same misconceptions noted among elementary and secondary school 

children. 

Bell categorizes the errors eleven-year-old British students 

make in choosing an operation for word problems that involve decimals. The 

categories he describes are (1) misinterpretation of decimal numbers, (2) 

over-generalization of rules beyond their domain of truth, (3) detachment of 

meaning from symbols, and (4) misinterpretation of potentially distracting 

cue words or contexts. 

Fischbein, Deri, Nello, and Marina (1985) suggest that primitive models 

may account for the errors adolescents make in selecting the appropriate 

operation for word problems. They argue that the arithmetical operations 

generally remain linked to implicit, primitive, behavioral models that 

influence the learner 1 s choice of operation even after formal algorithmic 

training. The primitive models obey constraints, imposed by their 

behavioral nature, that do not always match the contraints on the formal 

1on leave from Tel Aviv University, Israel 

2Current Address: University of Maryland, College Park, MD 20741, USA 
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mathematical operations. Fischbein et al.'s findings confirm that when 

contradictions exist between the implicit roles of the primitive model and 

the multiplication or division word problem being solved, the primitive 

model may slow down, divert or even block the student's solution. 

In the present study, an attempt was roade to check the assumption that 

the primitive behavioral models described in Fischbein et al.'s study also 

affect adults' choice of operation for solving simple multiplication and 

division word problems. Furthermore, the authors intended to document other 

multiplication and division misunderstandings of preservice teachers. 

METHOD 

The subjects were 129 female college students enrolled in one of the 

math content or methods courses for early childhood education majors in a 

large university in the United States. 

The 26 multiplication and division word problems used in Fischbein 

et al.'s study were modified in an attempt to use terminology and 

notation more familiar to the American population. These 26 items were 

distributed between two test forms. Each student completed six 

multiplication, seven division, and five addition or subtraction 

"filler" items. The subjects were instructed to write an expression that 

would lead to the solution of each problem, hut they were asked not to 

compute the solution. 

Thirty-three students from two of the four participating classes were 

interviewed. In the interviews, students were given problems similar to 

those they missed and asked to write an expression that could be used to 

solve each problem. They were asked to explain why they wrote the 
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expression they did and how they would check their work. After discovering 

that an answer was incorrect, they were asked to verbalize what led them to 

write the wrong expression. Finally the interviewer would substitute into 

the word problem whole numbers that conform to the constraints of one of the 

primitive models and ask the student if this helped her write the correct 

expression for the original word problem. 

RESULTS 

The authors found that students in the preservice teacher population 

are influenced by the same primitive, behavioral models for 

multiplication and division as are students in Fischbein et al.'s 11-15 

year-old population. For example, a primitive multiplication model is 

that of repeated addition. When this concept of multiplication prevails, 

the operator (or number of sets) "must" be a whole number. As an example of 

the influence of the repeated addition model, data are presented for the 

preservice teachers' success with two word problems. One word problem was 

"For one cake you need 2.25 grams of spice. How much spice do you need for 

15 cakes?" A correct expression for the solution of this problem was 

provided by 99% of the students. A similar word problem hut with a decimal 

operator was "For one kilogram of meatloaf you use 15 grams of salt. How 

much salt do you need for 1.25 kilograms of meatloaf?" Only 72% of the 

students wrote a correct expression. Results from two other problems show 

the influence of the primitive, partitive division model. This model 

"requires" that the divisor be less than the dividend. Eighty-nine percent 

of the students wrote a correct expression for the problem: "In 8 boxes 

there are 96 cartons of milk. How many cartons are in each box?" However, 
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only 34% of the same students wrote a correct expression for the problem: 

"12 friends together bought 5 pounds of cookies. How many pounds did each 

one get if they each got the same amount?" Furthermore, 42% of the students 

wrote the incorrect expression, 12 � 5, for this problem. Thus, a 

substantial portion of the preservice teachers reversed the role of the 

divisor and dividend writing expressions that did not match the problem but 

did match the constraints of the primitive partitive model. 

0ne of the misconceptions noted among the preservice teachers was 

an over-generalization of the procedures used with unit fractions. 

Interviewees believed that since 6 x 1/2 can be computed as 6 7 2, 

900 x .75 can be computed as 900 � .75! Unlike many of the other 

misconceptions noted, this error does not appear to be widely discussed 

in the literature on children's errors with decimal operations. 

Although the overall results on the written instrument, shown in 

Table 1 below, might lead the reader to conclude that the misconceptions 

were held by only a small portion of the preservice teachers, our 

interview data suggest otherwise. Every interviewee, including those 

who had made only one error on the written work, gave evidence of 

holding at least one misconception. The preservice teachers were not 

able to describe their thought processes with great clarity. A large 

portion of the interviewees explained their errors by saying "Word 

problems confuse me," "Decimals throw me out," or "The units confuse 

me." Thus, the interviews led the authors to believe that almost all of 

the preservice teachers were influenced, usually unconsciously, by erroneous 

beliefs about multiplication and division. 

Another phenomenon observed in the interviews is of interest. A 

substantial number-of those students who said that a given word problem 
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involving decimals could be solved with one operation (e.g., division) 

claimed that when whole numbers were substituted for the decimals in the 

(e.g., multiplication) was needed. Furthermore, problem, another operation 

these students did not see any contradiction between these claims. 

Table 1 

Number (Percent) of Respondents .!!I. Score* 

Number of Items Form A Form B 
Correct n = 64 n = 65 

13 6( 9) 10(15) 
12 6( 9) 11(17) 

16(25) 13(20) 11 

10 8(13) 9(14) 
9 11(17) 11(17) 
8 5( 8) 2( 3) 
7 6( 9) 3( 5) 
6 3( 5) 4( 6) 
5 or less 3( 5) 2( 3) 

Total 

16(12) 
17(13) 
29(23) 
17(13) 
22(17) 
7( 5) 
9( 7) 
7( 5) 
5( 4) 

*0nly the 13 multiplication and division items are included.

JMPLICATIONS 

The number of preservice teachers experiencing difficulties with the 

selection of multiplication and division operations for word problems 

suggests that they might have other, more basic, misunderstandings. 

Confl.'rmed that same of the preservice teachers' fact, the interviews 

In 

difficulties were related to their misunderstanding of the notation for 

decimals and division. An investigation of their understanding of these and 

other fundamental nations might be appropriate. Another interesting 

b determl.'ne the extent to which pupil materials investigation would e to 

contain only problems that conform to the primitive models. Research could 

d Other questions related to the influence of the also be designe to answer 
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primitive models, for example, facility with measurement versus partitive 

examples. 

The results of this study indicate that efficient strategies must
be developed for training teachers to moni·tor and 1 contro the impact that 
misconceptions and primitive models have on their own thinking and their
students' thinking. 

Bell, A. W. (1982). 
_M�a�t_h=em-=cacctc.=i:.::c:=.s _T_ea_c_h_e_r,
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Early Addition Story Problem Performance: How Does It 
Relate to Schooling and Conservation? 

by 
Robert G. Underhill 

Virginia Tech 

Previous researchers reported significant differences between the problem 

solving achievement of first graders who conserve number and those who do not 
conserve. Researchers also found that problems which involved transformations 
were significantly more difficult than those which did not involve transforma
tions (Steffe, 1967; LeBlanc, 1968). A transformation is defined as an implied 
physical movement of objects, e.g., "Mary has three dolls and her mother gives 
her two more." Mo transformation is a static condition, e.g., "John has two 
frogs and David has three frogs." 

An important question has remained unanswered. Since Steffe's addition 
study was executed on a population completing the first grade, to what extent 
was the addition transformation finding related to the developmental level of 
the subjects and to what extent was it due to history, particularly first grade 
instruction? This is a particularly important question since mest first grade 
teachers medel addition as a transformational process. 

A Conflict. As Piaget (1965) noted, children are so bound by perception 
that they believe quantitative changes occur which do not; they only appear 
so; given five coins arranged in unequ�lly dispersed arrangements, the young 
child believes one set is more than the other. Because of perceptual data, in 
the study conducted by Van Engen and Steffe (1966) children thought 2 + 3 > 5. 
Judged on the basis of this perceptual confusion, it appears that early experi
ences with both addition and equality would best be served if addition could be 
modeled for preconservers without transformations (movement). Thus, in a given 
physical experience, 2 + 3 would "look like" and, hence, be thought of as 
another name for 5. Two critical questions exist: (1) Can non-transformational 
addition be readily learned by non-conservers? (2) Were earlier results influenced 
by first grade instruction? 

To answer the first question without the influence of the second, data were 
collected on kindergarten children who had received no formal addition instruction. 
To answer the second question, modeling tasks were created to determine if first 
graders modeled addition with transformations even when the problems were non
transformational. 
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Procedures � Materials 

Thirty-six kindergarten and thirty-six first grade children were randomly 

selected from one Area of a large school district which contained a good cross

section of the city's ethnic and socio-economic groups. 

In the spring, Test of Quantitative Comparisons (TQC) (Harper and Steffe, 

1968) and a four item addition test were individual ly administered to all sub

jects; the KR-20 reliability of the TQC is .86 (Steffe and Johnson, 1971). The 

addition test consists of four items, two transformational (T) and two non

transformational (NT). The order of the questions was determined randomly for 

each subject. Modeling reliabilities were: all addition, .99; transformational, 

. 99; and non-trans format i ona 1 , . 92. For accuracy they were: a 11 addition, . 86; 

transformational, .60; and non-transformational, .83. 

The researcher and subject sat across a table from one another. In front of 

the subject was a small basket of chips and two eight inch cardboard dolls. At 

the beginning of the addition test, each subject named the dolls, e.g., Michelle 

and Ramos, and the chips, e.g., hamburgers. All four questions then used the 

names and label provided by the subject. The following pairs of addends were 

used in the four questions: (4,2), (2,5), (4,3), (3,5). Each question was 

"chunked," i.e., presented one-sentence-at-a-time with a pause during which the 

subject was required to "act out" the sentence with the manipulatives provided. 

Each subject received 0 or 1 point for accuracy of each response; the criterion 

was correct response :_l. Each subject received 0, 1, or 2 points for the model ing 

behaviors exhibited relative to each problem according to the following criteria: 

1 point 

1 point 

Transformational 

Count first set of 
chips and place in 
front of doll A. 

Count second set of 
chips and place in 
front of same doll, A. 

Analyses and Results 

Non-Transformational 

Count first set of 
chips and place in 
front of doll A. 

Count second set of 
chips and place in 
front of dol l B. 
(No point if the two 
sets were combined.) 

Initial multiple linear regression analysis of the dependent variables using 

sex and age (in months) as criterion variables confirmed that variance due to age 

must be statistically removed from subsequent analyses. Likewise, a systematic, 

although non-significant sex bias was statistically controlled. 

First, a nested analyses of covariance of the modeling scores was completed. 
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The subjects' abilities to model transformational addition was affected by their 

abilities to make quantitative comparisons (p = .030) and the effect of schooling 

upon their non-transformational addition modeling scores was significant at the 

.057 level. 

Then a nested analysis of covariance of the accuracy scores was completed. 

The significance within the addition accuracy scores was found to be attribut

able to the TQC effect on both transformational (p = .004) and non-transforma

tional (p = .008) problems. The effect of schooling upon addition accuracy 

scores was also significant on both transformational (p := .002) and nontrans

formational (p = .006) problems . 

To interpret the results of the analyses of covariance, selected data were 

examined with .!. tests. There were no differences in performance on transforma

tional and non-transformational accuracy among first graders at the .05 level. 

A difference was found among kindergarteners only when a criterion of 2/2 was 

used on each problem type. However, the difference did not hold up when a 

criterion of 1/2 on each problem type was used; this criterion level is probably 

more appropriate given (1) the higher incidence of counting errors among kinder

garten children, and (2) the open-ended nature of the questions. 

Modeling scores of all subjects were also examined in more detail. There 

� a difference between kindergarten conservers and non-conservers when a 2/2 

success level is used but not when a 1/2 success level is used, and during the 

first grade, there are no differences in modeling of transformational and non

transformational problems by non-conservers when a success level of 2/2 is 

applied, but they are better at transformational when a 1/2 success level is used. 

And, there � a difference between problem types among first graders who are 

conservers when a success level of 2/2 is used but not when 1/2 is �sed. 

Discussion 

Question l= Can non-transformational addition be learned by non-conservers? 

Under the presentation conditions used, first graders' �ccuracy is similar 
using both success levels, and kindergarteners' accuracy is similar when a 1/2 

success level is used. Further, 50% of the non-conserving kindergarteners can 

successfully answer non-transformational questions and 60% can successfully answer 

transformational questions under the conditions used in this study, a difference 
of only 10%; and 79% of the non-conserving first graders could answer non-trans

formational questions correctly. From these data, one can argue rather forcefully 
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that under these problem presentation conditions non-transformational addition 

problems are not more difficult than transformational questions for non-conserv

ers. It should be noted as well that non-conservers improved substantially in 

their success on non-transformational questions whether evaluated on a 2/2 

,uccess criterion (x = .50 to x = .64) or a 1/2 success criterion (x = .50 to 

x = .79). There seems to be no reason to exclude non-transformational addition 

from the curriculum designed for non-conservers. 

Question I= Were earlier research results influenced by first grade instruction? 

The results of this study obviously differ from those of Steffe (1967) and 

LeBlanc (1968). Why? The initial cancern regarding their research studies was 

prompted by the realization that their data were collected late in the first 

grade. The accuracy results of the present study indicate that differences 

found by Steffe were not supported in the present study. This may be due to (1) 

required rather than optional use of manipulatives, (2) individual rather than 

group administrations, or (3) "chunking" rather than "whole" oral problem presen

tation. However, the modeling data indicate support for the original conjecture 

that differences observed by Steffe may have been magnified by the instructional 

behaviors of first grade teachers. This conjecture can be explored by examining 

the modeling behaviors. 

There were modeling differences for 

Kindergarten non-conservers under a 2/2 success criterion; 

First grader conservers under a 2/2 success criterion; and 

Fi rst 

Using a liberal 

differentially. 

grade non-conservers under a 1/2 success criterion. 

criterion (1/2), only first grade non-conservers performed 

During the data collection phase of this study, they frequently 

joined the two sets in non-transformational problems. When using a conservative 

criterion (2/2), only the mast unsophisticated (kindergarten non-conservers) and 

mast sophisticated (first grade conservers) exhibited differential performances. 

Given that counting errors at this level are highly and positively correlated 

with sophistication, it seems reasonable to downplay the importance of the 

kindergarten differences and to focus on the performances of first graders. 0nce 

again, it was observed that first grade conservers joined sets inappropriately 

in non-tranformational questions. 

0ne fairly obvipus interpretation of the preceding results is to confirm, 

at least in part, that the Steffe results were influenced by first grade in-
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struction. By the end of grade one, children seem inclined to view addition 

as a transformational activity even when problems do not involve explicit 

transformations; therefore, it seems reasonable to assume that by the end of 

the year first graders perform better on transformational problems. 

Conclusion 

There appear to be three conclusions which can be made based on this study: 

1) Usi�g_the_problem 7onditions described in this study, transformational
add1t1on 1s no eas1er than non-transformational addition for kinder
garten and first grade children when controlling history (schooling).

2) Non-conservers can learn to model and accurately solve simple non
transformational addition problems.

3) Teachers should do one of the following when teaching addition story
problems to non-conservers:

A. Use only non-transformational addition, or

B. Use physical transformational models with implied rather than
real transformations, i .e., no movement of the two sets once
they have been positioned.

Table 1:' Hodeling means. and standard deviations on a one-point scale, 
and t tests using a one of two criterion 

Grade Level 

Kindergarten First 

Non-conserv Conserv Non-conserv Conserv 

I 
x x Mon-transform- I = . 85 . 88 x = . 71 x . 9l 

ational /SD = .37 SD = .34 SD = . 47 SD = • 29 
I 
I 
x x Transform- I . 90 = .94 x =l. 00 x =l. 00 ational /SD .31 SD = . 45 SD = . 00 SD = . 00 

I 
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I, 

Il 

I 

Table 2 Modeling means and standard deviations on a one-point scale, 
and t tests using a two of two criterion 

Grade Level 

Kindergarten First 

Non-conserv Conserv Non-conserv Conserv 

i 
i i i . 71 i . 73 Non-transform- I .50 . 69 

ational ISD .51 SD . 48 SD . 47 SD . 46 

I 
I 

i i i . 93 i =l. 00 
Transform- I . 90 . 75 

ational ISD .31 SD . 45 SD • 27 SD = . 00 

I 

t -2.99 t -.56 t -1. 38 t= -2.81 

p . 005 p . 29 p . 10 p =.005 
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IS 89 LARGER THAN 91? 

Miriam A. Wolters 
Developmental Psychology, University of Utrecht 
The Netherlands 

Introduction 
One of the mest common addition errors is the one in 
trading (regrouping) takes place. For example, when 
addends are 148 and 236 the sum will be either 374 or 
something like it. 

which 
the 
3714 

no 
two 

or 

A comparable error with subtraction is one in which the top digit 
is subtracted from the bottom digit. In this case again no tra
ding takes place (cf. Fuson 1985, Becker 1985). 

These kind of problems are mostly presented in the third grade. 
The almost universal practice is doling out one more place in 
addition and subtraction in each successive grade (1-digit in 
first grade, 2-digits in second grade, 3-digits in third grade 
etc.) As long as pupils do not understand when and how to trade 
with addition and subtraction problems, these errors keep coming 
up regardless of the number of digits used in the problem. This 
also means that these errors do r.ot automatically stop after the 
second or third grade. It is therefore necessary to tackle these 
errors early in school and efficiently. 

Fuson (1985) suggests in preventing these errors, �o teach the 
place value system together with the addition and subtraction 
algorithm and not before then. 

We decided it is more efficient to teach the place va�ue system 
before introducing the algorithm. And of course there are a 
number of reasons for this decision. To understand when and how 
to trade presupposes a body of knowledge that is more complex 
than we usually thir.l:. In fact three abilities are involved: (a) 
the ability to generate number names according to our number 
system, (b) the ability to understand the number meanings repre
sented by the number names and (c) the ability to use our place 
value notation system (Carraher 1985). Children generally master 
the ability mentioned under (a) just before or in the course of 
the first grade. It is the abilities (b) and (c) that matter when 
constructing a teaching program. With respect to (c), when 
studying our place value system there are two aspects to distin
guish. Firstly, our system is a ten base system, i.e. it is a 

system with base ten in which ten ones are represented by one 
ten, ten tens are represented by one hundred etc. Secondly, our 
system is place holding, i.e. a place in a number has a given 
value, known as place value. For example the one in 41 has a 
different value than the one in 14. The one in 41 represents a 
one and in 14 a ten, in 144 a hundred et�. Our numeratlon system, 
to be precise, is a ten-based place holding system; it is the 
Hindu-Arabic numeration system. 

When we ask a second grader to write clown what number comes 
after 55, he often writes clown 65. Or he writes 69 as an answer 
to the question:"What number comes before 79?". Or he circles 
the first number of the numbers 89 and 91 when asked for the 
larger number. These are very well-known errors and according to 
our data about 50% of second graders make these errors regular-
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ly. With some children they disappear gradually; with others they 
"transform" into persistent errors as mentioned in fig. 1. 

Young children very often do count very well up to a hundred or 
somtimes a thousand without really 'knowing the structure behind 
it. In other words they are able to generate number names accor
ding to our number system (the above mentioned ability a) without 
being aware of the number meanings and the underlying place 
holding system (the abilities b and c). 

Writing down the numbers and in this way confronting the 
children with the notation system makes the children aware of the 
properties of our number system.That is why, in our opinion, we 
have to teach the properties of our number system, i.e. base ten 
and place value together with the notation of the known number 
names and before introducing the addition and subtraction algo
rithm. 

The development of our numeration system 
As long as people can deal with number by matching a pebble or a 
notch on a stick with an object, it is not necessary to have a 
system of numeration. When this matching method becomes inade
quate people must create a system of numeratio�. Dur ancestors 
discovered a well-defined way of numbering, namely by tallying or 

matching. These kind of methods we call primitive systems of 
numeration. It is a way of checking if there is a one-to-one 
correspondence between two sets. 

The systems that were developed after the primitive systems 
were the additive systems. These systems had a base but no place 
value. These systems of numeration usually had a base of five, 
ten or twenty. The number of fingers on a hand, on both hands, or 
the number of fingers and toes influenced the determination of 
the base. 

The last and most efficient systems are the so-called positio
nal systems. A positional system has a base and above all place 
value. Our system, the Hindu Arabic system i3 an example of a 
positional system with base ten, ten digits �0- ... 9) and two 
values for each digit: a positional value and a total value. 

The experimental teaching program 
The teaching program follows roughly the historical line of 
development of our numeration system. That is, first graders are 
presented first of all with a primitive system , secondly with an 
additive system and thirdly with our positional system. All this 
1s organised in a play which happens to take place in an animal 
forest. The play in the animal forest consists of three acts. In 
the first act Eelco the Squirrel (Eekhoorn) plays the leading 
part. Eelco counts and represents the result like precivilised 
man probabely used to do. When Eelco is gathering nuts for his 
supply for the winter he breaks his paw. The squirrels of the 
forest decide to have a meeting to discuss how to help Eelco. 
Doctor Squirrel suggests that same of them should take Eelco a 
few nuts every day. Because squirrels do not have a numeration 
system, Doctor Squirrel will put clown a few branches next to 
Eelco's bed. Each day a squirrel �ill put clown as many nuts as 
there are branches. 

The leading player of the second act, Piet the Post-pigeon, 
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happens to be in the shop when Eelco is making a transaction with 
Florus the Goblin te get him to keep charge of his nut supply. 
P1et the Post-pigeon is very surprised to see Eelco's roundabout 
way of dealing with his supply. 

Piet counts according to an additive trading system with base 
six and two symbols: a leaf (�) and a grass blade (/). These 
symbols are chosen so that Piet is able to keep quite a large 
number of them in his bill. Thus, Piet uses a system in which 
quantities are counted with two counting units. A quantity is 
f1rst of all treated with the biggest unit. The number of times 
this takes place is represented by the leaves. The remaining 
number is counted with the procedure: for one blade there has to 
be one object. Piet represents the counted numbers by the follo
wing numerals: 
/

'.
//,///,////,/////,�,�/,�//,�///,�/Il/,�/////,��,·· -,���f��/, ··· 

P1et's system is an additive system. It uses no order or place 
value. We do not , therefore, have to represent the numbers in 
the order of symbols used above. 

In the third act, Ineke and Tineke the apes appear on stage. 
The symbols this time are not leaves and blades but the apes's 
fingers. Piet suggests that one of the apes, Ineke, counts the 
smallest unit, i.e. the ones, and the other ape, Tineke, counts 
the biggest unit, i.e. the tens. As soon as a unit is counted 
(full) a finger is put up. A label is put on each ape, so that 
nobody gets mixed up. For everybody, and especially for the apes 
themselves, it is clear who is counting what. 

The pupils are still using an additive system with base ten. 
There is still no order of Ineke and Tineke nor place value. As 
long as the labels are used no place value is necessary. It is 
shown, that when no labels are used, place value becomes necessa
ry. 

METHOD 

Subjects 
Four first- and second grade classes from four schools in two 
towns in the Netherlands took part in the study. The schools 
represented a reasonable cross-section of city and rural school 
populations. The particular schools used were chosen because of 
their willingness, especially among the teachers of the first 
grade, to be involved in the study. 
Procedure 
The children of the four classes were given a pretest when ente
ring the first grade. The pretest was designed to assess the 
general cognitive-developmental level of the children before they 
received any systematic teaching in reading and arithmetic. The 
items of the pretest were of a kind ordinarily found in any sort 
of intelligence test for 6-year olds. 
There were two experimental classes - receiving the experimental 
teaching program on numeration systems - and two control classes 
- receiving a regular teaching program - in each town. 
The experimental teaching program started in January and took 
about two months, that is 40 lessons of half an hour. The teach
ers for the two experimental classes were the class teacher. 

Following these lessons at the end of the school-year, post
tests were administered to all four classes, these consisted of 

-71-



two parts: numerati2n items and addition- and subtraction items 
up to 20. Both parts were given as class-administered tests. 
The battery of numeration items consisted •�f the following kind 
of items: (a) what number comes after a given number, (b) what 
number comes before a given number, and (c) circle the largest 

number of two given numbers. 
Following the post-test at the end of the first grade, a very 
similar post-test was administered to the same four classes at 
the end of the second grade. The main difference between the twq 

post-ta3ts was that with the �umeration items, three- and four 
digit numbers were used as well as two-digit numbers; the addi

tion and subtraction items went up ta 100. 
With 62 first graders post-test items were given as individual 

tests by a member of the project staff. The pre- and post-tests 
�ere administered by the class teacher but always with a p,oject

staff member present. 

RESULTS 

Results at the end of the first grade 

The results at the end of the first grade deal 

differences between the experimental and central 
months after the experimental teaching program 

systems was given. 

with possible 
group a few 

an numeration 

Because we wanted ta talk with the children individually about 

the items, we matched pairs of pupils (one from the control group 

and one from the experimental group) on the basis of the pretest 
score. This procedure resulted in 31 pairs, that is ;-, = 31 for 
experimental and control group. A t-test was carried out on the 
data and resulted in a significant difference between the experi

mental and central group an numeration items and no significant 
difference an sum items. One would of course expect an advantage 

for the experimental group on numeration items. This, however, 
does not result in a better result on sum items. With these quite 

simple items one does not have to use the algorithm ta get a 
correct answer quickly. And that is exactly what happened. In the 

individual sessions we noticed that 23% of the pupils in the 
control group used the decomposition strategy with category � 
items and the rest (76%) used all sorts af counting strategies. 

With the category 2 items (regrouping items), it is more effi

cient to use the properties of our numeration system, that is to 

use the decomposition strategy. It is in the experimental group 

that this happens: 95% used the decomposition strategy with the 
category 2 items and the rest a counting-on ar counting-backwards 
strategy. 

Results at the end of the second grade 
To test the existence af a difference between the experimental 

and control group at the end of grade tNo, an analysis of cova

riance was performed on the data with the first grade category 2 
items as covariate. This analysis sho�qs no significant differen
ces an numeration items except for the n��her after items. For 
the sum items an analysis of covariance is not allowed, which 
means that there is an interaction between the variables. The 

interaction betwe�� the category 2 ite,ns and the covariate (first 
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grade category 2 items) is depicted in the fol�o,�ing figure. 

cat. 2 (2.nd grade) 

4. exp-

4 5 6 8 cat.2 (1st grade) 

The regression coefficient for the experimental group is .67, 

which is significant (p=.001); for the central group this coeffi
cient is .18, which is not significant {p=.175). The correlation 
between category 2 items in fii·st and second grade is therefore 
sig;-,ificant for the experimental group and not for the control 

group. This also means that if a pupil in the experimental group 
scores high on the first grade category 2 items he will score 

high on the second grade category 2 items. There is no such 
relation for pupils in the control group. It does not matter what 

the result of a pupil in the control group is on the first grade 
category 2 items, his result on the second grade category 2 
items will always be between 2 and 3 correct. The same kind of 
interaction is found for the second grade category 1 items. 

The interaction is depicted for the category 2 items be2ause 
for solving these kind of items the properties of our ten based 

positional system ha·;e to be �sed. As we have seen the pupils in 
the experimental group used the decomposition strategy mostly to 
solve the categor)' 2 items in the first g1·ade post-test. So, it 
could be hypothesised that there is a relation between knowing 
the prc�erties of our numeration system and so!ving second grade 
category 2 items. 

The control group which did not follow the experimental 

teaching program in the first grade did af course learn the 
properties af the place value system. Most of the pupils learn 

it eventually together with the decomposition algorithm. 
The question asked in the introduction of this article how

ever, was: does it make a difference if the place value system is 
taught before ar together with the algorithm? This question can 

be answered by performing an analysis of covariance on the second 
grade category � items with the second grade numeration items as 
covariate. 
In this analysis the b's are homogeneous; the F-value for the 
common b is 5.10 {p=.027), which means that there is a signifi
cant correlation between second grade category 2 items and second 

grade numeration items for both groups. The analysis of covarian
ce gives a p-value of .003, which means that there is a signifi-
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cant difference between experimental and control group, where the 

experimental group is the mast effective. 
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Adolescent Girls' and Boys' Ability to Communicate a Description 

of a 3-Dimensional Building 

David Ben-Chaim 
Oranim, School of Education 
University of Haifa, ISRAEL 

ABSTRACT. This study presents evidence which suggests that students 

in grades 6 through 8, boys and girls, have difficulties in 
representing and communicating information on a 3-dimensional 
building, made up of cubes. Types of representations used by the 
students were classified and analyzed by grade (6,7,8), sex (boys, 
girls), site (inner city, rural, urban) and time (pre-, 
post-instruction). The findings were examined relative to their 
psychological aspects and practical teaching implications. 

BACKGROUND. The need and reasons for emphasizing various types of 

representations of spatial shapes and relations are discussed in 

detail by Gaulin (1985). The ability to represent and interpret 

3-dimensional geometrical relations is a valuable skill for many

school subjects and technical occupations. Thus,providing all pupils 

with opportunities to explore a variety of types of representations of 

spatial and geometrical information, as well as to communicate such 

representations should be basic educational objectives. This study 

presents evidence which suggests that middle school students, boys and 

girls, have difficulties in representing and communicating information 

on a 3-dimensional building, made up of cubes. 

PURPOSE OF THE STUDY. During a pilot study for developing spatial 

visualization activities appropriate for middle school students, it 

was found that students have difficulty in visualizing hidden parts of 

pictorially presented objects and in describing and representing 

3-dimensional objects. In order to evaluate the effectiveness of the 
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instructional activities, especially the practical ones dealing with 

representation schemes and drawings, "a building description task" was 

created. There were three interrelated purposes in presenting this 

The first was to study types of representations used by type of task. 

middle-school students in attempting to perform the task. The second 

was to investigate site, grade and sex-differences in kinds of 

representations used by them, and to what extent they were successful. 

The third purpose was to determine whether students' performance would 

be affected by instruction in spatial visualization activities. 

Several other aspects of the effectiveness of the instructional 

activities were measured by a spatial visualization multiple-choice 

test. They have been reported elsewhere (Ben-Haim, 1983; Ben-Haim et 

al., 1985). 

THE BUILDING DESCRIPTION TASK. Every participant received a building 

of cubes on a plan card with the following task: 

You are seated on one side of a screen and your friend is seated 
on the other. 
Your friend cannot hear what you say, hut you may pass a piece of 
paper to him. 
Your friend has a supply of cubes to work with. 
Here is a building made of cubes. You are the only person that 
can see the building. 
Your task is to help your friend to know what your building looks 
like. 
Be as creative as you wish. 

Figure 1 presents the "map plan" of the building description task (the 

numbers in the squares indicate the height of the stacks of the 

cubes). 
li l; I 2! 

Figure 1 

According to Wattanawaha's DIPT (Dimension, Internalization, 

Presentation, Thought Process) classification system for non-speeded 
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spatial tasks (Clements, 1983) the "building description task" falls 

into the highest values in each of the four independent 

characteristics. It is identified as D-3, I-2, P-2 and T-1. 

THE METHOD OF THE STUDY. Before and after exposure to the spatial 

visualization activities, two to four students from each of 

participating 6th, 7th and 8th grade classes were randomly selected to 

be given the "building description task". The students in those 

classes were from several schools (sites) representing a broad range 

of socio-economic status (SES). Table 1 shows the distribution of the 

entire sample by time (pre-, post-instruction), grade level (6th, 7th, 

8th) and sex. The unit of instruction required students to create 

"buildings" from small cubes and to draw representations of these 

"buildings" in two ways, flat front or side views, and isometric 

corner views. The spatial visualization unit called for 12-15 hours 

of instruction. None of the activities set for the students during 

the instruction, specifically involved tasks similar to the "building 

description task". 

RESULTS. Evidence obtained from the students' attempts to perform the 

task prior to the instruction indicated usage of a variety of types of 

representations. These incluced verbal descriptions, graphic drawings 

of side views or perspective drawings, descriptions by layers, coded 

orthogonal views and mixed strategies. However, it was decided to 

follow Richardson's classification of subjects according to three 

representational modes identified as Verbal (V), grahpic (G) and mixed 

(M} which combines verbal and grahpic representations. The three 
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modes may not be distinctive but may be points on a visual/non-visual 

continuum of a type suggested by Richardson (1977). Table 2 presents 

the percentages of students by modes of representations, grade (6th, 

7th, 8th), time (pre-, post-instruction) and sex. Taking into account 

only the cases in which the performance was sufficiently adequate to 

construct the given building according to the students' descriptions, 

the results show a success rate of 23% prior to instruction compared

to 81% after instruction with almost no differences by grade or 

and with some advantage to the mixed mode. The verbal mode was

successful only for one 7th grade girl and one 8th grade boy. 

analysis of 6th garde data prior to the instruction shows site

differences regarding the modes of representations. The rural 

students used verbal and graphic modes equally, the inner city 

Table 1: Distribution of entire sample by time (pre-, post
instruction), grade, and sex 

sex 

The 

----------------------------------------------------------------------

6th 
Grade 

7th 

Total 

8th 

----------------------------------------------------------------

No. of Classes 
Pre
Post-

7 

3 

6 

7 

4 

5 

17 
15 

----------------------------------------------------------------------

No. of Subjects 
Pre- 29 19 14 62 

Boys 15 13 7 35 

Girls 14 6 7 27 

Post- 11 26 15 52 

Boys 7 14 8 29 

Girls 4 12 7 23 

----------------------------------------------------------------
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Table 2: 

Grade 6 

Percentages of students by modes of representations (Verbal, 
Graphic, Mixed), by grade, time (pre-, post-instruction) and 
sex 

Pre-
V G M 

17 48 35 
boys 13 47 40 
girls 21 50 29 

V 

0 
0 
0 

Post
G 

27 
43 

0 

M 

73 
57 

100 
----- ----------------------------------------------------------------

Grade 7 

Grade 8 

Total 

boys 
girls 

boys 
girls 

boys 
girls 

53 
46 
66 

43 
43 
43 

34 

31 
37 

37 
46 
17 

7 
14 

0 

35 
40 
30 

10 
8 

17 

50 
43 
57 

31 
29 
33 

4 
0 
8 

0 
0 
0 

2 

0 

4 

73 
100 
42 

73 
75 
71 

63 
79 
44 

23 
0 

50 

23 
25 
29 

35 
21 
52 

students used the graphic and mixed modes more frequently and the 

urban students used only the mixed mode and were most successful in 

their attempts to perform the task. 

CONCLUS IONS. Prior ta instructional intervention, the findings of 

this study suggest that: 

(i) a great variety of types af representations are used by

middle school students ta respond ta an identical spatial

task with minor grade and site differences but with no sex 

differences. 

(ii) only about 25% of the 6th through 8th grade students can

perform successfully an a task such as the "building

description task" with no grade or sex differences.
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However, after instructional intervention in spatial visualization 

activities, the results demonstrate: 

( i i i) 

(iv) 
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REPRESENTATIONS OF THREE-DIMENSIONAL FIGURES BY 

MATHEMATICS TEACHERS-IN-TRAINING 

Martin Cooper Gilah Leder 

Thames Polytechnic, London Uni. af 'N.S.W., Sydney Monash Uni. , Melbourne 

Background 

In the classroom, two-dimensional d rawings are frequently used ta 'clarify' same 

concept or information related ta a three-dimensional frame af reference, it being 

assumed that the learners can interpret the graphical material which is presented. 

Examples of this abound  in mathematics textbooks in common use. A comparison af 

the content af older and more recently published mathematics texts led Polack ta 

conclude: "In the textbooks examined, students were asked ... to make use af more 

and more pictorial and diagrammatic material" (1985:16). Ben Haim et al (1985) 

demonstrated that 10-13 year olds often have difficulty relating quasi-perspective 

drawings to the rectangular solids they represent. Sex differences in linking 

three-dimensional shapes to their two-dimensional represmtaion have also been 

reported(Connor&:.Serbin, 1985: Chipman & Wilson 1985). Nethertheless, learners 

themselves often represent a three-dimensional structure by means of some form of 

two-dimensional drawing. We have labelled these two modes exhibited by learners 

'interpretation' and 'representation' respectively. 

Gaulin (1985) invited 10-18 year old pupils in Quebec to describe simple solids 

made up of small cubes glued together. The types spontaneously given by subjects 

were categorized into a number of classes, including verbal descriptions, side 

views, descriptions by layers, 'coded orthogonal views' and attempts at perspect

ive drawing. Apart from the first  category, all the above classes involve two

dimensional drawings of same sort. It appears then, that children can and do use 

a variety af different t;pes of paper and pencil repres�ntation to describe three

dimensional structure. Howver, teachers seldom use representations outside quasi-
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I 

perspective drawings of the 'parallel projection' or isometric types (see Fig. 1). 

� @ "'"'e l 

In fact, it is often easy to "recognise the section on space geometry in many text-

books by stereotyped figures 

Description of study 

11 (Goddijn and Kindt, 1985). 

Purpose: 1. To examine the distribution and range of verbal and graphical repre

sentations of three-dimensional figures produced by mathematics teacher-trainees 

and the interpretations which they make of such representations. 

2. To analyse the descriptions of three-dimensional solids produced by mathe

matics teacher-trainees using the Krutetskii (1976) distinction between 'geometers' 

and 'analytics'. (Geometers ''feel a need to interpret visually an expression of 

an abstract onathematical relationship" ( 1976: 321), whereas analytics "have no need 

for visual supports for visualizing objects or patterns in problem solving, even 

when the mathematical relations given in the problem 'suggest' visual concepts. 11 

(1976 :317) 

Proceedure: Subjects were drawn from three mathematics teacher education courses 

in London (N=62), Sydney (N=21) and Melbourne (N=48). Approximately two-thirds, 

(88) were females. In each course, subjects were divided into two groups which 

were examined out of sight of each other. Two of the solids used by Gaulin were 

employed in the study; these aÄe 

Figure 2 

Each subject in the first group 

represented isometrically in Figure 2. 

� d 1
1

h�l
1 
·_,,.,d 'A' - . h d was presente w1t so i , tnose in t e  secon 

group being given solid 'B'. Subjects were then given the following instructions: 

You have in front of you a shape which you have seen children use in the 

classroom. You wou_ld like to buy it for use during your next practice

teaching experience, but do not know from which distributor it is avail-
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able. Write a description of the shape, which you could send to a number 

of distributors. You may use words and/or diagrams. 

When subjects had completed their descriptions, the solids were removed and a 

written description of the other solid was provided together with a heap of small 

cubes. Subjects were given the actual solid described and asked to comment on the 

efficacy of the descripcion from which they worked. 

Representation In producing descriptions of the solids presented to them, 

subjects articulated a variety of responses. These included plans and elevations 

which were usually labelled or coded, quasi-perspective drawings, and unillustrated 

verbal descriptions. Many of the graphical responses were accompanied by verbal 

material which ranged from scant notes to near-complete descriptions. A few 

subjects gave independent graphical and verbal responses which were complete in 

their own right. 

In Table 1, a summary of the broad categories of response for the respective 

solids is presented. A drawing "with few words" describes a response in which the 

verbal part consists of labels or very scant notes. The phrase "with many words", 

on the other hand, indicates a response in which the drawing(s) would serve as an 

adequate description without any more of the accompanying commentary than a few 

words used essentially as labels. The term "illustrated verbal description" is 

used for a response in which a near-complete verbal description refers to graphical 

material which accomoanies it but which would not suffice without it. 
drawing drawing ,dth draving with illustrated verbal words 
only few words many words description only 

Successful 
Outcome 

block A Il 48 

block B 12 31 18 

Unsuccessful 
Outcome 

block A 
block B 

Table 1 Frequencies of response types 
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As can be observed, a very small proportion of subjects were soley "analytic" or 

"geometric", in Krute.tskii 's terms. On the other hand, if responses in the first 

two columns are taken as being those of geometric types and those in the last 

three as representing analytic types, it can be seen that the majority of these 

mathematics teachers-in-training can be typed as analytics. These are individuals 

who rely heavily on verbal descriptions. Inspection of the results separately for 

each sex revealed no appreciable differences. 

The graphical representations varied considerably. Many were quasi-perspective 

(quasi-isometric) drawings. Others were plans (views 'rrom the top"), which were 

usually coded or annoted. Some of the illustrations involved elevations such as 

"front view" or "side view", which were occ as ionally coded. The different 

responses are adquately described by Gaulin's (1985) categories of side views, 

description by layers, coded orthogonal views, and attempts at perspective drawings 

(quasi-perspective). The distribution of graphical responses across the various 

types mentioned above is given for each kind of block in Table 2. 
Tvoe of 2raohical re resentation 
side description §{iS&s&hal quasi-
view by layer perspective 

Successful 
Outcome 

block A 5 4 7 53 

block B 8 6 28 31 

Unsuccessful 
Outcome 

2 

block B 1 1 2 

Table 2 Frequenc1.es for response for each type of draw1.ng 

Note: Because some respondents used 

multiple graphical representations 

the entries in the Table exceed the 

number in the sample. 

It may be observed that quasi-perspective drawings were used more often for the 

simpler structure (block A) than for the more complicated ene, and that this type 

of r.ep_resentation was by far the mest popular overall. 

Interpretation Mest of the subjects correctly interpreted the verbal descriptions 

they were given, although due to a failure in communication between the three 

researchers, the method used by two were not the same as that used by the third. 

Two of the researchers asked the subjects to comment on the efficacy of descrip-
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tions written by other subjects whereas the third offered the same description to 

all subjects. In this latter case, the only mistake was the production of mirror 

image of the structure actually described. In the former-case, when both verbal 

and graphical descriptions were available, subjects typically found the latter 

more helful, as can be seen from comments like: "Diagram mest useful. Description 

less so". A number of other subjects commented that they appreciated being able to 

refer to a verbal description to 'check' their interpretation of the diagram. 

Conclusions 

Despite the age difference and the mathematically more sophisticated nature of soue 

of our sample, the findings are consistent with those of Gaulin. In particular, 

these prospective teachers were mostly able to describe the three-dimensional solids 

sufficiently clearly for others to construct the shape from the description provided. 

They nearly all did so using words as well as drawings although, overwhelmingly, 

they considered the drawings to be more useful than words when they came to use the 

description. The mast popularly descriptive form was the quasi-perspective drawing, 

particularly in the case of the simpler block (Block A). For the more complex 

structure, graphical representation was equally divided between quasi-perspective 

drawings and simplified two-dimensional representations. No significant sex 

differences in interpretation or representation of the graphical material or three

dimensional solids respectively were evident in this sample. 

The category which would repay further study are those classified as 'unsuccessful' 

outcomes'. These were the subjects in two of the participating institutions who 

were unable to construct the three-dimensional block from the description provided 

from another subject. In ene institution this comprised 10 out af 62 respondents, 

equally divided between men and women and equally divided between the two blocks, A 

and B. It would be useful to look at a larger sample in order to see if the 

failure rate was consistant. 
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I n a b i lity to represent a three-dimen sional object either verbally or d iagramrnatic

ally must have important  implication s for the future practice of these teachers. 

The overwhelming preference for a d iagrammatic representation which con forms with 

usual educational practice only rei n forces the suspicion that formality of  presen

tation is validation within the system an d lack of formal technique could be tied 

closely to feelings of  mathematical incompetence. 

Fin ally, it would be i n teresting to pu rsue the relation ship between teachers' 

preferred diagrammatic representation a n d  those of their pupils in order to 

estab lish whether a d i sc ontin u ity is an ocher explan ation for misun derstand ing  or 

lack of c omprehen sion is geometry . 
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THE ACQUISITION OF SOME INTUITIVE GEOMETRICAL 

NOTIONS IN THE AGES OF 3-7: COGNITIVE GAINS 

ACQUIRED THROUGH THE AGAM METHOD 

Bat-Sheva Eylon and Micha Razel 

The Weizmann Institute of Science 

Rehovot, Israel. 

Many of the difficulties that students encounter in the study of geometry can be 

attributed to: (a) the lack of an intuitive basis of geometrical concepts - levets I 

and II of development in geometrical thinking as defined by the van Hieles (1958); 

(b) deficiencies in visual skills. Quite often, students complain that even when they 

know what they are looking for, say in a process of designing a proof, they cannot 

"find" it in the "forest" of lines. Even simple recognition af basic geometrical 

shapes ( e.g. a right-angled triangle) can become a difficult task for students_ and even 

· for their teachers when these shapes are rotated (Hershkowitz & Vinner, 1984). 

Attainment af the various levels as defined by the van Hieles is not regarded as 

a spontaneous process dependent only on biological growth and on age, but also an 

content and methods of instruction (Wirzup, 1976). But within the regular school 

curriculum no systematic effort is made to develop visual abilities. Common practice 

Jimits visual instruction ta art education, though �any researchers and educators 

agree that the processes involved are af general significance, as well as specific 

importance for geometrical, mathematical and scientific thinking, and should 

therefore be trained as other basic skills are, e.g., verbal skills (Freeman, 1980). In 

accordance with these considerations, Y aacov Agam (Agam, van Dalen Garcia, 

Gattone de Rivera, 1981) designed a general basic program in visual education for 

children in the preschool and lower grades af primary school. 
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The Science Teaching Department at the Weizmann Institute of Science has been

involved, since 1983, in implementing and studying the Agam Program. The 

Cons·15ts of 35 units that are listed in Table 1. These units constitute a 
program 

course lasting 2 to 4 years for children between the ages of 3 and 7 years. It 

teaches systematically basic geometrical concepts and their relationships, as well as 

visual skills. The program employs a rather unique didactic approach which allows 

children to acquire sound intuitive geometrical notions at a young age. It can, 

1 ·1n the development of the lower levels of 
therefore, play an important ro e 

geometrical thinking. 

Table 1 

The units in the AgaIJi Program 

1. Circle
2. Square
3. Patterns
4. Circle & Square
5. Flash Identification
6. Horizontal
7. Vertical
8. Horizontal & Vertical
9. Oblique
10. Horizontal, Vertical & Oblique
11. Triangle . 
12. Circle, Square & Tnangle 
13. Variations of Forms 
14. Symmetry
15. Curved Line
16. Large, Medium & Small
17. Angles
18. Point

Method 

19. Typical Forms 
20. Proportions
21. Red 
22. Yellow 
23. Blue 
24. Secondary Colors
25. White, Black & Gray
26. Trajectory 
27. From Eye to Hand 
28. Numerical Intuition
29·. Composition 
30. First Dimension 
31. Second Dimension
32. Third Dimension
33. Fourth Dimension
34. Letters
35. Visual Grammar
36. Creativity 

During the school years 1983/84 - 1984/85 the program was implemented in 4 

preschools •1n Israel and was subjected to extensive research. An experimental (4 

· group (4 preschools, 49 children) design 
preschools, 83 children} versus companson 

· preschools received no training and were matched 
was used. The four companson 
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pairwise with the four experimental preschools. Tests were created to measure the 

effects of the Agam Program on visual identification, memorization and reproduction 

as these skills relate to the contents of each unit. These tests were administered 

after each unit, or after several related units. In addition, summary tests were given 

at the end of the first year and at the end of the second year. About half of the 

items in these tests were based on activities similar to those in which the children 

received training. The other half consisted of items that tested different measures of 

transfer. 

Results and Discussion 

Vl1e describe results on a selected set of items illustrating some cognitive benefits, 

relevant to mathematics education, that children gain through the Agam Program. 

(a) Differentiation oj concepts. The results indicated that both the experimental 

and the comparison children apparently developed naturally, i.e., without the special 

instruction of the Agam Program, many geometrical . concepts. In the experimental 

group, however, these concepts served as a basis for a directed development of more 

refined concepts. One example is the concept of a periodic series of geometrical

shapes. After a brief introduction of the concept · to the comparison group, about 

90% of the children were able to provide an example of the concept. A similar 

proportion was able to do so in the experimental group after it had been given 

instruction in the relevant unit, Patterns, indicating an equality betweeq the groups 

on a basic leve! of cognitive development. However, when the same groups were 

given a debugging task, considerable differences emerged. The children were given 

four different series of geometrical shapes. They were told that some of these series 

were periodic while others contained an error and needed to be corrected. For 

example, one of the bugged patterns was the following: □□O□□O□O□□ 

On the average, 71 % of the children in the experimental group (N=55) succeeded in

this task vs. 44% (n=l6) in the comparison group (p< .0004, based on an analysis
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of covariance with IQ serving as a covariate). In another task the children were 

asked to draw the continuation of four different periodic series. The average score 

on the four tasks was 813% in the experimental group vs. 68% in the comparison 

group (p<0.03). These results suggest that the Agam Program brought about 

differences on a higher leve] of concept formation. Higher levels of concept 

differentiation in the experimental group were found also in other units of the Agam 

Program. Examples involve distinction between square and quadrilateral, circle and 

cl osed curved line ( e.g. ellipse ), identical and symmetrical shapes, etc. 

(b) Sensitivity to instances of geometrical concepts in one 's environment. At the

end of each unit, children were asked individually to identify in their classroom 

instances embedding the concept studied in that unit .. Figure 1 presents results for 

the first four units. The overall difference is statistically significant with p<0.00005. 

There were no differences between the groups in the number of incorrectly identified 

instances. 

Figure 1 

[ill [XrffllMENTAL fN•HI 

D COMPARISOH /N• 19) 

figure I. Av era ge Humber of Correct 
Example.:i (Corrected for Intelligence) 
Given by Children in the Experimentdl 
and Compari5on Group.:i in Each Unit. 

These results seem to indicate that the program "opens" the children's eyes to 

geometrical features of their environment. It is assumed by the Agam Program that 

the increased visual sensitivity and ability to analyze geometrical features in the 

environment will gene�alize and transfer, so that the trained child will have a 

general advantage in identifying a certain geometrical feature when needed. 
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Other 

results indicated, however, that the effect of the program was not restricted to an 

improvement in the children's skill of looking at their environment analytically. 

They were also bettcr than the comparison group at global perception when this was 

required. One cxample comcs from data on thc children's performance in memory 

tasks. 

(c) Memory Development. In every test children were shown briefly one or more 

"memory cards". Subsequently, they had to identify the same design among nine 

drawings in their test booklets. The results indicated consistent superiority of the 

experimental group. For instance in the unit patterns, the average success rate in 

the experimental group was 41% vs. 22% in the comparison group (p<0.005). 

Another result which suggests better utilization of. short term memory was the 

higher complexity of the periodic series drawn by children in the experimental group. 

The average number of elements per cycle of the series was 2.4 in the experimental 

group vs. 1.6 elements in the comparison group (p<0.003). In addition, the average 

number of shapes in one element of the series was 1.9 in the experimental group vs. 

1.6 in the comparison group (p<0.002). Some children as young as 3 1/2 years old 

trained in the program drew amazingly complex periodic series. Analysis of the 

information that has to be kept in mind by the child to produce such a series, 

highlights the great effect that mastery of the concept has on reasoning. 

( d) Reproduction from memory. A related finding is illustrated in the 

reproduction tasks that were given to the children. In one of these tasks, children 

were shown briefly a combination of geometrical shapes such as the following: 

c::fb The children subsequently had to reproduce the shape combination from 

memory using transparencies on which squares of different sizes were printed, one 

square to a transparency. There were no differences between the groups in correct 

identification of the elements from which the shape combination was composed, 

indicating no difference between the groups in the analytic part of this task. But 
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there were considerable differences in favor of the experimental children in the 

ability to reproduce the spatial relationships between the elements, pointing to an 

experimental effect on that part of thc task that requires synthesis of the disparate 

elements inta a whole. 

The summary tests given at the end of each year examined additional issues 

including: span of visual short-term memory, visual f!exibility (e.g. identification of 

the various triangles that are embedded in a Shield-of-David type stimulus, a task 

testing the ability to see the same lines as part of different shapes), mental rotation 

of shapes, visual sensitivity and accuracy, spatial orientation, verbal vs. visual 

encoding, motor skills and field dependence. Results from these tasks relevant to 

geometry will be discussed in the presentation. A mqre detailed description of the 

study is given in Eylon et al. (1985). 
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INTRODUCTION 

Phenomena that require familiarity with enlargement, scale factor, 

Projection area growth, and indirect measurement are frequently 

encountered by children in their surroundings. To understand 

these phenomena children must develop a concept of similarity as 

Part of the overall geometrical understanding of their 

environment. Because of its visual representation, similarity may 

also be a first step towards an understanding of proportional 

reasoning. 

The present study has two major cancerns: (1) finding patterns in 

children' s development of the concepts of similarity and area 

growth over grade levels 6-8, and (2) describing the effects of a 

specific instructional intervention over these three grade levels. 

METIIODOLOGY 

The intervention consists of a two-three week-long instruction 

with the Middle Grades Mathematics Project (MGMP) Similarity Unit. 

The unit provides a carefully sequenced set of challenging and 

exploratory activities designed to fit the Van Hiele levels I 

(properties of shapes), and II (relationships among properties of 

shapes) , attempting thus to build a base for further advance in 

the understanding of geometrical concepts in general, and of 

similarity concepts in particular. 
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Fifty average-ability students from two classes at each of the 

grade levels six, seven, eight comprise the sample for the study. 

These students underwent both before, and after instruction a 

cut-out shapes) , and level 3 ("building" the larger room from 

several given cut-out copies of the smaller room). If the student 

gave a correct answer at some level, the interviewer did not 

30-60 minute-long interview. proceed further. 

The interview contained five tasks - four on rectangle similarity 

and one on the area relationship of similar shapes. The first 

four tasks were varied to test the student's facility with 

handling proportions of increasing numerical difficulty (see Table 

1), whereas the Area Task was presented in three increasing levels 

of concreteness. 

T..abl..e l.: Interview questions 

�

l 2 3 
a I b a I b a I b a / b 

K 

d a I c a I c • I C 
a / c 

,. Oecide whether two drawn rectangles 3 by 6 2 by 3 3 by 9 6 by 8 
are similar or not. and and and and 

c:J 9 by 18 8 by 12 4 by 12 9 by 12 

2. Decide whether two cut-out rectangles 2 by 4 2 by 3 2 by 6 4 by 10 
are similar or not and and and and 

c::::J c=J 6 by 12 6 by 9 3 by 9 6 by 15 

3. Given the lengths of three sides of 2 by 6 2 by 5 4 by .12. 6 by 10 
two similar rectangles, find the and and and and 
fourth side. 

·= c� 6 by 7 6 by ? 7 by ? 9 by 7 
b 

4. Cut a strip to make a rectangle 2 by 4 2 by 3 2 by 6 4 by 6 
similar toa given one. and and and and 

= 
6 by ? 8 by ? 5 by ? 6 by ? 

In the latter task, students were shown a rectangle representing a 

small room which cost $300 to carpet. The interviewer asked the 

student what would be the price of carpeting a larger room which 

is three times as long and three times as wide. The task was 

presented first gt the least level of concreteness (no additional 

illustration), and the student was led through level 2 _(choosing 

the representation of the larger room from an assortment of given 
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MAIN RESULTS 

Rectangle Simj 1 ar ity. The level of success of the interviewed 

students en the rectangle similari ty tasks increased wi th grade 

level and depended also en the numbers (Numerical Types) involved. 

A comparison of the average number of correct answers pre/post 

instruction shows a considerable improvement in performance en 

each of the four tasks and numerical types for all grade levels. 

A strong influence of the numerical type may also be observed: 

for all tasks and grade levels, there is a considerable gap (20-45 

percent) between level of performance with numbers that are 

divisible across rectangles (Types 1 and 2) and between cases in 

which such comparisons do not render whole numbers (Types 3 and 

4). It should also be mentioned that after instruction, an 

average mastery level of above 80 percent has been achieved for 

the first two numerical types but not for the others. 

Student strategies in the rectangle similarity tasks followed 

roughly the classification of responses for proportionality tasks 

indicated in Karplus & Karplus (1972): visualization, addition, 

multiplication and adjustment, whole multiplication, and 

proportional reasoning. 

Table 2 presents a summary of the distribution of strategies 

employed in Tasks 1 and 4 for Numerical Types 3 and 4 by the whole 

sample before and after instruction. 
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nwnbers located on the main diagonal indicate no change of 

strategy between the two interviews. The upper and the 1 ower 

halves, with respect to the diagonal, mark students that employed 

respectively more advanced or lower strategies in the post-

interview as compared to the strategy employed in the same task in 

the pre-interview. The resul ts for both Tasks 1 and 4 indicate 

that about 90 percent of the students were either stable or 

advanced (with an almost equal division of 45 percent for each of 

the two categories) and only about 10 percent employed in the 

post-interview lower level strategies than they did in the pre-

interviews. 

� 2. : 

Distribution (in percent) of student strategies employed pre/post 

instruction on Tasks 1 and 4 for Numerical Types 3 and 4. 

Il 12 12 

10 

)6, 

20
, 

Task 1 Task 4 

Task: 

The following strategies could be detected on the Area 

no reasoning, linear scaling, scaling and adjustment, other 

scaling, peripheral counting, and area scaling. 

The Area Task ,strategies mentioned above are hierarchically 

arranged according to arguments presented by Lunzer 

According to him, the use of the linear scale indicates an 
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(1973) . 

-

ability to operate at a concrete operational level, whereas the 

dissociation of the area growth from the linear growth requires 

formal thinking. 

strategy precedes 

Therefore, in this hierarchy, the linear scaling 

any other multiplicative strategy. The other 

strategies were ordered according to what was considered by these 

investigators an increasing degree of insight into the 

relationship at hand. 

As in the case of the Rectangle Similarity Tasks, student progress 

may be measured by the percent of students that employed at the 

post-interview a more advanced strategy as compared to their pre-

instructional performance: 42 percent of the students were found 

to belong to this category, 38 percent used the same strategy on 

both interviews (this includes those students using a correct 

strategy pre and post), and 18 percent used a lower-level strategy 

after instruction. 

The findings also indicate that the level of performance on the 

Area Task was particularly low for the sixth graders and no 

improvement could be detected for these students. The findings 

are consistent with a study by Fitzgerald and Shroyer (1979) on 

the effect of instruction in area and volume growth at the sixth 

grade level. On the other hand, the seventh and eighth graders 

showed a better performance at the initial stage than sixth 

graders, and also significant gains as a resul t of instruction. 

An analysis of strategies revealed that after the instructional 

intervention above 80 percent of the interviewed students employed 

the same, or a more advanced strategy at the first attempt (i.e., 

at the least concrete presentation) of the Area Task. 
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CONCLUSIONS 

From a pedagogical point af view, teaching similarity at grade 

levels 6-8 seems ta be a rewarding experience - particularly for 

the last two grade levels. The study shows that children's 

understanding of geometrical similari ty may be improved through 

instruction. A careful selection of the numbers involved in 

proportions is obviously needed in both teaching and testing any 

phenomenon that requires proportional reasoning. 
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LOGO AND THE NOTION OF ANGLE AMONG FOURTH AND SIXTH GRADE CHILDREN 

Carolyn Kieran °

Universite du Quebec a Montreal 

There has never been a single definition of angle which has been widely accepted, 

.u Close (1982) pointa out, the earliest definitions considered a1J8le as a form of 

distance, Modern definitions tend to fall into one of two categoriea, static (eg, 

an angle is a part of the plane included between two rays meetill8 in a point) or 

dynamic (eg, an angle is the amount of rotation necessary to bring one of its rays 

to the other ray without moving out of the plane), However, ma.ny texts which begin 

initially with static angle definitions eventually refer to angles as rotations. 

According to Heath (1956), this indicates the essential nature of angles -- that 

of rotation. 

The right angle wae the firat commonly used unit of angular measure, and was 

applied mainly to static angles, The usa of the degree avolved later, It was 

considered to be a measure of both the length of an arc and of the angle at the 

centre subtending it, Meaeuring an angle in degrees waa based on a dynamic notion, 

that of the assumed circular rotation of the planets, 

In the teaching of school geometry, Freudenthal (1973) stresses the need for 

both static and dynamic definitions of angle, Be also suggests introducing measure

ment of angles at tha same time as angle concepts, as a means of developing under

atanding of tba latter. 

Logo, a computer programmiIJg environment appeara to be an ideal vehicle for 

sxperiencing a dynamic approach to a.ngles and to their measurement, The rotation of 

the Logo turtle can be considered an example of a dynamic angle; the input to the 

turtle turn, as a measurement of that angle. The Logo research studies described 

I am grateful 1lr·the collaboration of Alain Taurisson in the 4th grade study and of 
Joel Hillel and Stanley Erlwanger in the 6th grade study, 
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in this paper had as one of their aims the investigation of the evolution of children's 

concepts of angle and of angle relationshipe. 

FOORTH GRADE STUDY 

�- Thie study, carried out during the school year 1984-1985 involved 19 10- and 

11-year-olda, 14 from a traditional school and 5 from a non-traditional school. In 

tha former, one computer occupied a corner of the classroom. Children vorked at the 

computer alone or in pairs vhile the teacher and the rest of the clase vorked on non

Logo activities. In the latter environment, the children had access to computers 

in a lab. They vorked in pairs for an hour each veek. There vas considerable adult 

help available vhsnever they wished. The children in both groups experimented with 

graphics projeots of their own chooaing. The study also included a small control 

group of 5 children from the tradition.al school, They vere in another fourth grade 

classroom vhich did not hava access to a computer, 

Three individual intervieve vere carried out vith each child throughout the year 

in September, January, and June. The same questioru,aire (with slight modifications 

for the control group) vas used for all groupe of children. Follov-up intervievs 

vere carried out in Maxch 1986 with five of the children from the raditional school 

vho currently have a Logo-equipped computer in thsir grade 5 classroom. 

Findings. The resulte are presented in three sections, A) the findinge of the firat 

tvo intervieve; B) the reaults of the third interviev; C) the findinge of the recent 

follov-up interviev. 

A) By mid year, it became apparent that the children had a concept of angle vhich 

vas static (eg, a corner, a surface, or a elanted linel and another distinct concept 

of rotation, Furthermore, they experienced difficulty in predicting vhat the turtle 

vould do vhen they typed in various inputs to RT. For example, RT 120 might result 

in f and RT 180 in � , They vere not able to perceive the relationship betveen

the input to ·the angle of rotation and the relative size of the constructed angle 

("RT 45 is smaller than RT 90, but ve end �p· vith eomething �igger": ( r ). 

R:r 45 RT '.lo 
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All of these difficultiee led us to modify somevhat the Logo environment of the 

class in the tradition.al achool, We introduced a LASER TORTLE, a turtle vhich illu

minates tbe screen with laser beams every 5 degrees vhile it slovly turns through 

the angle of rotation. After the rotation is completed the beams are erased one at 

a time. The classroom introduction of the LASER TlJRTLE to the children vas acccmpa

nied by examples vhere i) the angle of rotation e vaa supplementary to the constructed 

angle u< (0'" 180 - 0q and ii) the angle of rotation vas equal to the constructed 

angle (e =-"). 

, • \ I I 

..._ 
' , ... \\ I / / 

. - ,, ',·0 11 ✓ 
i) - -=- _:--":._-,:_��-<-< ___ _

f .: initial heading 

ii) f - final heading

It vas hoped that this modification of tha Logo environment vould help the children 

to a) see more clearly vhat happens vhen they provide a certain input to RT or LT 

and thereby be able to predict the final heading of the turtle and b) link together 

their static concept of angle and their dynamic concept of rotation, 

B) The third interviev held in June indicated that;

i) many children vere still confuaed about vhether the input to a turn wa the size

of the constructed angle or the size of the angle of rotation. 

Qusstion: "What do you have to say to the. turt.le to get it from the 
vhite starting position to the black final position?" 

Responses1 Laser group: 5/14 correctly used inputs for the turn vhich exceeded 100. 

9/14 used inputa less than 60. 

non-Laaer group1 4/5 uaed inputa betveen 130 and 140, 

1/5 uaed input of 50. 

11) the children seemed to find it easier to drav a figure vhich corresponds to a

given command than to provide the command vhich ia needed to drav a given figure. 

Question, "Please drav vha t you think the turtle vill do if you give it these commands: 11 

a) FD 45 RT 45 FD 45 

b) FD 45 RT 120 FD 45

c) FD 45 RT 180 FD 45

(Correci: 9/14 Laser; 3/5 non-Laeer, Compare vith 
frequencies above) 

(Correct·: 10/14 Laser; }/5 non-Laser) 

(Correct: 5/14 Laser; 5/5 non-Laser), 
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iii) most of the children continued to have a static nation of the term "angle",

Question: "Wbat does 1 angle 1 mean to you?" 

Res onses: Laser ou non-I.aser ou Control ou 
Line 0 2 0 

Slanted eide 0 0 

1 0 0 
1 2 0 

meet 2 0 1 
0 0 

iv) most children classified the size of angles according to the length of the ar111S,

Question: "Which angle is largest? 2nd largeet? " 

!:;1/ t; V.. //,
Laser ou non-I.aser ou Control ou 

the same 2 

2 1 0 0 

C) The follov-up interview held in March of this year with 5 of the children from 

last year 's study ehowed little change in their views of angle and turtle turna, 

despite increased experience vith Logo this year, Thrte children continued to view 

an angle as a slanted line and its measure according to the length of the line, 

Of the other two children, one continued to define an angle as a corner and to 

measure it according to 11the opening" near the vertex. Be also uaed as inputs to 

turtle turns the size of the conetructed angle, even if it was the supplement which 

vas required.The last child of this group was the only one who defined angle as a 

"turn", just as she had last June. However, there was an improvement in her ability 

to correctly provide the input to the turtle turn. She was nov able to distinguish 

between the input for the angle of rotation and the inpu_t for the constructed angle, 

SIXTH GRADE STUDY 

Method, This study wae carried out during the school year 1985-86. It involved 

six 12-year-olds vho came to the oomputer lab at the univers1ty once a veek, Except 

for the firat 5 sessions when ve initiated all the activities, the children worked 
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on their own projects at least some of the time. The Logo environment had certain 

distinctive features, such as, the procedures Tee and Vee (etate-traneparent objecte 

which the children were to uae for rotation and translation activitiee), MOVE (left

no trace on the ecreen), TRT and TLT (slowed-down versions of RT, LT), and absence

of FD and BK for ths firat half of the year. 

Observation notas vere taken during each session, These included our interventions 

whenever they took place, and the children's commente, discuesione, etc, These notes 

were ueed to annotate ths dribble filea of each pair 1 s work. In addition, individual 

interviews were carried out vith each child midway through the study. 

Findine:!,, The mid-year interviev shoved that the children of thie study had a etatic 

view of angle. They did not, hovever, all share the same view as to how angles are 

measured, One child said that this angle : L.__ vas about 120 degreee becauee 

hs vieualized : Q , al though he claimed tha t the turtle would 

do a TLT �O to make thia turn : L . Be did not perceive the equali ty 

relationahip betveen the input to thie turtle turn and the eize of the angle, Another 

child looked at arm length to claesify anglee according to eize, For the remaining 

children who wer• able to judge more or less the input to turtle turns and the eize 

ot static angles, there wae only one who '1/&S able to coordinate the relationship 

betveen an angle of rotation and the adjacent conetructed angle. For e:xample, one 

task vas, "If you go for a valk on these three roade, and you start at A, B, and c, 
on which road do you have to turn the most when you turn the corner?", 

folloved by (using the same diagram), ''Which of these three anglea is largest, 2nd 
largeat?" 

Only one child eaid that all the oorner turns v�re the same and the:t all the anglee 

were the same, Another eaid that all the tu,rns were the same, about 45 degrees, 

but that angle C vas largeet (about 160°) ��le B was next (�bout 135°), The other

tvo ordered the turne one way, but did not order the angles invereely, 
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Throughout the eecond half of the etudy, the majority of the ohildren oontinued 

to rely on peroeptual cuee in tbeir firat attempte at determining the input to turtle 

turne (eee Kieran, Erlvanger, and Hillel, 1986, fcr more detaile). Tbey only ehifted 

to ·an analytioal approach vhen the initial perceptual a ttempte failed, The fourth 

graders, on the other hand-, did not indicate that they were able to carry out thie 

shifting. They remainsd bound to perceptual cues. 

Diecuesion. Moet children are not going to acquire the powerful mathematical ideae 

underlying Logo without a good nudge nov and then. Thie was evident from the Grads 

Four study wbere the children in tbe non-traditional sohool setting, who had access 

to adult help whenever tbey needed it, progreesed much faster. It was aleo evident 

in the Grade Six study vhere we clearly bad to intervene in order to drav their 

attention to the aupplementarity relationehip inherent in many Logo situations. 

The question of vhether Logo helpe to provide children with a dynamic concept 

of angle is more difficult to ansvar. The fourth graders, after one year of Logo, 

seemed to keep etatic "anglee" and their measurement in one mental compartment, and 

dynamic turns and their input in another. The sixth graders seemed mora able to 

integrate the tvo. Hovever, as mentioned above, their firat attempte at supplying 

the input to turtle turns vere ueually al�ys _based on the ra tionale, "it looks like ••• "• 

Even vhen precise data were both available and knovn to them, they relied on percep-

tual cuee. This wae the case vhether they vere talking about a turtle turn or about 

the eize of a given &ngle. Fourtb gradera aleo relied etrongly on perceptual cuee, 

but they veren 1 t as good at it as vere the eixth graders. 
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GEOMETRICAL CONSTRUCTIONS AND THE MICROCOMPUTER 

I�troduction 

Emmanuel Kramer, Nurit Radas and Rina Hershkowitz 
The Weizmann lnstitute of Science 

Rehovot, Israel 

Solving construction problems in Euclidean Geometry requires a higher leve! of 

understanding than other topics in high school geometry because the student is expected 

to actively operate on concepts and not only to use them (Thompson, 1985). To know 

that the distance between two parallel lines is constant is one thing, and to use this in 

order to construct the locus of all points which are at a given distance from a line is 

quite a different thing, demanding a deeper understanding and mental operations. 

A microworld may be defined as a closed learning environment consisting of a set of 

objects, a set of operations on the objects and a set of laws governing the application of 

the operations (Groen and Kieran, 1983). Geometric constructions may be considered a 

microworld in which the objects are segments and angles, the operations are the "basic 

constructions" and the laws are the laws of deductive Euclidean Geometry. A microworld 

of this type, based on a small number of operations, is appropriate for implementation 

on a computer and has considerable didactic potential (Dreyfus, 1984). The fact that the 

program does not allow the use of any operations or arguments except those that belong 

to the microworld is an advantage rather than a !imitation. Moreover, by executing the 

basic operations, the computer allows the student to focus on the main issue, the 

analysis of the problem. Such a microworld for learning the rules of the game 

"Geometric Constructions" has been designed for use by the upper third of the grades 9 

and 10 school population. 
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Stages of Solution in Construction Problems 

The usual procedure for solving a construction problem includes several stages, each 

with its own difficulties, conceptual or technical. 

1. Analysis: The student has to analyze the use of data in the sequence of

basic constructions that is required for the solution of the given problem.

This is a deductive process which is the most important and challenging

part of the solution process.

2. Selecting suitable data: After the analysis the student needs to select 

relevant and suitable segments and angles. Here, he has to consider some 

mathematical !imitations: For example, a triangle can not be constructed

from any three segments.

3. The construction: At this stage the student has to overcome the technical

difficulties posed by being limited to straightedge and compass only.

Moreover, the student needs to repeat the same basic constructions over 

and over. 

4. Description of the construction: The student must give a written account of 

his construction because the end-product alone does not indicate whether 

the construction was made according to a correct deductive process. 

5. Validity of the construction: The student must use mathematical theorems 

to prove the validity of his construction. In many respects, this stage is 

complementary to the first stage, and it exhibits all the difficulties of 

geometric proofs in general.

The Software 

The student chooses the input data himself according to the problem which he may 

have received from th� teacher, the textbook, the computer or which he may have 

devised himself. The software presents a list of basic commands, from which the 

student chooses the operations (the basic constructions) to carry out on his chosen data 

(see Figure 1 ). 
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Example: In order to construct a triangle,

given a side, the altitude to this side and

one of the angles formed with this side, the 

student will choose two segments and an 

angle. 

In the process of solving this problem, 

the student has to construct a 

perpendicular to a line q at a point D on 

the line. He needs to enter PE (for 

perpendicular) upon which the program will 

ask "Perpendicular to which line?" The 

student enters q. The program asks "At 

l1nc 

PO Po1nt on 11nc 

cs Copy 11 ne scgmcn t 

CA Copy anglc 

os Bisect 11ne segment 

SA 01scct anglc 

Jo1n two points 

PE Perpendicular 

PA Parallel 11ne 

H Hark intersect1on pofnt 

A Arc 

Ex tens f on of 11 ne segment 

f.iJl..:..J.. The basic constructions 

which point?" The student enters D. The entire command now appears on the screen: 

Construction of the perpendicular to the line q at the point D. 

In this microworld the basic constructions are tools to be used in the deductive 

process of more complex geometric constructions. Another microworld for geometric 

constructions has been developed by Schwartz and Yerushalmi; the main difference 

between the two is that our microworld is designed so as to allow the student to build 

up constructions deductively, whereas theirs is designed to enable the student to discover 

geometrical theorems inductively. 

Research hypotheses 

We conjecture that we have built an immediately self-correcting and self-regulating 

system in the sense of Groen and Kieran (1983, p. 359, p. 372). This is achieved by the 

immediate feedback property which leads to improvements in the following three levels 

of the cognitive process involved in the solution of a geometric construction problem: 
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1. Conflicts that arise during the interaction with the microworld improve 

the student's ability to analyze geometrical problems. 

2. Using the microworld, the student learns the mathematical rules of

geometric constructions.

3. The forma! syntactic structure of the solution process of geometric

construction problems is _acquired through use of the microworld.

Selected Observations 

This research was based on observations of student-microworld interactions. We have 

used the microworld with a number of 10th graders who have learned Euclidean 

Geometry hut had not been taught constructions. Each of them was observed while he 

used the computer program to solve five construction problems. Each student was first 

presented with a computer-guided demonstration example. The focus of the observer's 

attention was the students' behavior and their responses, mainly in conflict situations. 

The description of the following problem solution (which was already mentioned 

above) illustrates some typical student behaviors: Construct a triangle ABC from the 

following data: 

The side b=AC, 

the altitude h on b, 

the angle a= �BAC. 

Some of these typical observations are the following: 

(!, 

p.. D

a) All students started the solution by typing CS, copy segment; hut a

segment can only be copied onto a line; when they were asked by the

program, onto which line and from which point on that line the segment

should be copied, they discovered their syntactic error; they cancelled the

CS command and started from scratch first requesting L, a line; some 

were helped at this stage by drawing their attention to the list of 

available commands. 
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b) After copying the segment AC and the angle a (whose other side is called 

p ), ene of the students, Dan, chose and marked an arbitrary point D on

the segment, built the perpendicular k to AC at D and asked the program

to copy the given altitude h onto k from the point D. At this moment,

the observer asked him where he expected

the other end of h to be; he pointed to 

the intersection of k and p; Dan was

surprised to see that the end of the 

altitude M was in fact not on hut above

the line p, and reacted by saying: "I need

to move k." 
A D 

f'

l 

He looked for a command to move a line hut obviously couldn't find ene. 

This led him to the conclusion that he needs to construct a parallel to 

AC through M.

c) In contrast to Dan, Ruth started by analyzing the problem and concluded

that after copying the segment AC she needs to construct a parallel to

AC at the distance h. Thus she typed P A for parallel and learned from

the program's requests that constructing a parallel at a given distance is 

not a basic construction. A search in the list of commands helped ber find 

the sequence of three commands which lead to the solution. 

Discussion 

Reactions that were observed during the solution of construction problems with the 

microworld clearly show that the program is indeed a natura! corrective system. The 

observations indicate that corrections occur with respect to the three levels mentioned 

before. 

The analytical level: An incorrect problem analysis leads to a conflict between student 

expectations and the actual picture on the screen. This conflict forces the student back 

-109-



to the analysis stage and thus to a correction of bis plan. This behavior was observed 

again and again and is exemplified in observation (b) above. 

The application of the rules of geometric constructions: By not being allowed to use any 

step that doesn 't belong to the microworld, the student is forced to use only basic rules 

of geometric constructions. For example, see Dan's unsuccessful attempt to move the 

perpendicular in observation (b), or Ruth's trials in observation (c). 

The syntactic level: The students learn the forma! syntactic structure of geometric 

construction because the program requests and accepts only commands w hich are 

formulated in formally correct manner. In observation (a), for example, all students tried 

constructions which were not built according to the syntactic rules; they quite easily 

corrected themselves following the program's prompts. 

In conclusion, the students spent most of their time and energy on the most 

important part of the solution process, the problem analysis. Our observations show 

that students who neglected the analysis stage were forced to stop and plan their 

solution strategy, whereas those who made an initially wrong analysis had to revise their 

strategy <luring the solution process. 
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STRUCTURES AND PROCESSES IN THE ABILITY TO co""UNICATE 

SPATIAL INFOR"ATION BY "EANS OF CODED ORTHOSONAL VIEWS 

G�rald Noelting and Claude Gaulin, University Laval, Qu�bec 

Ewa Puchalska, University of Montreal 

The study described here touches upon three different subiects: the 

development of spatial representation (geometryl, the ability to communicate 

information by means of codes (semiotics), and structures and processes in the 

development of such abilities (cognitive development). 

clearly interdisciplinary in nature. 

Accordingly, it is 

Levels and processes in spatial representation have been studied since 

Piaget and Jnhelder's (1967) and Piaget, lnhelder & Szeminska's (1960) pioneer-

ing work. Small- and large-scale spaces, useful in geography, for instance, 

have been found to involve both establishing relationships between objects and 

the construction of frames of reference (Hart & Moore, 1973; Wapner, Cirillo 

and Baker, 1971). 

The use of codes forming a structured system, complying with 

conventions and rules of arrangement have been studied by Laborde (1982). l t 

forms part of the (more general) ability called "graphicacy", which has been 

defined by Balehin (1972) as "the communication of spatial information that 

ar numerical means''. Proficiency in cannot be conveyed adequately by verbal 

graphicacy is considered by many as a fundamental goal of education for all, 

along with literacy, numeracy and oracy. (Boardman, 1983). 

Here the ability ta code orthogonal projections af polycubical objects 

was studied. The first step was ta build an ordinal scale of difficulty. 
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!1ethad 

After careful analysis, a thearetical ardinal scale was postulated, 

with eight levels af difficulty, and polycubical shapes were constructed pur-

ported ta correspond ta each af the levels. The shapes were the following, 

represented in orthogonal projection. Numbers inside the outline correspond ta 

positions af cubes. 

Orange I 
(preliminary) 

White 

Blue 

Black 

Dark green 

Orange 2 
(prel iminary) 

Light green 

Ve! I ow 

Red 

Purple 

The task was administered in group form ta students af eight classes 

from grades 4, 5 1 
6, 7, 9 and 11. Each subject received a set of the eight 

shapes, marked with a sticker ta indicate the position in which it should be 

placed for observation. Then the subjects were instructed ta do the following 

with each af the shapes successively: "(!) Keep it in front af you, at eye 

leve!, with the sticker placed at the bottom. (2) Draw the outl ine af the 

shape (an given squared paper) as it appears from that position. (3) Add 

information concerning other cubes, by means of signs placed in apprapriate 

pi aces. (4) Write out an explanation for each sign used, Your finished dia-
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gram must give an adequate representation af the shape, so that one af your 

friends could build it." 

Ta ensure the understanding af the task, two preliminary orange items 

were introduced and discussed with the whole group, before the subjects started 

working individually. In order ta guarantee the homogeneity af the technique, 

the same person gave the instructions in all classes, while two collaborators 

distributed the material and supervised the wark, 

The same three people did the marking of the huge number (more than 

J500) af coded orthogonal views (COVs) obtained, first independently, then 

jointly. A CDV was considered passed when it was possible ta reconstruct the 

object from the diagram, with its codes and legends. Types of errors and 

cading strategies were noted an matrices representing frontal and sagittal 

layers af each object. The results obtained were categorized according ta : 

(!) which items were passed and (2) which strategy or scheme was applied ta 

code the objects. The quantitative results were submitted to an analysis af 

variance ta determine the effect af items and age on performance. This was 

supplemented by scalogram analysis ta investigate the hierarchic nature af 

items and a factor analysis was applied, by the Common factor method followed 

by varimax rotation, ta determine the grouping af items according to common 

schemes or strategies put ta use for solving them, 

Results 

Categorizatian Categories af behavior were first established and subjects 

grouped according to the mast elaborate each presented. 

variance showed the influence af age was highly significant. 

An analysis af 

Scalogra■ A scalogram was applied to items passed by each subject which 

showed that same items were too easy for subjects (white and light green 

shapes) and one toa difficult (purple). However the plus percentage ratio PPR, 
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independent af item difficulty, was found ta be 0.71, above the 0. 70 threshold 

usually accepted. Thus the scale af 8 items was found to be hierarchically 

ordered, though with same overlap. 

Factor analysis Factor analysis was then applied to the items scored as 

passed ar failed, as it was surmised that common strategies in solving various 

items would lead ta a correlation af success and failure and grouping af these 

items in a same factor (Noelting , Simpson, 19831. The Common factor method 

was used with varimax rotation (SAS, 19821 and a mineigen af .7. Factors were 

considered as independent, as the strategies applied ta solve items, even if 

they are linked genetically, are different from one another. 

Four factors were obtained, with loadings for each item on the factors 

given in Table 1. The corresponding levels of behavior which were ultimately 

established are given in the table. 

Table 1. Factor analysis with varimax rotation (mineigen .71. 

Shape Factor 1 Factor 2 Factor 3 Factor 4 Leve] 

White 0.09536 0.07472 0.0170 0.98852 

Li ght green 0.81726 0.03916 0. 10916 0. 14418 2 

8lue 0.82485 0.18363 o.10142 0.01349 

Yellow 0. 78861 o. 12551 0.19838 -0.00111 

Black 0.37518 0.03062 o. 73771 0.03027 

Red 0.03556 0.31701 0,80074 0.00061 

Dark green 0.14863 0.82865 0.12326 0.08794 

Purple 0. 11348 0.81879 0. 16891 0.00590 

The results af the factor analysis were compared ta the categories af 
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behavior previously obtained and a close fit was found. This led ta a final 

description af the levets af behavior found, both in terms af problem 

difficulty and coding stragegy. These levels are the following, with leve] 0 

corresponding to total failure and leve! 5 to a new strategy in coding items 

which had already been passed at leve] 4. 

Leve! 0 

Leve! I -

Leve! 2 -

Leve! 3 -

Contiguity between cubes in the object is respected in the diagram, 

but without differentiation af the third dimension (depthl. The 

object is rotated during exploration and cubes in the orthogonal 

axis are reproduced on paper as folded back. 

Differentiation of the orthogonal axis and the plane af projection. 

The object is maintained in the same position during the coding 

process. Relations along the orthogonal axis are coded either in 

terms of order: "in front", or in terms of ill_: 1
1 double 

thickness". 

usually 1
1 in 

One direction only is found in the order relation, 

front 1

', However, referent cubes in different 

orthogonal axes are not located an the same frontal layer: 

is "lability" of reference. White shape only is passed. 

there 

Two directions are differentiated in the order relation: "in 

front" and "behind 11
, with reference ta the layer of cubes in the 

obiect presenting a flat surface. Light green, blue and yellow 

shapes are passed. The layer of reference, however, is not 

recognized inside an object with an uneven surface (red shapel. 

Constitution of frontal layer af reference inside the object 

(black and red shapes are passedl with transitivity of positions 

along the orthogonal axes. However the layer of reference is 

limited inside the solid object and does not extend in space. When 

layers are 1
1 staggered", columns begin in different positions 
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Leve! 4 -

Leve! 5 -

("lability af referents"). 

An e,tended layer af reference is built, which includes e,terior 

voids. There is thus stability af reference along the e,tended 

frontal layer, with possible readjustments in position through 

"mental leaps" when layers are staggered. Elements are coded both 

in terms af their nature (cube ar voidl and position (1st, 2nd, 

3rd etc.I. However these two aspects are still ju,taposed, leading 

ta double coding af each element in terms af set and order. 

A three-dimensional system af reference is built, resulting from 

its differentiation from the three-dimensional obiect. The two 

operations corresponding ta� and order are differentiated and 

recombined at the leve! af each element, with a same symbol giving 

both the nature af the element and its position in the orthogonal 

a,is (positional notation I. However, two different coding systems 

are found� ene centered an order, resting an the coordinate system 

built, with each position coded as filled ar empty (e.g. I, O, O, 

I, Il; the other oriented an set and center ed an the object, with 

the positions af each cube given (e,g. I, 4, 5 for the same 

orthogonal aKisl. 

These levels will be illustrated by e,amples. 

Discussion 

Hal/ord (19781 had reinterpreted Piaget's stages in terms af three 

levets af compleKity corresponding ta the following mathematical structures: 

binary relations, binary operations and composition af binary operations. 

A revised version af this medel is presented,consisting in the five 

levels described, which lays a greater stress an process and integrates aspects 

from Piagetian theory with dialectics and systems analysis. 
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A STIJDY OF THE APPLICATION OF A QUALITATIVE TAXONOMIC SYNTIIESIS TO 

THE ANALYSIS OF GEOMITTRIC REASONING IN A COMPlITER ENVIRONMENT 

by 

John Olive 

Emory University, Atlanta, Georgia 

INTRODUCTION 

Recent national assessments of the mathematical ability of American high school 

students have highlighted a serious problem in the development of mathematical 

thinking: Students are failing in situations which require mathematical reasoning 

skills and understanding beyond the level of basic skills and memorization 

(Carpenter et al., 1983). The problem is particularly critical in high school 

geometry, where success depends on propositional thinking and deductive reasoning 

about geometric properties and relations. 

The purpose of this research was to investigate the application of a taxonomic 

synthesis for assessing the potential of a computer learning environment, based on 

transformational geometry, for developing students' geometric reasoning skills. 

A teaching experiment was designed to help ninth grade students progress through 

the levels of the SOLO (Structure of Observed Learning Outcomes) taxonomy in order 

to achieve a higher level of abstraction in their geometric thinking. The LOGO 

computer language was used as the vehicle for teaching and learning geometric 

properties and relations. The teaching methodology and curriculum ideas were 

based on a theory of relational learning cycles which emerged from a synthesis of 

the SOLO taxonomy and Skemp's model of mathematical understanding. 
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SOLO/Skemp Synthesis 

The SOLO (Structure of Observed Learning Outcomes) Taxonomy (Biggs & Collis, 1982) 

was primarily designed as a tool for the evaluation of the quality of student 

responses to a task. The Taxonomy consists of five levels described as follows: 

1. Prestructural: the learner does not engage the task or gives completely

unassociated data. 

2. Unistructural: the learner is able to use one piece of information only

in responding to the task (formation of a single datum). 

3. Multistructural: the learner is able to use several pieces of

information but does not relate them together (acquisition of parallel data). 

4. Relational: the learner integrates the separate pieces of information to 

produce a viable solution to the task. 

5. Extended Abstract: the learner is able to derive a general principle

from the integrated data which can be applied to new situations (acquisition of a 

higher-order concept). 

Biggs and Collis's own integration of the SOLO levels into Piagetian developmental 

stage theory produced a model of learning cycles similar in many ways to Skemp's 

model of mathematical understanding and to particular aspects of Skemp's model of 

intelligence (1979). 

Skemp (1976) proposed the existence of two types of mathematical understanding 

which could be generated by mathematics learning and teaching in schools: 

instrumental and relational understanding. Instrumental understanding is the 

product of rote learning of rules and theorems and their specific applications. 

Relational understanding is the product of a learner's personal involvement with 

mathematical objects, situations, problems and ideas. 
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(In order to avoid confusion at this point, between the different uses of the term 

"relational" in the two theories, the investigator has renamed the Relational 

level in the SOLO taxonomy the Relating level (the level at which data are 

interrelated).] 

A synthesis of the SOLO and Skemp theories (Olive, 1983) suggests that learners 

acquire new understanding of subject matter by going through a learning cycle 

based on the SOLO Taxonomy in one of two ways: instrumentally or relationally. 

At each stage in a relational learning cycle (unistructural through extended 

abstract) the learner is personally involved with the available data. The data 

are, in fact, products of the learner's own investigations. In contrast, the data 

available in an instrumental learning cycle are given to the learner to memorize 

by some external source of information (usually the teacher, textbook or 

computer). The relating level of the SOLO cycle may also be force fed ("Here are 

the relationships - memorize them!") or may be omitted altogether ("Here is the 

general principle, or new theorem - memorize it!"). 

A Logo Learning Environment 

Seymour Papert (1980), director of the MIT LOGO project, sets forth a thesis for 

the learning of school mathematics that is similar ta that of Skemp. "What an 

individual can learn, and how he learns it, depends on what models he has 

available" (p. vii). Papert later makes a statement which emphasizes the 

importance of relational learning: 

Our educational culture gives mathematics learners scarce resources 
for making sense af what they are learning. As a result our children 
are forced to follow the very worst model for learning mathematics. 
This is the model of rote learning, where material is treated as 
meaningless; it is a dissociated model. (p. 47). 

Papert and his colleagues created a new area of mathematics which they termed 
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"Turtle geometry," as part of the LOGO computer language. Papert claims that 

Turtle geometry is "a better, more meaningful first area of forma! mathematics for 

children [than traditional geometry]" (p. 51) because it is associated with the 

child's view of the world and encourages reflective thinking in order to gain 

control of the world of the Turtle, 

Turtle geometry has all the necessary ingredients for generating relational 

learning cycles: Being able to relate personally to a learning experience, being 

able to relate the experience to existing knowledge (and previous experiences), 

and reflection by the learner on what he/she knows. A review of previous LOGO 

research projects, however, indicates that LOGO has not been successful in 

generating relational learning for some students. 

METHODOLOGY 

Twenty students were randomly chosen from an intact, ninth grade class of 39 

students in an urban high school. Each student worked with a micro-computer in a 

lab situation for 18 days (two hours a day, three days per week for six weeks). 

The investigator taught the group, introducing the students to the micro-computer 

and the LOGO language through a series of "guided discovery" learning episodes. 

Each student' s interactions with LOGO were sa ved on disk files. The data files of 

nine of the students were analyzed in depth in terms of the SOLO/Skemp synthesis. 

This analysis provided a picture of these students' developmental growth in the 

use of LOGO and helped to determine the appropriateness of the teaching 

methodology and curriculum ideas for generating relational learning cycles and 

helping students achieve a higher level of mathematical abstraction. 
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RESULTS 

The results of the analysis indicate that for several students, the instructional 

sequence was too fast. There was not enough time for them to explore new 

programming ideas or to investigate the various geometric relationships before new 

orres were introduced. Consequently, their understanding of both the LOGO language 

and the geometric concepts was generally instrumental. However, for those 

students who were able to keep pace with the instruction, progression through SOLO 

learning cycles was evident. These students demonstrated a shift to a more 

abstract mode of functioning with the LOGO language and relational understanding 

of many of the geometric concepts that were introduced. 

The results also demonstrate the enormous potential for process analysis provided 

by the data files. The ability to capture every move a student makes while 

working on a problem and recreate its effect visually on the computer brings us 

closer to observing directly the dynamic development of students' cognitive 

processes. 

IMPLICATIONS FOR INSTRUCTION 

The analysis of the data files also enabled the investigator to identify the gaps 

in the instructional sequence. These gaps highlighted the critical importance for 

introducing ideas at the appropriate SOLO level for individual students, for 

sequencing activities according to a SOLO cycle, and for encouraging reflection by 

the students on emerging relationships. The instructional sequence has been 

modified to better reflect these characteristics. An example of such a 

modification will be demonstrated at the conference, 
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A Clinical Investigation of the Impact of a LOGO Learning Environment on Students' 

van Hiele Levels of Geometric Understanding 

by Susan Paalz Scally 

Emory University, Atlanta, Georgia 

Problem Statement 

There is a national concern in the United States for the number of students 

who are failing to complete their studies of mathematics in high school 

successfully. Because less than one third of American high-school students take 

mathematics courses beyond tenth grade geometry (NASSP, 1983), it is clear that 

high school geometry is a critical turning point for many students in their 

mathematics studies. Failure in, or avoidance of, geometry results in the 

termination of the study of mathematics for the majority of students. 

Since the curriculum development era of the 1960's, geometry has been 

introduced into the school mathematics curriculum in the elementary and middle 

school grades. However, geometry instruction in the early grades usually consists 

of identifying shapes and stating properties of geometric figures at a recall 

level without attending to more complex concepts that require understanding of 

relationships among geometric figures and their properties. The National 

Assessment of Educational Progress (NAEP) indicated that: 

Although most students at all age levels [9, 13, and 17 year olds were 

tested] could identify common geometric shapes, relatively few demonstrated 

a knowledge of basic properties of these shapes • .•• Fewer than 20 percent 

of the 17-year-olds could calculate the area of either a triangle or a 

parallelogram. (Carpenter et al., 1983, p. 655) 

Mathematics learning theorists agree that the understanding of relationships 

is the key to success in forma! studies of geometry. These relationships include 

relationships among geometric figures, relationships among their properties, and 

even relationships among their relations. 

The van Hiele Model 

The van Hiele model of thought development in geometry has been used by 

mathematics researchers to explain why students have difficulty with more complex 

concepts in geometry because it partitions the learning of geometry into five 

distinct levels. The following is a description of the hierarchy: 
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The first level is one of recognition of geometric figures as entities, 

without any awareness of parts of figures or relationships between 

components of the figure. In the second level, the components of a figure 

can be discerned and the properties of a figure described but not formally 

defined. Also a student at this level may recognize that two figures have 

properties in common but s/he does not conclude, for instance, that a 

rectangle is also a parallelogram. 

In the third level, relationships among the properties of a figure are 

established as are relationships among the figures themselves. The 

possibility of one property following from another is known, and a logical 

partial ordering of classes of figures occurs. It is only in the fourth 

level, however, that the logical structures of analysis and of proof are 

grasped and that deduction is understood as a means of constructing a 

geometric theory. The fifth level is characterized by standards of rigor 

and abstraction represented by modern geometries. A student at this level 

develops a geometric theory without reference to concrete applications. 

(Skypek, 1982, pp. 1-2) 

Certain characteristics accompany the van Hiele levels and were described by 

Usiskin ( 1982): 

a) The levels exist in a fixed sequence; one must pass through level n to 

attain level n+l; 

b) Each level has its own language so that two people who are reasoning on 

different levels may not understand each other; 

c) The levels have the property of adjacency; That which was an object of 

perception at the lower level becomes the object of thought at the next higher 

level. 

Since one of the qualities of the van Hiele model is that students must pass 

through the levels in a fixed sequence, one must question whether students in high 

school geometry courses have achieved the first, second and third levels prior to 

their formal axiomatic studies. 

The Curricular Gap at Relations 

Evidence exists to support an assertion that relations are not being taught 

adequately in American elementary and middle schools. Wirszup (1976) was the 

first person to describe the van Hiele model in an American journal in which he 

called for geometry curriculum reform. 
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As a result of unsuccessful experience and convincing evidence, the 

so-called axiomatic methods of initiation into geometry have been recognized 

by modern educators the world over as unpedagogical. A review of the 

teaching of geometry in the United States indicates at once that only a very 

small number of the elementary schools offer any organized studies in visual 

geometry, and where they are done, they begin with measurements and other 

concepts which correspond to Levels II and III of thought development in 

geometry. Since level I is passed over, the material that is taught even in 

these schools does not promote any deeper understanding and is soon 

completely forgotten. Then, in the 10th grade, 15 and 16 year old 

youngsters are confronted with geometry for almost the first time in their 

lives. The whole unknown and complex world of plane and space is given them 

in a passive axiomatic or pseudo-axiomatic treatment. The majority of our 

high school students are at the first level of development in geometry, 

while the course they take demands the fourth level of thought. It is no 

wonder that high school graduates have hardly any knowledge of geometry, and 

that this irreparable deficiency haunts them continually later on. (p. 96) 

Geddes (1982) supported this finding in an analysis of elementary 

mathematics textbooks in which she found that most of the textbook material 

corresponds to the first van Hiele level. She notes that texts provide little 

support materials for moving on to level two, even in the teacher guides. "The 

lack of extensive [2nd] level experience in grades K - 8 indicates that many 

students enter high school geometry courses (which require [3rd] level thought) 

with a [1st] level background" (p. 22). 

Bridging the Gap 

This research study is attempting to bridge the gap between the middle school 

study of shapes and properties and the tenth grade treatment of formal deductive 

geometry by providing ninth grade students with a better understanding of 

geometric relationships. The LOGO computer language is being used as the vehicle 

for providing this understanding. 

LOGO, through its graphics capabilities, embodies a physical robot, called 

the Turtle, which is a transitional object for the learner. The Turtle provides 

specific mental models for and experiences with those geometric relationships 

which cause problems in the present school curriculum, i.e. incidence, 

parallelism, perpendicularity, proportion, and angular measure. Exploring Turtle 

Geometry gives the student an opportunity to relate personally to angle measure, 
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relationships between various geometric figures and their properties, and all 

geometric transformations. This provides the opportunity for meaningful 

reflection on mathematical ideas. 

Design of the Study 

For each of the past three semesters a LOGO course, based on Turtle 

geometry, has been offered in two inner-city schools. Ninth grad� students who 

were tracked in an average-paced curriculum, who were enrolled in algebra, and who 

were scheduled to take geometry in the tenth grade were eligible to enroll in the 

LGGO course for ene semester. The subject pool consisted primarily of minority 

students. Comparison groups of students, who were not enrolled in LOGO, were 

identified in each school each semester. The purpose of the study is to assess, 

within the framework of the van Hiele medel, whether students' geometric concepts 

are enhanced by experience in a LOGO learning environment. 

The Clinical Interview 

How can these conceptions be assessed? Fuys and Geddes (1984) suggest that 

"conventional tests or assessments of level of thinking may not adequately 

characterize the student's ability to think at certain [van Hiele] levels, 

especially when there has been little or no opportunity to experience topics 

in school" (p. 11). Furthermore, "this more dynamic form of assessment during a 

learning experience, as Dina van Hiele-Geldof did in her teaching experiment, 

enabled [us] to examine changes in a student's thinking, within a level or to a 

higher level, and also difficulties which impeded progress" (p. 6). 

The disinction must be made between static and dynamic assessments. In a 

static assessment, a student's misconception could be labeled wrong. In a dynamic 

assessment, where the interviewer has an opportunity to probe, a student's 

misconception might be labeled alternative conception. These alternative 

conceptions often lead to the mest revealing understandings of students' 

mathematics. 

This research project will involve the identification of cognitive activities 

(levels, in this case). For such an undertaking the clinical interview is 

structured to lead the subject's activity inte particular areas of investigation. 

In the case of this research the same basic script is administered to each 

subject. Ginsburg (1981) cited the contingency of questioning as the ene major 

element which sepsarated clinical interviews from standardized tests. The 

interviewer's questions are contingent upon the subject's previous responses to 

other questions; thus the instrument incorporates branching. Another important 
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feature of the clinical interview is that reflection is required on the part of 

the student. One asks hov the child arrived at a certain answer (process) and why 

he got a particular solution (product); thus probing is an important aspect of the 

interview. 

Interview scripts and protocols for analyses were used for two topics: 

quadrilaterals and angles. The former was adapted from an instrument developed_ by 

Burger and his colleagues (1982) and the latter was developed by the project 

staff, piloted, validated, and revised. The instruments are being used to 

interview a sample of approximately 20 students before and after their LOGO 

experience and a comparison group of about 20 non-LOGO students is being 

interviewed likewise. The interviews are given in one-to-one sessions of 45 to 60 

minutes and are audiotaped. Those audiotapes are currently being analyzed for 

evidence of treatment effect. 

Results 

Preliminary analyses indicate that these students are at the first or second 

van Hiele level on their initial interview. Angle item analyses point to 

discrepancies between student's understanding of static angle and their ability to 

apply that knowledge to tasks that involve turning angle. Several students who 
0 

identified a simple drawing of a right angle as measuring 90 could not 
0 

successfully turn a spinning arrow through 90 to aim it at a target. Many 

students were distracted in their ability to distinguish between a larger and a 

smaller angle by the irrelevant attribute of represented length of the rays of the 

angles. Activities are being designed and incorporated inte the Turtle geometry 

course specifically to address these problems. Analyses of the second (post) 

interviews will be used to determine whether experience in the LOGO environment 

has any effect on students' understanding of geometric relationships. It is 

believed that the clinical interview is specific and sensitive enough to detect 

both movement within van Hiele levels and between levels. 

Implications 

Results of final analyses should have important implications for 

understanding student thought processes in geometry and could, in turn, impact on 

curricula development in the U.S.A. Samples from the interviews and all analyses 

completed to date will be presented at the conference. It is hoped that the 

results will contribute to PME's goal of furthering a deeper and more correct 

understanding of the psychological aspects of teaching and learning mathematics. 
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1 .  Introduction 

In an ordinary math class, the response each student shows to the 

audio-visual information given by the teacher is peculiar to the student. 

However, it is very difficult for the teacher to cape with all different 

responses shown by each student. Then the teaching-learning process is 

too difficult for one group of students and is very easy for another 

group of students. Therefore, it is rare that the math class satisfies 

the following conditions. 

(1 .1) Every student always pay keen attention all through the class. 

·(1.2) The most suitable difficulty is given to each student. 

(1 .3) Every student ( even slow learner) is able to develop bis power 

of thinking at his own pace in the teaching-learning process. 

We have developed two new Audio-Visual Tests (AV-Tests), Cloze

Type AV-Test (TA�), Jigsaw Puzzle-Type AV-Test (TA�), and by introducing 
TA

� and TA
� into the teaching-learning process, we were able to estab

lish a situation which satisfies (1.1-1,3), Main purpose of this paper 
is to show the situation. 

Remark ) Cloze Test is the test used to evaluate language proficiency. 

2 . Intellectual Hunger Situation 

It must be remembered that many of the discoveries and inventions 

were made by people who were anxious to be intellectually(or materialy) 

satisfied, lf we emphasize this fact, the student will bring their in

tellectual ability into full play under the condition that they are anx

ious to be intellectually satisfied in the teaching-learning process. 

Now, let us find the situation where the student's intellectual activity 

is in full activity. It is sufficient to consider the following cases: 

Case 1) It seems that the student is able to understand the teaching-learn

ing process,even though enough information is not yet given to him. 

Case 2) It seems that the student is able to understand the teaching-learn

process, since enough information is given to him. 

Case 3) It seems that the student is not able to understand the teaching

le�rning process on account of the insufficiency of information. 

Case 4) It seems that the student is not able to understand the teaching

learning process, even though enough information is given to him, 
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In ordinary math class, when it seems that the student is not able to 

understand the teaching-learning process, his learning attitude becomes ta 
worse, Namely, his intellectual activity is not in full activity in cases 
3) and 4). Obviously, it is more difficult for the students to 
understand the teaching-learning process in case 1) than in case 2), be
cause, in case 1), the student is always anxious to obtain new informa

tion which is usefull for him to understand the teaching-learning proc

ess. That is to say, in case 1), the student is moderately hungry for 

the information in the teaching-learning process. So we call the teach

ing-learning process in case 1) " lntellectual Hunger Situation 11• 

We have developed a Intellectual Hunger Situation using TA� and 

TA� in order to design the math class which satisfies the conditions(l.1-

1.3) First, we will briefly state about TA� and TAi 

2. Cloze-Type AV-Test TA� and Jigsaw Puzzle-Type AV-Test TA� 

TA� TA� is made and put inta practice in th� following way. 

(2.1) We write down the protocol on the bases of the teaching-learning 
process. 

(2, 2) We give the students audio-visual information in accordance with 

tl,e protocol in 2.1). 

( 2. 3) Combining thc audio-information wi th the visual infomation given 

by tha teaclier the students take notes on the teaching-learning 

process. 
(2.4) Referring to the notes on the teaching-learning process, the 

students fill in the blanks of the Cloze Test on the protocol. 

TA� TAf, is made and put inta practice in the following way. 

(2.5) We illustrate the teaching-learning process with the diagram 

along the protocol in (2.1). 

(?..6) We make a Jigsaw Puzzle from the picture drawn in (2.5). 

(2.7) We give the students audio-visual information in accordance with 

the protocol in (2.1). 

(2.8) Combining the audio-visual information given by the teacher, the 

students take notes on the teaching-learning process. 

(2.9) Referring to the notes on the teaching-learning process, the stu

dents fill in the blanks of the Jigsaw Puzzle in (2.6). 

3. An AV-Test for Promotion of the Thinking Ability 

In an ordinary math class, it is necessary for the students to com

bine the visual information obtained from the text, OHP and blackboard 

with the acoustic image corresponding to the teacher's explanation in 

order to understand the teaching-learning process. Further, in order to 

-130-

combine the audio information with the visual information, translation 

of the presentation-mode of the concept is requisite for the students. 

(Remark) The presentation-mode of the concept: Aural-mode, Diagram-
mode. Ordinary mathematical concepts are able to be re-

presented by use of one of these two modes. 

We have developed an AV-Test (TAV) aiming at the correct combina

tion of visual information with acoustic image in mind. (See (4) of 

the reference at the end of the paper.) In TAV' each student's mem

ory-span of audio(or visual) information given by the teacher was pe
culiar to the student. Moreover, in traslation of the presentation

mode, each student's time required was also pequliar to the student. 

Therefore, in many cases, the explanation of the concepts(or problem

solving process) given by audio-visual information set in TAV was too 

difficult for one group of students and very easy for another group of 
students. This means tbat it is very difficult for the teacher to con

vey a large-scaled-concept one-sidedly only by audio�visual informa
tion. However, in TAV'we found that all students always pay keen at

tention. From the above-mentioned, we might conclude that the AV

Test ( for a example TAV) aiming at the correct combination of visual 
information with acoustic image in mind is very suitable for the teach

ing-learning process where the small-scaled-concepts are treated. 
In consideration of the above, by using TA� and TA�, we have de

signed a teaching-learning process which satisfies the following: 

(3. 1) The teacher gives the students audio-visual information only 
about the small-scaled-concepts. 

(3.2) Cmbining the audio information with the visual information, the 

students take notes on the concepts given in (3.1). 
(3.3) Referring to the notes in (3.2) and hints given by the teacher, 

the students are able to construct(or understand) a large-scaled 

concept from the concepts in (3.1) at their own paces. 

In order to satisfy these three conditions, we combine TA� with TA� 

in the teaching-learning process. 
We show an example of the teaching-learning process using TA� and 

TA� We call the teaching-learning process " ( TA� + TA� )-Type AV-

Test". The flow diagram for (TA�+TA�)-Type AV-Test is shown in (Fig-
3 .1). In ( TA� + TA� )-Type AV-Test, we give the students the small-

scaled-concept� at random by television. Therefore, the students are 

not able to Consider what those concepts mean as a whole. Of course, 

the students may ask the teacher about the audio-visual information 
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gven by the television. 
( Fig-3.1 ) Flow Diagram for (TA�+TA�)-Type AV-Test 

Picture sequence given by the teacher 

in the teaching-learning process 

Acoustic Image Sequence 

corresponding to [ W ] 

I 
n 

,- ----, Visualization of I 

Student•s Note 
and �ts cumbination 

Graphically-presented 

whole process of thnk

ing(or problem-solving 

process) 

Cloze Test on 

the protocol 

Transfomation 

of picture inte 

word sequence 

and i ts inverse 

transformation 

Jigsaw-Puzzle 

on the protocol 

Thinking(or problem

solving ) process 

aurally-presented in 

the word sequence [WnJ 

Transformation of the protocol 

into the spoken language 

Protocol: Thinking(or problem-solving) 

process given in written symbols 

(Example Proof of Pythagorean Theorem ( Part ) ) 

( Fig-3, 2 ) 

,� 

A 
Wl: 

The angle ABH equals the angle 

/\ 
ABC, Therefore, 6.ABH is similar 

to 6CBA. Then we have AB: BH=BC :AB. 

B H B C Therefore, AB2 equals BC times BH. 

p2 W2 : The point H is on the segment 

B H C BC. Then we have the following: BH 

plus HC equals BC, 

,,
A 'b� 

W3: The angle ACB equals the angle 

ACH, Therefore, 6ABC is similar 

to 6HAC. Then we have the follo-

ing: AC HC = BC : AC. 
B C H C Therefore, AC2 equals BC times HC. 
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TA� .......... ( Fig - 3.3 ) 

On the right triangle( l ), the angle BAC 

is the right angle and ( 2 ) is the foot 

of ( 3 ) on ( 4 ). On the right triangles 

( 5 ) and MBC, the angle ( 6 ) equals 

the angle ABC. Therefore,( 7 ) is simi

lar to MBC. Then we have AB :( 8 ) =(9) 

: AB. Therefore, ( 10 i2= (11)• BH. Simi

larly,since the right triangle ABC is sim

ilar to the triangle ( 12 ), we have AC : 

( 13 ) = ( 14 ): AC. Therefore,(15)2equals 

( 16 ) times HC, Thus. we have the fol

lowing: (17)2+ AC2equals (18)times BH plus 

(19)times HC. Since BH+HC equals ( 20 ),
(2l)times BH plus (22) times HC equals (23) 

times (BH+HC) equals (24)2, Hence we have 

(25/ plus AC2 equals (26/ ............. .. 

(Answer of TA� ) 1. AEC 2.H 3.A 4.BC 5.ABH 

6.ABH 7,MBH 8.BH 9.BC JO.AB 11.BC 12.AHC 

13.HC 14.BC 15.AC 16.BC 17.AB 18.BC 19.BC 
20.BC 21.BC 22.BC 23.BC 24.BC 25,AB 26.BC 

"" ..... TA� 
· · · · · ·  

(2) (3) (4) 

On MBH and ( 5 ), 

LAHB = ( 6 ) = ( 7 ) 
LABH = ( 8 ), 

Therefore, ( 9 )  � ( 10 ). 

Hence AB/(lO)=BC/(11),that is 

(12)2 = (13),BH .. , , .. (a) 

Similarly, on ( 14 ) and ( 15 ) 

LAHC = ( 16 ) = (17) 
LACH = ( 18 ) 

Therefore, ( 19 ) � 6ABC. 

Hence AC/(20)=BC/(21),that is 

(22)2 = (23),HC Thus we have 

(24)2+AC2=(25f 

( Answer of TA�) 1.A 2.B J.H 4.C 5.6ABC 6. LBAC 7. lR 8. LABC 9.MBH 10.BH 

11. AB 12.AB 13,BC 14.MHC 15.MBC 16. lBAC 17. R 18. lACB 19.MHC 20,HC 21.AC 

22,AC 23.BC 24,AB 25.BC 

(Step 1) We give the students audio-visual information as shown in ( Fig-

3,2 ). Cmbining audio-information with visual-information, the students 

take notes on the teaching-learning process. 

*** In Fig-3,2, W0 and Pn(n=l,2,3) denote the teacher's voice and the 

picture on the television screen respectively. 
C ( Step 2) Referring to the notes I the students fill in the blanks af _T AV 

and TA� in (Fig-3,3), 

( Remark The students may check their answer by removing the covering 

on the blank I if they want. 

4. Some Consideration on the Teaching-Learning Process Using TA� 

and TA� 

The teaching-learning process using TA� and TA� has the following 

characteristics. 

(4.1) From ( Fig-3.1 ) 1 it is easy to see that the teaching-learning 

process using TA� and TA� is a combination of the test with learning. 
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Therefore, the students always develop their thinking unconsciously in 

suitable Test-Situation. 

(4.2) Obviously, the student's note in (Fig-3. 1) is a kind of set of 

right answers to TA� and TA�' so each student is confident that he can 

fill in the blanks of TA� and TA� with the right answers. But the stu

dents must seek the information corresponding to the blank. Namely, the 

students are hungry for the information. Therefore, we may regard (TA�+ 

T J)-Type AV-Test as a Intellectual Hunger Situation. 
AV C J 

(4.3) We tried to give student k bis score(Xk) of (TAV+TAV)-Test in the 

following way. Xk=(number of the right answers),(1-N/Nk), where N is the 

number of coverings, Nkis the number of coverings removed by k. Then the 

students showed a tendency to arrange their thinking very carefully. 

(4.4) Since the students may check their answer by removing the cover

ing,if they want, they are always able to develop their thinking abil

ty at their own paces in (TA�+TA�)-Type AV-Test. 

·Thus we might conclude that (TA�+TA�)-Type AV-Test satisfies the 

conditions (1.1 - 1.3). 
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3. DEVELOPING AND/OR USING MODELS OF MA THEMA TICAL

LEARNING 



Developing a Model to describe the Mathematical Progress of 

Secondary School Students (11-16 years): Findings of the GRADED 

ASS ESSMENT IN MATHEMATICS Project. 

Margaret Brown , Centre  for Educational Studies ,  
King ' s  College London (KQC) 

Introduction 

The GRADED ASSESSMENT IN MATHEMATICS (GAIM) Project is developing a method of 

recording rnathenatical achievenent for al 1 children throughout the 11-16 age 

range. The student profile covers rMny different aspects of matherMtics; in 

particular 'process' and 'content' are seen as inextricably 1 inked. 

The purpose of the record is 

- to enable students to participate more effecti vely in determining the

direction of their own learning; 

- to motivate students by rnaking then more aware of their own progress;

- to provide full diagnostic information for teachers which can serve as a

basis for curriculum planning; 

- to provide information, summarised to whatever degree is required for

parents, anployers, training schenes, further and higher education, head 

teachers, and so on. 

One rMjor problen was to determine the model of progressive achievement to be 

used for the record. An overall structure for this model· was agreed during 

1983-4; since then detailed sections of the structure have been proposed and 

tested enpirically. This paper will concentrate on this issue, although rnany 

other important questions cancern the project, such as whether the structure can 

be adequately conrnunicated to teachers, children, parents and users, whether the 

proposed assessment and recording processes are both feasible and valid, 

whether the four aims expressed above are being fulfilled, and so on. 

-135-



A moclel for assessment 

The cognitive theory adopted is a constructivist one in which children 

progressively assemble and moclify their mathematical schemes following the ideas 

of Piaget (1980), Ausubel et al. 1978), von Glasersfeld (1981). Hence each 

child is likely to have a unique sequence of mathematical development. 

Nevertheless it is suggested that within particular concept strands children 

tend to follow a similar developnental sequence, although progress in different 

concept strands is likely to be to some extent independent. It is therefore 

postulated that there are enough similarities between children's developnental 

patterns to assume an underlying moclel of a partially ordered carrmon hierarchy. 

Evidence for such a hierarchy is provided by previous research based at Chelsea 

College (now part of King's College London) such as that of Denvir (Denvir and 

Brown, 1986a, b) at primary level and of the Concepts in Secondary Mathematics 

and Science (CSMS) project at secondary level (Hart, 1981). 

In order to simplify a complex and largely hypothetical underlying learning 

hierarchy for the purposes of assessment, recording and reporting, it was 

decided to organise the assessment framework as a profile with two dimensions -

a number of progressive levels and six topic areas (Logic, Number, Measurement, 

Statistics, Space, Algebra/Functions). Achievement at a particular level within 

a particular topic will be described by a number of detailed 'topic criteria'. 

The topic criteria will generally be demonstrated by performance in open-ended 

work, either practical problem-solving or an investigation. 

The following problems remained: 

(a) to determine how many levels should be used; 

(b) to determine what topic criteria would be appropriate for each level. 
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How many levels? 

The CSMS project referred to above identified progressive levels of attainment 

(between 4 and 7) in each of 11 mathematical concept-areas (Hart,1981), The 

proportion of children attaining each level in each CSMS concept-area was 

plotted across the 11-16 age range as in Fig. 1. (Fig 1 also shows the 

classification of the various levels into four broad stages. 
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Fig. 1 

The percentage of chi ldren at each 

level in each CSMS topic across the 11-

16 age range (data from Hart, 1981) 

� A: Algebra D: Place Value & 

decimals F: Fractions G: Graphs 

M: Measurement N: Number operations 

R: Ratio RR: Rotation and reflection 

V: Vectors. 

A2 shows the percentage of children 

attaining level 2 in algebra, etc. 

In spite of some variations between concept areas perhaps due to the different 

points at which they are generally introduced into the curriculum, it is 

interesting to note both the overall similarity in trends and the generally low 
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gradients. Indeed if the curves were to be extrapolated (a procedure of 

doubtful validity) it would suggest a delay of well over 10 years between the 

ages at which high-attaining and low-attaining children achieve the same level, 

in contrast to the 7-year difference proposed in the Cockcroft Report (Comnittee 

of Inquiry, 1982, p342). 

A possible organisation for the GAIM assessment framework was offered by the 

four overall CSMS stages, but the above diagram suggests that it would then take 

many years for a chi ld to progress from ene stage to another, which would be a 

de-motivating factor. Hence it was decided to: 

(a) adept enough levels to on average allow students to progress through 

ene level per year 

(b) define level 1 as that level achieved by all children in mainstream 

education by the end of year 3 (age 14) 

(c) further adjust the later seven levels so as to match the known

percentages of children gaining the seven grades in the present

national public examinations at 16+ (GCE O-Level or CSE).

This suggested a total of 15 levels for the GAIM assessment scheme with a 

theoretical distribution as in Fig. 2, based on the CSMS graphs in Fig. 1. 
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11-16 age range 
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What topic criteria at each level? 

An outline of what was involved in each topic area was proposed, including 

general processes, concepts, representations, skills and applications. 

Survey resul ts from the Assessment of Performance Uni t ( 1985) and CSMS (Hart, 

Brown et al, 1985) enabled some topic criteria to be allocated to  specific 

levels by using Fig. 2. (This was not straightforward since the percentage of 

children who have achieved a particular criteria is clearly not identical to the 

percentage who correctly answer a specific itan.) For example the measurement 

criterion: 

Knows that when a larger unit is used the numerical value will be smal ler 

than if a smaller unit is used. 

could be tentatively placed at level 3 using the results of item 2 on the CSMS 

Measurement Test . 

However very many of the suggested topic criteria still ranained to be placed. 

In such cases a conjecture is made using a mixture of teacher judgement and 

reference to curricular schemes empirically organised into levels, such as the 

Secondary Mathematics Independent Learning (SMILE) scheme and the Kent 

Mathematics Project (KMP) . The conjectures are then tested out empirical ly, 

first in development trials and later in 25 pilot schools. This is a fairly 

crude process since neither the assessment procedures nor the identification of 

the attainment-range of classes within the overall population would meet the 

requirements of rigorous research. Nevertheless this 'action research' wi thin 

the limits of what is possible in a developnent project with a tight schedule, 

wi 11 produce a comprehensi ve picture of chi ldren's broad mathematical 

development over the 11-16 age-range. 

At present levels 1-3 are developed and piloted, and levels 4-8 are developed 
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but not yet piloted. The project is due to finish in 1989. 

Some examples of tentative placements of topic criteria are given below: 

Level 1, Logic: Can use and understand a single system of ordering to locate or 

place an item. 

Level 7, Statistics: Can choose to find a representative value (mean, mode, 

median or same other) to solve a problem, for example in order 

to campare two populations. 

Level 2, Space: Can draw and interpret 2-D representations of familiar objects 

or scenes. These need not strictly be plans, nor to scale. 
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An Investigation inta the Sensory-motor 
and Conceptual Origins of the 

Basic Addition Facts 

Paul Cobb 

Purdue University 

This study was premised on the belief that mathematical knowledge is constructed 

by reorganizing sensory-motor and conceptual activity. It was hypothesized that 

children's learning of the basic addition facts is related to qualitative 

conceptual change both in cases where facts are learned as a family and when 

individual facts are learned separately. Steffe et al.'s (1983) counting types 

mode! was used to infer the subjects' conceptual levels. This mode! identifies 

five qualitatively distinct levels in counting but, for the purposes of this 

paper, it suffices to consider the distinction between the first four and the 

fifth level. The more sophisticated abstract stage is strongly indicated by the 

ability to routinely count to solve missing addend tasks. A child might, for 

example, sol ve the sentence 8 +_ = 12 by counting "8 - 9, 10, 11, 12 - 4." The 

crucial feature of such solutions is that the child formulates the intention of 

finding out how many counting acts he or she will perform when counting beyond 

"eight" to "twelve." This indicates that abstract counters can reflect on a 

re-presentation of potential counting activity. Children at the lower enactive 

stage find missing addend tasks difficult because they are yet to develop this 

abili ty. 

The distinction between counting from "one" and counting-on corresponds only 

Same very roughly to that between the enactive and abstract stages in counting. 

children within the most advanced leve! within the enactive stage (i.e. verbal 

counters) count-on beyond a re-presentation of the activity of counting from 

"one. These children are infered to be "inside" the re-presented counting 

activity -- they can create a re-presentation but cannot reflect on the result of 
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the re-presentational activity. 

The specific hypotheses addressed were: 

1. The learning of the plus-one fact family (e.g. 2+1, 5+1) is a consequence of 

the ability to create a conceptual referent for the first addend without actually 

having to count from ""one... In other words, the child can count-on. 

2. The process of learning individual facts separately involves anticipating the 

conceptual results of activities that could be carried to solve the facts. These 

anticipations depend on the ability to reflect on potential activity -- the child 

is an abstract counter. 

(A hypothesis concerning the doubles facts is omitted due to space limitations). 

Method 

Video-taped clinical interviews were conducted with 15 beginning first graders 

who were yet to be trained to memorize the addition facts in school. Addition 

and missing addend counting tasks involving visible and screened collections (cf. 

Steffe et. al., 1983) were administered to infer the child's conceptual level and 

whether he or she could count-on. Basic fact tasks were presented in the 

following order: 2+1, 4+1, 3+1, 5+1, 2+2, 5+5, 4+4, 3+3, 4+2, 3+2, 5+2, 5+4, 

4+3. These facts were chosen because they can be solved by using the relatively 

primitive method of establishing a finger pattern for each addend on separate 

hands. Finally, number word tasks were presented to investigate how the child 

generated the first successor and the first two successors of given number words. 

The child was asked, ""Which number comes right after n?"" and ""Which two numbers 

come right after n?"" for at least two trials with n less than ten. 

Counting tasks. Eight of the children were classified as enactive counters and 
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seven as abstract counters. One of the eight enactive counters and five of the 

seven abstract counters counted-on to find sums. 

Number word tasks. All 15 children generated both the first successor and the 

first two successors of given number words that preceeded ""ten"" without reciting 

starting at ""one. 00 

Plus-one facts. The children's performance on the plus-one facts is summarized 

below. The methods subsumed under " "Counted from one"" ranged from 

Counted from one 
Counted-on 

Counted on at 
least 3 of 4 facts 

9 

0 

Knew all 
four facts 

0 

6 

counting the fingers of two finger patterns to subvocally uttering number words. 

As can be seen, there is an extremely strong relationship between counting-on and 

knowing the plus-one facts that were administered. All nine children who counted 

from one were able to generate immediate successors of number words that preceded 

""ten"' with ease. This strongly indicates that knowledge of the plus-one facts is 

not derived from the child's ability to operate on the forward number word 

sequence. Instead, it is derived from counting, a process in which each number 

word signifies a unit of some kind. For our subjects, to know the n+l facts is 

to be able to construct a conceptual entity signified by ""n"" without have to 

count. Consequently, they answered by uttering the immediate successor of ""n "", 

and act that carried the significance of performing one counting-on act. 

Remaining facts. The results are summarized in the table below. In general, 

knowledge of these facts is related to the ability to abstractly count-on. 
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However, one enactive counter who counted from one knew five facts and the 

Enactive
Counted from one 

Enactive -
Counted-on 

Abstract -
Counted from ene 

Abstract -
Counted-on 

Number of Facts Known 
0-1 2-3 4-5 6-7 

5 0 

0 0 0 

0 0 

0 0 0 

8-9 

0 

0 

0 

enactive counter who counted-on knew four facts. Significantly, both children 

knew all four doubles facts. One aspect of their problem solving activity 

differentiates them from the other six enactive counters. Both children's 

performance on spatial pattern and spatial visualization tasks not reported in 

this paper indicated that they had exceptional spatial abilities. They might 

therefore have solved the d bl f b ou es acts y re-presenting and figurally joining 

two patterns. 

It will be recalled that abstract counters are attributed the ability to 

reflect on potential counting activity. Consequently, the five abstract counters 

who counted-on might have learned the facts by estimating or gauging where they 

would stop counting if they were to, say, perform three counting acts beyond 

"four." In other words, tbey could anticipate the conceptual result of counting 

and so could construct the conceptual entity corresponding to the sum without 

actually having to count. 

It only remains to explain why the two abstract counters who counted from 

"ene" knew, at mest, two of the facts. The mest plausible explanation is that 

these children could not reflect on potential counting activity unless they were 
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actually counting. The had to actually count from "ene" to construct a 

conceptuil entity corresponding to the first addend but could reflect on a 

continuation of that activity. In contrast, the five abstract children who 

counted-on did not need a "running start" but could take the first addend as a 

given (i.e. construct it conceptually) and thus anticipate the conceptual result 

of counting. 

Discussion 

The findings indicate that both the learning of facts by families (e.g. the 

plus-one facts) and the separate learning of individual facts are related to 

conceptual development to the meanings children give to addition tasks. With 

regard to the learning of families, the findings are consistent with the view 

that constructing mathematical relationships involves abstracting from and 

reorganizing sensory-motor and conceptual activity. The emphasis on activity is 

compatible with an analysis of children's construction of thinking strategies to 

find sums and differences (Cobb, 1983). This view can be contrasted with the 

contention that constructing relationships involves internalizing increasingly 

complex rules and principles that the adult observer can "see" in the child's 

environment (cf. Baroody, 1985). 

The finding that the process of separately learning individual facts is also 

related to the child's meaning-making activity challenges associationist medels 

proposed by Ashcraft (1983) and Siegler and Shrager (1984). In particulary, the 

hypothesis that learning facts separately involves incrementallly increasing the 

association between the stimulus and the answer the child computes appears to be 

a gross over-simplification. 

The most important pedagogical implication is that enactive counters should 

not be drilled on the basic facts even if learning the facts is given priority. 
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Although drill-based instruction might be successful with some abstract counters, 

considerable evidence indicates that it will be more profitable to encourage the 

construction of thinking strategies. And these strategies have as a conceptual 

prerequisite the attainment of the abstract stage in counting (Cobb, 1983). 
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THE COGNITIVE DISTANCE BETWEEN MATERIAL ACTIONS AND MATHEMATICAL 

OPERATIONS 

w. Dörfler

University of Klagenfurt, Austria

We are concerned with the relationship between concrete manipulative 

actions and (certain) mathematical operations. It is cornrnonly accepted 

and asserted that this relationship is a close one and that it could 

and should be exploited for didactical purposes. For the cognitive 

development of an individual the actions and manipulations are assumed 

to be a primary stage out of which and based on which mathematical 

operations will grow as a kind of secondary stage or level. Thereby 

usually and implicitly a more or less smooth transformation or tran

sition from the outside world (material actions) to the inside world 

(mathematical operations as mental actions) is postulated. It appears 

as if this transition were considered as an almost automatic process 

and that it sufficed therefore to let the learner carry out the 

material actions. According to such a position the mathematical opera

tion in a way is contained in the material actions and can be iso

lated out of it by a process of abstraction which leaves aside the 

accidental, irrelevant and specific features. This cognitive process 

has been termed in different ways; abstraction from ;the action, reflec

tive abstraction, interiorization, schematization and others. 

Contrary to that in this paper a constructivist position on the 

relationship (where it exists at all) material action - mathematical 

operation will be proposed. This position is based on the general 

principles of constructivism, see for instance [SJ. But there are other 

sources of evidence from which I draw my conclusions. The first is the 

cognitive and psychological status of what usually is called a 

mathematical object (like nurnbers, geometric forms, functions and so 

on). These are mental entities or constructs characterized by certain 

properties, by relations among each other and by relations to the 

material world; .compare for this the "conceptual entities" in [6]. 

Usually these entities are designated by names or mathematical symbols. 

What is important here is that mathematical objects in this sense 
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psychologically have a great degree of independence and in fact have 

an object-like character for our consciousness: we think about them, 

we talk about them, we feel their cognitive existence. Of course, these 

mental entities are the results of intensive learning processes and 

their cognitive reality is increased by mental reflections, i.e. it is 

the mental activity which constitutes mathematical objects in the 

cognition of the individual. 

This description is compatible with the constructivist viewpoint and 

with every day experience as well. To use a term from cognitive 

psychology: mathematical objects correspond to (well developed) 

cognitive schernata or frames. This theoretical description gives some 

plausibility to an important feature of mathematical objects: the 

individual associates thern with material objects as a kind of rnathe

matical property and the respective scherna/frame regulates this 

association. In other words: one knows which mathematical objects to 

associate with which material objects. Mathernatical objects then turn 

out to represent systerns of relations which are constituted by certain 

manipulations on or with the material objects (nurnbers for instance 

by counting or rneasuring), cornpare [2] and [3]. For the frarnes to 

comprise all this adequate learning activities are necessary which 

include the relevant manipulations of experiential objects. 

To this psychological status of mathematical objects corresponds their 

episternological status as objects in rnathematical theories there termed 

as rnathernatical concepts. The use and treatment of mathernatical 

concepts as mernbers of theories underlines the independence and auto

nomy of rnathernatical objects. 

This autonorny is further demonstrated by ernpirical findings on the 

rnathernatical behavior of students, see [7]. There a clear separation 

of mathernatical objects from experiential objects is evidenced which 

extends to a sirnilar separation of mathematical operations from 

material actions. This will partly be due to deficiencies in the 

learning process but might be caused by an inherent feature which is 

the central issue here and can be expressed as the following: 
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Thesis: Mathernatical operations (whose operands are rnathernatical 

objects) are not sirnply contained as aspects or features in related 

concrete actions and cannot be isolated from them by simple abstraction. 

Mathernatical operations have to be constructed mentally and to be 

integrated with the actions; they are not obtained by disregarding 

certain fearures but by adding additional features (the mathematical 

ones). I call this cognitive-constructive process constructive 

abstraction which results in a cognitive distance between actions and 

operations. on the other hand this construction is initiated, stimu

lated and controlled by certain aspects of the respective actions 

which perrnits then the individual associating operations and actions 

sirnilar to associating rnathematical and experiential objects. Mathe

matical objects and rnathematical operations are rnentally constructed 

in the context of concrete actions but with a definite independence of 

and distance to them. Therefore the actions do not completely deterrnine 

the operations; different operations can be associated with the same 

type of action (and vice versa); of course there are operations which 

are not related to material actions at all. 

In a way, rnathematical objects and the operations with thern ·constitute 

for each appropriately trained individual an independent mental realrn 

which is connected and related to material counterparts by a rich mani

fold of associations constructed by the individual himself. Official 

mathernatics is then the language for cornrnunicating on these realrns 

and for forrnulating properties of its objects and operations. 

If one takes this position serious then it will be no longer feasible 

to describe the relations between actions and operations as that of the 

special to the general or of the concrete to the abstract or of the 

external to the internal in the traditional rneaning of these phrases. 

All these terms have in mind an original union of actions and operations 

which is broken up in the course of the (individual and social) develop

ment. For us there is no such a priori union but a cornplementary 

relationship which is of constructive nature and which is best termed 

as that of the mathernatical to the material. It appears not to be 

feasible to term addition of rational nurnbers to be rnore general than 

sticking together reds since nurnbers and rods are incomparable with 
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respect to the dimension "specific-general". Rods are not a subset 

of the set of (rational) numbers nor can they be viewed as such (like 

the natural numbers for instance). The example which follows will 

explain in more detail the general thesis and will give some insight 

in the nature of mathematical operations and how they are associated 

with material actions by constructive abstraction. 

Example: Multiplication. This operation usually is introduced via 
actions like this: A child carries bottles from the cellar, 4 bottles 
at a time, and 5 times at all. How could one abstract multiplication 
5x4 from this action by just leaving aside so-called accidentals? 
If you start from the action as you can observe it as an experiential 
process you never will arrive at 5x4 by abstracting from irrelevant 
features. Instead, one can explain the "apparent" connection of 
multiplying 5x4 with this action by the following constructive 
abstraction which mediates between the two qualitatively different 
levels of action and (mathematical) operation. First, attention has 
to be focussed on certain stages in the continuous flow of the action, 
compare (3]. We could say punctuation of the process has to be guided 
appropriately, compare [1]. Further with these stages and their 
elements numbers (more general: mathematical objects) have to be 
associated. For that to be possible, the appropriate cognitive schemata 
have to be developed by the individual. Specifically, here those stages 
are when the child arrives back from the cellar and the numbers of 
bottles are the relevant mathematical objects. Further, the number of 
visits to the cellar has to be counted. I should emphasize that this 
associating of numbers according to my viewpoint is a mental-construc
tive process which is guided or motivated by the action but which is 
not inherent in it. Similarly, the action can lead the cognitive 
attention to focus on the change of the numbers (i.e. exchange of 
mathematical objects) in the course of the action. This gives rise to 
the impression that the action changes the numbers (exchanges the 
mathematical objects) which makes sense only after having carried out 
mentally all the necessary associations of numbers to stages of the 
action. The next step of the mental construction is the mental 
establishment of relationships between the associated numbers (mathe
matical objects in a general context). Of course, there are many 
possibilities and just one of them is that between 5,4 and the total 
number 20 of bottles. One can say, that the action (and certain goals 
of it) via focussing attention induces the coonitive construction of 
the relationship or correspondence of 5 and 4-to 20 which is one bet
ween mathematical objects: (5,4)➔20. It is important to note here 
that at this stage there is not yet any "operation" (in the form of 
an algorithm) on mathematical objects but just a (static) correspondence 
induced by the action and added to it in an integrative manner. The 
general form of this correspondence can be described as follow: If 
one carries m times k bottles then the total number of bottles 
carried corresponds to m and k or to (m,k). This correspondence can be 

-150-

presented by a table for instance as it was done before the invention 
of algorithms which permit the calculation of the total number out of 
m and k. For this to be possible appropriate symbols for the numbers 
have to be available (like place value systems). The algorithm (for 
multiplication here) can then be viewed as a (material) action to be 
carried out on the number symbols such that the same correspondence 
on the numbers (mathematical objects) is induced as it has been 
induced originally by the action. If one takes multiplication as a 
paradigmatic example this can be described in general by the following 
commutative diagram: 

material action material 
objects transforms objects 

constructive constructive 
association association 

mathematical induced mathematical 
objects ····················> objects 

relationship or 

mental 
corresf

ondence
mental 

association "mathematical association 
operation" 

mathematical ,L, mathematical 
symbols algorithmic symbols 

action 

For the developed thinking these qualitatively different levels or 
layers coincide since they will be integrated by the same frame/cogni
tive schema "multiplication". But the development of this frame needs 
intensive learning activities of the individual. Especially our ana
lysis makes clear that the actions will not automatically and by 
themselves lead to the cogitive construction of the mathematical 
operation (or mathematical objects). Guidance of the learner is 
needed to attatin appropriate focus of attention on the relevant 
mathematical objects and their changes/exchanges. We mention that for 
this cognitive process the use of prototypes (didactical materials) 
is important which by their very structure and appearence enhance 
focus of attention on the respective mathematical objects (and their 
association with the prototypes). 

Using nouns as names for mental entities is an important means for 
creating the subjective and cognitive creation of the object-character 
for such entities (like mathematical objects). I put forward the 
thesis that the use of verbs plays a similar role with respect to 
mathematical operations which as analyzed above at their genetic 
origin have rather the character of static correspondences. Since 
this correspondence is established constructively in the course of an 
action one is lead to use phrases like: we multiply 4 times 5 to 
obtain 20 even if there is no genuine operation which manipulates 
any objects (like number symbols). One can not transform the mathe-
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matical objects (considered as mental entities) in any way but only 
their representations by symbols. The "operation" on or with the 
mathematical objects is just the putting them in relations with one 
another which is induced by actions on prototypical materializations 
or on syrnbolizations. We term this usage of verbs as verbal opera
tionalization, the action then occurs only in the speech as a speech 
act. 

Example: Rotation in the plane. In the previous example I have 
exhibited the features which I judge to characterize constructive 
abstraction. This example will demonstrate the applicability of this 
theoretical medel in a geometric context. The action here can be: 
rotating a wheel, the hands of a watch and the like. The relevant 
mathematical objects are then circle and directions (in the euclidean 
plane). The mathematical circle cannot be rotated like its materiali
zations. Focus of the attention on directions (e.g. associated with 
the wheel) will construct a correspondence between initial directions 
and final directions in the course of material rotations, expressible 
as a certain angle . As a speech act this is formulated e.g. as 
"each direction is rotated by a certain angle". The mathematical 
operation "rotation" then is the corresponding mapping of the circle 
onto itself which can be operationalized by matrix multiplication 
(i.e. by symbolic actions on symbols for the points of the circle). 
This process perfectly fits the general schema depicted above. 

Surnrning up the conclusion here is the following: A mathematical 
operation does not schematize "corresponding" material actions (which 
might not exists at all) but it is induced by changes of mathematical 
objects which are associated with stages and/or elements of ·the 
actions. A mathematical operation is originally static correspondence 
which is operationalized by the use of verbs (as speech acts) or by 
algorithms on symbols for the mathematical objects. The meaning of 
the operation comprises all actions (and algorithms) which induce 
correspondences "isomorphic" to the operation. 
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At recent P11E conferences and in the literature in general researchers have been 

strongly advocating the need for special programs to help children and students develop 

their spatial visualization abilities (e.g., Ben Chaim et al., 1Q85; Gaulin, 1985). 

Underlying this plea is the tacit assumption that spatial visualization abilities are 

necessary, although perhaps not sufficient, for success in higher leve! mathematics. 

Clement (1983) stated that "The ability to perform relevant spatial transformations, ... 

(is a) crucial skill for solving non-trivial problems.· Often, statements such as this are 

interpreted inversely: If one doesn't have spatial ability, then one can't succeed in higher 

leve! mathematics. 

The Peter principle of management states that a person rises to his or her leve! of 

incompetence. It seems as though an analogue of this principle operates in mathematics 

learning: Namely, one contin11es to take mathematics courses until one doesn't succeed 

any more. In the United States enrollment patterns show two conspicuous drop-off points 

(Stanley et al., 1974): High school geometry and multivariable calculus. Both these 

courses are highly visual in nature, and both seem to have high failure rates. Is this so 

because the students can't handle the "relevant spatial transformations"? 

It is certainly true that sp�tial visualization plays a role in mathematical thinking in 

general, and in concept acquisition and problem solving in particular. But the influence 

of spatial visualization abilities may well be highly overrated. In calculus, for example, 

spatial visualization is commonly used for explaining the main concepts, the derivative 

and the integral; also, it often provides the motivation for the development of 

algorithms. But the demand placed on the student for actively applying spatial abilities 

is usually minimal. How many students or experts, when faced with finding the tangent 
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line to Y=x2 at (1,1) or when using N t ' h d ew on s met o , will ·accompany their solutions by 
a drawing? More generally, spatial visualization abilities are usually important for a first 
encounter with a concept. But after the concepts have been internalized by the students 
and the a]gorithms have been t· d th d ] · prac 1ce , e un er ymg spatial motivations are often 
completely abandoned.

Visual thinking might be less natura! than we assume (Shell Centre, 1984, p. 18).
Indeed, for many students visual thinking and analytical thinking seem to be
dichotomous modes, with the analytical mode b · h ] · emg overw e mmgly stronger, as 
measured by the frequency of use. This seems to be happening even though we fight 
against it in our lessons and recent textbooks are using far more graphics than they 
have in the past. Does visual thinking come naturally to us as teachers of mathematics? 
Do experts themselves divorce graphical thinking from analytical thinking and tend 
toward the latter if given the choice? This question is not new; mathematical reasoning 
patterns have been studied for many years: Hadamard (rn45) has classified types of 
mathematical minds, and already Poincare (1902, 1904) has contrasted Riemann, a 
completely visua] thinker, and Weierstrass, a completely non-visual one.

Rationale 

The hypothesis of this study is that analytical thinking overrides visua] thinking, 
even in experts in mathematics. This hypothesis arises from several different sources, 
most of which relate to mathematically gifted students. Clements (1984) in interviewing 
the mathematically precocious Terence Tao whose spatial abilit;es are exceptionally well 
developed, observed that Terence preferred to use analytical methods whenever they 
occurred to him, even when this required more complicated thinking than the visual 
methods which could have been used instead. In another study, Lean and Clements 
(1981) concluded that "spatial ability and knowledge of spatial conventions had less 
influence on mathematical performance than cou]d have been expected from recent 
relevant literature. • Similarly, Krutetskii (1976, p.351) observed that neither an ability 
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for spatial concepts nor an ability to visualize abstract mathematical relationships are 
obligatory in the structure of mathematical giftedness. Burden and Coulsen (1981) even 
showed that persons who prefer analytical to visual methods tended to perform better on 
spatial tests! Hence, several researchers are saying the same thing: The ability to 
visualize may not be as crucial a requisite for success in higher mathematics as we once 
thought. 

According to the literature, less is known about the role of spatial visualization in 
average ability students. In an introductory university leve! course taught by one of the 
authors (T.E.) every inequality problem (more than 30) was solved both graphically and 
analytically. The graphical method (Dreyfus and Eisenberg, 1985) was stressed, with its 
advantages over the analytical method being pointed out in each problem. But on the 
exam less than 5% of the students (n=97) opted for the graphical solution. 

Experiment 

To explore the above hypothesis, questions were constructed which could be solved 
by both a visual and an analytical approach. The solution paths were equally likely in 
the sense of one not being more obvious or sophisticated than the other. After a pilot 
test, some questions were dropped, others revised; eight questions were retained, among 
them: 

1. Is there a quadratic function whose graph passes through the points (-1,2), 
(1,-1), (2,3), and (5,1)? 

2. Solve l2x+61 > ·3_ 
3. Find the area enclosed between the graphs of y 

y = 3x+8.

6. The vectors v =(l,0,-1), u=(-2,1,3) and w=(-3,2,5) are linearly dependent.
What does this mean to you? 

8. Among 280 students who were accepted into the Faculty. of Science, 160 
had taken mathematics in high school, 130 had taken physics and 160 
chemistry. 50 had taken mathematics and physics but not chemistry, 20 
had taken mathematics and chemistry but not physics, and 30 had taken
all three subjects. How many of the students had taken physics and
chemistry but not mathematics? 
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These questions were given in either interview or paper and. pencil form to three groups 

of "experts" in mathematics. These groups were research mathematicians (RM; n=6), 

high-school mathematics teachers (MT; n=6), and third year university students (ST; 

n=6). A two minute limit was placed on each problem and it was repeatedly 

emphasized to the subjects that we weren't interested whether or not they solved the 

problem but rather in their method of attack. They were encouraged to think aloud 

where appropriate. 
I 
lf 

Even a cursory review of this table indicates several striking results: 

a. Within the limits of the problems chosen for this investigation, visualizing appears to 

be rather independent of the problem type - each problem provoked at least 20% 

visual and at least 30% analytical answers. 

b. There are visual subjects (RM3, RM5, RM6, MT4) and analytical subjects (RM2, 

MT2, MT3, ST2, ST3, ST5, ST6). Although the research mathematicians were more 

visual than the students in our sample they were far from being completely visual. 

Findings In fact, RM2 was completely analytical. 

The response of each subject to each question was classified as being analytical (A), 

visual (V) or mixed (M). The columns labelled 1 through 8 in the following table report

this classification. Bars (--) indicate that the subject didn't or couldn't relate to the

question. The first column in the table simply numbers the subjects within their groups 

for easy reference, while the last column contains the subjects' self-classification (S-C) in 

response to the question: "Are you a visual thinker?". The answers to this question were 

classified as yes (Y), no (N) or half-and-half (H). 

Classification of responses 

1 2 3 4 5 6 7 8 S-C 

RMl A A V V A V A A H 

RM2 A A A A A A A N 

RM3 V A V V V V V V y 

RM4 A A V M A A V V H 

RM5 A V V V A V V V H 

RM6 A V V V V V V V H 

MTl A A V V A V N 

MT2 A M A A A A A V N 

MT3 A A V A A A A V y 

MT4 V V V V A M V V y 

MT5 V M V A V M M V y 

MT6 A V A A A A V N 

STl A A A A A V V H 

ST2 A A M A A A V A y 

ST3 V A A A A A A y 

ST4 V A A V V A A A H 

ST5 A A A M A A A A y 

ST6 A ·A A A A A A A H 
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c. If any conclusion may be drawn from such a small sample, it is that most research 

mathematicians and teachers were somewhat more flexible than the students in

choosing their approach to a problem. 

d. Self-classification was accurate among researchers and teachers (with the exception of 

MT3 and possibly RM6 and MTl), while the students had a tendency to classify

themselves as visual thinkers even after consistently taking an analytical approach. 

Discussion and lmplications 

The interviewees often made interesting side remarks. One from the RM group 

claimed that a majority of women in mathematics are algebraists and therefore non

visual thinkers. This observation is certainly valid with respect to RM2, a woman 

algebraist who repeatedly commented during the interview about her inability to visualize 

mathematical structures. To a lesser degree, the observation also applies to MT2, another 

woman who, however, attri-buted her analytical way of thinking. to her education. Several 

other subjects (RM6, MT3) also attributed their mode of thinking to the mathematical 

education they received. Others stated they had reeducated themselves consciously and 

were now thinking much more visually than they used to when they were in college. 

RM3, on the other hand, explained his tendency toward visual thinking by his slowness 

in thinking about mathematics in general. Several interviewees commented on the· 

relation between their familiarity with the topic of a problem and the approach they 
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chose; e.g., "This is not intuitive to me, so I can't do it graphically. • or "I don't know 

what to do here; therefore I would first draw. • It is interesting that these comments 

went both ways, in one case even within one subject. 

Wlth respect to the curriculum, the results of this study favor a parallel 

development of topics that are visual in nature and topics that are analytical in nature, 

as opposed to a sequential approach such as is common in the United States. They also 

favor developing every topic with its analytical as well as with its visual aspects, thus 

allowing each student to grasp the material in the way which is doser to his cognitive 

orientation. Possessing or not possessing visual thinking abilities should not be used as 

the acid test for barring students from studying higher leve! mathematics. 
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THE STEP TO FORMALISATION KATIILEEN HART 

The research project "'Children' s Mathematical Frameworks" ( CMF) was financed by 

the ESRC at Chelsea College <luring the years 1983-85. It followed and built 

upon the research projects CSMS and SESM (previously reported at PME). In the 

first, a description of levels of understanding in 10 topics commonly taught in 

the secondary school was formulated from the data obtained from both interviews 

and more forma! testing. The test results showed that many pupils committed the 

same error when attempting certain questions. The reasons for same of these 

specific errors were investigated in the subsequent research (SESM). These 

misconceptions do not begin at the secondary school stage but are formed 

earlier. A possible learning experience <luring which such misconceptions can 

arise is when the child is required to move from a practical or material based 

approach to mathematics to the formal and symbolic mathematical language used in 

the secondary school. CMF was designed to monitor this transition to 

formalisation in a number of topics taught to children aged 8-13 years, 

The investigation was based on same classroom observation but mainly on the 

results of interviews with children. The research methodology involved:-

i, 

ii. 

iii. 

iv. 

v. 

vi. 

vii. 

viii. 

the recruitment of volunteer teachers; 

the writing of a scheme of work or teaching plan, in same detail, by the 
teacher. These were discussed with the researchers who did not seek to 

influence the way the teachers taught; 
the interviewing of six children in the class to be taught, before the 

specific teaching of a topic took place; 
the reporting by the teacher of any changes to the lesson plan and the 
provision to the researcher of work cards and assignment sheets etc used 

in class; 

the interviewing of the six children immediately before the 
formalisation experience was planned to take place; 

the observation and tape recording of the formalisation lesson(s); 
the interviewing of the six children immediately after the lesson(s); 
the interviewing of the same children three months later; 
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ix. 

x. 
the transcribing of all the tape recordings; 
the discussion and analysis of the transcripts. 

British primary school teachers have been encouraged, for at least the last 

20 years, to use a "concrete" approach to the teaching of mathematics. Their 

training has emphasised that young children are able to work with materials when 

they may be unable to appreciate abstract statements (a philosophy loosely based 

on the theory of Piaget). Over time this emphasis has changed inta a series of 

beliefs which include (a) formal mathematical statements can be seen as 

generalisations made from a series of practical experiences eg the child 

recognises the formula for the area of a rectangle from a tabulation of results 

obtained by building up rows of tiles to fill a number of rectangular spaces (b) 

if a child moves on to a formalisation from practical experiences he can easily 

move back to the use of concrete materials if need be (c) children who have 

difficulty with remembering the symbolism can be told with advantage to revert 

to materials eg "Use the bricks to help you", The CMF data give valuable 

information on the truth of these beliefs. 

The sample for CMF was composed as follows:-

Area Formula 3 classes aged 9-10 years 
Equations 3 classes aged 11-13 
Enlargement 4 classes aged 10-12 
Volume of a Cuboid 4 classes aged 10-12 
Circumference of a Circle 2 classes aged 11-12 
Equivalent Fractions 3 classes aged 10-12 
Subtraction and Place Value 4 classes aged 8-9 and 1 remedial group aged 12. 

Each teacher decided on the content and length of time for the teaching sequence 

leading up to the formalisation and then designated the lesson in which the 

formalisation/generalisation or symbolic form would be introduced. It was this 

lesson that was observed and tape recorded by the research team. In same cases 

the teacher gave the ,children material and symbols to work with side by side, on 
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other occasions the material was mentioned as having been used in the past (eg 

last week) but the lesson itself concerned symbolisation. In one case the 

teacher provided an intermediate stage between the use of bricks and an 

algorithm when he made "strokes" on the board to represent the bricks, but this 

intermediate step was not positively recommended to the children. 

The subtraction algorithm in each of the four research classes was based on 

decomposition and part of the teaching sequence was devoted to the relationship 

between tens and ones. Prior to the teaching, four out of the seventeen 8-9 

year olds interviewed regarding a written subtraction question removed the tens 

value first. Later, children were observed to do the same when using Dienes' 

multibase and Unifix. With Unifix, 56 - 28 resulted in the removal of three 

tens' from five tens and then the addition of the "extra 2" to the "6", This is 

a straightforward and sensible use of materials to solve the problem but it does 

not mirror the algorithm which is seen as the generalisation arising from these 

concrete experiences. 

The formula for the volume of a cuboid, V =  1 x b x h was taught to four groups 

and usually the stage before the triple multiplication was explained by the 

teacher as "a layer times the number of layers", The area formula was seldom 

mentioned and children often found "the layer" by counting. In 13 of the 20 

cases where a correct general method was remembered three months after the 

teaching, it was recalled in the form of "layer times number of layers", An 

additional problem faced by children who remembered that they were expected to 

multiply was that they had no method for multiplying three numbers. The lessons 

we might learn from these examples are that (a) the method the child uses with 

materials is not necessarily that which is generalised in the formula or rule 
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and (b) some generalisations are more successfully assimilated than others as in 

the case of "the number of layers". 

Sometimes the teachers preferred to teach a group of children whom they regarded 

as being at about the same level of readiness for the idea being presented. 

Figures 1 and 2 show the performances on subtraction of children aged 8-9 and 

taught by the same teacher. The axis across the page is marked to represent the 

four interviews and the other axis is marked with typical responses given by the 

children (they are not ranked in order of worth although the incorrect methods 

are placed lower). Note that it is possible for a child to have a good workable 

method (such as "counting-on") prior to the teaching and to replace it with an 

incorrect method like "always subtract the smaller digit". 
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Figure 3 shows the performance of a group of 12 year olds who were regarded as 

in need of extra help. This response pattern more closely resembles the results 

expected by teachers, than those shown for the younger first time learners. 

The four formalisations discussed here involve operations on numbers and for 

completion addition or multiplications bonds are used. Many of the children 

observed trying to use these formalisations had neither of these sets of facts 

available and so were forced to count. The rules however were not 

generalisations of counting and the effort expended by the children was on the 

mechanics of finding the correct number rather than interpreting the rule. 

Children in the two classes which were taught the formula for the circumference 

of a circle retained both the symbolic form and a practical method for finding 

the distance round a cylinder. One being used when the radius was given and the 

other when it was difficult to find. In most other cases the practical methods 

were not remembered. The 10-11 year olds who were learning the rule for 

generating equivalent fractions found it particularly hard to provide a concrete 

model when they forgot (or did not understand) the rule. One teacher bad used 

subsets of a set as well as a region model and provided evidence of the 

reliability of the rule by appealing to fractions with denominators which were 

factors of 12, The other two teachers had drawn (freehand) a circle, or pair of 

circles, and called it "a pie" as they subdivided it. The inaccurate division 

of circles does not show that 3/7 9/21 although if you already know that fact 

it might boost your confidence. If you do not know the fact and you are trying 

to find through the use of a set of discs, an equivalent fraction, then you do 

not know how many discs to take as an initial set and so might reason as Terence 

�') 

did:- 5�--::, 
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Terence: 

Interviewer: 
Terence: 
TnterviPwer: 

Terence: 

LATER b) 

Interviewer: 

Terence: 
Interviewer: 

Terence: 
Interviewer: 
Terence: 

Interviewer: 
Terence: 

Interviewer: 

Terence: 

I'm break.ing them up, like we did in class. 

I see. They're supposed to be bricks. 
Yes, measuring up .... tenths. How many? 
h/10. T c1BkPrl w::1� there another name you could Q:ive to 6/10, 

that fraction. 
It's more than half. 

0 

0 0 O o ro,C oo c oO

Now, in this list here, I've got a whole series of fractions. 
Now, are there any of them worth the same? Could you write down 

any which are worth the same? 3/8, 6/12, 6/11, 6/16, 10/26, 
9/24. 

draws (b). 
Tel1 me what you are doing. You've done a whole set of little 
circles there. 

Yes, 12. 
There's 12 of them, yes. 
So .. er .. 12, 6. They would be up to there, see (marks halfway) 
six twelfths. 

You've drawn 12 circles. 
I marked in 6/12. Three eighths, 1, 2, 3, 4, 5, 6, 7, 8. So the 
whole one would be there 00000000 0000 and 3 would be in between. 

These two are not the same. 

They're not the same. Right. 3/8 and 6/12 ... we've knocked out 
because ... Now what did you do? I have to tel1 the machine what 
you did, You put your hand over the last four of those circles. 
Yes, because there's 12 here, but if I put my ... hand over there 
to show that was 8 and 3/8 would be there and it isn't the same 
as that (pointing to 6 circles). Try 6/11, is the same (counts 
from LHs of circles and gets to same point). 

To expect a child to invent the concrete medel of an abstraction he does not 

understand is usually too difficult a task. In mast cases the children do not 

remember the physical embodiments after the formalistion lesson has taken place 

and so cannot refer back to them. 
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Meta-cognition: the Role of " Inner Teacher " 
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1. Fundamental Conception and Methodology of Research

Recently, meta-cognition has come to be noticed as an important function of 

human cognitive activities among researchers of mathematics education as well as 

among professional psychologists. But even the definition of meta-cognition is 

not yet so firmly settled, and results from the researches have little 

implication useful to the practice of mathematics education, only still 

remaining at the psychological interest. 

In our research, meta-cognition is defined in the teaching-learning 

context so as to be applicable to the practice of mathematics education and this 

is, we believe, the first point in which our research is characterized as being 

different from others. 

We started from a very primitive view that teaching is a scene where a 

teacher teaches a pupil and a pupil learns from a teacher. But in the process 

of teaching, a phenomenon which is very much remarkable from psychological point 

of view will soon happen in pupil 's mind; that is what we called the splitting 

of ego in the pupil, or we might call it decentralization in a pupil, if we use 

the Piagetian terminology. 

Children, as Piaget said, are ego-centric in their nature, but perhaps as 

early as in the lower grades of primary school, their egocentrism will gradually 

collapse and split inte two egos: the one is an acting ego and the other is an 

executive ego which monitors the former and is regarded as the subject of 

meta-cognition. Our original conception is that this executive ego is really a 

substitute or a copy of the teacher from whom the pupil learned. The teacher, 

if he/she is a good teacher, should ultimately turn over some essential parts of 

his/her role to the executive ego of the pupil, and after then in a mean time 

he/she should disappear before the pupil, and in this meaning we refer to the 

executive ego or the subject of meta-cognition as inner teacher. 

The second point that characterize our conception, is that we come inte the 

possession of a new methodology to study meta-cognition. Until now, intros

pection has been almost the sole and often unreliable method of study in this 
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area. But in our case, if we study meta-cognition, we only analyze actual 

behaviors of the teacher in his/her teaching and closely observe what part of 

his/her behaviors could be transformed to a pupil as the quality of pupil 's 

meta-cognition. 

Thus, we could study meta-cognition through analyzing the process of 

lessons and could do it in close connection with the practice of mathematics 

education. 

2. The Aim of Research

Ego-splitting is regarded as a phenomenon in the development of a child, 

but it is also a thinking phenomenon which can be seen in every place of 

learning. Therefore, the study of meta-cognition can be approached from two 

points of view: the one is development-psychological which needs a longitudinal 

observation, and the other is thinking-psychological and this latter view-point 

is our main concern in our study. 

From thinking-psychological view-point, the importance of meta-cognition 

exists in its activiating function of knowledge to warrant the learning 

mathematics in its genuine sense. Our aim is to be aware of meta-cognitions 

through observing lessons and, if possible, to categolize them along with the 

teaching process. And, we hope, the results of our research would be able to 

answer to one of the major problems of mathematics education suggested by Dr. 

Freudenthal(l): why Johnny can't learn mathematics. 

3. Observation of Classroom Lesson Process and Considerations

Most classroom lesson proceeds through some stages as follows: 

1) introduction, 2) development, 3) exercise and application,

4) conclusion.

In 1), teacher presents some topic in various kinds which includes 

mathematics to be learned in the lesson, and talking about it he/she gradually 

concentrates his/her pupils' attention to the mathematical core of the topic. 

The stage 2) is the main part of the process. Refering to the introduced 

topic, teacher formulates the content to be learned into a problem or elaborates 

it as a concept, and ultimately he/she makes pupils learn the method that is 

used and the concept that is formed as mathematics. 
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Through the stage 3), teacher makes pupils get possession of the knowledge 

and skill more firmly. 

The stage 4) is the final confirmation of what is learned in the lesson. 

Here we confine our consideration to the first two stages, because other 

two seems not to have much importance to our thesis. 

In general, classroom lesson can be looked from two different view-points: 

one is as a cognitive process of an individual pupil and the other is as a 

social or group process of the whole classroom. These two are dependent to each 

other and we never make light of the importance of the latter which is highly 

emphasized by Dr. Bishop(2) in his recent papers. But here we will be mainly 

concerned about the former process, because this is the better place to observe 

the traditional and even current classroom lesson and to illustrate our thesis 

in this paper. 

At first, we should discern two kind of contents that are treated in the 

lesson: mathematical and material. For example, when we are to teach the 

addition of the whole number 2+3=5, it is mathematical content, but to teach it 

to the 1-st graders, we use some story or situation which includes this 

mathematical content. We refer to this story or situation as material content. 

In the following we will take notice of a teacher's behaviors and 

utterances in each stage of a lesson and consider how they could affect on the 

ways of thinking of an individual pupil. When a pupil solves a problem or use 

mathematics by him/herself, he/she does not only use the mathematical contents 

that he/she learned in school, but also needs the 'knowledge on mathematical 

knowledge' that is 'meta-knowledge'. And it is our aim to illustrate that most 

of these 'meta-knowledge' comes from his/her teacher's behaviors and utterances. 

1) From Introduction-Stage

We should notice on the didactical roles of 'material content' that was 

refered to in the above. Those roles will be mentioned as follows: 

(1) The material contents confines the pupils' awareness to the fixed

topic which includes the mathematical contents to be learned.

(2) It will be used as the 'learning-aids' for pupils to understand the

mathematical contents.

(3) It will become a model of applying mathematics to other problems or

in other situations.

The material content is not purely mathematical, but is essential to learn 
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ar ta use mathematics. So we may call it a kind af 'meta-knowledge'. We should 
notice ta the fact that it is selected and adopted by the teacher and used by 
him/her in the lesson, and that it necessarily reflects the whole personal ity af 
the teacher more ar less, and the more effective his/her lesson is, the more 
strongly it will central the ways af thinking af the pupil that he/she taught. 
In real ity, in telling a story and presenting a situation, teacher transforms 
his/her behaviors ta pupils, including ways af his/her talking, writing and 
thinking, and its effect will be the more if pupils are younger. 

In this stage af the lesson, a teacher often says as follows: 
"let us consider ... ", "Let us try ta do ... ", "Will you 1 ike ta do 
"I wi s h you ta do ... ". 

. . .  ' 

Perhaps these may show Mr. Brousseau's(3) 'didactical contract' but we 
fear that these contracts are often made from the teacher's side exclusively, 
and this would be the main reason why autonomous ar voluntary behaviors af 
children are scarcely expected in their future lives from mathematical points af 
view. 

After pupils are introduced ta the situation that is proposed by the 
teacher, he/she indicates the problem ar conflict imbedded in the situation and 
makes pupil think how ta resolve the contradiction, and as a tool af solution 
he/she often introduces a new mathematical concept. 

For examples, in the 5-th grade, teacher begins the teaching af 
multiplication by decimal fraction by presenting a verbal problem like this: 

"What is the weight af oil 0.6l if His 875g?".

And discussion follows, making pupil be aware af the fact that they can no 
more understand multiplication as an iterated addition. 

In this stage, the frame af teacher's utterances is rather narrow: 
"How will you do, if ... ?", ·"can you do anything?" 

But the point is whether the problem itself becomes the pupil 's possession 
ar it remains as teacher's. How is it possible that the teacher's problem is 
transfered ta children and becomes their own? We think it depends an the 
teaching ability af teacher but it rather depends an the acting ability af 
teacher as Dr.Polya(4) says that teacher should be an actor ar actress. This 
means that the emotional impression would be one af the essential component af 
meta-cognition and af 'inner teacher' who indicate pupil what ta do voluntarily. 
Indeed, the pleasure af curiosity, excitement af exploration and fascinating 
imagination would be essential qualities af meta-cognition in learning 
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mathematics and these qualities should be carefully cultivated through all 
stages af the lesson. 

2) From Development-Stage
In mast lessons, this is the stage af teacher's explanation and discussion 

among pupils. We do not neglect the importance af the discussion among pupils, 

but here we will cancern about teacher's explanation, because it seems in our 

country that teachers like explanation rather tnan spending much time for the 
discussion among pupils. 

These explanations are carried an such a way af talking as follows: 
"It follows that ... ", "It is because ... ". 
Of course a teacher often asks same questions ta pupils ta confirm ar 

evaluate their understanding. In such a case, he says: 
"That's right.", "Is it true?", "It seems not ta be 

Clearly the teacher wants ta urge pupils' reflection and make them examine 

the answer by themselves, but it is important that pupils become ta be able ta· 
reflect ar examine af their own accords. 

In connection with the formation af meta-cognition in this stage, we 
should like ta mention same noticeable facts in this stage: 

(1) In explanation, both teacher and pupils resort their reasoning ar
justification ta two things: one is logico-mathematical knowledges which are 
supposed they have in their intellectual stage, and the other is the material 
contents that are introduced at the beginning af the lesson. Naturally in lower 
grades, the latter is more often used than the other and the latter often 
constitute 'meta-knowledge' af mathematics. We often neglect the latter, but 
they are as essential as the pure logico-mathematical contents for pupils ta 
learn ar use mathematics. In addition, we should also notice that these two 
categories are closely connected ta each other. For instance, 

876gx0.6(l)=87.6gx6(dl)=87.6g+ ......... +87.6g 

is· not purely mathematical understanding; pupils understand this in resorting 
ta the material knowledge. 

(2) Psychologically interesting is that even in a personal thinking there
are two subject af thinking as are in this stage af classroom lesson: one 
proposes a tentative answer and the other asks its justification, ar one asks a 
question and the other answers. In a personal thinking, both roles should be 
played by a single personal ity, while in classroom one is played by teacher and 
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the other is by an individual pupil. And which af these two takes the 

precedence af this process---this is the mast critical point. Of course in 

classroom the teacher takes, but how is it possible for him ta do so? It goes 

without saying that teacher knows everything about the problem situation, but 

among others the following knowledges would be mast related ta the questions 

teacher asks: 

What is the problem all about? 

What is the essential point af the problem? 

What connection the problem has ta the knowledge that is already in 

one's own possession? 

These knowledges are different from the mathematical ones ta be learned; 

they are knowledges about the value af the mathematical knowledges and their 

connection ta oneself, and without these knowledges, one can't develop his/her 

thinking by oneself even in the same situation where one learned. We may say 

that he/she needs a teacher in him/herself who proposes an appropriate question 

and properly examines the answer ta it. This inner teacher would be a copy af 

his/her teacher in school. This means that the ways af questions and that of 

evaluations made by the real teacher will be come meta-knowledges of the pupil, 

for better or worse. 

4. Concluding Remarks

We are often inclined to emphasis only the pure mathematical knowledge in 

its education, but in order to make them activate in pupils, we should notice 

another kind af knowledge, that is 'meta-knowledge' of mathematics. We argued 

that this comes from the teacher's behaviors and utterances in the classroom or 

even from his/her whole personal ity. To collect these knowledges and arrange 

them inte some categories is our aim, but this aim is not completely attained in 

this paper and we eagerly wish ta continue this research furthermore. 
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An essay an the epistemology af learning : a longitudinal analysis af the prooessive growth af 

competence in children ooing LOOJ 

Tamara Lemerise, Psycholcx:iie, Universite du Quebec a Montreal 

Helene Kayler, Mathematique, Universite du Quebec a Montreal 

S1nce the very first af Papert's reports on LOJ! ( Papert 1972, 1979 ) there has been a strong belief by 

many educators and researchers that learning ta prcx:iram in LOJ! may greatly enhance the development af 

thinking. However, a great deal af the data offered up ta now ta support such a belief are generally held 

by hard-core researchers as anecoo::tical (Krasnor, Mitterer 1984); indeed, even if anecoo::tical data 

can be judged interesting in themselves, being often powerfully illustrative and at times quite 

convincing, they oo not yet have the power to demonstrate the real co:initive effects af LOJ). In an effort 

ta be more rigorous toward such a demonstration , Pea and Kur land 1983 borrowed from the classical 

trend of assessing learning by measuring the level of generalisation af the "presumed" acquired 

knowleå]J. But as underlined in Papert's criticism ( Papert 1984), the presence af serious 

methooolcx:iical flaws in this approach leads more to an impass than ta a solution. Furthermore, it 

seems that until we have gathered data on what and how the ch1ld learns _while working in LOJ!, the 

generalisation approach will be quite hazaroous. 

In the search for the kind af specific knowleå]J acqu1rec1 by a child while working in a given LOJ! 

environment, it may be interesting ta investigate the different competencies manifested and developped 

all along the working sessions. Competencies is mainly defined here by the "savoir-foire" dimension, 

the role af own's action in the learning process ( the "how ta oo", the "knowing how ta cb" borrowed 

from Ken Low's theory of competence ( 1983)). In the LOJ) context, we presume that the child's actions 

wh1le 1nteract1ng w1th the turtle follow a 1cx:i1c af 1\s own: the 1cx:i1c af the act1ons character1s1ng the way 

the actions are organised and linked one ta the other. It is presumed too that, through successive 

experiences , the lcx:iic underneath the child's octions will evolved with the variety and level af 

soph1stication ar the actions made. SO a r1gorous and long term analys1s of the observed ac\ions ar the 

children in their day ta day learning experience in Logo should allow revealing the epistemology of 

their learning prcx:esses. In a way, this quest concerning the epistemolcx:iv of the childrens' learning 
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process cuts ecross Papert's nation af fragmented knowleo;ie ( Papert 1984). lndeed it cells for 

gathering data on how the child progressively moclifies, through his work and experience, his initial 

pieces af knowleo;ie or his initial competence and how he progressively "picks up same of the pieces and 

puts them together" ( Papert 84, p. 12). changing at the same time the nature of his competence. 

The research paradigm used by Lawler ( 1981) offers an interesting alternative for the study of how 

Loi,:i may affect the development of competencies in children. Lawler rig:irously \races the progressive 

construction of knowleo;ie af a child through a long term analysis of all the competencies and skills 

effectively shown while working on a specif1c subJet matter in various rea1-11fe mtcroworlds. Even 

if the present research context ooes not allow following the observed children in different 

microworlds, we still have a great deal of data from which we can analyse the course of development of 

one, two or more competencies in the single turtle geometry microworld. It seems to us, for example, 

\hat a long term chronological analysis of all the different uses of importen\ nations inherent to Logo 

(procedural thinking, iteration , variable , and so on) by different \arge\ children, may allow \racing 

the evolution of competencies and thereby facilitate the identification of what was effectively learned by 

each child and how it was learned. 

The research presently undertaken aims at analystng the course of development of two main 

competencies in Logo: the ability to program in a procedural way ( linked to the development of 

procedural thinking) and the ability to work with the repeat command ( linked to the concepts of 

iteration and multipllcation - c.f. Kayler 86). In this paper we shall explore the various types of 

progress made by different children in their use and organisation of the procedural thinking through 

their year long contact with Logo. In an other paper (Lemerise 86), a similar analysis is undertaken 

bu\ in this case for the repeat command. 

We are now in the second year of following a group of 21 students aged between nine and twelve years old, 

who come once a week to a laboratory equiped wtth etght computers. Chtldren work either i_n pairs or 

alone for approximately an hour each week. Mast of the time children work on a personnal project and, 

in general, take three to four weeks to achieve what they undertook. The dribble files and the protocols of 
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the observers constitute our main sources of data. Four observers systematicaly follow eight \arge\ 

children during each of their working sessions; the other children are also observed, bu\ on an irregular 

basis. The Logo environment prov1ded ts rtch tn support ( the observers are part1cipant-observers 

guiding the child when need be) bu\ low in formel instruction. 

The protocol analysis ( from dribble files, observational records and procluction's analysis) reveals very 

interesting progressive steps in the elaboration of the procedural action. We intend to present here a few 

"developmental cases" each one start1ng wtth I) a descr1ption of thetr bese ltne competency; 2) a 

summary of their successive types of procedural uses -the way procedures, subprocedures and 

superprocedures are each time orQ6nized -; 3) the observed links between succesive types of use ( what 

events give birth to the new way of ustng subprocedures, for example); 4) the verbaltsat1ons of the 

child, when available, relative to the present topic, and finally 5) the level af competency reached at the 

end of the school yeer. 

Even though slight differences may appeer according to the age af the child (9, 10 ar 1 1  yeers), the 

personnal worktng style or the dtfferent nature of the chosen proJects, a general pattern of s1x 

developmental steps characterizes the path usally followed by our young boys and girls in the 

progressive building up of procedural competencies. 

Level 1: Charactarizad by the absenca of subprocedure. There is one main procedurs usually with a long 

string of commands. The procedure is seen as a saving device and the child's actions are planned 

"de proche en proche". At the follwing session, the procedure is called back and new commands are 

added; this process is repeet until the project is finishec!. 

Level 2: Subprocedures appear, bu\ mainly because of a time constraint, the working sesion being over. 

For exemple, at the end of session I the child saves under ROBOT what he hed time to oo; in session 

2 he saves under a "new" procedure ROBOT2 h1s f1rst part ( ROBOT)plus a series of new 

commands .... and so an until completion af the project. Here the child lives a very first level af 

experience with the embeåling af a procedure in a superprocedure. 

Level 3 : Now subprocedures correspond to parts of the child's project, bu\ mast of the time the parts 

are etther t1me def1ned or 11ngu1s\1cally def1ned. As 1n this exemple, where the child wants to do 
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a submarine. In the first session there is only tirne to oo the front part, so he saves it under SUB. 

The rear part of the submarine is finished during the second session and saved under MARINE. 

Then it is easy to think of editing a superprocedure SUBMARINE. In general children love those 

"words game" and through them exercice a lot of their procedural cornpetencies. lake another 

child, who in the midst of a session defines R for II part of her robot's leg; then later RO ( including 

R plus other commands) for the right side of the bcx!y, and then ROB ( beginning with RO) and so on 

until ROBOT is completed. Here each procedure ooes not correspond to a real part of the object, 

what seems to determ1ne the content of each one 1s more the number of commands 1nvolved, so they 

are more easy to correct if their is a bug ! The next project of this child is a rocket ( Fusee, in 

french), where the procedure F stancis for the bese , U for the bcx!y, S for the heoo, E for an 

antenna and because there·s a E left a moon is def1ned. It is of course very easy efter that to create 

a superprocedure FUSEE. And it is those two successiva experiences that bring the child to level 4. 

UY.el...1 : Here subprocedures correspond to logical parts of the project and are often embeålld one in 

the other. In general, the main linas of the action are planned in advance, but still a lot of 

organisation of the action emerges during the process itself. A child plans a bird with a heoo, a 

bcx!y, some feet. While constructing the contour of the heoo, she \hinks of the parts inside ( mouth, 

nose, eyes); similarly, while ooing the bcx!y, she thinks of the wings. So at the end she hasa 

superprocedure BIRD calling for HEAD, BODY, WINGS and FEET; then HEAD is composed of three 

subprocedures MOUTH, NOSE, EYES and WINGS for its part contains RIGHT.WING and LEFT. WING. 

Of course, here the procedures are not at all exportable, being dependent on one another. lndeed, 

the interface between procedures is undifferentiated from the other commands, being either at the 

end or at the b91Jinning of part's procedurs. 

Level 5 : The subprocedures are logical parts, nicely embeålld and some of \hem are easily exportable 

and transformable. Frederic hed already defined CIRCLE in a previous session. He first exports 

the procedure to define ZERO in his number project, then he uses 1t agein for the TEN, NINE and 

EIGHT. In a subsequent alphabet project CIRCLE is agein called for to produce the letters b, d and 

p, but it is quickly transformed in HALF.CIRCLE so the previous letters have a nicer look. Then 

HALF.CIRCLE is transformed too in two new subprocedures HALF.CIRCLEl and HALF.CIRCLE2 for 

the need of specific letters. This fith level is already quite sophisticated for our children, but 

what is still missing is the ability to cope in an orgenized Wf!'{ with the interfaces. When Frederic, 
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for exernple, wants to write various narnes with his alphabet he still has a hard tirne with the 

interface between each successive letter. 

Leve! 6 : Hare, planning the organisation of the interface is also view as a procedural process. As for 

instanc:e in the project WIZARD, where each part or the weird man was constucted separately and 

the interface defined afterwards in a procedural mooe. Six MOVE were defined !J)ing from MOVE.O 

to MOVE.5. Again in a CHECK-BOARD project where subprocedures were create to produce an 

empty square, a f1lled square , a line of squares; two subprocedures were specifically made for 

the trajectories of the turtle between two lines of squares I Finally a superprocedure for the 

whole check-bo8rd was constructed. So this is the top level of sophistication we observed in our 

stucty'. It must be ment1onne that our children rarely use procedure with variabla and being so, 

thirt did'nt have the opportunity to tack le what Hillel and SamurCErf ( 1985) defined as procedures 

composed of genen1lized subprocedures. 

In a Wfl'/, the !avels describe above hava a lot in common with what Noos ( 1985) observed in his 

exhaust1ve stucty'. But even 1f these levels are 1nterest1ng per se, they are even more so when one can see 

how each child !JJ8S through them and what kind of context he/she nedds to be able to oo so. This is 

precisely what the delta from the "developmental ccses" allow us to see. These delta rnfl'/ too by the same 

occas1on answer some of the quest1ons pose:! by H111el and SamurCErt 1n the1r search of what can l>r1ng 

conceptual change in the child's view of procedures. 
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THE COMPUTER AS MEDIATOR BETWEBN ANALOG AND DIGITAL THINKING 

Uri Leron 

DepArtment of Science Educa tion 

Technion - Isrul Institute of Technology 

HAifA 32 000, Isrul 

Introductipn, This tall< presents a theoretical model to help explain the vitality of 

the computer for one fundamental aspect of m..thema tic11 educa tion, I start from the 

premise that in order to gain any significAnt and useful understanding of a · 

mathematical topic, the student Cor professionAl m1.thematiciAn'> needs to h1.ve both an 

'andog' and a 'digital' representations of the subject, as well as the ability to shift 

frequently and easily between th11 two, (Eg, DAvis & Hersh "The Mathematical 

Experience", pp. 301-316.> I shall not Attempt here a definition of the 'ana�og vs. 

digitAl' terminology, Its mu.ning cAn be gleAned from the exAmples, AB well as from the 

following list of clonly rel1.ted p&irs of term11: intuitive vs. Analytical (or formall, 

global vs. local, spatial vs. Hquential. (Seeing these terms, on• i11 tempted to assign 

analog and digitd thinl<ing to the right and laft hemispheres of the br&in, but this 

would be both irresponsible And unnecessary .) 

Examples: In geometry, the analog representation roughly corresponds to what 

might be termed 'geometrical (or spatial) intuition' - the Ability to see in the mind's 

eye figures and relationships, as well as the ability to mentally perform various 

operations on them. Digital representAtions may range from simple verbal descriptions 

C'the diagonals in the parallelogram ABCD bisect each other'l to algebraic 

representations of points, lines and curves in Andytic geometry, In elementary 

arithmetic, children are givan an analog representation of the number system via 
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Cuisenaire reds. In music (to tal<e a non-mathematical example) written sheet-music is 

a digital representation of the music we hear and play 'analogically'. 

The educationd problem. Then examples help illustrate the claim that a.t the end 

of a. successful lea.rning process, the learner should ideally 'own' not only the two 

types of representations, but the equivalence between them as well. Analog 

representation is important for the creative aspects of mathematics (mal<ing 

conjectures, solving problem, discovering proofs, etc.), as well as for meaningful 

learning (giving intuitive meaning to the manipulation of symbols). Digital 

representation is important in order to checl< our con.i@ctures more objectively and 

rigorously, and for certain modes of communication (eg. textbool<s, programming). 

Traditionally, maths education suffers from 'digital chauvinism', which resulh in an 

impoverished mathematics (neglecting analog aspects) on top of an impoverished 

learning process (neglecting student•' analog powers). But even when one comes to 

recognise the importance of analog thinKing, it is not easy to design learning 

environments which promote this Kind of thinKing, n,p11cially the frequent shift 

between the two modes to help establish the equivalence between them in the learner's 

mind. This is precisely where the computer steps in. 

The digital<->analog cycle. Consider a child programming a HOUSE with the Logo 

turtle (or, similarly, shooting arrows to pop balloons in Darts, or building logic 

machines in RocKie's Boots, 11tc.) The child starts with an analog representation of the 

house (a mental or actual picture) and is trying to teach the turtle (ie. the computer) 

how to draw it. The turtle, however, understands only 'digital' instructions (like FD 

100, TRIANGLE, etc), so the child, on her own initiative, starts translating her analog 

house inte a digital one. Let us suppose she runs inte the famous 'interface' bug, 

attempting first the following procedure (Fig. !): 
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TO HOUSE: 
SQUARE: 
TRIANGLE: 

E:ND 

The turtle, having been in11tructed to draw the house via the HOUSE: procedure, 

translates this digital description bacK to an analog one, and draws the buggy picture 

on the screen. The child is strucK by the discrepancy between her original picture and 

the one produced by her instructions to the turtle (children literally ,.iump here with 

surprise). Consequently, she becomes involved in a rich digital<->analog comparisons 

and conversions as sh11 is trying to debug her procedure. E:ventually, after many cycles, 

a digital equivalent of her picture is produced: 

TO HOUSE: 
SG.UARE: 
FD 50 RT 30 
TRIANGLE: 

E:ND 

Let us consider the foregoing int11raction from a more abstract perspective. Wr, vir,w 

. the two participants in the dialogue, the child and the computer <or the turtlel, as 

having complementary roles in th• action-fndbacK cycle (Fig. 2), Th• child inputs 

analog representations (pictures) of the house and outputs dig i tal representations 

(symbols in a programming languagel. Thr, computr,r inputs digital representations (th• 

child's typed instructions) and outputs analog ones (drawings on the screen). The 

computer's analog output is input by the child and th• child's digital output is input by 

the computer. The cycle is formed by the child acting as an analog-te-digital processor 

and the computer as a digital-te-analog processor. During the many cycles of 

debugging and executing the HOUSE procedure, there is a constant translation between 

the analog and digital representations of the house, until a perfect match is achieved -

the symbols actually produce the desired picture. The child have actually established 

an equivalence between the two representations, 
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RemarKs: 1. In some educational activities (Teacher: "Here is a turtle-procedure. 

can you guess what it will draw?"l, the flow in the cycle reverses direction: The 

children are given a digital representation and are asKed to 'play turtle' and find the 

corresponding analog representation. 

2, It can be demonstarted that it is really the presence of both the analog and the 

digital modes, and the interaction between them, which accounts for the 11ducational 

power of most good maths-educational software (see the dotted lines in Fig, 2), To see 

an interaction tha.t is purely in the analog mode, short-circuit the analog<->digital 

cycle on the analog side (eg. have th• child drive the turtle with a ,ioysticKJ and your 

valuable software has degenerated into a space game. To see an interaction that is; 

purely in the digital mode, short-circuit the cyclr, on th• digital side (ie, hav• the 

computer answer with letters and formulas instead of pictures), and you get the sort of 

interaction tha t is typical in standard computeriud-booK CA!, 

Is the computer rea,lly necessary? This model accounts for the vitality of a 

(graphically-equippedl computer in such processes - it really ta.Kes the full power of a 

computer to process alphanumeric characters into pictures. Compared to conventional 

materials aimed at the same goals (eg. rods, blocKs or boards), -the computer offers 

both a quantitative and a qualitative leap. Quantitively, there are simply many more 

opportunities to create analog reprr,sentatiopns with the computer than with 

traditional materials, especially when dealing with dynamic aspects of mathematical 

phenomena. Consider for example Sprites, Darts and various graphical representations 

of limit processes in calculus. 

Qualitatively, the computer is the only medium that can do digital-te-analog 

processing, thus enabling the cycle in which th11 child does the reverse 

analog-te-digital procr,1111ing. With Cuis11nair• rods, for r,xample, the interaction is 

purely in the analog mode. The rods thems11lves do not in 1.ny way supp_ort the
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development of the all-important equivalence between the two modes. It requires 

teacher-assigned excercises, and teacher evaluation of the performance on these 

e>:cercises, to extract the relationships between rodes and numbers. In Logo, in 

contrast, the equivalence between the numbers that occur as inputs to FORWARD and 

the distance traveled by the turtle, is developed natural!y and spontaneously through 

the interaction with the turtle. Beside being more effective, this interaction maKes it 

possible to transfer much of the control of the learning process from teacher to child, 

and to replace teacher evaluation of the child's worK with objective, non-judgemental 

feedbacK from the computer, 
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MASTERY LEARNING AND DIAGNOSTIC TESTING 

Dr Graham Ruddock 

National Foundation for Educational Research in England and Wales (NFER) 

since 1983 the NFER has been undertaking a feasibility study on Graduated Tests 

for Lower Attainers in Mathematics. The project, which deals with pupils in the 

13 to 16 age group, is due to finish at the end of 1986. The work, sponsored by 

the Department of Education and Science and the Welsh Office, derives from a 

suggestion in the report of the Cockcroft committee 
1 

(1982) that consideration 

be given to investigating the feasibility of such assessments. Under 

examination are the feasibili ty issues concerned wi th the development af a 

series of criterion referenced graduated tests which demonstrate mastery by the 

pupils by means of high success rates on mathematical activity of value. In 

addition, it is felt to be important that the assessments considered should be 

of value in the diagnostic sense. The content of the assessments is guided by 

the "Foundation List" of mathematical topics proposed by the Cockcroft 

committee, and a range af assessment modes, including mental, practical and oral 

is involved. 

A variety of issues need to be eons ide red, and in this paper two related 

cancerns are focussed upon, rnastery learning and diagnostic testing. In turn, 

four separate issues can be derived: 

(i) how can performance be described? 

(ii) is performance as described by a criterion statement consistent for 

different contexts and other variables? 

(iii) how can 1mastery 1 be defined? 

(iv) what is the relationship between 1 mastery 1 and diagnostic assessment? 
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(i) How can performance be described? 

The identification af practicable criteria is crucial in any criterion referenced 

system, and the question of practicability needs to take account of the needs af 

the potential audience. On the one hand criteria need to be sufficiently 

specific to define the domain accurately enough for appropriate assessments to 

be constructed, while on the other hand information about a pupil's success on a 

cri terion needs to be useful to a range of audiences. Pupils themselves, 

parents, and employers have to be considered as well as those directly involved 

in the mathematical education of the pupil. 

The process of analysis of the subject matter in terms of the skills, concepts and 

strategies required tends to lead to a large number of specific criteria. At 

this stage of the project's work, it seems likely that proliferation of criteria 

and high degrees of criterion specificity are features which audiences other 

than assessment constructors and designers of course materials find unhelpful; 

the information is at too great a level of detail. The question of breadth of 

description is clearly one which depends in part on the consistency of 

performance as well as on the manner in which criteria are derived. 

(ii) Is performance as described by a criterion statement consistent for 

different contexts and other variables? 

As an example, the task of reading tabular data produces a range of facili:ty 

values and the factors shown below are associated with difficulty: 

- single or double entry table (one way on two way table). 

- search requirements (how easy is it to find the information) 

interpretive requirements (eg. 'When is it hottest' has to be interpreted 

as 'Which month has the highest temperature'). 
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- computational requirements ('What is the cost of 2 days bed and breakfast 

compared with 'How much is bed and breakfast?') 

If these factors are related to success rates the picture is as follows for a 

sample composed of the lowest 40% of attainers in mathematics: 

Facility Single/Double Task demands 
in sample Entry Search Interpretation Computation 

> 90% Single low low none 

80 - 90% Single same low none 

70 - 80\ Double low low none 

60 - 70% Double low same none 

20 - 60\ Double (one or more of search, interpretation 

demands high or computation required) 

It can be seen that a simple criterion for the task of reading tabular data 

would involve considerable loss of accuracy, while a set af criteria taking inta 

account these findings would involve a high degree of qualification in terms of 

conditional statements. 

As a further example, if whole number place value is considered, a crucial 

factor is whether the pupil is required to consider positive whole numbers as 

complete entities or must consider the column (or place) value of each digit. 

For the same sarnple as above, success rates for ordering whole nwnbers or giving 

a whole number between two given whole nurnbers are 95%+, but items on colwnn 

values produce facilities of 50% to 80%. 

The context in which a task is placed also affects success rates and errors 

made. Several factors have been identified wi th regard to eon text, and a 

-185-



central feature appears to be the degree to which a context allows the pupil to 

use a range of approaches which avoid difficult pieces of mathematics. Contexts 

where what is mathematically a division can be conceptualised as an addition, 

subtraction or multiplication are helpful, as are contexts which allow tasks 

involving decimals to be successfully approached using whole numbers. 

Given this rather complex situation of performance being affected, inter alia, 

by complexity and context, the further question of how mastery can be defined 

needs to be considered. 

(iii) How can mastery be defined? 

Two central themes are seen as important; mastery for what purpose and the 

technical issues wh.ich need to be considered following a decision on purpose. 

The question of mastery for what purpose can be seen in the light of several 

examples of existing forms af assessment. In a British driving test, incorrect 

performance of certain manoeuvres leads to failure, but certain faults may be 

compensated for by good performance elsewhere. In training an airline pilot, no 

such compensation is allowed. In education, as opposed ta training, cri teria 

are generally not so directly applicable to future tasks and the aims are often 

sununarised in terms of basics on which future training might build, or general 

preparation for tasks like ly to be encountered in everyday life. Given this 

less specific range of aims, it seems likely that in the educational context the 

working definition of mastery can be, and should be, more flexible and forward 

looking. 

Following this view 100% success is seen as being too strict a requirement, and 

the project has been i�oking at the effect of setting different pass marks for 
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items grouped by difficulty level which all test common subject matter - a 

topic or process for example. The results suggest that in the topics so far 

examined the pass mark, when vari ed between around 65% and 85%, produces 

comparatively little difference in the number of non-scale types (pupils who 

pass more difficult groups of item having failed easier groups) but does, of 

course, alter the proportion of pupils classified as being proficient. In any 

event, the nurnber of pupils having non-scale response patterns has been very 

small, less than 5%. This suggests that flexibility with regard to pass marks 

is available. 

Flexiblity will, anyway, be required in situations where there is no clear cut 

method of deciding what a correct response is. The tasks pupils are required to 

tackle include practical work, problem solving and items on both estimating and 

approximating. In such cases there is often no clear cut off point for success. 

The demands for accurate measurement of success will need to be moderated by the 

need to produce a workable system capable of producing useful information. This 

concept of useful information is seen not only as covering mastery, hut also 

indicating pupils' difficulties and identifying the sort of error made. 

(iv) What is the relationship between 'mastery' and diagnostic assessment? 

At first glance there is a conflict between assessments for mastery and 

diagnostic use. High success rates are implied by mastery, while diagnostic 

assessrnent usually derives from incorrect responses. In an ideal system pupils 

are only entered for a test of mastery when success is highly probable, and 

failure to achieve mastery, however defined, should be uncomrnon. The resolution 

of this potential conflict between mastery and diagnosis is seen as the use of 

similar assessments during the instruction and learning processes where 
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diagnostic properties can be fully exploited. The presence of the same 

diagnostic properites in the final assessment to check on rnastery is seen as a 

back up procedure. A range of assessments with diagnostic properties has been 

developed. An example is the item below which is designed ta test decimal place 

value by looking at the ability af the pupil ta place in order decimals 

representing lengths, 

Sarah measured the lengths af same sticks in metres: Selected by 

Stick A 0.625 metres 14% 

Stick B 0.25 metres 4% 

Stick C 0.375 metres 0% 

Stick D 0.125 rnetres 4% 

Stick E 0.5 metres 74% 

Which stick is the smallest? Stick 

The correct response (D) is very rare, the task is toa demanding for current low 

attainers. What is significant is that nearly three quarters af the pupils 

tested select (E), a response suggestive af ordering whole numbers rather than 

decimals. The 14\ choosing (A) give responses consistent with the "largest is 

smallest" er ror made in such situations. The i tem is useful in providing 

guidance as ta whether a pupil may hold either af these incorrect views an the 

nature of decimals. 

The paper here has discussed the general aims af mastery and diagnostic testing 

and more detail will be provided in the research report to be presented. 

1 
The Cockcroft Committee (1982) Mathematics Counts. LONDON, HMSO 
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... STUDENT CCGNITIVE J\BILITIES AND CURRICUIAR COCNITIVE DEMA1'1DS 

IN ELFl'ENTAPY S CHOOL 1-'EJ>.SUREMENT, GEO,,ETRY, J\ND GRAPHING. 

'Thomas L. Schroeder, Pruce Harrison, and l-'arshall P. Eye 

University af Calgary, Alberta, Canada 

'The "l'ssessing Cognitive Levels in Classrooms" (ACLIC) project was carried 

0ut during 1983-85 ta answ�r the question: Is there a reasonable fit between the 

instructional danands implied by the J\lberta E]anentary l-'athematics Curriculllll and 

the cognitive levels danonstrated by stucents in these mathematical topics? A 

complete rei:ort af the project is available elsev.here (1"archand, Bye, P.arrison, & 

Schroeder, 1985), but the Project's methods and findings with respect ta the 

r,,easurement and Geometry (including Graphing) strands af the curriculun for Grades 

l ta 6 (ages 6-11) will be described in this paper.

f\Jpil cognitive assessment procedures including individual interviews (for 

Grades 1 ta 3) and paper-and-pencil tests (for Grades 3 ta 6) were developed for 

key spatial concepts. 'The interview tasks were adapted from the Piagetian 

literature, v.hile paper-and-pencil tests were assembled mainly from items af CSl'S 

(P.art, 191:'l) and l'CER (Cornish & Wines, 1978). 'The same criteria used in the 

making assessments af student responses i;ere applied ta four cooi:onents ar aspects 

af the curriculun: objectives, textbook materials, c]assroom activities, and 

Alberta Education l'chievement Test i tems. '!hese produced the assessments af the 

curricular cognitive d€[llands. 'Iwo-sample KoJmogorov-Smirnov (K-S) tests were used 

ta determine v.hether there were significant differences beti;een the distributions 

af levels af stu<lent cognitive responses and the respective distributions af 

curricular cognitive danand levels. 

Figures l ta 4 give details af the sample sizes and distributions af levels 

observed and the results af the K-S tests. 
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Figure 1: PupiJ Pesponse and CUrricular Demand Contrasts, �easurement, Grades J-3 
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Figure 2: Pupil FesfOnse and CUrricular Demand Contrasts, �easurement, Grades 4-6 
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Figure 3: Rlpil Resi:onse ana OJrricular Cemana Contrasts, Geometry, Graces 1-3 
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Figure 4: Rlpil Resronse and Curricular Cemana Contrasts, Geometry, Grades 4-6 
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Considering both the numeric and the spatial strands of the curricull.11', it 

was founa that the cognitive aemanas mace by the curriculum ana its 
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interpretations corresponded reasonably well with the distributions of student 

cognitive responses. In mest topics and at mest grade levels there were some 

matches, some demand distributions significantly lower, and some demand 

distributions significantly higher tha.n the corresponding student resi:;onse 

distributions. In Geometry (including Graphing) 40% of the demand distributions 

matched the relevant distribution of student responses, 45i of the demand 

distributions were significantly higher, and 15% were significantly lower. 'Ihe 

best fi t was found in Grade 4 Geo!l'etry & Grar,hing Miere all three of the demand 

distributions matched the response cistribution. Howevr, the findings in the 

Measurement strand were dramatically different from those of other strands. All 

of the Measurement demand distributions in all six grades were significantly 

higher than the corresponding distributions of pupil responses. 

'Ihe striking mismatch between levels of curricular cognitive demand and 

levels of students' responses in Measurement suggests a need for materials and 

teaching approaches that w:,uld "bridge the gap" between demands and demonstated 

cognitive abilities. Further discussion of the Project's findings and 

recommendations, as well as some recently developed classroom applications of 

these and similar assessments will be given in the presentation. 
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Cognitive st:nJctures of Algorithmic 'lhink:inJ 

In;ie Sdiwank 

FarsctnmJsinstitut fur MathematiJmi.daktik, Osnabrilck 

1. :rnt;roductian 

�ing the recent years we have studied how children at primary and early secorrlary

1evel form concepts in the field connected with computer prograroming. OUr interest 

was to des=ibe and understand furrlamental cognitive pr=esses which are running in 

sameone while he is concerned with the invention and analysis of algorithms. OUr me

thodology is to observe single pupils when they are dealing with algorithmic problems 

presented by the researcher. In this paper we will tJ:y to combine 3 aspects of recent 

research in this area: the role of extenial representation of a concept, the inner 

cognitive st.ru.cture and individual different cognitive strategies. We are dealing 

with these 3 questions un::J.er the special aspect of algorithmic concept fomation but 

we are convinced that our observations and hypothesis are furrlamental for a broader 

area of mathematical thinking. 

2. F\lOOalDel1tal ideas

one fundamental idea concerning the un::J.erstanding of concept fomation pr=esses in 

the field of computer prograroming is the following: The invention of an algorithm 

is regarded as the problem of organizing elementacy actians, which the computer has 

to execute, rather than the st.ru.cturing of the given problem (mHORS-FRESENOORG

1982). In the beginning this idea was the basis of a course to introduce furrlamen

tal ideas of computer prograroming to children at early secorrlary level (CX)HORS

FRFSENOORG/GRIEP/SCHWANK 1979,1982).

The second idea is concerning the cognitive strategies. In some case-studies with 

10 years old pupils which were inventing automata networks with the didactical mate

rial Dynamic Mazes (mHORS-FRESENOORG 1978) we found out, that some of the pupils 
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prefer a strategy, which we classified as sequential t:h:ink:in;J (SCHWANK 1979). 

'Ihe third idea is concerning the role af external :representation af an algorithm. 

Classroom-obsei:vations and case-studies had shown that there exist differences, 

whether an algorithm was invented by playing with match-sticks for organizing acti

ons with natural numbers, er as a cornputation-network with the Dynamic Mazes, er 

immediately as a cornputer-prcgram. An analysis concerning the role af different 

external representations can be fourrl in COHORS-FRESENOORG {1986). 

In SCHWANK (1979) we find the idea that the specific mathell'atical structure af the 

Dynamic Mazes, namely that they are sequentially running, may support a specific 

way af problem solving behaviour: sequential thinking. 0n the other hand we find 

the idea, that the three mentioned fo:tlllS af representing an algorithm forma hie

rarchie. 'Ihis was the basis for the lesson courses in the beginning (COHORS

FRESENOORG/GRIEP/SCHWANK 1979, 1982). 

'Ihe last idea deals with the difference between :invent.inJ and analyzing an algo

rithm. Even in the beginning af teaching algorithms with the Dynamic Mazes in 1975 

we find both types af problems: Inventing a network for a given functioning af an 

automaten and analyzing a given network by writing down its automaten table 

(COHORS-FRESENOORG 1978). 

3. Exper:iloental research

In several pilot studies there was worked out the following design (COHORS-FRESEN-

OORG 1982,1983): In a situation which may be described as a clinical intei:view a 

set af tasks is presented te the pupil by the researcher. 'Ihe different tasks be

long to three categories: in a canstructive task the pupil has to invent an algo

rithm, in an analytic task it has te analyse a given algorithm and in a del:uR'ing 

task it has te analyze a given algorithm which contains an errcr, and after finding 

the mistake it has te repare it. If the pupil can not solve the given problem, it 

receives several hints from the researcher, who has a cataloge af diagnostic points 
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which help him to decide which hint he has te give te the pupil. 'Ihe set af these 

hints is the same for all investigated pupils. 'Ihe number of hints, which has been 

given by the researcher te a pupil, may be regarded as a measure af its suocess. 

3 .1 A first �ch 

3.1.l Pilot studies 

In a first pilot study (COHORS-FRESENOORG 1982) there had been found out that there 

exist pupils which have very different suocess in oanstructing our analyzing algo

rithms. A deeper analysis of the protocols of those problem solving sessions let te 

the discovery, that same pupils choose very specific kinds af problem solving beha

viour. Same af these pupils started as it could be foreseen: 'Ihey begin their work 

on the solution by analyzing the given problem, structuring it and trying te build 

up a conceptual framework in which they build in their preknowledge about previous 

problems and their solutions. For this behaviour there was created the terminology 

11oanceptua111
• Different from this behaviour is the following, so called "sequential" 

which has been mentioned above: Pupils following this strategy are goal-orientated 

but they start with a first solution before they have =i,pletely structured their 

ideas; they develope their ideas in a dialog with the material; they analyze partial 

solutions te find the =i,plete solution by ll'Odifying them {COHORS-FRESENOORG/KAUNE). 

3.2.1 Main stwy 

After several pilot studies a systell'atic and sophisticated investigation of these 

different aspects af algorithmic thinking mentioned above was done by I<AI.JNE (1985). 

She took ene class grade 7 (16 girls, 7 boys, aged 12-14) in a Gymnasii.nn (in this 

school there are about the upper 25% of the German pupils). Her aim was te investi

gate the relation between the abilities of the pupils in constructive and analytic 

tasks, the role af the prefered form af representation of the algorithmic concepts 

and the prefered cognitive strategy (sequential versus conceptual). 

'Ihe important results of her studies are the following: She could proof, that there 
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exist pupils with different abilities in constructing or analyzing an algorithm, 

the external representation describes a world, in which a pupil is thinking, the 

preference for the match-sticks or the computationel networks of the Dynamic Mazes 

is for quite a lot af pupils very stable <luring the problem solving sessions. 'Ihere 

exist pupils which bave a specific individual preference for one of the two cogni

tive strategies conceptual (8 pupils) and sequential (8 pupils), but there are 5 

pupils which change the strategies. 'Ihere was the interesting result, that there 

was no correlation between the sequential cognitive strategy and the preference for 

working with the sequentially running Dynamic Mazes. 

3.2 A secam � 

3. 2 .1 Special Case-studies

When I was working with a 14 years old deaf boy I saw, that the action-orientated 

approach ta algorithmic concept formation as it was used by CX>HORS-FRFSENB:lRG/ 

STRUBER (1982) ta teach deaf pupils was not successfull with this boy. I could not 

see, that he was interested and able to organize sequences of actions, but he seemect 

to roe to be very sensitive in reflecting relations between different states and 

their förmal description. I only bad success with teaching hbn after I bad decided 

to resume, that this boy preferes a cognitive structure in which the relations 

between different mathematical objects and their syrobolic descriptions form the 

basis of his thinking. 'Ihis hypothesis seemed ta roe ta be very strange because such 

a thinking in relations is normally expressed in mathematics by the use af 

predicates and this roeans by the use of language. 

In the second case-study I bad the chance to teach a very bright 7 years old boy. 

contrary to our previous experiences with primary children he did not like ta 

invent algorithms with Dynamic Mazes. He prefered playing with the match-sticks. 

When I was analyzing his behaviour I found out, that he always tried to arrange 

certain relations between f. e. the mathematical obj ects or between the start 

situation and the goal. But he did not like and he was not successful when he bad 
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ta think in terms of functioning of a machine. 

3.2.2 F\Irther develcpnent af a theoretical frcmeiork 

'I'he analysis af the above roentioned experimental research led to the following 

hypothesis (SCHWANK 1985): 'Ihere exist two different cognitive structures in which 

the thinking processes are expressed: One structure is built up by predicates 

(relations) and the other one is built up by functians (operations) . If we say, 

that a person preferes predicative versus functional thinking we say that such a 

person is translating the external given problem into his personal internal concep

tual representation: One preferes predicates, the other one functions. 'Ihe prefered 

internal cognitive structure must be distinguished from the prefered cognitive 

strategy in the sense of CX>HORS-FRFSENB:lRG and KAUNE: OJnoeptua]. versus sequentia].. 

'Ihis level af cognitive strategy is working on the cognitive structure. By distin

guishing this, we now can explain some findings af KAUNE: Same af their pupils with 

a conceptual strategy prefered the external representation of the functioning 

networks. OUr explaination is that this external representation was matching their 

prefered internal cognitive structure, the functional one. 

3. 2. 3 First ExperilOenta]. Tests 

'I'he first experimental proof for our hypothesis that our proposed distinction 

between the predicative/functional cognitive structure and the conceptual/sequential 

cognitive strategy des=ibes two indenpendent domains of thinking was given by 

MARPAUNG (1986). In his case-studies with indonesian boys and girls af early secon

dary level with an experimental design developed from KAUNE (1985) he has found 

some exaroples for our hypothesis (see MARPAUNG 1986, p. 85/86). 

OUr hypothesis may also explain, why some pupils bave such difficulties ta repare 

an error in a given network: 'Ihey do not think in terms of functioning of a machine. 

OUr own now going on research is concerned with weaker pupils (the lowest 35%) in 

early secondary level. My first iropression is the following: 'Ihose pupils are more 
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often able to use silrple (static) predicates than to understand the functioning of 

concepts; they are not able to lock "into" the mathernatical concepts; they prefer a 

sequential strategy. 

4. Prospect

Although the theoretical fraroework which we have developed here is concerned with

the construction and analyzing of algorithms we are convinced, that it is relevant 

for explaining other fields of (mathernatical) thinking. The event, that we have 

discovered this, being concerned with the explaination of algorithmic thinking, 

should not only be explained by random: The mathernatical field of algorithrns is one

in which a cognitive structure built up by functions (actions) is a very natura!

and therefore fruitfull interna! representation of the nathernatical conceptual

framework. But we remind, that outside the world of algorithms there exists a 

philosophy of nathernatics in which des=iption of actions and operations plays an 

ilrportant role.
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The Role of Hetacognition in Children's Hathematical Problem Solvinq 

l. lntroduct i on

A Report of Research in Progress. 

Dianne E. Siemon 
Faculty of Education 
Honash University 

Metacognition or "one's knowledge concerning one's own cognitive processes and 

products or anything related to them' (Flavell, 1976, p.232>, was once the 

exclusiv• domain of developmental pschologists interested in metamemory and 

information-processing models of human behaviour (see reviews by Flavell and 

Wellman, 1977 and Brown, 1987). Today, it is a focal point of much of the 

Jiterature on mathematical problem solving <see Garofalo and Lester, 1985). 

Evidence that children and adults have access to a numbtr of 'out-of-school' 

strategies for soluing problems in context-rich settings <Carraher, Carraher and 

Schl iemann, 1985) suggests a capacity to recognise and monitor one's own cognition 

as do the expert-nouice problem soluing protocols described by Schoenfield (1983). 

Tht qualitative changes in students ability to think about problems, obserued as a 

result of curriculum projects on mathematical problem soluing (see Charles and 

Ltsttr, 1984 for example), also hint at the role played by metacognition. Although 

not cited as such, most of the behaviour said to be characteristic of mathematical 

thinking (Hason, Burton and Stacey, 1982) is essentially metacognitiue. The rubric 

generated processes of specializing, generalising, conjecturing and justifying 

require cognitiue awareness, in that relevant skills and knowledge nttd to be 

retrieued, and self-regulation, in that the responsibility for task management 

rests with the 'thinker'. 

Although recognised, the exact nature of the role of metacognition in children's 

mathematical problem soluing remains somewhat of a mystery. This is Jargely due to 

the difficulties associated with identifying and assessing metacognitive 
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behaviour, and the paucity of adequate models of mathematical problem solving 

which accoownodate a metacognitive component. 

2. Research Questions.

A cognitive - metacognitive model of problem-solving (lester, 1983), derived from 

the distinction inherent in Flavell's definition: that metacognition consists of a 

cognitive self-awareness component anda behaviour regulation component, was used 

to generate the following research questions: 

(i) is metacognition a "driving -force• in children's mathematical

problem-solving as suggested by Silver (1982) and Schoenfield (1983), and 

<ii) to what extent can student's cognitive awareness and ability to regulate 

their actions be improved through training <Lester, 1983)? 

Additional questions to be considered in the study are: the extent to which 

constructs of this sort can be assessed, what, if any, is the natur• of the 

interaction between the cognitive awareness variables and those concerned with 

regulating behaviour, and the extent to which affective factors and bel ief systems 

interact with the training to qual ify/affect performance <Silver, 1982; 

Schoenfield, 1985) 

3, Hethodology, 

Three grade four classes and one grade six were involved in a ten-week teaching 

experiment between October and December, 1985, Six children from each grade were 

interviewed individual ly after one of the two problem-solving sessions for the 

week. This session was also video-taped. Before the teaching experiment began, the 

children selected for interview were asked to solve a two-step problem which was 

ammenable to the strategy: to work backwards. Teachers were asked to provide 

information on students at the beginning and at the end of the training sequence 

and to keep a diary of any noticeable changes in behaviour or reactions to the 

training experience. At the end of the ten weeks, all the children were tested on 
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their ability to solve a range of mathematical problems and on the extent to which

theY could report on what they had done and how they had done it. An Attitude

Scale was also actninistered. Where possible this data was also obtained from 

parallel grades who had not been exposed to the training,

The training involved the regular provision of both written and verbal models of 

cognitive monitoring and required that these procedurts be recognised and engaged 

in by the children, either individual ly, in small groups or as part of a class 

discussion. Different problem types and strategies were considered expl icitly and 

overtly in conjunction with an appropriate model of the problem solving process 

(see Barry, Booker, Parry and Siemon, 1983). 

4, Results 

Preliminary findings tend to suggest that the particular form of training did lead 

to some positive changes in most student's abil ity to solve problems of a 

non-routine nature, but that prior knowledge, particularly of a procedural -form, 

and btliefs about the object of school mathematics and oneself as an effective 

problem-solver seem to play a very important role in determining performance. The 

following case study illustrates this point. 

Julia, a grade 4 student who sees herself as 'doing as well as most• in 

mathematics and whose performance on class tests is general ly average, views 

mathematics as a painful (but necessary) interruption to the things she likes 

doing. Julia demonstrated a remarkable capacity -for retaining very detailed 

knowledge about what 'Mr, Hand did" and ustd this to solve whatever problems were 

presented immediately after the teaching sequence. This seemed to be based on her 

bel iefs that mathemat
.
ics was about 'doing something wi th the numbers to get an 

answer", that problems presented within the one teaching session were "the same" 

and that 'to be good at mathematics• amounted to remembering and reproducing 

exactly what the teacher did. Questioned on the importance of meaning, Julia 
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indicated that she did not expect mathematics to have a meaning even though she 

used labels regularly with confidence. 

lnterviewed after a session in which a problem involving the modell ing or drawing 

of a fence was required in order to sol ve the problem, Julia was asked how she 

would solve a similar problem. She immediately repl ied: •twelve sevens', asked why 

she had chosen these <quite inappropriate numbers> she said: 'Cos' ••• ah •• we did it 

this morning'. Questioned on what she had to find (cost> and what she had used 

<length of each piece of timber and the number of pieces>, Julia did not show any 

signs that she thought that what she had done was in any way inappropriate, nor 

did she show any interest in reconsidering her answer. Asked to determine how many 

days it took lncy Wincy spider to cl imb a wall if he managed to climb up 5 m per 

day but sl ipped back 2 m every night <multiple-step problem, not enough 

information), without hesitation Julia immediately said: •ten', Asked why she 

chose to do that, she said: 'Cos' •• I multiplied with that one and that one is 1 ike 

the question you've asked me just then'. 

Towards the end of the training sequence Julia was given the mass, height and eye 

and hair colour of a boy and his sister. Asked: 'can you tel1 me how much older 

the boy is than the girl?' Julia pondered for a moment and then wrote down all the 

measurements, checking the accuracy of the last one only. She then subtracted the 

girls mass from her height, the boys mass from his height and then found the 

difference between the two results: 'they are 25 years apart•. Asked if she 

thought this could be right, Julia replied: "no ••• but that's all you can do'. 

lncidentally, every other student interviewed on this item rejected it on the 

basis that the critical information was not there, although some took a long time 

to make up their minds. 

At the end of the ten week period, Jul ia's attitude to mathematics had not changed 

very much and her performance on the post test set of problems indicated that her 
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primarY concern was still with establishing which of the four operations were 

required. It was very obvious that, with the exception of a one-step problem in 

which too much information was provided, Julia had not engaged in any sort of 

activity to help establish meaning. Numbers seemed to be retrieved more or less at 

random and then an educated guess made as to which operation was required, 

One very encouraging trend reported across all four grades was the change observed 

in students previously categorised as being in 'the slower group'. End of year 

test results (quite independent of the teaching experiment> indicated that these 

children did far better than on previous class tests and that thls setmed to be 

due to the fact that drawings, estimations and questioning techniques were being 

employtd tffectively, 

The teacher's diaries indicated significant improvements in attitude and 

confidence across all ability levels (with a few qualified exceptions as in 

Julia's cast) and noted the greater participation of 'quieter' students in 

discussion sessions. Teachers felt that students were far more likey to check or 

conrnent upon problem structure (number of steps and the amount and nature of 

information provided) and seemed far more willing to accept open-ended problems. 

One teacher commtnted that students 'became less compulsive and more reflective 

about the approach they were using'. 

My observation was that the teachers behaviour also changed quite significantly 

over the ten week period. 

6. Conclusions.

It would seem that metacognition, as it is defined is, a force governing 

children's mathematical problem solving and that, at least for certain types of 

students, enhanced metacognition can be brought about by training. However the 

suggested dichotemy between cognitive awareness and and self-regulation is no 

where near as slmplt as it first appears. Case studies such as Jul ia's suggest 
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that there is a compl@x interact ion between conceptual and procedur al  Knowledge 

which is heavily influenced by systems of bel iefs and values. A much longer study 

is needed to determine: if these factors can be isolated and described more 

accurately, the extent and nature of the interaction between cognitive awar•ness 

and se lf-regulation and the extent to which this sort of behaviour can be 

described by recen t theor•tical developments in cognit ive sci•nce. 
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Mathematics Teaching 
1 ! Specification in� Constructivist Frame of Reference 

Leslie P. Steffe Kurt Killion 

University of Georgia, Athens, Georgia 30602, USA 

In constructivism, mathematics teaching consists primarily of the 

�hematical interactions between a teacher and children (Steffe, L. P. & von 

Glasersfeld, E. 1985). In the course of a mathematical interaction, the teacher

acts with an intended meaning and the children interpret the teacher's actions

using their mathematical schemes, creating actual meanings. The teacher must 

infer these schemes based on the language and actions of the children and then 

make decisions about what to include in possible zones of potential development 

(Vygotski, 1934) of the children. This general orientation to mathematics 

teaching requires detailed specification in experimental teaching before it can 

be useful to the practicing teacher of mathematics. The question of what 

constitutes children's mathematical schemes and possible zones of potential 

development with respect to those schemes remains to be worked out in research. 

If practicing teachers become knowledgeable about children's mathematical 

schemes and possible zones of potential development, they could create 

problematic situations that fit the children and know what learning the 

situations might provoke in the children. 

In the context of the first year of a two-year teaching experiment, we have 

been investigating the multiplying and dividing schemes of six eight-year-old 

children and how the children might modify these schemes. To demonstrate our 

method, we analyze the multiplying and dividing schemes of Maya and the 

decisions that we, as teacher and observer, have made concerning ber zone of 

potential development during the course of two teaching episodes held on 23 and 

30 April 1986. We first specify her dividing and multiplying schemes that we 
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observed in the 23 April 1986 teaching episode. 

Dividing as double counting backward 

Maya's scheme for dividing by three was to count backward by one, take each 

trio of number words as a unit, and count those units of three. This operative 

scheme was used independently by Maya to solve a task where we placed 21 numeral 

cards in a row in front of her and then hid them. 

T(Teacher) : 
take three cards 
could you make? 
approximately two 
say? M: 21, 20, 

If you start from there (the beginning of the covered row) and 
at a time to make a pile, I wonder how many piles of three 

M(Maya): (Sits silently in deep concentration for 
minutes) Seven! W(Witness): When you counted, what did you 
19--that would be one; 18, 17, 16--that would be two; etc. 

This scheme was not suggested by her regular classroom teacher nor by us. It 

was what we call a child-generated dividing algorithm (Steffe, 1983; Hatfield, 

1976). Maya's division concept can be explained as follows. "Twenty-one" 

seemed to be a symbol for the number word sequence from "one" up to and 

including "twenty-one" which, in turn, symbolized a number sequence2 • "Three" 

seemed to be a symbol for a more general unit in the sense that she could 

implement it using any three number �ords. This rather arbitrary nature of three 

served as the basis for her potentially repeatable operation of "take three out 

of twenty-one"--an anticipatory operation. "Twenty-one divided by three", then, 

meant to make a unit of three--(21, 20, 19); then another; etc. In this case, we 

call three repeatable. Seven, the number of times that three was repeated, was 

a result of actually operating. 

Lack of division as� inversion of multiplication. At this point, we made 

a decision to encourage Maya to formulate the results of her dividing scheme in 

terms of her multiplying scheme. 

T: Can you give me a multiplication problem for that? M: Twenty-one 
times three? T: What does twenty-one times three mean? M: Twenty-one, and 
take three out of twenty-one. T: Is that twenty-one times three or twenty-one 
divided by three? M: Twenty-one divided by three! T: Can you give me a 

multiplication problem for that? M: (Sits silently for over one minute.) 
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f: What are you doing? M: I am figuring out how many threes equal seven!

�a's dividing scheme appeared to be unrelated to her multiplying scheme

because she did not take the result, seven, as a starting point--as how many

times that she could repeat three--and 21 as its result. Maya did not see how

the task could be explained using multiplication and seemed to have little

awareness of the structure of her operations nor of the possibility of unpacking

che seven units of three inta their constituent unit items.

�iplying as double counting �

The teacher eventually asked Maya what "five times eight" meant in an 

attempt to understand her multiplying scheme. Maya could not say, so the 

ceacher asked Maya what she would do to find "five times eight". Maya said that 

she would count by five eight times! However, her multiplying scheme was still 

not activated in what she took as dividing situations. Maya's multiplying

procedure of counting by fives, while connected to expressions like "five times 

eight", did not seem to be based on the operation of combining several units of 

equal numerosity inta one unit nor of the operation of unpacking those units 

into their constituent unit items. Her multiplying scheme was the result of her 

necessity to learn the multiplication table in her regular classroom and was an 

enactive scheme--it was not an object of reflection. 

Lack of combining � of three. We attempted to further understand 

Maya's concept of multiplication in the 30 April 1986 teaching episode. We 

wondered if she could combine six units of three and five units of three when

she was asked to find how many units of one were in the result. To begin, we

asked Maya to count out eighteen blocks by three. 

T: Put eighteen blocks inta that container. 
want. M: (Maya takes three blocks at a time and 
container). T: Give me a multiplication problem
three times six eq uals eigh teen.

You can count by three if you 
places them inta the 
for that. M: (Long pause) 

One essential difference in this situation and the preceding situations that
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Maya took solely as division seemed to reside in the fact that she actually 

counted out eighteen blocks by three--the collection was not given as in the 

previous situations. Rather than segment her number word seguence inte units of 

three number words that she then counted, she formed the collection of blocks by 

counting by three. 

To continue the exploration, the teacher asked Maya to put fifteen blocks 

inte another container. Maya put them in by three and said that she had five 

groups of three in the container. The teacher then poured the contents of the 

two containers together and asked Maya to find the number of blocks in that 

combined collection of blocks using her units of three. 

The only answer that Maya could give was "thirty" (she knew that "five 

times six is thirty"). Her failure to combine the two lots additively is an 

excellent indicator of the nature of her concept of multiplication. Maya could 

make composite units of three and then re-present the process and take each 

composite unit of three as ene thing, forming what we call abstract composite 

units of three. We also believe that she was aware of the abstract composite 

units of three in the two lots of six and five. However, when she was asked to 

find the number of blocks in the combined collection, a lacuna appeared in her 

reasoning. She did not take her abstract units of three as material for further 

operating, combining them and then somehow transforming them inte units of ene. 

These very complex operations were beyond Maya's zone of potential development 

at the particular time of the teaching episodes. 

Comments 

Currently, we can only speculate on the nature of Maya's multiplication and 

division concepts that will allow us, as teachers, to include division as the 

inversion of multiplication, distributive reasoning, and more sophisticated 

multiplying and dividing procedures (that are part and parcel of her concepts) 
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in a medel of her zone of potential development. One of our hypotheses is that

it will be necessary for Maya to develop a more sophisticated unit--an iterable

unit--and the corresponding iterative concept that we have observed in Tenryn,

another child of our teaching experiment. Behaviorally, iteration looks exactly 

like repetition. But there is a profound difference because iteration is a 

manifestation of an underlying iterable unit and a system of flexible 

operations. A key to Maya's development of iterable units may be her use of 

number sequences in a context similar to her application of her dividing scheme. 

1. This paper is based upon work supported by the National Science Foundation
under Grant_No. MDR-8550463. Any opinions, findings, and conclusions or 
recommendatio�s expressed are those of the authors and do not necessarily 
reflect the views of the National Science Foundation. 

z. A n':1111ber sequence is taken as the items of a composite unit of specific 
numerosity that can be produced by counting (Steffe, & von Glasersfeld, In 
Press). 
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Euclid defined natura! numbers as "multitudes of units" and in 

many arithmetical operations such 11 multitudes 11 ar-e themselves treat

ed as though they were units. In multiplication or in division, for 

instance, when we say, 11 Five times three is fifteen" ar 11 How many 

times does five go inta fifteen? 1

', the items referred ta by 1'three 1
' 

in the first and by "five" in the second question, are treated as 

units but differentiated by the fact that the one is itself composed 

of three units and the other of five. The ability to conceptualize a 

number in these twa ways, as a unit and as a composite, and ta 

switch from the one conception to the other, is crucial in a great 

many mathematical activities. Children are not barn with this 

ability but have to learn it. Though there are behavioral indica

tions that tel1 an observer more or less reliably when a child is 

able to switch from the composite concept to the unitary one, we 

have little if any idea of the actual conceptual operations that are 

involved. The problem is often dismissed or not even acknowledged. 

This suggests that the relevant conceptual operations are not ex

clusive to the realm of numbers, which is certainly interesting but 

does not get us any closer to useful inferences concerning the 

operations that have to be carried out. 

In earlier studies we have shown that the items children are able 

ta count at the beginning af their arithmetical careers are ''can

crete" perceptual objects and that it is only through the develop

ment af visualizatian and the child's growing awar-eness af his/her 

own activities (motor acts, verbalizations, and finally conceptual 

operations) that an "abstract" concept af number is attained (Stef

fe, von Glasersfeld, Richards, & Cobb, 1983; von Glasersfeld, 1982). 

More recent studies, focusing on children ·s first attempts at multi

plication, suggest that there may be yet another sequence of rela

tively discrete steps that have to be made before arithmetical 
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operations thatinvolve both the composite unit of a number and its 

components become easily accessible. 

What makes it difficult to see a number as both a unit and a 

composite af units is, in principle, not very different from the

difficulty encountered at the intersection of two or more classes. 

To realize that one and the same bead may be considered a "red bead" 

as well as a 11 wooden bead", requires the ability ta sNitch ·from one 

�ay of seeing to another . To knoN that "five" taken three times 

brings one up to fifteen, one must be able to see that each of the 

"fives u is treated as a unit when it is taken three times, but must 

be treated as a composite af five "ones" so that a count of all the 

components will yield "fifteen". 

Though we may not be aware of it, we constantly depend on this 

ability to treat one and the same item in two different ways in the 

area af verbal communication. Language is used ta convey 0meaning 11 

or, as it is often called, "information". But how much af the po

tential meaning of a linguistic expression do we actually realize? 

If one of us, L, says to E: "I have to go to class now, we'll have 

to discuss this later," E is unlikely to construct for himself a 

detailed representation af what the word "class" means in this con

text, or to visualize what L will be doing in class. He could do it, 

but he is not likely to--unless there is same special reason. Under 

normal circumstances, he will register the message in its verbal 

form without having interpreted it experientially beyond the simple 

fact that the conversation will have ta be postponed. Vet, if the 

need arises at same later point, E would be able to reconstruct the 

scene af L going to class in considerable detail. The point is that 

a word, ar a linguistic expression in general, has the potential af 

being interpreted in terms of actual representations, but can also 

be stored Nithout the interpretation having been carried out by the 

user. 

Dne knoNs a word if and only if one is able ta represent its 

meaning to oneself; but knowing a word does not entail that one act

ually calls up the representation for which it stands, every time 

the word is used. Words more often serve as place-holders, ar "sym

bols", that have the power to call up representations. The salient 

feature of this dual function of words is that they can, on the one 
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hand, be used as unitary building blocks in th� composition af larg

er structures Cphrases, sentences, texts) and, an the other hand, 

they can always be unpacked, in the sense that the representations 

for which they stand can be built up and brought ta awareness. This 

dual function, however, is not acquired all in one piece. Especially 

in the case af number words, the facility ta switch from the unitary 

function of the symbol among other symbols ta the 11 expressive 11 func-

tian that invalves the representation af a specific number 

ponent units, may take quite a long time ta develop. 

af com-

As with other conceptual skills, we observe the development of 

their manifestation, but we have no access at all ta the actual me

chanism that may be responsible for these manifestions. This is the 

case with '1 reflecting 11 and 1'abstracting 11

, and it is the case with 

the use of symbols. Nevertheless, we can conceive af a model that 

provides at least one way of thinking about the unobservable pro

cess. The model we want ta suggest is similar ta the one we origin-

ally proposed for the construction af unit and number (von Glasers-

feld, 1981; Steffe et al. , 1983). Its basic feature is the recurs

iveness af the operation that creates units, so that the products of 

this operation, i.e., units ar groups af units, can themselves be 

taken as material to form larger units. The neurophysiological un

derpinnings we hypothesized far the unitizing operation was derived 

from a theory of attentional frames ar pulses that need not cancern 

us here. The aspect we do want ta bring out, however, is this: when 

units af any kind are taken as arithmetical units, i.e. , as 11 □nes 1

', 

and subjected ta a further unitizing operation, so that a larger 

compound structure, a unit-of-units, is produced, this larger unit 

will be a 11 number 1

1 only if there is a record af how aany 1

1 □nes 11 were 

united in it. One of the main difficulties, then, in operating with 

numbers is the management of these recards. 

In what fallows, we summarize what seem ta be different steps in 

the develapment af the ability ta move one's attention from a com

ponent unit to a composite ene and, at the same time, ta keep track 

of the numer□sities involved an each level. □ne af the difficulties 

springs from the fact that the numerosity af a collection can be 

constituted in different ways depending on the counting units that 

are chosen (fifteen, for instance, can be seen as three fives, five 
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threes, ar fifteen enes). Children first learn 

units composed of ones, and finally units that 

to c□unt 11 ones 1

', then 

are themselves com-

posed of c□mposites af ones ( 11 units-of-units 11). 

The construction af a '1number 11 c□mprising units-of-units, while 

t- •h t d a 11 number 11 af component units, requiring the opera 1ons � a pro uce 

has its own developmental history. This very difficult composition 

iS not simply achieved in one ar- even several e}!per-iential encount-

ers as recursion af the operation that yields 11 number 11 af cornponent 

units. Rather, the compositions are abstractions based an self-gen

erated activity in contexts that require an awareness af executing 

the specific operations. It is not possible here ta provide the 

detail that is necessary to understand when and how these abstrac

tions might occur. We only want ta note that the abstractions and 

accompanying canceptual reorganizations have accurred not □nly in 

the course af deliberately arranged teaching experiences but als□ 

betNeen them (Steffe, 1986; Steffe & Cobb, 1983). 

The steps towards the construction af a 11 number 1

1 af units-of-

u.ni ts start wi th an e:<peri ence af more than one composi te uni t. When 

a child c□unts out, say, twelve blocks by taking paios, there can be 

an incipient awareness af a dual e>:perience while the child says 

''one,two; three,four; five,six; seven,eight; nine,ten; eleven,twel

ve," in synchrony with making the pairs. The child's focus of atten

tion, however, is predominantly on the unit items of the pairs. 

Forming pairs is an organizing activity whase results may be only 

fortuitously recorded through an arrangeent af pairs af blocks that 

were maved together during the count. 

To make records af the component pairs as they are being formed, 

involves monit□ring the counting activity. We find that monitoring 

counting activity is made possible by the uniting operation of inte

gration (Steffe et al. , 1983). The child takes each camposite pair 

as a unit and reords it by counting it or by tallying it, using a 

marker such as putting up a finger (Steffe, 1986). In either case, 

the records that mark the units af two created during the caunting 

activity will be either single number words or single finger move-

ments; these unitary items we call abstract composite 

distinguish them from the composite units that served 

the integration. 
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When a child can re-present the sensary material of an abstract 

composite unit as a pattern, or by counting, that ability can be 

l1sed in counting the blocks af, say, seven rows af blocks with three 

blocks per row, even when the blocks are hidden. In this context, 

the child can perform what we have called progressive integrations, 

i.e. , intergations involving the results of prior integration. For 

example, having counted six blocks af two hidden rows (of three) by 

one, the child can take that as a unit, count three more blocks, and 

then unite the counted blocks inta a new unit af nine. Progressive 

integrations make possible units like 11three more than , an ex-

tension of three units beyond a unit af specific numerosity. 

If the re-presentation af an abstract composite unit is stable 

it can be used in a decision ta, say, find □ut how many times that 

three can be taken □ut □f fifteen. In this sense, three is repeat

able. It would be iterable if the child added the unit items af each 

new unit ta the preceding unit items. The difference between the 

itei'"able unit and the unit 11 so many m□re ... " resides in the child's 

awareness af his/her own operating. In the latter case, each unit of 

the three is a result af operating, whereas, in the former case, the 

units af three are taken as perceptual givens and are only im

plemented and not constructed. 

Refer ences 

Stef+e, L.P. Composite units and their constitutive operations. 
Paper presented at the Presession to the Annual Meeting of the 
National Council of Teachers of Mathematics, Washington, D.C., 
1986. 

Steffe, L.P. & Cobb, P. The constructivist researcher as teacher and 
model builder. Journal �or Reserach in Mathematics Education, 
1983, 14(2), 83-94. 

Steffe, L.P., van Glasersfeld, E., Richards, J. ,& Cobb, P. Child
ren 's counting types: Philosophy, theory, and application. New 
York: Praeger, 1983. 

von Glasersfeld, E. An attentional model for the c□nstructian of 
units and number. JRME, 1981, 12(2), 83-94. 

von Glasersfeld, E. The abstraction of counting units. In S.Wagner 
(Ed.), Proceedings of the Fourth Annual Meeting of the North 
American Chapter of PME. (50-56). Athens,GA: University af 
Georgia, 1982. 

AcknoNle d g e m e n t  

The research reported i n  this paper was sponsored b y  Grant # MDR-
85504b3 from the National Science Foundatian, Washington DC, USA. 

-216-

The 

INTERACTION BETWEEN GRAPHICAL AND ALGEBRAIC 

REPRESENTATIONS IN THE USE OF MICROCOMPUTER SOFTWARE 

Nurit Zehavi 

The Weizmanu Institute of Science, Israel. 

interaction between arithmetical concepts, algebraic 

symbols and graphical representations play a significant cognitive 

role in the learning of advanced concepts at the high school 

1evel. A better understanding of the interactions between these 

factors may lead to a better instructional design. 

Janvier (1981) investigated di fficul ties which rise when the 

concept of variable is presented graphically. Rogalski (1985) 

studied the cognitive operations which are involved in the 

identification of points in space by numbers; her research 

methods consisted of educational microcomputer programs. 

The computer offers a variety of representational opportunities 

for mathematical ideas. It also provides coherent methods for 

analysing the interactions between the mathematical representation 

systems. 

In this paper, 

l::IBXM.i..X . It was 

I shall describe a microcomputer package called 

developed to guide students to investigate 

algebraically and graphically the relation between numbers and 

operations. The description will be followed by a discussion of 

four experiments, which were carried on as part of the formative 

evaluation of the software. These experiments were designed to 

gain information, on the development of interaction between the 

various representation systems, by students who used the software. 
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THE SOFTWARE 

The package MaxMix contains four main programs at various 

cognitive levels and a set of accompanying worksheets. The first 

program (Ml) randomly tasks. In each task two 

numbers are given (e.g., 

generates 20 

-2.6 and 0.4) the student is asked to 

choose an operation wh:cch will give a maximal result. (In the 

example one should choose multiplication, see Figure 1.) 

1�
�11111UIUIIHIIUIIIIIIIIIIIMIIUIUlll:IHl!llina;IIUllll!ll�l!IIIIIIIUl1'111llll!lll�lllnllll111t111111UIIUUW

ll1 
�11n1rn1v11�HIIIIIIIIUltlWIIUUIUII/IIUlll!IU!lm!ll!IIUlmn1111111111m11111�11111111111111u11111uw1111m11111 

= 

Choose one of the operations +, -, x . .;
to get a naxinal resul l 

� ..... Qn-HP'Tlr:znxr,nr-n:n 

TCTM!MPr::MJtt!rtrTJTT)Ern--TTOrrUlllUUUn.lUI 

R i 9 h t i ten 

3 j Press SPACE to continue ! I l["""''",""11'""' "' 

Figure 1. A MaxMix item 

Another version of this program allows the user to control the 

range from which the numbers are selected and the number of the 

tasks. This option serves as a tool for the students to perform 

the investigation assignments in the worksheets. It can also be 

used by the teacher to organize demonstrations and other classroom 

activities. We use it as one of our research instruments. 

In the second program (M2), the tasks are presented in a 

graphical format. The two numbers are the coordinates of a point 

in the plane. It is followed by a program which allows the user 

to control the parameters and permits further exploration. In the 

following program (M3), a higher level task in a graphical 

representation is required, since the numbers are missing. (Figure 2.) 
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I HaxMix-plane I 
0,0. 

··-....:..
..._ 

___ Choo� -+----�x;:-----, ... ------=---�rotic,n to 9ct 
� .,. 1 a 111,1xi1'111l result 

!.IDill!l!lll!0 

Figure 2: MaxMix on the plane 

A game for two, Conqµer :tb.e RJ..= (M4), concludes the package with 

even higher cognitive tasks and strategies. Only one number is 

presented and the player has to insert another number and an 

operation to occupy a certain position. The game requires 

advanced interaction between the graphical and the algebraic 

representations. The philosophy which guided the design of the 

game (see also Taizi and Zehavi, 1985), is that the students will 

play an active role in the setting of the tasks and consequently 

it is expected that they will achieve the objectives of the 

courseware. 

THE STUDY 

Along with the production of the software an exploratory study 

was conducted to gather information on the learning processes 

while using the material. The experiments affected the 

instructional design of the package. 

The four experiments which will be discussed here involved 

grade 8 classes of the upper ability level students. 

programs, mentioned above will be referred to as Ml-M4. 
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� � experlment 

12=.i.o:n 

n=26 

treatment: 

Ml Ml 

evaluation 

Ml Ql 

The subjects worked three t· 1.mes on program Ml
application). The third application served

( 2 0 tasks in each

for treatment and 
evaluation purposes. The questionnaire Ql consisted of 16
questions as the following one:

The 

Is it possible that the ma by multiplication if the 
:t;:� result "".ill be obtained 

the second is positive? I f YES -
number is negat1. ve and

most di fficul t and thus chall _give an example. 
eng1.ng cases were of the two 

types which are exemplified in Figure 1 and Figure 2. We wantect 
to see how students 

applications. 

encounter these types in three

Findings 

The average number of wrong responses decreased: 
1st. 

2nd - 8.5; 3rd - 5.8. 

successive 

application - 11.3;

However most of students failed,
items of the difficult types: 

even in the 3rd application, on 

Type I -4.8 G 0.6= C:=J 12) -3.1 0.3= 
Type II -5.9 0 1.9= C:=J [B -4.8 2.4= 

In fact 20 ( ! ) students failed on all four items.
students gav e wrong responses to the questions in 

Moreover, 

Ql, Which 

22 

are relevant to type I (see the example above) 
they answered correctly in the s1·mple 

and type I I , although

cases. 
It was clear that the treatment was not sufficient.
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� 

exPerirnent 

GR I n=l0 

GR II n=l0 

GR III n=9 

treatmenti 

Ml Ml 

Ml M2 

M2 M2 

I evaluation 

M2 Ql Q2 

M2 Ql Q2 

M2 Ql Q2 

The class was divided into three equal-ability groups. We wanted 

to check the effect of the graphical representation. The naive 

expectation was that GR III would perform better than the others. 

The questionnaire Q2 consisted of 18 items as the following 

examples: 

Insert the missing number so that the given operation 
will give a maximal result for the two numbers 
(a) .... X 0. 5 (b) .... : 2 .1 (c) 4. 2 + .... 

Eiodings 

It was found that GR I did best on M2 . It seems that students 

need some numerical experience before they can gain some advantage 

of the graphical format. They made mistakes only on the first 

item of type I and type II and were helped by the graph to give 

right answers on the items that followed. Students of GR I also 

did better on the question in Ql which refers to type I but not to 

the one on type II. All the grou.ps did not do well on Q2. 

The :th.iJ:Q. exPerirnent 

D.es.i.gn 

treatment 

GR I n=l6 

GR II n=l5 

Ml 

Ml 

Ml Ml 

Ml Ml 

I eval. 

Ql 

Q2 
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tr,eatment I evaluation 

M2 M3 M3 Ql Q2 Q3 

M2 M2 M2 Ql Q2 Q3 



The .lilW:til experiment 

l2.e.s.i.gn 

treatment evaluation 
+--· 

n=29 Ml Ml Ml - M2 M3 M3 - M4 M4 Ql Q2 Q3, 

.The questionnaire Q3 and the findings will be discussed in the 

presentation. 

SUMMARY 

The findings of this series of experiments illustrates stages 

of developing interaction between the algebraic and graphical 

representation: 

The numerical treatment of Ml was not sufficient; 

The contribution of the graphical program M2 was limited; 

The activities of M3 caused just a "rote" use of the graphical 

picture; 

The full treatment Ml-M4, at last evoked a meaningful interaction 

between the representation systems. 
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Intuitive Mathematics and Schooling in a Lottery Game 

Nadja Maria Acioly and Analucia Dias Schliemann1 
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Intuitive knowledge of mathematics, developed outside schools, has been documented arnong 

children (Carraher, Carraher, & Schliemann, 1985; Carraher & Schliernann, 1985; Ginsburg, 1977; 

Groen & Resnick, 1977) as well as among adults (Carraher, in preparation; Lave, 1977; 

Schliemann, 1984; Scribner, 1984). However, the limits and strengths of this knowledge and its 

relationship to school instruction are not clear. As suggested by Resnick (in press), understanding 

these issues may help to deal with the divorcing or forma! knowledge from intuitive 

understanding of mathematics. This study analyzes the relative contributions or practical 

experience and school experience on the development or mathernatical knowledge; the knowledge 

context is the process of determining bet values in a popular Brazilian lottery game. For this 

game, five four-digit nurnbers are draw each day. Bets can be made on the first or on all the five 

numbers and on its tens, hundreds and/or thousands. A set of bets can be ordered from a 

"bookie" by stating a number and asking to bet in all the combinations of two, three or four 

digits on that nurnber. One example or an order by a customer is: 

"I want to bet 2 cruzeiros (the Brazilian monetary unit) in the invertcd thousands 

and hundreds or 583492 (i.e, in all four and three-digit combinations or the digits in 

583492), from the first to the fifth (i.e, in any number to be drawn)." 

A bookie who receives this order has to determine the amount or money the customer must pay. 

To do this, be or she must: (a) find the total number of combinations of six digits in four digit 

nurnbers (360) and in three digit numbers (120); (b) add up 360 plus 120, finding 480; (c) multiply 

480 by 5 (the number of drawn numbers), finding 2400, and (d) multiply 2400 by 2, finding 4800, 

the nurnber of cruzeiros to be paid. An externa! analysis of the game suggests that a bookie 

must be able to solve problems involving the operations described above and to understand the 

combinatorial systern and rules of probability. They orten have little or no school experience and 

Iearn the rules while betting or while working with experienced bookies. All these aspects make 

for a most interesting setting for studying intuitive knowledge of mathematics. We analyzed 

bookies' knowledge of mathematics in the work setting and, later, on problems that differ from 

those they usually encounter in terms of: (a) the numbers involved, (b) the way questions were 

asked, and (c) their content. 

1
This paper is part or the Master's Disserh,tion of tbe first autbor, under tbe supervision of tbe second. We are grateCul to 

David Carraber and to La.uren Resnick for tbeir suggestions and to Marcia Regina. Sa for belp in collecting tbe data 
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Method and Results 

Subjects were 20 adult bookies; they were grouped according to school experience. Four of 

them bad never been to school, seven attended school between I and 4 years, five between 5 and 

8 years, and four subjects attended between 9 and Il years. Each was observed at work on 

different days while calculating the orders of ten customers. Later each was asked to solve three 

series or problems presented randomly, and was then lnterviewed. 

Observations of subjects at work revealed that most of the bets encountered by bookies 

require falrly simple calculations: 90.0% of the orders speclfied the amount to be put In each unit 

and the bookies bad to find the number of units and cost of the whole bet, and 60.3% of them 

involved unit values of I, 5, 10, 20, or 50 cruzeiros. Bookies either memorized the number of 

possible combinations for each number of digits or referred to reference tables. Memorization 

accounted for 80.6% of problem solutions. Only two errors occurred in 609 orders. For 57 

problems that were not solved via memorization, four calculation procedures were identified; 

table 1 shows their distribution. One procedure was to slmply ask the customer to solve the 

problem. The second was to use school taught algorithms. The other two procedures were 

iteration and decomposition (see Carraher, Carraher and Schliemann, in press). In the 

decomposition procedure the bookie partitions the specified quantities into subtotals that are 

easier to be calculate and then, after transformations, reunltes them. Iteration Is a multipllcatlon 

problem solution involving successive additions of the same value. Iteration also allows bookies 

to avoid division problems: for the few orders in which customers stated a total amount of money 

to be bet and the bookie bad to determine an appropriate unit value, he successively tried out 

different values through repeated additions until arriving at a result that matched the specified 

amount. As a whole, no differences that could be attributed to degrees of schooling were found. 

However, when asked to explain their answers, the schooled subjects provided more elaborate 

explanations. 

The examiner presented problem series a and b as if she were a customer. Series a consisted 

of six problems stated as they would be by customers but involving amounts that were not round 

numbers. The six problems in series b involved less frequently occurring calculations in which the 

total amount of money to be bet was specified and the subject was asked to determine the money 

amounts to apply to each unit. Tables 2 and 3 sbow that the number of correct answers in each 

series increases with schooling Jevel. The correlation in both series was significant (Kendall's 

tau=.30, z= l.85, p= .05 ror series a, and Kendall's tau=.34, z=2.10, p= .02 for series b). 

-224-

Degree of schooling also affected how subjects approached the problem: while schooled subjects 

attempted to solve almost all problems and made mostly small computation errors, non-schooled 

subjects did not even attempt to solve 41.7% of the set problems. Non-schooled subjects 

consistently solved only two problems in series b. An analysis of their solution procedures on 

these problems together with an examin�t.ion of their difficulties with other problems suggests 

that these subjects have learned, through practice, a set of rules corresponding to frequently 

occurring types of bets that involve round numbers or numbers whose factors are easily found. In 

both series, all bookies used written procedures frequently. However, these were not used as they 

would be in school. Instead, writing was a tool to support the invented procedures, such as 

decomposition and iteration, when numbers became too cumbersome to calculate mentally. 

In series c, subjects solved four problems exploring understandlng of the combinatorlal system. 

They elicited the same kinds of combinations of entities as found in the betting game but the 

entities involved were not numbers but colors, letters, or placements in a horse run. Subjects 

were asked to determine the number of possible combinations, and to state each of them. For 

77.5% of the problems subjects admitted, spontaneously or with prompting, that the number of 

combinations in the problem could be found in the same manner as betting problems are solved, 

and were then able to determine tbe correct answer. Among unschooled subjects, however, tbis 

percentage dropped to 37.5%. A second analysis classified each subjects answers to three 

problems tbat required permutation of three and four elements, in terms of Piagetian stages. 

These problems were similar but not identical to tbose devised by Piaget and Inbelder (1951), and 

tbey provide a five stage classification system. As shown in table 4, degree of school experience 

correlates positively to progression tbrougb tbe stages. Tbis correlation was higb (Kendall's 

tau=.58) and significant (z=3.51, p < .001). 

The interviews allowed us to determine whetber constant contact witb the game provided 

some understanding of probability rules and of the game's structure. Responses to tbe interview 

were coded as Jogical or empirical/arbitrary. Analysis sbowed that the mean number of logical 

answers in each group, increases wltb scbool experience (see table 5). Empirical or arbitrary 

responses reflected tbe belief tbat successful bets were a matter of luck. Logical answers 

connected tbe probability or occurrence or a specific number to all possible numbers. Since, most 

certainly, tbese subjects bad not Jearned probability rules in scbool, it appears tbat tbe 

contribution of forma! scbooling is not restricted to topics taught in the classroom. 
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Discussion 

Tbese results suggest that, although mathematical knowledge may develop outside of school 

training, tbe use of this knowledge in new situations and an understanding of the relevant 

mathematical relations embedded in problem-solving rules seem to benefit from school experience. 

The contribution of everyday practice is evident in the invention of rules and computation 

strategies as well as memorization of facts--that all provide short-cuts. Further, subjects 

displayed mathematical knowledge beyond their school experience as a result of everyday 

practice. However, as Resnick (in press) suggests, this knowledge seems to be restricted to the 

domain of additive composition. The contribution of school instruction was not found in the use 

of school algorithms but rather in a more general ability to analyze and understand relationships 

between the elements in the game. This finding supports Carraher's (in preparation) analysis of 

how students deal with scale problems, and is similar to results obtained by Scribner and Cole 

(1981) on the role of schooling versus literacy. Also, our subjects used lnformal procedures 

together with modified school taught procedures in a manner similar to that observed by Saxe 

(1985). This interaction seems to provide the mast rapid and least cumbersome way to solve a 

problem. The development of more efficient strategies in a work environment, already 

documented by Scribner (1980) and by Schliemann (1984), appears to be a result of a social 

situation in which many orders must be handled In a short period of tlme. 

The development of implications for school instruction must attend to previous research 

findings (Schliemann, 1984) suggesting that instruction that was not explicitly related to practice 

was not used when subjects were asked to solve practical problems. In the present study we have 

seen that practice without schooling generates knowledge that is limited to the situations in which 

it originated. The conclusion that naturally follows is that forma! instruction on mathematics 

and problem solving should be presented together with applications to practical, real situations, 

and these situations should be as varied as possible to avoid restricted knowledge acquisition. 
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Tab I e I 
Number and percentage of problems in each group, according 

to procedure used vhen the resu I ts vere not memor i zed. 

Groups 

None 
1-4 ys 
5-8 ys 
9-11 ys 

School Ask 

AI gor i thms Customer 

o (o)
3(177 ) 

11(52.4) 
3(37.5) 

4(36 .4) 
o (o)
o (o)
o (o)
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Decomposi- Itera-
ti on 

2(18 2) 
3(177 ) 
2( 9 .5) 
1(12.5) 

tion 

5( 45.4) 
11(64 6) 
8(38.1) 
4(50.0) 



Tab I e 2 
Number of subjects in each group, according to number 

of correct answers in problem series a 

Groups 

Non-schooled 
1-4 yrs sch. 
5-8 yrs sch. 
9-11 yrs sch. 

Number of correct answers 
0 1 2 3 5 

2 

2 3 
2 

Tab I e 3 

I 

2 

Number of subjects in each group, according to number 
of correct answers in problem series b 

Groups Number of correct answers 
0 I 2 3 4 5 6 

Non-school ed 2 

1-4 yrs sch. 3 2 

5-8 yrs sch. 2 2 1 
9-11 yrs sch. 3 

Tab I e 4 
Number of subjects in each group, according to Piagetian 

Stage when so/ving problem series c 

Groups 
lA 

Unschool ed 2 

1-4 years 
5-8 years 
9-11 years 

Stages 
1B 2A 2B 

2 

2 

2 

Tab I e 5 

3A 

2 

Percentage of /ogical and empirica/ or arbitrary 
answers in each group. 

Groups Emp/Arb Logi ca I 

Unschoo I ed .89 . Il 

1-4 years .84 .16 
5-8 yea rs .63 .37 
9-11 yea rs .25 .75 
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The notion of differential for undergraduate 

Students in Sciences 

Michele ARTIGUE 

I.R.E.M - Universite Paris 7 - France

I- Introduction

The research presented here started in 1980/81 in the framework

of an experimental teaching built with the intention of coordinating

mathematics and physics (M. Artigue [l]). The difficulties in coordi

nation which arose at that time and the first empirical analysis which

followed led us to some findings, that we summarize as follows

a) The meaning of the word "differential" is not the

matical and physical teaching : 

same in mathe-

In mathematics, differential is primarily perceived as the 

linear map which approaches best a given map at a given paint. 

In physics, differential is percieved as the infinitesimal in-

crement of a physical quantity. 

b) The roles played by this concept in the teaching of the two dis

ciplines are actually very different : 

- In mathematics, this notion is usually introduced while studying 

functions of several variables. "Linearity" is emphazised more than 

"approximation" and the importance given to computation with Jacobian 

matrices reinforces this fact.

- In physics the differential, rarely explicitely taught, is fre-

quently used about functions of one or several variables. This use

takes several forms : approximation, estimation of errors, finding
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equations of problems. 

These differences in conceptions, classically, make the notion 

of differential o failure point for any attempt to harmonize the tea

ching of the two disciplines, at least in France. It is precisely the 

partial failure of our attempts which led us to develop an interdisci

plinary research on that topic, in the framework of the GRECO : "Di

dactique et Acquisition des connaissances scientifiques" of the CNRS. 

II- Presentation of the research

The project has been developped in several directions 

I- Study of the didactical transposition of this concept. (Cf. Y.

Chevallard [2]) : How did the current notion of differential take 

place, historically, in the scientific knowledge? How did the cor

responding teaching objects take shape? How did they develop? Where 

do the differences observed between Mathematics and Physics comefrom? 

2- Study of students' and teachers'conceptions. In particular, how 

do the students'conceptions integrate the obvious disparity between 

Mathematics and Physics ? What are its consequences in students'prac

tises. 

3- Construction and evaluation of didactical sequences which take

into account the results obtained in parts I and 2. 

The methodology has been adapted to the various aspects consi-

dered : 

- individual interviews, paper-pencil tests, observation of pro

blem solving by small groups in view of determining students' and 

teachers'conceptions, 
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- analysis of curricula, textbooks and papers published in jour

nals such as "l'Enseignement Math6matique", in view of studying the 

evolution of teaching, 

- experimentation of didactical sequences in lectures and in 

exercise sessions . 

The research is currently in process. No questionnaire has been 

passed on a great scale yet. However, the coherence of the partial 

results obtained in various populations, already indicates some 

streamlines. In this talk, we shall focus on point 2 above, specially 

on students'conceptions. 

III- Students'conceptions. Some findings

A- In France, in secondary school (up to 18), for more than a cen

the main notion has been that of derivative, classically intro-tury, 

duced in lere (17 years). It was presented, up to 1970 as a quotient 

limit. Since 1971, the notion of linear approximation has become do

minant. The word "differential" appeared here and there in curricula. 

Nowadays, it occurs just in "differential notation for derivative". 

In October 1984, 122 students in first year at the University 

were asked the following questions, during exercise sessions in Mo-

thematics : 

"Do you know the notations*, df, dx? If yes, where did you 

meet them? With which meaning? 

Results : 

The notation*, known to nearly all students (99 %) is just 

synonimous· to derivative. Only seven of them refer to differentials. 

The notation df is known to 52 %. Concerning its meaning, the answers 
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are often unclear. Apparently, many students, though feeling the need 

of making a distinction, have difficulties in finding-a meaning for 

df different from that given to df/dx. Eleven students refer to dif

ferentials, two refer to a small increment of f. The notation dx is 

more familiar (68 %), essentially because it occurs in integration. 

There, it is perceived as an indicator of the integration variable. 

However, nine students mention an interpretation as "differential of 

the variable x" and ten refer to a small quantity. A similar questio� 

naire was proposed to other students, at the same leve!, in on exer

cise session, in Physics. A much stronger tendency to consider df and 

dx as small increments was observed, especially among those who take 

the class for the second time. 

8- In University, in Mathematics, differential is introduced as a 

linear map, first about functions of several variables. It should be 

noticed that such a definition is rather recent in the context of the 

scientific knowledge (Cf. Stolz [3], Frechet [4]). Even more in tea

ching. It appeared in curricula about 1960, taking the place of the 

more classical presentation in term� of first differential and total 

differential. 

35 students in third year at the University attending the class 

of differential calculus were presented with a questionnaire. Given 

the question "Which definition of a differential would you give to 

a student in first year ?", they answer in !arge numbers by proposing 

a definition as linear map. Five af them reduce the nation to that of 

Jacobian matrix. This reduction, itself, becomes strongly dominant in 

exercises (show that a map is differentiable ond determine its diffe

rential at a point). 
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Technically, the computation and use of partial derivatives is 

d · l s But, the percentage of 
apparently well mastere in s�mp e case • 

the Computation of second order derivatives of 
cess collapses in 

posite functions.

suc-

com-

W 1·th the linear and algorithmic settings, shoon
This familiarity

Of answer to this type of questions, controsts

by the high percentage

with 

- the deficiency of students'geometricol abilities : only five

tangent plane the appro-

of them interpret geometrically, in terms of 

ximotion to first order of a function R
2 

+ R

h th remainders in expansions 

- their lack of care in deoling wit . e 

students'strotegies rely on linear algebra, 

So, in Mathematics,

and Jacobian matrices, powerful 

algorithms using partial derivatives 

when there are continuous parlial 

theorems such as : differentiability 

derivatives. 

ties, 

l approximation, infintely small quanti-

In Physics, they re Y on

h1·nts. Teaching in Physics does not explici
ond searching for

d1·fference between procedures seemingly connected to 
tely stress the 

approximation : 

_ leading to approximate volues and error estimates1 

leading to exoct volues through passing to o limit (derivation 

or integration). 

Concerning the students'conceptions, this produces an assimila

tion "physics � approximation" which appeors in intervlews. So the 0� 

th t d1·sciplines is reinforced. position between e wo 
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F or instance , among 45 students in prep aration of contests for 

"Grandes 1 " 21 thin k that the physician presentati on for the Eco es , 

computation of the volume of a sphere (based on slicing) cannot be 

mode rigoro us. 

In this context, students elaborate some behavio ur rules, close 

to O naive use of non standard analysis, which allaw.them to work a u 

tomatically without reference to an y me an ing. 

These rules wark in relation with linguistic marks. There are 

blocked, as s hown in the rese arch, by s uppressing these marks in their 

us ual form. Howeve r, this system is pretty performant due to the fact 

that problems usually given are stereotyped. 

In conclus ion, two conceptions of the differential caexist in 

students, linked with different contexts : Mathematics and Phys ics . 

It s hould be noticed that the teaching of these two disciplines fa-

vo urs this p acifical coexistence : the activities proposed are nearly 

disconnected and each disciplin e allows algorithmic procedures, which 

securise students as they don't n eed any reference to any me aning. 
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QUALITATIVE PROPORTIONAL REAS0NING: 
Description of Tasks and Development of Cognitive Structures 

M. Behr, M. Reiss, G. Harel; Northern Illinois University; T. Post: University of 
Minnesota; R. Lesh: WICAT Institute 

Qualitative reasoning is a significant variable in problem solving performance. 

Expert problem solvers are known to reason qualitatively about problem components 

and relationships among them before attempting to describe these components and re

lationships in quantitative terms (Chi & Glaser, 19'82). It ts not that expert prob

lem_ solvers use qualitative reasoning and novice problem solvers do not, but that 

novice problem solvers direct qualitative reasoning to the surface feature of a 

problem, rather than structural features, and fail to anticipate relationships be

tween problem components. For instance, when asked to explain the transformation 

of 2/5 to 6/x with respect to the equality relationship, the novice problem solver 

may reason the transformation to be additive, and that x � 9. Such an argument is 

inadequate because this particular additive transformation has a quali_tiative effect 

on the ratio relationship which is not taken into consideration. 

The consensus of current research is that an expert's reasoning about a problem 

leads to a superior problem representation because it contains numeraus qualitative 

considerations about problem components and their interactions. Such a problem re

presentation enables the expert to know when qualitative reasoning is inadequate 

and quantitative reasoning is necessary. 

Research about fractions, ratios, and proportions (e.g., Behr, Wachsmuth, Post 

& Lesh, 1984; Hart, 1981; Karplus, Karplus & Wollman, 1974; Noelting, 1980; 

Seigler & Vago, 1978) have described correct, incorrect, and inappropriate 

strategies and inadequate qualitative reasoning that adolescents use for such 

problems. It has been shown that adolescents frequently use additive comparisons 

when multiplicative comparisons are required. The effects of qualitative change 

in the magnitude of components of relationships such as a/b = c, are inadequately 

-235-



I 

lir..... 

anticipated by adolescents and adults. Yet, important cause and effect relation

ships can be deduced through qualitative reasoning alone. 

The focus of earlier studies on proportional reasoning has been on whether 

children have achieved quantitative proportional reasoning. Observed qualitative 

strategies have been characterized as inadequate without investigation of how they 

might interact with or serve as a basis for the development of quantitative 

strategies. One aspect of our research is to investigate whether children have, or 

can be taught, qualitative reasoning strategies to answer proportionality questions 

when appropriate, and to determine circumstances where quantitative reasoning is 

inadequate. 

Work by deKleer and Brown (1984) responding to a need to explain the qualita.tive 

reasoning observed by expert problem solvers in scientific domains has resulted in 

a qualitative calculus based on the concept of confluence equation, or qualitative 

differential equation. In this calculus an equation of the form a/b � c is 

associated with the qualitative differential equation �a - 6b = 6c (nöt to be eon-

fused with a standard differential equation). Interest focuses on values of +, -, 

and O assigned to 6a, 6b, or 6c, according to whether a, b, and c are increasing, 

decreasing, or unchanged (deKleer & Brown, 1984). The qualitative differential 

equation provides an algebraic description of the qualitative behavior among the 

three components of the equation a/b = c, as shown in the following table. 

0The Rational Number Project has developed tasks to investi- I� + 
i-:=-=-__:,-1----1---I-----' 

gate children's qualitative proportional reasoning. Success 

on these tasks requires ability to reason qualitatively about 

two ratio situations modeled by a/b = c and x/y = k. They 

require reasoning about how qualitative changes in a or b and 

+

0 

+ + 

+ 0 

x or y affect c and k, the intensive values of the respective ratios, and of how 

these qualitative changes affect the comparison of c and k. 
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Tesselation Tasks which we developed ,were based on the concept that any uniform 

pattem visually expressing a comparative relationship between two or more sets of 

congruen,t juxtaposed geometric figures, such as curves to squares, or squares to 

rectangles, can be used to tesselate the plane. Proportionality problems arise 

from questions about iterations, partial iterations, or partitions of the basic 

tesselating pattem. Comparison of rates in terms of equality or inequality rela

tions are embedded in a comparison of two tesselating patterns. Missing value 

problems are embedded in situations when an iteration, partial iteration, or 

partition of a basic tesselation pattem is shown with one set of geometric patterns 

masked. Incorporation of perceptual distractors inta a tesselation task serves as 

a test of the strength of a child's logic for proportional judgments over percep-

tually based judgments. 

The block task is strictly a non-metric proportionality task which involves two 

pairs of blocks ((A,B) and (C,D)). Corresponding blocks (A,C) and (B,D)) across each 

pair were constructed from the same kind of unit-blocks; blocks within a· pair differed 

in the size of unit blocks used, A and C usin� larger units. The number of unit 

blocks in A and C differed, but remained constant across tasks. The three instan

tiations of each of B and D compared in number of unit blocks by one less, the same, 

or one more to A and C, respectively. Subjects were asked to judge the weight re

lationship between C and one of the instantiations of D based on one of three 

weight relationships given between A and an instantiation of B. 

The three within pair weight relationships crossed with the three within pair 

number of unit blocks relationshipsxesulted in 27 possible problem situations. 

Nine carefully selected problems were presented to subjects. The blocks were con

structed so that proportional reasoning w�s required for problem solution, caref4lly 

avoiding the possibility of solution by transitive reasoning. 

The triangle similarity tasks assume that similarity is a primitive cognitive 
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structure to proportionality. Each task involved right triangles as the pre- and 

post-image of a uniform or nonuniform right-triangle preserving positive or nega

tive dilation. Three transformations were represented such that from pre- to post

image, the leg of the right triangle in a counter-clockwise orientation to the 

right angle was stretched or shrunk by an equal, or less, or a greater rnultiple 

than the leg in the clockwise orientation to the right angle. Thus, six types of 

tasks were possible. For missing-value proportionality problems in this context, 

children were given values of two sides of the transformation pre-image and one 

corresponding side of the post-image along with a picture to characterize the 

transformation as one of the six possible, and asked to give the value for the 

length of a corresponding side of the post-image. For ratio comparison problems, 

children were given numerical data for two pairs of corresponding sides of the pre

and post-images and then asked to choose from a set of pictures the one of six 

possibilities wh±ch would result if the pre-image were superimposed upon the post

image. 

The concept map task is concerned with the conceptual representation of a topic, 

in this case, proportional reasoning; not with numerical relationships or strategies 

The ·children were given a number of concept names on cards and were asked to arrange 

them so that similar concepts were near each other. They then drew and described 

links between the concepts which exposed their understanding of the relationship 

between the concepts. The resulting concept map gives an impression about whether 

children see relationships between concepts and whether or notthey group them hier

archically or as separated entities. The concepts given were general (proportion, 

fraction) or specific (numerator, denominator). Some were mathematical (rate, 

ratio) or from applications (speed, time, distance). So there were ample opportuni

ties to find interconnections. The results from this task will be used to aid in 

constructing semantic nets of the student's cognitive representations of concepts 
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associated with fraction, ratio, and proportion. 

These tasks have been given in one-on-one interviews given at intervals in a 

15-18 week teaching experiment. Further analysis should help to characterize the 

development of qualitative and quantitative proportional reasoning strategies, and 

the interaction between them. 

A written test was developed to study the effects of problem context from the 

two perspectives of qualitative and quantitative reasoning. Quantitative tasks 

were of missing value (}fV) and numerical comparison (NC) types. Qualitative pro

blems contained no numerical values, ·they required a decision about the directional 

change of a rate when its numerator or denominator is(are) changed, or to deter

mine the order relationship of two rates according to the variables under considera

·tion. 

Four contexts were selected -- speed, mixing, scaling, and density. For each 

context, separate tests were developed for each of two settings- more familiar and 

less familiar -- resulting in eight tests. The contexts and settings·are listed: 

Speed 
Mixing 
Scaling 
Density 

Setting (inore familiar) 
Running Laps 
11ixing Lemonade 
Drawing Classroom Maps 
Standing in Movie Line 

Setting (less familiar) 
Driving Cars 
Mixing Paint 
Reading Road Maps 
Hammering Nails 

Each test bad eight quantitative problems (4 }{V and 4 NC) with integer ratios 

both within and between rate pairs. Two types of qualitative problems (4 rate 

change and 4 comparison) were included in each test. A qualitative rate change 

task requires determination of the direction of change in a single rate: "If Nick 

drove less miles in more time than he did yesterday, his driving speed would be 

a) Faster b} Slower c) Exactly the same d) There is not enough information to 

tel1." In a qualitative comparison task two rates are given and an order cornpar-. 

ison is required: "Bill drove more miles than Greg. Bill drove for less time than 

Greg. Who was the faster driver?" 
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Test results from about 950 grade-7 and -8 children were analyzed in a context 

X setting X problem type X grade level design. Types of student solution strate

gies were examined for the quantitative problems. 
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RECENT COCNITIVE THIDRIES APPLIED TO SD;2UENJ'IAL LEN:;I'H MFASURIN.; 

� IN YOmG CHIIIREN 

By GILLIAN IDULTON-LEWIS 

(Brisbane College of Mvanced. lliucationl 

SUMMARY. This research was designed. to dete:anine sequential length 

measuring knowledge in children aged. 3-7 years. Sequences were pred.icted in 

advance logically frC111 measurernent theory; from a review of the literature; 

and from the infonnation processing demand of the tasks (cf. Case and 

Halfordl. A sample of 80 children from mi.xed socio-economic backgrounds was 

tested on rneasures of capacity to process infonnation and 15 main 

rneasurernent tasks. Analysis of the data showed that the empirical sequence 

of length measuring knowledge was m:>st like that pred.icted from analysis of 

the infonnation processing demand of the tasks. It is asserted that 

mathematics curriculum content could be sequenced on the basis of similar 

infonnation processing analyses. 

lNI'ROJ:Xx;rICN 

Lesh and Iandau (1983) maintained that cognitive research has produced 

generalisations that researchers in mathematics ideas have considered to be too 

crude. They asserted. that mathematics educators are now focussing directly an 

children's mathematical ideas because of their interest in substantive 

mathematics content and ed.ucational iroplications. 

Part of the disillusiornrent with cognitive research has been caused. by the 

fact that the results of Piaget's work and similar research have not been easy ta 

apply to mathematics ed.ucation. In the 1960's and 1970's dete:anined efforts were 

made to apply Piaget's theories ta designing mathematics curricula. The effects 

still persist in many state curricula in Australia and have caused. a certain 

laissez-faire approach to teaching mathematics to young children in particular. 
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With the benefit of hindsight we can see that Piaget's theory could not be 

directly applied to teaching mathernatics. He was concerned with the logic of 

thinking and with providing a formal logical description of human knowledge as it 

developed over time _ Because of his structural descriptions of thought and the 

tasks he designed, his data present a picture of deficits in the thinking of 

pre-operational children in particular. Siegler !1981) suggested that 

mathernatics educators should look rrore closely at the Jcnowledge that yormg 

children do possess without feeling obliged to fit it to a preconceived Piagetian 

framework. The research in mathematics education appears now to be taking up 

such a challenge. 

Recent cognitive research however is not such a "crude" tool for 

mathematics educators as Lesh and Iandau suggested. In particular the work of 

Halford and Case has IIIllch to offer to mathernatics education. Fach of the 

theories is concerned with the nation of an increasing upper l:imit to children's 

capacity to process information. Case (1985) and Halford !1982) have employed a 

variety of tests to assess that capacity at approximate ages. Halford 11982) has 

described sequential levels of children's ability to relate synbols to 

envirorurental elerrents and identified classes of concepts, belonging to each 

level (Halford, in press l . These include mathernatics concepts and provide a 

basis for detennining the denand on processing capacity of content and hence 

sequence in mathernatics curricula. Case C 1985 l has described tasks that children 

should be able to perfolJll as age and M - space increase. 

The research described in this paper was intended to detelJlline children's 

sequential Jcnowledge of length measuring. It was designed to predict the 

sequence of developrent of Jcnowledge of a particular mathematical idea from 

recent cognitive theories and to campare the predictions with empirical research. 
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Three alternative sequences of length measuring knowledge were posited 

J:>efore children were tested. The first was a logico/mathernatical one based on 

measurerrent theory. The component skills (variables -Vl required for length 

measuring were detelJllined and ordered according to whether they were logical 

prerequisites for subsequent skills. Research findings for each aspect of length 

measuring, identified in the logico/mathematical analysis, were reviewed. The 

second sequence of skills was based on that review. The skills were ordered 

according to the approximate ages at which 50% or rrore of children apparently 

derronstrated mastery. The ·third sequence was based on analysing the dernand that 

each of the skills, identified in the first sequence, would make on children's 

capacity to process information. The skills were then sequenced a third time 

according to their hypothesised demand (cf. Case and Halford in particularl, the 

norms for increase in capacity to process information, and classes of tasks 

possible at each level. The three sequences are shown in Table 1 of the longer 

paper provided at the session and described there on the basis of a selective 

discussion of the references. 

ME:l'HOD 

� 

This consisted of 80 children from kindergartens and primary schools in the 

southern subw:bs of .Melaide, South Australia. There were 8 boys and 8 girls at 

five age levels (mean ages at each level were 3:7, 4:6, 5:6, 6:5 and 7:5). The 

sample included equal nurrt>ers of children from low, middle and high 

socio-economic backgrormds. 

Procedure 

Fach child was withdrawn and tested individually in two separate sessions. 

The tests included an M space measure, two measures of short telJll merrory and 

tests for variables as listed below. The tasks are described in detail in 

Boulton-Lewis !1983) and briefly in the paper available at the session. 
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11 M--space was measured with the Card Counting Test used by Case (1977). The 

repeating of digits test from the Stanford-Binet Intelligence Scale (adapted from 

Tennan and Me=ill, 1964) was used to measure digit span to determine short tenn 

memory. A repeating of words test was devised for this study as an additional 

measure of short tenn I!eIOOry. 

The other tests were as follows; V 8 Subitizing, V 11 and V 12, number names 

in sequence from 5 to 10, and 10 to 100. V 14, One-to--one co=espondence to 

determine equivalence and cardinal number (and also V 9, enumeration, V 10, 

number names to 5, V 13, a rule for counting. l V 15, Relative magnitude of small 

numbers (4 > 3, 7 > 6). V 16, Recognition of equality/inequality of length. 

V 17(al, Ordering of lengths pair by pair and/or V 17 (bl seriation. V 18 

Construction of horizontal lines. V 19, Diagonal lines and V 20 recognition of a 

straight line. V 21, Recognition of length invariance (without explanationl and 

V 22 conservation of length invariance. V 23, Co=ect resonse to transitivity 

task and V 24 transitive reasoning. V 29, Measure with a standard device 

(without explanationl and V 30 (with explanationl. V 34, Counting to 10 with a 

rule. ( Sum of V 9 Enumeration, V 11 and V 13. l V 35, Length measuring strategy 

using arbitrary units (sum of V 25, V 26, V 27 and V 28. l 

RESOLTS 

The results are surnnarised in Figure 1 of the paper available at the 

session. Figure 1 is a mxiel of the sequence of developnent of length and number 

knowledge in children aged 3 to 7 years. It was constructed fram analyses of the 

data through the SPSS Guttman and Guttman-Lingoes Multiple Scalogram scaling 

procedures, cross-tabulation of the variables item by item, and phi and McNemar 

chi-square statistics. 
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It can be seen from Figure 1 that the variables foD!I three or four clearly 

identifiable groups. Variables 18, 16, 17, 9, 8 and 10 are the first concepts to 

develop. There was no significant chi-square value between any of these 

variables which would indicate strong directionality although the scalogram 

analyses give the sequence of developnent for these skills. 

The second group of variables includes 21, 34, 15, 22, 23 and 19. There was 

a clear one way association between the last variables in the first group (17 and 

8) based on the chi-square value, and the first variables in the second group (21

and 34). 

The third group of variables includes 29 and 14. Variables 30, 35 and 24 

could be considered to be in this group or in a further fourth group. Variable 

24 certainly is learned much later than the other variables. Variable 29 occurs 

much later than predicted from the literature review or from the analysis of 

derrand of the tasks. 

The sequence of the variables in Figure 1 was rrost like the sequence 

predicted fram the analysis of the infoilllation processing demand of the tasks. 

The only significant exceptions were variables 29 and 24, both of which are 

apparently learned later than predicted. 

The variables were also cross-tabulated with sex, measures of M--space, short 

teD11memory span and age. The 50% success rates for age, M -space and span showed 

similar groupings to those in Figure 1 . Cross tabulations by sex showed no 

significant difference .in perfonnance on any of the tasks between boys and 

girls. other statistical analyses are discussed in the fuller paper. 
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DISCUSSION 

The data fram this research showed quite clearly that the sequence for 

acquisition of length knowledge is closely related to developing capacity to 

process information. Increasingly complex knowledge of length measuring was 

predicted and shown to develop with increasing M space and short tenn!l'elOOry. 

The children younger than 6 years in the sarnple had no direct instruction in 

measurement concepts. The older children may have benefitted fram school 

instruction to the l:imit of their capacity. 

It can be seen fram Figure 1 that there are levels of knowledge for concepts such 

as invariance of length and cardinal nUllber. They do not develop in an all or 

none fashion. Rather levels of Jcnowledge of those concepts appear to be closely 

related to capacity to process information. 

Because the sequence shown in Figure 1 is m:Jst like the sequence predicted fram 

the analysis of the information processing demand of each task it is asserted 

that the theories of case and Halford are potentially very useful for curriculum 

planning. A suggested procedure for choice and sequence of curriculum content is 

outlined in the further paper available at the session. 
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RATED ADDITION: A CORRECT ADDITIVE SOLUTION FOR PROPORTIONS PROBLEMS 

Terezinha Nunes Carraher 

Several 

mathematical 

Universidade Federal de Pernambuco 

Recife, PE, Brasil 

a uthors 

abilities 

h ave 

which 

documented 

r ely upon 

the existence of 

problem-sol ving 

procedures that differ from those taught in schools. These 

abilities have all been in the realm of arithmetic operations. 

Child-invented methods obs erved for dealing with more complex 

problems like proportions have been of limited application and 

less successful (e.g., Hart, 1981) than those reported for 

arithmetic operations. 

Th� present study describes a successful intuitive method 

for so lving scale problems. The p articipants in the study, 

construction foremen and students, had different previous 

experience with scales. Foremen deal with blue-prints in their 

daily lives. They often have to figure out the length of walls 

using information obtained by measuring the target distance on 

the blueprint and converting it into real-life size according to 

the scale used. Their experience with scales is in practical 

situations, where this numerical transformation is needed and 

they h ave previous knowledge of which scales are commonly used. 

Foremen learn about their professions on the job; no formal 

training is requireä. Their learning of scales is accomplished 

on the job--a situation which strongly favors the development of 

intuitive strategies for solving scale problems. Students, in 
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il 

contrast, if they learn about scales, do so in the classroom. 

In Brazil, students usually receive instruction on algorithms 

before being asked to solve problems by applying the algorithm. 

Teaching 

strategies; 

aims at the development of formal mathematical 

the rule-of-three is the algorithm taught for the 

solution of proportions problems. 

METH0D 

Subjects. Subjects were 17 foremen and 16 7th graders 

from Recife, Brazil. 0f the foremen, three had been in school 

long enough to have learned about proportions; all had at least 

five years of practice in the trade. All students had received 

instruction on the rule-of-three in 7th grade. 

Procedure. Subjects were shown four blueprints drawn 

according co jifferent scales. Two scales (1/100 and 1/50) were 

familiar to foremen from their practical experience; the others 

(1/40 and 1/33.3) were unfamilia�. Students had not received any 

specific instruction on scales; the distinction between familiar 

and unfamiliar scales does not apply to them. 

Subjects, tested individually accor�ing to the clinical 

method, were shown that, for most of the walls, the life size 

measures were indicated on the blueprint. However, for some of 

the walls, there were no measures. Their task was to figure out 

what those measures were by using information from the blueprint. 

As a start, they obtained one measure from the blueprint and 

compared it to the life-size measure of the same wall; these two 

values will be termed the first pair of numbers. The first 

pair was needed for the application of the rule-of-three and for 
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the identification of the scale by the f Th oremen. e second pair 

of values was the pair for which there is an unknown, the 

real-life value, and one known measure, obtainad from the 

blueprint. Table 1 presents a summary of the numerical problems. 

Table 1 

Problems presented in the Scales Study 

scale First pair Known-values in the second pair 

1/100 3 cm/ 3 m 4 cm; 2,8 cm; 3, 2 cm 

1/50 6 cm/3 m 9 cm; 7,5 cm; 5,5 cm 

1/40 5 cm/2 m 8 cm 

1/33.3 9 cm/ 3 m 15 cm 

RESULTS 

Three types of results were analysed: accuracy of 

solutions, strategies in problem solving and types of errors. 

With respect to accuracy, foremen did better than 

students with both familiar scales anc the 1/40 scale; stu0ents 

did better with the 1/33.3 scale. 

With respect to strategies used in problem solving, 

results showed that: (1) only one student used the rule-of-three; 

( 2) additive solutions (see Karplus et al, 198311 Hart, 1981; 

Inhelder and Piaget, 1951), in which the difference between the 

first pair is kept constant in the second pair, were observed in 

only two of the 259 observations (8 problems x 33 subjects; 5 

missing observations); ( 31) the most common method of solution was 

one which can be termed "rated addition", according to which the 
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subject finds a simpler ratio (usually 1/x) and then proceeds by 

adding corresponding amounts to each member of the pair of 

numbers. This method must be distinguished from the additive 

solutions because, contrary to those, it maintains the ratio 

constant. 

The methods used in finding the simpler ratio were of 

two types: (1) hypothesis testing; and (2) identifying the 

relation. Hypothesis testing was a strategy used by foremen 

which treated the known scales as a pool of hypotheses and 

proceeded by eliminating/accepting a scale by comparing 

calculations for the first pair with the given values. If the 

calculations according to the hypothesized scale checked with the 

given values, the hypothesis was accepted; otherwise it was 

rejected. This stretagy can only work for familiar scales 

because unfamiliar scales are not part of the pool of hypotheses. 

Hypothesis testing was not a strategy available to students 

because they did not have a pool of familiar scales to draw from. 

Identifying a relation was a strategy in which the ratio 1/xwas 

obtained through multiplication/division wite1in the first pair. 

This strategy, which works for any scale, made foremen 

"uncomfortable" with the scale 1/33.3 because of the definition 

of scale used in their trade; nonetheless, none of the foremen 

who were able to identify this ratio failed to solve the problem. 

Students worked with this scale as 3/1 as they were not subjected 

to the same type of expectations on how to name scales. The 

distribution of responses according to strategies is presented in 

Table 2. 
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Foremen 

Hypotheses 

Identifying 

0ther 

Students 

Identifying 

0ther 

Table 2 

Percentage of subjects by type of strategy 

Scales 

1/50 1/40 1/33.3 

testing 47 25 35 

ratio 47 67 59 

6 8 6 

ratio 88 82 82 

12 18 18 

Am�ng foremen, there was no relationship between level of 

schooling and type of strategy used in identifying the scale; two 

illiterate foremen solved all the problems, finding the simpler 

ratio by division/multiplication, while four with more than five 

years of schooling did not. 

Error analysis showed that sti,dents difficulties 

resulted mostly from the interpretation of results; after correct 

calculations, they read the results incorrectly. They also made 

mistakes in working with decimals, coming up with responses such 

as "three point seven point five" (calculating the life size for 

7,5 cm in the 1/50 scale) or "three point seven and a half". 

Foremen, in contrast, had almost perfect performance on the 

familiar scales and displayed no errors of interpretation but, 

like students, had difficulty in dealing with decimals. 
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C0NCLUSI0NS 

An intuitive strategy for dealing with scale problems was 

documented, replicating previous observations (Abramowitz, 

1976, and Rupley, 1981; in Kllrplus et al, 1983). This strategy 

involves two steps, (1) finding a simpler ratio, and (2) applying 

it additively to compute the result. It remains close to 

children' is understanding of the problem and does not introduce 

computational rules which may seem arbitrary to children, like 

those in the rule-of-three. It is suggested that children could 

perhaps learn more about ratio and proportions if encouraged to 

solve problems through rated addition and reflect upon the 

meaning of this way of adding. 
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Concepts and Processes. 

Concerning conceptions of area (pupils oged 9 te 11) 

By Regine D0UADY et Morie-Jeanne PERRIN 

I.R.E.M - Universite Paris 7 - France

By the dialectic relation they establish between space and num

bers, spatial measures (length, area, volume) ploy a key role in the 

conceptualization of these two fields. Among spatial measures, the 

measure of area play o priviledged role in the building of multipli

cative structures. This from two points of view : numbers operate on 

areas and areas appear as products of lengths. 

0ne knows the difficulties for same pupils te conceive the mea

sure of the area of a triangle in square centimeters. 

These difficulties eon be related te the conception of areas associa

ted te the existence of an actual tesselation of the surfoce, and te 

the shape of the tiles. 

The problem is then te develop leorning situations which allow 

confrontation and evolution of conceptions, so as te master these 

difficulties. 

We have built didactical sequences which satisfy hypotheses sta

ted later, we have observed their development in two classes : a CMl 

(27 pupils 9-10 years eld) and a CM2 (22 pupils 10-11 years eld), and 

we have detected the conceptions implemented by these pupils in two 

occosions : 

1) during individual interviews, at the end of the Second Trimester, 

for the CMl, ct the end of the school year for the CM2. 
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11 

111 

11 

JI// 
Il 

2) during paper-pencil tests, at the end of the school year, for the 

two classes. The tests were those used by J. Rogalski in CMl, CM2and 

6 e (ll-12 years) [Cf .Recherches en Didactique des Mathematiqueslol3.3J. 

I- Our didactical choice for constructing the learning sequences

• Theoretical framework

We resume the hypotheses stated in [R. Douady 1984, th_ese an·d PME 9] 

1) On the strictly cognitive ground, the implementation of unbalan

ces and the possibility of reequilibrotion by pupils eon be obtained, 

for an importont port of the concepts, within appropriote "interploys 

between settings" by using problems to be built ad hoc. 

The reequilibrations we are oiming ot correspond to the ocquisi

tion of new cancepts involved in "Tool/object diole ctics". 

On the didacticol ground, we make the hypotheses thot there ore 

same adequate problems which ollow the realizotion of the obove hypo

theses, and which eon be port of a global orgonization af the teaching 

efficient for mast pupils. 

Here, for the meosure of areas to play fully its role in the 

construction of their knowledge, pupils hove to mokP. three settings 

interoct : the setting of surfoces (geometry without meosure, but with 

movements and transformations), thot of mognitudes (lengths and·ore

os), ond thot of numbers. This involves the necessity of distingui

shing these three settings, and also the possibility of identifying 

two of them - or the three - if needed, occording to the problem. 

• Presentation of the nation of area

The area is a woy of occounting for the room occupied by o sur

foce in the plone. The equality is defined from 3 points of view : 
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The area is invariant by moving. 

It is also invariant by cuting in pieces ond potching them bock 

without lo?s or overlop. 

On O grid, two surfoces which include the same number of squa

res have the same area. 

In the same time, comporison of areas is defined using inclusion 

öf surfoces, and addition of areas using juxtaposition of surfoces. 

The three points of view above make it possible te campare areas 

in some cases but not all. For instance you cannot find a square with 

the same area as a given disc. A way of answering this is to use the 

meosure. Another way is to call on another magnitude which can be 

measured : mass. 

A description of the didactical sequences we worked with can be 

found in [Douady-Perrin 84-85, Petit x N ° 6-N °8 IREM Grenoble ]. 

The main points are : comparison of areas without measuring, dif

ferenciation area /length, approach of measure in two steps : tessela

tion, measur e of the area of a given surface with different units. 

Note that the pupils concerned in this paper only have dealt with 

a part of the sequences described there . 

Il- Conceptions of the pupils 

1) Interviews

We hove interviewed the pupils by .-g.rou.
ps of 2 .in order to obser

ve, and sometime induce, conflicts of conceptions. They hod to cam

pare the areas below 
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Strategies observed 

The pictures were drawn on white paper. 

Under request, squared paper was provided. 

a) reduce comparison of areas to comparison of numbers 

using a grid and counting squares (on squared paper or squa

ring the white paper, with squares or with rectangles). 

Multiplying lengths to compute areas, inventing wrong formulas 

for triangles ar parallelograms. 

b) reduce comparison of areas to that of sides (S
1 

9nd s
2

) 

c) cut and patch in an appropriate way (to campare s
1 

and s
2

, or s
3 

and s
4 ) ; or pave (S

1 
with s

3
, s

2 
with s

4
). 

two beaks of the parallelogram, and find 24 squa-

For other ones, the change of stråtegy takes place when they are 

asked to "lean the parallelogram more and more", until it becomes 

clear that the area has turned very small. 

Our interpretation is that these pupils amalgamate three trans-

formations 

- the "jointed parallelogram", which preserves the length of the 

sides, but not the area.

the sliding of a side (on the line which carries it), which

preserves areas but not lengths of sides

- The rotation around one vertex, which preserves all lengths 

d) "Stroigthen" the parallelogram inta a rectangle

lelogram even more. 

lean the para!- and areas.

Conflicts and changes of strategy 

Strategy c on one hand, strategies 6 and d on the other, conflict 

since they lead to opposite conclusions. This surprises the pupils, 

since they expect to get the same results. 

D
They measure the height of the parallelogram, and 

are amazed to find it sharten than the side. 

For same of them, this is o way out of the conflict. These use 

strategy c. Others try to pave the rectangle and the parallelogrom. 
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Remark In the class CM2, where more time had been devoted to the 

study of area without measuring and to its invariance under cut and 

patch, strategy c has been chosen mast, including to campare s
3 

and 

s4
. Difficulties in handling have induced changes of strategy in this 

case : either to calling on measures (sometimes wrong), or to refe

ring to s
1 and s

2 

2) Paper-pencil tests 

We have proposed questionnaires used by J. Rogalski [Recherches

en Didactique des Mathimatiques, vol 3. 3 ], including "S.N. without 

an example of tesselation" 

How many small squares (resp. rectangles, triangles ... ) in a 

big one ? 
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- How many paint eons are needed to paint the big square (resp.),

knowing what is needed for a small one ? ( the ratios are 2 or 3 ).

J, Rogalski gets answers to these questions which are different 

for the square (mastered in CMl) and for the triangle "a long evo

lution is needed before the representations of tesselation of the 

triangle are at disposal (end of 5
e 

13 years). Only at the end of 

4
e 

(14 years) these representations are available for 3/4 of the pu

pils". For spontaneous tesselation (question 1), she gets 48% (resp. 

39%} correct answers for the equilateral triangle with ratio 2 (resp. 

3), all classes together (9 to 14 years). For these questions, we get 

answers comparable to those of pupils in 4e 
(13-14 years). Note also 

that correct results are in the same order of magnitude, whether squa

res, triangles or parallelograms are concerned, whether the ratio is 

2 or 3. The rote of passing from a correct answer in tesselation to 

a correct answer for paint (success (paint + tess) / success tess). 

ronges from 85% to 100% in CM2, from 53% to 90% in CMl, and is better 

for triangles than for other surfaces. These rotes are comparable to 

those of J. Rogalski 2 years later. 

In conclusion, the work done in didccticcl sequences has appa

rently mode a�ailable the tesselation of various surfaces, so that

the pupils become able to answer some classical questions concerning 

areas . 

These didactical sequences have been completed later by other 

one in order to implement the dynamical point of view induced by geo

metrical transformations. 
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Children's Perception af Fractions 

Daphne f<erslake 

Bristol Polytechnic 

The research referred ta in this paper is part af the project

strategies and Errors in Secondary Mathematics, based at Chelsea

College, London University from 1979-1983. 

In the case af fractions, the main difficulty seemed ta be a 

dependance an half-remembered algorithms, and a failure ta

appreciate what fractions really are. Thus the decision was made ta 

1nvestigate further children's perception of fractions and, in 

particular, the medels they used when dealing with fractions. The 

children who took part in the research were aged 12 to 14, and were 

in middle-ability clas•es in a number af different schools. 

Two aspects which emerged from the research are now discussed 

briefly. 

1. The first relates ta children's difficulty with the idea that

the f ract i an a/b can mean a.;.. b. 

When invited to comment an a number of medels of the fraction

3/4, the only one with which all children were comfortable was

the part-whole one.!t became apparent that the commonest reason

for rejecting other medels was because it was seen not ta fit in

with this view. For example, a set af 4 counters, af which 3 

were coloured was rejected because "It wouldn't be right, it's

n,,t a whole thing" ar "No, it's got no shape."

Of particular interest was the children's response ta 3�4 In 

mast cases the idea that it could have any connection with 3/4 

was firmly rejected. What is more, it appeared that these 
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children did not think that an answer even existed when a 

smaller number is divided by a larger one. There were two 

strategies frequently employed. Some who read the division the 

correct way said, for example: "3 shared by 4. You can't do 

that, 4 is bigger than 3." 

The other strategy was to reverse the order of the division, 

but again fractions were avoided: "3's into 4. 3's go into 4 

c,ne, and one r-emainder- . 11 

These children were then asked to look at the pair of divisions 

12 .,.-4 and 4 �12. Some evi dentl y thought that it was acceptabl e 

to treat division as commutative: 

MT "4 12: that's the wrong way round 12 won't go into 4" 

I. "So what do you think we should do about it?"

MT "Change it round 12 divided by 4."

I. "Is it all right to choose which way to do it?"

MT "Yes, because you'd get that one otherwise - 12 into 4 -

and that's the wrong way." 

When presented with the practical task of sharing 3 cakes 

between 4 people,almost all the children were able to do this 

satisfactorily, and in most cases, were then able to see its 

connection with the fraction 3/4, with the resulting shapes now 

looking like part-of-a-whole models for 3 quarters (�@@ 

c,r 3/4 c,f a cake. One child, though, said: "Ah, I see what you 

mean. It would be the same that way.But you said these were 

cakes. But if it was 3+4 you couldn't do it." 

Part of the teaching programme was designed to give the children 
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e:-:perience of the inter·pr·etation of the fraction a/b as a..;. b. 

This made use of a range of practical tasks, and also of the 

calculator. Dne test item asked for responses to both 12;..4 and 

4 +12. The main interest in the results lies in the fact that 

while the number of correct responses increases significantly 

after the teaching, there remained about one third of the 

children who thought that they should both have the same answer. 

Forty-five of the 59 children gave responses which avoided 

fractions at the pre-teat, and 26 still at the immediate 

post-test. 

In a later te!st-item, consisting of the pair 3 :'-4 & 4 ..;.3, it was 

not possible to avoid the use of fractions by reversing the 

order of the division. Ten children thought, at the pre-test, 

one of the results wwas zero, while 12 thought both answers were 

the same. By the immediate post-test, these numbers were reduced 

to 3 amd 10 respectively. 

It seems that the perception of a fraction as part of a whole 

shape, usually a circle or square, is so strongly held by some 

children that they find it impossible to adapt this model even 

to include the nation of 3 circles to be shared into 4 equal 

parts. This restricted view of fractions emerged at several 

points during the interviews, and where this model of a fraction 

did not seem to help, the children appeared to abandon it 

altogether in favour of trying to remember learnt rules. 

Instances of the !imitations of the part-whole medel were found 

when comparing fractions and when adding fractions: 
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in comparing 5/20 and 1/4, JE chose to draw a rectangle split 

into twentieths to illustrate 5/20, and compared this with a 

previous drawing of 1/4 which was a circle divided ito quarters. 

She said that 5/20 is bigger than 1/4 "becauee you'd draw ,a 

diagram into 20, shade in 5 .. that would be more than 1/4 

I think 1/4 might be bigger. Hard to tell." And, indeed, it is 

virtually impossible to campare two fractions of different 

shapes. This illustrates well one of the problems of the 

part-whole model, in which, for any meaningful comparison, the 

'wholes' have to congruent. In the next extract, JC was working 

at 2/3 +,314, and gave the answer 5/7. 

I. "Do you think that answer's all right?" 

JC "Yes. If it was the other way round it would be top-heavy"

I• "We have just drawn a picture for 3/4. Could you draw one

for 2/3?" 

JC "<Drawa � @ )" 
I. "So we have 3/4 and then we add 2/3 on"

JC "Yes. There are seven pieces and there are five shaded in,

two and three."

Not only is the diagram unhelpful, but JC uses it to confirm her 

error. What is more, there are fundamental objections to using 

the part-whole model when dealing with any operations on 

fractions . The nation of adding part of one shape to another 

part of a second shape is parallel to the attempt to add 2 

apples to 3 bananas; to make any sense,it is necessary to think 

of fractions as numbers, not parts of shapes. 
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2. One section of the teaching module focussed specifically on the

idea that fractions are numbers. The teaching made extensive use 

if the number-line, and of calculators. One of the test items

asked the children to find 3 numbers between 1 and on a

number-line.At the first test, ten children said there were no 

such numbers, whereas only three made this response at the 

immediate post-test. However, in the second part, the more

specific question was asked :"How many numbers do you think

there are between 1 and 2 11 , the resLtl ts were 1 ess enc:ourag i 11g.

'Correct' answers included those sucl1 as "as many as yoLt like",

or- "you could go an for ever" as well as 11 infinitely many'1• The

results are shown below: 

Existence of numbers between and 
Answer Pre Post Del 
Correct 6 9 10 

None 8 5 6 
12 13 11 

6 4 1 

4 0 

No response 18 10 9 

So, in addition to those who thought that were no numbers 

between 1 and 2, there was an unusually high group of children 

who made no attempt, who, perhaps, also found it difficult to 

accept the existence of any fractions. There were many other 

occasions when the children failed to accept fractions as 

numbers: for example, when asked to find a number such that 

46% children chose to reply 'there is no number' 

rather than to attempt an answer or make no response, while 47% 
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made a simila1r r·eaction to 2 :<O = 7. 

This seems to be further evidence thst ·t 1 is difficult for many
children to make the major re-adjustment of thought that is 

required to accept that fractions are not restricted to 

geometric illustrations, but are numbers and, as such, an 

extension to the set of natural numbers with which they are

already familiar. 

It is the very ubiquity of this part-whole model which is of 

cancern. If the idea of a fraction is, to a child, synonymous with 

that of a shaded part of a circle or square, then it is difficult 

to see how they are in a position to make any meaning of adding or 

multiplying two fractions. There is, even in the case of 

equivalence or of the ordering of fractions, the underlying, but 

not usually stated, assumption is that these are fractions of the 

same shape. It may well be that this part-whole mode! inhibits the 

development of any other interpretation of a fraction, and that 

more thought needs to be given to the process by which a child 

moves to the concept of a fraction as a number. 
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f_r:oportional Reasoning - Some related situations 

Zvia Markovits, Rina Hershkowitz and Maxim Bruckheimer 

Science Teaching Department, The Weizmann lnstitute of Science, Rehovot, Israel. 

lntroduction 

The concepts of ratio and proportions, have been the object of many research 

studies in the last 25 years, because of their importance "in every day situations, 

in the se i ences and in educa t i ona I systems" and becau se "the concept of propert i on is 

difficult. It is acquired late. Moreover, many adults do not exhibit mastery of the 

concept" (Tourniaire and Pulos, 1985). 

Touriaire and Pulos who reviewed the research on proportional reasoning, note that 

there are two kinds of problems: 

I) Missing value problems - where three numbers a, b and c are presented, and the 
a C 

task is to find the fourth, x, such that b - x .

2) Comparison problems - where four numbers a, b, c, and d are presented, and the 

task is to determine whether there is a proportional relation between them. 

In this paper we present three situations, related to these two problems, which 

can be seen as a further contribution to the research into proportional reasoning. 

Proportional reasoning - as a stereotype 

One of the reasons for students failure to sol ve mathematical problems is their 

appl ication of an incorrect algorithm. By presenting problems which, if solved by 

routine algorithms, give rise to unreasonable answers we can create a confl ict 

situation, which may cause some students to question their unthinking use of the 

algorithm (Markovits et al, 1984). 

Example - The "population problem" 

The area of Belgium is about 30,000 km
2 , and its popula

2ion is about 
10 million. The area of Argentina is about 3,000,000 km . What do you 
think is the population of Argentina? 
Explain your answer. 

The "population problem" can be (wrongly) considered as a missing value propor

tional problem, because three numbers are given and the stedent is asked about the 

fourth. 

The problem was given to an experimental group (sixth and seventh graders), a 

comparison group (seventh graders), to a group of preservice teachers and a group o� 

inservice teachers. The experimental group had worked a unit on estimation and 

reasonableness of results deal ing, among other things, with the fact that not every 
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problem can be solved in an algorithmic way by manipulation of the given numbers. 

(The treatment did not include any problem where context was similar to the "popula

tion problem"). The comparison group and the groups of teachers did not receive any 

trea tmen t. 

The numerical answers are not very important because they tel1 only a little 

about what was in students' and teachers' mind. Therefore in the following table, we 

summarize only the explenations given by the different groups. 

TABLE I E>cplanations given in the "population problem" 

-------------------------

Explana tian 

-------------------------

No explanation 

Algorithrnic explanation 

- Sane manip.lla tioo wi th 

- proportional algorithrn 

Conflict. 

Use of the prop::,rtion 
algorithrn hut with the 
concept tha t the answer 
is not resonable. 

� explanation 

- ene cannot know 

- Self-knowledge (l::ooks 
newspapers etc.) 

-------------------------

Exper imenta 
group 

(n=168) 

11% 

5% 

34% 

Canparison 
group 
(n=76) 

8% 

16% 

45% 

------------,----------

Preservice Inservice 

teachers teachers 
(n=48) (n=37) 

3% 

31% 32% 

l: J J 
t. b t

------------- -----------------------

A reasonable answer was given by only 29% of the comparison group and 50% of 

the experimental group. Among the teachers about 2/3 gave correct explanations. 

Many unreasonable answers were given. The mest popular unreasonable answer was 

caused by using proportional reasoning in a stereotyped way - about one third of the 

students in the experimental group and of the preservice and inservice teachers, and 

almost half of the comparison group. 

Examples: 

Judith, seventh grade, comparison group: 

"1000 (millions). Argentina' s area is bigger by a 100 time. 

So we multiply the population of Belgium which is 10, by 100" 
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lnservice teacher: 

"1,000 
10 

? X 

30,000 

3,000,000 

For the teacher groups, proportional reasoning was the only kind of wrong 

explanations, and it was even expressed by using the "rule of three" whereas the 

students also had some other stereotypes. 
The .,ixper-imental group responses are better than those of the comparison, so 

the treatment had some effect, but was insufficient to change student algorithmic 

attitudes to problem solving. The continuation of such treatment is clearly needed. 

2. Absolute and relative error

The concepts of absolute and relative errors are very important in estimation. 

One of the main difficulties in deal ing with this, is to distinguish between the 

two kinds and to decide which is more relevant in a given situation. 

Application of these two errors to comparison problems yielded problems such 

as the following: 

The "er rors prob I em" 

Noa was asked ta estimate the length of the two following segments, 

a 

b 

(The length of segment a is 10 cm and the length of segment b 

is 4 cm). 

Noa's estimate is in error by 3 cm for segment a, and by 2 cm 

for segment b. 

Indicate the answer you consider ta be relevant: 

i) Noa's estimate for segment a was better than that for b. 

ii) Noa's estimate for segment a was as good as that for b. 

iii) Noa's estimate for segment b was better than that for a. 

Explain your answer. 

The problem was given to the same four groups mentioned in the previous section. 

For the experimental group, who had a simi !ar problem in the pretest, the "errors 

problem" served as a posttest. 

In order to give a correct answer the student has to understand that the error 

needs to be regarded in (proportional) relation to the given length, then express 

the two pairs of numbers (2,4), (3, 10) as ratios, and final ly to campare these two 

ratios. The results are presented in Table I I. 
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Table g. Results for tJ1e "errors prcblern11 

--------------------------- ------------------ ----------- -----------

Answer 

i) Noa 's estimate for seg-

Experimental �ison Preservice 
group group teachers 

(n=179),... (n=80) (n=47) 

seivice 
teachers 

(n=39) 

ment a was better than 75% (99%)* 37% (76%)* 49% (100%) 77% (92%)* for b

ii) Noo. 's estimate for seg
ment a was as gcx:rl as 
that for b 

iii) Noa' s estimate for seg
ment b was t:etter than 
that for a 

4% 19% 

21% 44% 
---------------------------------------''----

25% 18%

26% 5% 

The numbers in brackets irrlicate the percentage of correct explanations in each group. 
� In a similar problem given to the experimental group as part of a pretest, only 28% chose the correct answer and only 57% of these gave aoorrect explana tion. 

Those who chose i i i) as their answer regarded the errors as absolute. 

For example: 

��• seventh grade, comparison group: 

"I chose the third answer because Noa's error in estimating b 

was less than that for a. F•:>r segment a Noa 's error was 3 cm, 

and for b only 2 cm" 

Mest of those who chose i i) misunderstood the problem, and paid attention only 

to the fact that the estimates and errors were given for both segments. 

It can be seen from the results that such problems were difficult for the 

comparison group and for the preservice teachers. The results obtained by the 

experimental group is encouraging. After a short treatment (including only a couple 

of problems of this type), which were given a few weeks before the test, the 

percentage of correct answers and explanations jumped from 16% to 74%. 

3. Absolute and relative change

In another study ninth and eleventh graders were asked about changes in peri

meter and area as a function of the change in the sides of squares and rectangles. 

The two following problems consider the idea of absolute versus relative change. 

"Rectangle - absolute change problem" 

Given a rectangle with sides a and b 

b 

a 
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(a:::,.. b) 

we add x cm to a and remove x cm from b 

Indicate the correct answer: 

i) The perimeter increases 

ii) The perimeter decreases 

iii) The per i meter does not change 

iv) The change in the perimeter depends 

numerical values of a, b and x. 

Explain your answer. 

"Rectangle - relative change problem" 

upon 

Given a rectangle with sides a and b (a::,.. b) 

bl L....---

we add x% to a and remove x% from b. 

Indicate the correct answer: 

i) The perimeter increases 

ii) The perimeter decreases 

iii) The perimeter does not change 

iv) The change in the perimeter depends upon 

numerical values of a, b and x. 

Explain your answer. 

the 

the 

In the first problem the change is absolute; so by adding 2x and by subtracting 

2x, the perimeter is unchanged. This was the common response among both ninth and 

eleventh graders. 

In the second problem, the change is proportional to the length of the sides, 

so we add to the perimeter more than we subtract. But many students gave the same 

answer as in the "absolute problem". 

Table III - Resp::mses to the rectangle problem - ninth grade students (n=77) 

Answers 

· ) Perimeter
increases 

Rectangle - relative change problem 

i) 
Perimeter 
increases 

ii) 
Perimeter 
decreasess 

iii) 
Perimeter 
does not 
change 

iv) 
The chang 
depends upon 

a, b, x 

--------------- ----------- ----------- ----------- -----------

·i) Perimeter 1 % 3% 4% 
decreases 

· ii) Perirreter 8% 8% 
does not change 

· v) The change 1

--------------- ----------- -----------

�:�
s upon

1 

9% 11% 
----------- -----------

- _ oorrect _ .J
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57% 

1% 

58% 

17% 90% 

5% 6% 

22% 



r, 

11 

lr 

i 

Table III - Responses to the rectangle problem - eleventh_ �e students (n-�8) 

Rectangle 
-

relative change problen 

i)) ii) iii) iv) 
.n Answers 
� 

Perimeter Perimeter Perimeter lhe change 
incraases decreases does not depends up:m 

change a,b,x 

1% 1% 

B -- ----------- ---------- --------- ---------- ----------- ------
" ii l Perimeter 1, 1 % i ----�===��==- --------- --------- ---------- _____________ _._._ 
, iii) Perimeter 27% 1% 56% 13% 97% 1 oo-rr--ec--J 
� does oot change 

-1 

i ��,-��-��t-=------- ---;;----- ---=------ ---=-------t---11-+--

• ----�: "l;;;------ ---;;----- --;;;- m -
I��'."'=-

More than half the students in both grades treated the "relative problem" 
similarly to the "absolute" (line no. 3 and column no. 3). For these students 
percentage change is the same as change in centimetres. Consequently mest of the 
explanations they gave are similar to the explanations they gave in the "absolute" 

case. 
The percentage of students who answered both questions correctly is very low, 

27% in grade eleven and 8% in grade nine. 

Summary 

The problems presented in this paper are a little different from the traditio
nal tasks used in research on proporsional reasoning. 

As a continuation of this study we intend to combine the tasks presented here 
with the traditional tasks and give them to same groups of students and teachers. 
The comparisons should provide some further contribution to the research inte 
propert i ona l reasoni ng. 
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THE CONSTRUCTION OF THE CONCEPT OF VARIABLE IN A LOOO 

ENVIRONMENT: A CASE STUDY 

Jooo F illpe Matos 
Universidade de L isboa 

1. lntroduction

Several educators share the common feeling that the structure of the 

Logo language prov1des a concrete model not only for heuristic nations but 

also for spec1f1c and powerful mathematical ideas. This pedagogical line of 

thought needs to be invest1gated so that 1t can be more precise ly articulated 

and eventually validated. 

Many educators have emphasized that, in order to understand a concept, 

students need to take an active role. Papert ( 1972) claims that, if children 

are given a suitable environment in the appropriate, dynamic technology, then 

they can do real mathematics (rather a just learn about mathematics), that 

is, they can become "mathematicians." 

The concept of variable is of major importance in the development of 

mathematical thought. In the Portuguese mathematics curricula, as in other 

countries, this concept is used in an implicit form since primary school. How

ever, mathemat1cs curricula often appear to consider it a "primitive" term 

universally understood and instantly apprehended by mathematics learners. 

Several studies have indicated remarkable weaknesses in children's 

conceptions of variable (Wagner, 1983; Rosnick, 1982; Kuchemann, 1981) and 

suggest that student's conceptual difficulties dealing with functions and 

equations are related to misconceptions about the variables (Ponte, 1984 ; 

Matos, 1985). 

I can hypothesise that when children develop Logo activit1es in an 

appropriate environment, they are able to construct their own mathematical 

and programming concepts. My alm was to identify b.o..W. is constructed a 

concept of variable in a Logo environment. 
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1 
"Il

Il 
I 

2.Jhe subject environment and procedure

Miguel is 12 years old boy, enrolled in the 6th grade. He works almost 

daily with his home computer since Spring 1983. At school he's a successful 

student, reponsible for his work and clearly enjoys to study History and 

Biology. He has the benefit to have a pedagogically very rich home work 

environment (father and mother teachers) that allows him to have an unusual 

conception of school, in a child of his age. 

Working with Logo for 9 months, his interest in Logo activities has 

increased surprisingly. His first encounter with Logo was trough an English 

version. Four months ago he insisted to collaborate in my work, testing a Logo 

implementation I was developing to allow young children to "plan in action", 

constructing procedures in "drive mode." When developping his computer work 

he enjoys especially the discussions we mantain. Teaching his young brother 

(6 years old) and presenting the discoveries to his mother, he has developped 

a certain sensibility to explain "what is happening" in his projects. The choice 

of a Logo drawing to ilustrate the cover of a written work Miguel is carrying 

out in the word processor, indicates that Logo means something very 

important to him. 

Psychologically, the possibility to domain of a programming language and 

carry out his own projects with the computer, have clearly increased his self 

concept. Knowing very well that Logo is not a common language among 

Portuguese primary school teachers, he has got pride of his work with the 

computer. 

The activities developed with Logo were his own projects (short games, 

pictures) and some work proposed by myself, as a challenge. When developing 

personal projects for his own and carrying out goal-directed activities, 

Miguel has been obs�rved, several of our discussions have been audiotaped, 
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and field notes and a copy of his work from the printer have been also 

collected for data analysis. My role as a researcher was only to clarify my 

understanding of Miguel' s thinking during the work with Logo, when he "thinks 

aloud". 1 encouraged the discussion about his Logo activities in situations off 

computer and usually Miguel started talking about it at dinner time 

transferring the problems to solve to common real contexts. 

3. The concept of variab)e

It is difficult to study the variable concept isolately, being necessary to

take into account several mathematical and Logo programming concepts that 

possibly develop in parallel with it. I will focus my attention describing Mi

guel' s levels of understanding of variables in the context of work with Logo. 

Intuitive concept of varjab)e 5ince the beginning of his work, the 

attribution of a value as input in FD/BK and RT /L T commands was viewed by 

Miguel as a "turtle need". "It does'nt work without the value ... in FD. .. ". In the 

exploration phase of his work (about three weeks) he used integers and 

decimals as input to the primitives, prevailing always the idea of 

p 1 aceho 1 der. 

Miguel:"FD needs always a value ... but what are the bounds?" 

"Try to figure them out." 

Miguel:"0hl.. The turtle doesn" t like 100 000 as input... but why ... if it 

goes out and in every time ... " [referring WRAP mode]. 

It seems that Miguel "needs" to know b.Pw...1ac can the turtle go, in order 

to choose the value to "place in the blank". This placeholder concept was 

reinforced when he began working with variables in Logo. Miguel' s first 

project was to draw several squares. His proposal was: 
TO SQUARE 
REPEAT 4 I FD RT 90] 
END 
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He was waltlng that In the moment the computer was dolng FD he could 

give him the necessary information (the input). When he saw the error 

message "FD needs more lnputs" from the computer, he lntroduced the number 

40, in order to give the computer what it was asking for. He assumed the 

computer would suspend the executlon of the procedure and when given the 

value 40 it would continue the procedure. It seems that slnce that moment 

there Is a qualltatlve change ln the placeholder ldea: 

Miguel: "Well... I" ve got lt! I wlll wrlte FD ? ... or FD somethlng ... so the 

computer knows l'm golng to give hlm a value." 

Procedural concept or variabJe The requirement to declare the 

variables in the namlng of the procedure seems to reinforce the ldea that 

"these variables" were different from the inputs he used with the Logo 

primltlves. The names of the variables he used were strongly llnked to thelr 

referents and to the context of the problem to solve. Desplte that fact the 

variables were usually referred in a "quantltatlve" way. ":STEPS ls the number 

of steps ... the step ls the product of my procedure ... :STEPS can· t be the 

steps". For a long tlme, he never used Just a slngle letter to der1ne a varlable. 

In thls procedura/ level the varlable was viewed as a "name that Is 

waltlng for a value" from a set. Curlously the domaln of the referents seems 

to reflect in the name used for the varlable: 
TO BORN :AGEYEARS 

PRINT [CONGRATULATIONS! YOU WERE BORN IN] PRINT 1986 - :AGEYEARS 
END 

The fact he has to declare the variable at the beginning of the procedure 

seems to be taken as some kind of information to the computer also about its 

domain and/or for user' s information. 

"Why do you write AGEYEARS ?" 

Miguel: " Ha ... 1974.5 doesn ·t mean anything ... l have 11 years and a half 

but I was not born in
_
l 974.5 ... So you must say it...the computer doesn't know ... "
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When he used the variable-REPEAT command something happened. 

( 1) TO STAIR :NUM :HIGH

(2) REPEAT :NUM [FD :HIGH RT 90 FD :HIGH LT 90]
END

In ( 1) :NUM was assumed as a varlable but ln (2) the idea of placeholder 

was reinforced again ln :NUM. Miguel tryed to explain: "I must tel1 how many 

times to repeat ... but the variable :NUM will fill the blank !? ... no ... I must put 

1t there." A simillar s1tuation seems to occur 1n recursive procedures: 
TO PINGPONG :ME :YOU 

FD :ME BK :YOU 
PINGPONG :ME :ME+:YOU 
END 

":YOU is now :ME+:YOU and :ME is :ME anyway ... but the :ME is another :ME ... 

I lost the :YOU ... just its place is there ... and waits for :ME+:YOU ... Oh ... ". 

Miguel tryed to explain why the variable :YOU is a variable in the 

beginning of the procedure and then is "not so variable". It seems that a 

concept of dependence was coming up but that this was confunding his 

previous view of the variables. 

Dependent and independent variab)es Along the activities with the 

variables, Miguel was talking about them in two different ways: "My names" 

and "the computer names". As we discussed the Students and Professors Pro

blem (Clement, 1980), Miguel tryed several procedures in order to explore 

that problem. When he writes MAKE "S 6*:P, :5 was a "computer name" (a 

computer variable) and :P was a "my name" (my variable). The obligation to 

declare the variable :P was clearly linked to a kind of independent variable. 

The writting form "S and :S reinforced the difference between the name 

and the referent (the value) but that wasn· t a very important question to 

Miguel. "That' s logic ... the name is something but doesn ·t make the person ... I 

am Miguel but I am not D. Miguel [referring a King of Portugal]." 
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In this algebraic context problem, the variables were described as 

unknowns standing for "just some correct values". lmplicitly there was a 

concept of truth domain in Miguel' s reasonning; as the variables were decla

red in the procedure they were viewed as "my variables" (independent ones). 

4. concJusioo 

The inability to deal with the notion of variable constitutes an handicap 

to functional reasoning that may prevent the students of recognizing and 

exploring relationships between variables (Ponte, 1984). 

It is a difficult task to improve and mode! the acquisition of the variable 

concept by algebra beginning students. Lawler ( 1985) has shown that the 

exploration of procedures may be a powerful environment to develop 

mathematical concepts. When working with Logo, Miguel passed several non 

sequential leve/s of understanding of what a variable is. It was clear 

that he passed from an intuitive leve! to a procedura/ one, and these 

cognitive steps were strongly mode led by Logo activities. 

Miguel was really doing mathematics and having the experience of 

mathematizing by himself. When mathematizing familiar processes is a 

fluent, natura! and enjoyable activity, that is time to talk about 

mathemat izing mathemat ica I structures (Papert, 1972). 
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WHAT MATHEMATICS DO CHILDREN TAKE AWAY FROM LOGO? 

Richard Noss 
University of London lnstitute of Education 

20 Bedford Way, LONDON WC I H OAL 

This paper reports two exploratory studies aimed at investigating Papert's 

enquiry whether Logo may be a vehicle for fostering the growth of a 
'Mathematical Way of Thinking· - "something other than algebra or geometry 
which, once learned, will make it easy to learn algebra and geometry." 
(Papert 1972, p 250). 

The two studies outlined formed part of an eighteen-month classroom-based 
ethnographic observation of children·s programming activities, which 
supported the view that the construction of Logo programs cffers a rich 
(though far from unproblematic) environment in which pupils (aged 8-11) can 
explore a variety of mathematical themes (Noss 1985). The aim of the 
studies reported here was to investigate the kinds of intuitive mathematical 
understandings which children develop in the course of their Logo work, and 
the ways in which such knowledge might provide conceptual scaffolding for 
future mathematical learning. 

Study 1 - (Geometryl 

There is abundant evidence that many children·s intuitive knowledge of 
geometrical concepts is partial and fragmented, and that it does not stand 
them in good stead in the context of forma\ geometrical problems. The 
question posed in the Geometry study was, does Logo make any difference? 

A set of 12 pencil-and-paper test items was designed which probed pupi ls' 
conceptions of three primitive elements of each of the concepts i. length and 
ii. angle. The items were not aimed at measuring the children's 
understanding of taught geometrical ideas; rather the aim was to gain 
information about the kinds of geometrical knowledge which children 
constructed for themselves during their Logo work. The components for the 
concept of length were: Length Conservation (L 1 ), Length Combination (L2), 
and Length Measurement (L3). For the concept of angle the components were: 
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Right-angle Conservation (A 1 ), Angle Conservation (A2), and Angle 
Measurement (A3). The responses of 84 children who had studied Logo for 
about one year were compared (using a linear modelling program appropriate 
for exploratory data of this kind) to a comparison group of 92 pupils who had 
no computing experience. Details of the data collection and analysis are 
given in Noss ( 1985). 

Study 1 - findings 
The findings for the concept of length are exemplified by the responses on a 
well-known CSMS item (L 1 ), which involves understanding that the length of 
a l ine is independent of the alignment of its end-points (Hart 1980). Here 
the performance of the Logo group was almost up to the level of CSMS 
(despite the 1-3 year age difference), in contrast to the comparison group 
where the facil ity level was some 10% lower. A sim ilar result was obtained 
for the length measurement component (L3). 

For the concept of angle, there were effects (significant at the 5% level) in 
favour of the Logo children·s ability to compare unequal angles in different 
orientations (A2), and in their ability to identify the smallest angle in a set 
(A3). 

When the data is analysed by sex, some surprising results emerge. For 
example in the length measurement category (L3), the Logo girls outscored 
both their male colleagues and the CSMS levels (by some 11%). For the 
comparison group the situation was reversed, with the boys outscoring the 
girls (who scored below the CSMS level) For the angle categories, the 
situation was still more marked, with the gap in favour of the boys in the 
comparison groups reversed in favour of the Logo girls for angle categories 
A 1 and A3. In the comparison of unequal angles (A2), the significant overall 
effect in favour of the Logo classes was due to some 9% improvement on the 
part of the boys, compared with a 20% improvement on the part of the girls. 

Discussion of study 1 
The comparatively strong effect for the concept of angle could be explained 
if it is conjectured that most children have a richer store of intuitive 
(sometimes non-generalisable) knowledge about length than they have about 
angles (see Papert et al. 1979). lf so, new Logo-based knowledge about 
lengths would be less effective in modifying existing intuitions than that 
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concerning angle. 

The theory also goes some way towards explaining the broadly convergent 
trend towards a differential effect in favour of the Logo girls (a similar 
finding was reported by Howe et al. 1982) I f we can assume (somewhat 
contentiously) that the range of intuitive geometrical knowledge acquired by 
girls is often restricted compared to that of boys, then it is reasonable to 
suppose that the Logo activity would be more likely to displace and modify 
girls' existing geometrical schemas. Further research is needed on these 
issues. 

Study 2 - (Algebra) 

The second study aimed at investigating whether the experience of using 
algebra (embodied in Logo) could help to provide a conceptual framework for 
the development of elementary algebraic concepts. There were two main 
issues: i. How may children use the Logo ideas of a) naming and b) inputs to 
facilitate the conceptualisation and symbolisation of the idea of algebraic 
variable? ii. In what ways are children able to use their Logo-based 
experience as a conceptual framework for algebraic formalisation? 

Four problems from Booth's ( 1984) algebra study were adapted so that they 
were appropriate for children who had not studied any formal algebra, and so 
that they offered pupils starting points for the construction of a relevant 
formalism rather than the interpretation of existing symbols. The problems 
were given to eight chi ldren aged between 1 0 and 11 who had learned Logo 
for some 18 months. Each child was told that the researcher worked with a 
group of younger children who had learned Logo; their problem was to write 
down solutions in the form of rules so that these younger children could 
understand them. Consistent with the aim of investigating what the children 
could learn rather than what they already knew, the children were prompted 
according to a loosely structured schedule (details are pi-ovided in Noss 
1985). 

Study 2 - findings 
Consider the example of Nicola, presented with the following problem 
"Peter has same marbles. Jane has some marbles. What could you write for 
the number of marbles Peter and Jane have altogether?" 
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Nicola: You could use the input again. (Note that despite the "again", Nicola 
has not mentioned or used inputs in the previous three problems). 
Richard Alright, show me how. 
N: (writes) Peter+ :Jane; all the marbles 
R: Can you read it out? 
N: Peter plus Jane equals all the marbles You use those two as the inputs, 
with as many marbles as you want to. 
R: So what are the dots in front of Peter and Jane? 
N: They're to represent that it's an intput. 
R: But this isn·t a Logo program is it? 
N I know, but if it was ... just to say that it's an input. 
R: So what does the input actually mean there then? 
N: That you can type in however size you want it or how many you want it. 
How ever many they want. How many they want Peter to have, and how many 
they want Jane to have. 

Nicola's apparent conception of her variables as standing for a range of · 
numbers does at least seem to run counter to the ·natural' tendency referred 
to by Booth ( 1984) of children to interpret variables (in the form of letters) 
as specific numbers. 

One clue as to a possible mechanism for Nicola's view is provided by her 
image of the variable standing for a number ·typed in' at the keyboard 
(another chi ld referred to the computer "choosing random numbers"). Such a 
conception only involves the consideration of values one at a time - albeit 
from an infinite domain - a perspective which may provide a conceptual 
bridge to the more generalised mathematical usage. 

The röle of Logo-based intuitions in constructing a conceptual bridge to 
algebra, could similarly be discerned in the formalisation process which 
evolved in some cases. Here are Stephen·s consecutive written attempts at 
formalising the relationship between the number of green blocks required to 
·make a bridge· over a line of red blocks (see figure 1 ): 

1. IF REDS ; 1 0 [MAKE GREENS 1 4)
2. MAKE GREENS FOUR MORE THAN REDS
3. G. ; R. + 4
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There is a progression within Stephen·s three formulations which appears to 
represent a development from a procedural/descriptive specific-number rule 
( 1 ), through a hybrid formalisation (2) in which he defines a generalised 
rather than specific-number relationship, to an algebraic equation (3). Is it 
too fanciful to view it as a chain of view-shifts in which his knowledge of 
Logo formalism has acted as a catalyst in the process of formalisation? 

Discussion of study 2 
Although this study does not readily lend itself to generalisation, it may 
provide pointers to ways in which using algebraic ideas in a computational 
setting might provide a conceptual framework for more forma! algebraic 
learning. Such learning would not be spontaneous, at least not if the 
objective was conventional algebra. Nevertheless, it would be unwise to 
underestimate the potential of children to call on knowledge which has been 
generated in a different context, as the following extract illustrates: 

Richard: Have you ever done anything like that before? (i.e. using a name to 
stand for the values of a variablel 
Julie: On the other page (i.e. in a previous problem) 
R: What about when you·ve been doing Logo? 
J: Yes, when we did GAME we did it like that (GAME was Julie's project from 
two months earl ier) 
R: Can you remember what that was? 
J It did the distance round people. 

Conclusion 

The two studies reported here suggest that the emergence in schools of 
children who have developed a rich body of intuitions derived from 
programming may present mathematics educators with a challenging 
opportun1ty. The process by which children link dispar-ate conceptions, both 
intuitive and taught, is complex and only sometimes spontaneous (see di 
Sessa 1983, Lawler 1985). Whether Logo-derived knowledge will make it 
·easy to learn algebra and geometry· is a question which is largely dependent
on furtl1er research into the conceptual linkages of which children are
capable, the design of suitable learning environments, and not least to the
training of teachers who are sensitive to the task.
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' ' 

Put some red tile, 
in e li ne. 

Meke e bridge 
"'ith green tiles. 

Ho"' meny red tiles? 

Ugure 1. 

Initial problem cerd given e, a ,terting point for problem 1 (see study 2 -
Stephen·, formelisations) 
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MENI'AL REPRESENTATIONS IN PROGRAMMING, BY 15-16 YEARS OLD STUDENTS 

ROGALSKI Janine 

CNRS, Par is. 

The question of mental representations constructed by students in 

programming is a part of a more general question: what kinds of mental 

representations of the informatical device (ID) interact with the 

cognitive activities involved in computer use for a specific purpose. 

The problem is relevant to the cancern of mathematical education 

from three points of view. First, informatics can be used as a medium 

and a framework in teaching and learning mathematics. The specific 

properties of the ID, the informatical constraints can induce specific 

effects. Second, informatics as a specific field of knowledge is partly 

related to mathematics: problem-solving in these two fields present 

differences and also invariants (Rogalski, 1985b). Concepts like varia

bles, iteration are involved in each field: the possible interactions 

between the representations students get on these concepts are impor

tant in learning mathematics as well as in learning informatics (Samur

cay, 1985a, 1985b). Third, informatics can be used as an aid to solve 

mathematical problems. Today, this question does not cancern a wide 

part of mathematical activities by students even at a high level; 

nevertheless we have to anticipate the kind of psychological, cognitive 

questions issued from the development of an informatical environment in 

mathematical problem-solving. 

What can produce the representations on the ID when informatics is 

used as a tool, as a framework, as a scientific content? 

The general situation in using an informatical device can be 

represent by the following schema: 

�--------------�--,n-}--------------� 
�-------------------feedback--------------------J

In such a situation, the student has to lead two kinds of cogni
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tive activities in order to control his/her production, by respect ta 

the target state researched for the given problem: first, a "logical" 

analysis of the production in terms of the content of the problem (it
can be a mathematical one, or an informatical one, in the case of 

pcogramming, for instance), second s/he must take into account (even 

unconsciously) the properties of the ID which played the role of a 

medium. 

In fact, the properties of this medium may play a productive as a 

reductive role. We have presented this notion of productive and reduc

tive role from a work with A.Robert on graphical representations used 

in high school (Rogalski, 1984). 

The reductive features are limiting the relationships that can be 

represented by the medium (as a tool and as a signifiant): for instance 

infinity cannot be represented: all processes as all numbers are dis

cretised, just as in graphical representations; more:the internal 

representation of numbers in the ID introduce strong reductive specifi

cities. 

The productive features allow the student to "see" properties s/he 

has not introduced her/himself in the device. Let us take for instance 

a software presenting a task :"reach the target" in order to study the 

relationships between number and space used by young pupils (Rogalski, 

1985a). When the child enters a number, s/he can see an immediate 

effect on the screen quite different of her/his proper action: a trace 

appears on a line, and the child has the possibility to appreciate the 

distance between this trace and the target. 

Computer-use, at all levels, introduces such productive and reduc

tive features: knowing them appears me to be important to master the 

use of informatics as a tool or an object for teaching and learning. 

But there are another cognitive questions for the use of informatics: 

the mediation between problem and production, schematised in the schema 

above, involves a technical device, with a high level of complexity, 

which has the status of a "black box". This "black box" is not a 

neutral medium: hard- and software make it reactiv, in a dynamical way, 

to the proper actions of the subject using it. What kind of representa

tions may induce such a reactivity? What kind of hypothesis about the 

meaning of the "reactions" of the ID? What kind of invariants concer

n ing the functional properties of this ID? In some way, the use of a 

computer introduce a situation of communication between the human 

subject and the informatical device: what happens when they are spea

king maths? 
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Mental representati on s about the informatical devic e and 

concepts acqu ired in  computer literay 

Our work hypothesis is that programming can be taken as a model 

for studying the mental representations about the ID. More precise ly, 

computer literacy allows to observe the beginning of a process. At this 

moment the conceptual notions in the field of informatics are only the 

basic schemas for sequencement, conditional structures, iterative stru

ctures, and the simplest data structures. The domain of the problem to 

be programmed are also simple domains, which can be "hand-solved" by 

the students. The fonctional properties of the ID which interact 

directly with the activity of programmation are only a part of the 

whole system. 

The analyses of the cognitive activities of beginners showed that 

the acquisi tion of the rules on computer functioning and the progres

sive integration of the control structures lead the beginner to use a 

strategy of mental execution when writing programs (Hoc,1983). They 

also showed the role of mental representations in learning a 

programming language (Hoc, 1977). 

At the level of computer li teracy, many -and purhaps most- of the 

informatical concepts have mathematical concepts as precursors; it is 

the case for the notion of variable, for the conditionals, for the 

algor i thms themselves. The passage from the mathematical conceptual 

fields in which they are organised to informatical conceptual fields is 

a complex process, involving central properties of the ID 

(Rogalski & Samur9ay) . 

So, the construction of mental representations of the elementary 

informatical concepts implies representations of what "knows" the 

system and how it "knows" and "acts". The sequencement of actions 

(instructions in the program), the management of the inputs and outputs 

are two primary questions in all procedural languages. In fact they are 

necessary in the passage from a mental execution to a real running of 

a program on the ID. 

Mental representations and programming 

In writing a program the student must get a representation of the 

functional relationships between the written program, the computer on 
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which it will be executed and the operator who will use the program ana 

in particular who masters the input data. 

Wrong or incomplete representations will interfer with the process 

of algorithmisation. In all cases the properties of the representations 

play a role in the meaning that the students attributes to the result 

of a given execution. 

Preliminary observations of 15-16 years old students programming 

wi.th PASCAL showed a wide variety of questions of representations ana 

attest the diffic ulty of  an experimental study. Most of the 

representations are unconscious and non explicitable by the students; 

they interact with their productions at a very deep level. 

The existence and the properties of the mental representations can 

be attested essentially by analysing their spontaneous behavior, ana 

not by using responses to specific sollicitations on these points. This 

allows to begin to constitute a set of "critical incidents" to be 

researched in the programming activities of the students. 

As an example, we can give the impossibility to analyse a "prompt" 

on the screen as the fact that the system is waiting an input if the 

student trying his/her program does not wanted an input at this point 

(alghough s/he wrote an input instruction in the text of the program 

corresponding at this moment of execution). Another example of the same 

order is the "hand" execution of what the student wanted to obtain and 

not of what s/he has written. 

N e v er the l e s s  w e  o rg a n i s e d  " l o c al" experiments on the 

representations about the relationships between the program, the opera

tor and the computer in class-room situations led by the teacher during 

a normal curse on informatics (10th grade students, 1h30 or 2 hours 

sequences each week). 

We collected individual responses of the students on three 

problems presented after 15-20 hours of programmation (with the french 

teaching language LSE, near of BASIC by many respects). 

Problem A: at the beginning of a program students had to introduce 

an if .•. then ••• else ••• structure just after the input of data in order 

to control the validity of these data (hours, minutes and secondes). 

The structure they had learned in LSE was the GOTO statement (in LSE: 

aller en). The relevant points are the following: does the student use 

a GOTO (instruction to the computer), does s/he write a new input 

instruction if the data are incorrect, does s/he use an instruction 

like WRITE" GOTO •• " (order to the operator). 

Problem B: the student has to write a part of a program asking ta 
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the operator if he/she wants to stop here or to continue (with a yes/no 

response to the question "do you want the program stops here) and using 

an appropriate if. •• then ••• else structure according the instructions to 

be performed to the response of the operator, that is the instruction 

TERMINER in one case and nothing specific or a PRINT instruction infor

ming the operator of the pursuite of the program preceeding the rest of 

the program. The relevant points are the following: does the student 

write the good instruction TERMINER if the response is YES, does h/he 

write the instruction PRINT "TERMINER" instead of the preceeding one, 

does h/he write an instruction TERMINER after a NO response with 

eventually an "informative" PRINT instruction like PRINT "we continue". 

Problem C: a written program is presented to the students, in 

which a question "do you want another running? yes/no", an the 

instructions conditionned by the NO response; the students had to 

predict what will happen if the operator enters an irrelevant response 

(like: why not?). 

Conclusion 

This study of representations on the ID in programming shows that in 

the beginning of the acquisitions two level of representations can be 

distinguished: at the first level students confuse the function of 

execution of the program by the computer and the execution of actions 

by the operator, at the second level they attribute to the computer 

some of the semantic capacities of the human operator. There is a 

hierarchy between these levels: the second one seems to have a longer 

life than the first one. These wrong. representations interact with an 

insuffisant representation of the sequentiality of execution, and af

fect the production of a part of the students. Others recents observa

tions show that the confusion between the role of the operator and the 

role of the computer remains for same students after 40 hours of pro

gramming in strong interaction with the difficulty to construct an 

adequate representation of the assessment instruction. More research is 

needed if we want to master the development of mathematical algori t

hm ics activities in relationship to programming, and more generally 

computer as an efficient tool for maths education. 
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LEARNING RECURSIVE CALLS IN BUILDING UP LOGO PROCEDURES. 

ROUCHIER AndJz.e. 

I.R.E.M.

Ve.palvteme.n,t de. Ma-the.matique.1.> e.,t d' In6oJLJnatique. 

Un,i.vel!/2�,te. d'Ollle.an.6 - 45067 ORLEANS Ce.de.x 2 - FRANCE

There is now an important literature devoted to the interest of LOGO and 

LOGO based environments on mathematics learning and teaching. But apart from the fact 

that we know very little about the precise conditions in which LOGO is really 

interesting for the study of mathematical concepts, we also know very little about 

the difficulties of conceptualisation of computer science concepts through LOGO. We 

are going to give indications about same problems we have met in the study of 

programming linear recursive calls in LOGO. 

l. ITERATION AND RECURSION IN MATHEMATICS AND COMPUTER SCIENCE.

1.1. Iteration and recursion are basic nations in modern mathematics. They are

theoretical fields of study and practical tools for calculation and 

representation in elementary analysis, arithmetic, computing algebra (Hörner 

algorithm), geometry. In former teaching of mathematics, the lack of appropriate 

device to perform effective calculation, lessen the practical interest for 

iteration and recursion, in spite of the fact that recursion for instance was 

important in the proof by recurrence process. Now, through the means of 

programming, interest increased, in the teaching of mathematics, to define new 

objects and tools to work with, associated with the power of computer. 

1.2. In computer science and programming, iteration and recursion play a central 

role. The organisation of repetitive and iterative processes has different 

aspects in various sorts of languages. In this field of interest we can define 

two medels : 

The pure iterative model : whle. ... do in Pascal and associates: Re.pe.a,t ... 

un.ti.1., 60� ... ne.x,t with this kind of loop, actions are organised according 

to a sequential pattern. 

The recursive model of Lisp and LOGO, where the actions (or relations) are 

planified (or described) according to a part-to-the-whole pattern. 
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1.3. Previous work has been done about the way students understand loop and 
recursive structures. Soloway and others developed a rather deep analysis 

of planification during the construction of wfu.le . .. da loop in Pascal. Pea and 
Kurland pointed out the difference, from the point of view of the student, 
between tail recursion and full recursion, and the difficulty to interpret the 

second one. To deepen our knowledge of conceptual difficulties it was necessary 
to identify students' models through a wide variety of tasks about programming. 

2. LEARNING LINEAR RECURSIVE CALLS IN LOGO.

2.1. In France, Computer Science is not a part of compulsory education at the
secondary level. So there are no traditions and no teaching problems 

no more than there is any general computer literacy to interact with general 

trends of teaching and general conception of pupils. 

The only way to understand and analyze conceptual difficulties is the way of 

teaching the content of interest for the researcher. 

2.2. So, in the field of programming in LOGO, our main object of study was the 

relation between a learning process and the conceptions of children. These 

depend on learning, but they depend also on the proper way in which children 
conceptualize the topic. 

We are sure that various learning processes can be chosen and described and 

we hope that it will be possible, in a while to have a good description of 
invariants in children models. For the moment, the only way of access we have is 

the study of effects of particular learning processes. 

2.3. Formally the general structure of linear recursive call (one call in the 

program) is the following in LOGO : we call it central recursive call. 

TD < name-of-procedure> < listl of variables> 
IF (cond-of-one-variable) ( < external-procedure-4> STOP] 

END 

<external-procedure-2) (list2 of variables> 
(name-of-procedure '> (listl of modified variables) 
(external-procedure3) (list3 of variables) 

When external-procedure2 does not exist, we have the classical tail-recursion 

When external-procedure3 does not exist, we have the classical full-recursion. 
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Going on in the identification of levels of difficulties with recursive 

calls in all these aspects implies an analysis of the way children interpret the 

main features of these programs relations between external procedures and 

recursive call, evolution of variables, testing, etc ... and their correspondance 

with self reference and nesting. 

2.4. The understanding of this structure, in general as well as in the case of 

its application to a particular field has to be testified through various 

kinds of behaviors 
- write a procedure to product a defined object

- predict what object to be producted by such a procedure

- explain how this procedure actually runs

- modify a given procedure to fill out additiohal conditions.

3. DESCRIPTION OF THE BUTTERFLY SESSION.
3.1. Dur pilot study was conducted with pupils of grades KB, K9 (two last years

of french secondary school : college). The teaching period was approximatly 

30 hours. Pupils worked by pair on microcomputers; one hour a week. 

The general purpose of the teaching sequence was to develop the various ways 

of using and building up linear recursive call structure in the field of 

LDGO-graphics and schemas of monotones sequences in N. During the learning 

process, exercises solved by pupils were in correspondence with the tasks listed 

in 2.4. 

3.2. Learning through problems has special aspects in the case of computer 

science depending on the object-for-learning which is selected to be 

taught. Apart from the general structure quoted above, pupils have to identify 

all kinds of relations between elements of this structure and elements of the 

figure, between running the program and obtaining the desired effect, between 

modifying the program and special graphical conditions, etc ... 

For instance, if we want to focus on the place of external procedures in the 

general structure and the order in which the elements of the figure are drawn we 

can use a strategy like the following one. 
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3.3. These activities are proposed wi·th th l b. t e genera o Jec ive af identifying
central recursive call as a means af solving a certain type af problems. At 

this moment, pupils have worked only with a full-recursion structure. 

A. Give a program ta draw the 

following nested hexagons. 

B. Give an equivalence af this 

program in terms af the sequence 

af calls ta HEXAR where hexar is 

the program 

Fig. 1. 

TO HEXAR :C 
REPEAT 6 RIGHT 60 FD :C 

END 

C. What is the drawing product by 

the following procedure QUIZZ

when :N = 5 

D. 

E. 

F. 

G. 

TO QUIZZ :N 
IF :N 0 STOP 
HEXAR :N * 
QUIZZ :N -

END 

This was the meeting af the students with tail recursion. 

What about the order af the two sequences af hexar in the first 

program (A). 

Write the same programs with HEXAL

in place af hexar : 

TO HEXAL :C 
REPEAT 6 LEFT 60 FD :C 

END 

Write a program ta draw the following butterfly in the order 

indicated below 

Fig. 2. 

How can we put antennas ta the butterfly in the same procedure. 
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4. INVESTIGATING STUDENTS M0DELS AB0UT CENTRAL RECURSIVE CALL.

4.1 As we pointed in 2.4., various tasks must be given from the point af view af

learning as well as from the point af view af investigating pupils 

conceptions. For instance same important facts about the running af central 

recursive calls cancern : 

A. The sequence af calls ta external procedures, mainly their order in relation

ta the law af evolution af the main variable af the program. 

B. 

C. 

Two models may be indentified :

G. B. G.toba..t mode..l wh-i.c.h ,1,.ta;tv., .tha..t -i.n .the. c.a.M. 06 a. de.Cll.e.M-i.ng .t.a.w 06 

e.vo.t.u..t-i.on n n - 1, e.x.teAna..f.-piwc.e.dwie.-2 (wh-i.c.h ,i.,!, be.6011.e. .the. 

11.e.=-i.ve. c.a..e..t.) ,i.,6 c.a..e..t.e.d ,<_n de.Cll.e.M-i.ng 011.deA, wh-i..t.e. 

e.x.teAna..f.-p11.oc.e.dwie.-3 (wh-i.c.h ,i.,!, a.6.teA .the. 11.e.cWl,6,i.ve. c.a..e..t.) ,i.,!, c.a.Ue.d -i.n 

-i.nCll.e.M-i.ng 011.deA.

A.M. Ana..tytic.a..f. mode..l wh-i.c.h c.oru,,i.,6.t -i.n -6-i.mul.a..t-i.ng .the. Mnn-i.ng 06 .the. 

p11.og11.a.m. Falt -i.rui.ta.nc.e., -i.6 we. ca.U 6011. BUTTERFLY 5, be.g-i.nn-i.ng 06 A.M. -i.6 

5 ) 0 .the.n HEXAG 5 • 1 0 ..... 

The result is the same, but the representations af the pupils are 

significantly different. 

The place af call ta external procedure-4 in the sequence. 

The modifications ta be made so that the main prosedure obtains a different 

drawing. 

4.2. We don't argue that these three aspects cover all what is needed ta define 

the understanding af recursive call. For instance we didn't lake inta 

account in this analysis the fundamental phenomenon af nesting which cancerns the 

main procedure itself. ldentification af nesting was the objective af another 

teaching session with the general philosophy af defining a modification af the 

program for which the running leads ta the displaying of the sequence af 

recursive calls : trace system. 

4.3. A questionnaire concerning the three aspects af 4.1. was given ta the 

students after the butterfly session, with the objective af indentifying 

the exact models students were using. The basic figures were the following ones 
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Fig. 5. 

We cannot give here a detailed analysis of the results, so we will take them 

in an indicative sense. 

First question, about the production af the figure (knowing the program) and the 

sequence af graphical instructions : (figure 3) 

12 students out af 24 used G.B. (8 correct. 4 erroneous). 

8 students out of 24 used .M. (4 correct. 4 erroneous). 

4 were completely wrong. 

Second question, about the effect of a SKIP procedure in the precedent program, 

in terms of drawing as well as in terms of sequence of graphical instructions 

(figure 4) 

3 students out of 24 put SKIP at the correct place, among them 

7 (out of 8) were correct with GB, 2 (owt of 4) were correct with A. 

Third question : there were two options : (figure 5) 

A.Given a modified program, propose the corresponding modified figure. 

B.Given the figure, propose the corresponding modified program.

In the case af A, pupils who succeeded in the first question succeeded in the 

third (which seems normal). 

In the case af B, 6 out of 7 succeeded. 

5. CONCLUSION. 

The complete interpretation af running linear recursive calls suppose a 

good understanding af self-reference and nesting. It seems to us that the analytical 

model, which seems toa formal, is not sufficient. The previous study has shown the 

imporfance af a general rule like the Global Model. Ta complete this model in the 

direction af understanding the effect and the running of self-reference and nesting, 

it is necessary ta give tasks about successive calls af the program itself for 

instance in programming a trace system. 
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INITIAL REPRESENTATIONS OF STUDENTS IN USIN6 RECURSIVE 

LOGO PROCEDURES 

Renon SAHURCAV 

L11bor11toire de Psychologie du Tr11v11il EPHE/CNRS

Ahtnct :26 1tght grsd1rs ( 13 -14 y1ar1 old) war1 ob11rv1d 81 they solved two 
dlfferent type1 of teak In whtch they heve to use tht nollan of llnter r1curslv1 cell 
The produclton of students era enolyzed 1n tmnea of the repr1sentettona tlltt,j hev1 
con1truct1d dur1ng lht t1echlng 1xp1r1rnent conducted wtlh them In cle111ro01T 
1ltuetlontt 

I. lntroduclion 
The recursion is considered as an important concept that people 

have to leam. The work on recursive procedures in programming activity 
is seen as II possibility to understImd better some m11them11tic11l 
concepts, for instence, concept of recursive functions (H11usm11nn, 19B5). 

The implicit hypothesis is that the programming will constltue 11 
privilegied domain in which student will be able to experiment about 
recursion before construct II format knowledge about it. But how do 
people le11m this complex concept? Which kind of cognitive difficulties 
they encounter? In which kind of situ11tions it is possible to te11ch lhe 
notion of recursivity? 

The study we present here is integreted in II more l11rge did11ctic11l 
rese11rch on leoming recursive procedures by middleschool students. It 
concems o very eorly moment in the ocquisition process ond ottempts to 
onolyse how lhis new knowledge is used by students in problem sol ving. 

Firsl we distinguish between the recursive procedures 
corresponding lo recursively defined objects (nesled or froclol objects) 
end those corresponding to iterotively structured objets ( por exemple, 
embedded squ11res). In this last cose we·11 tolk obout lineor recursive 
coll. The gener11l structure of lhis kind of procedures used to progr11m 
iter11tive drowings in LOGO is: 

TO PROCEDURE : (11st of voriobles) 
IF (end conlrol on 1 vorioble) (P 1 STOP) 
P2 :(list of voriobles) 
PROCEDURE :(list of modified voriobles) 
P3 : (list of vori ob les) 
END 

P 1, P2 ond P3 ore extem11I procedures. This present form 1s II central 
recursion. lf P2 is empty we obtoin o full-recursion, if P3 is emply 
we obtoin o tail-recursion. 

In the lilteroture, the studies on le11ming recursion concem most 
often the underst11nding (Pe11 &. Kurl11nd, 1963) or the construction 
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(Plrolll & Anderson 1985) of the t ·1 . ' 01 reeurs1on Th· f -more eosy to leom for the student t 
. is orm is eonsidered

experiment we hove eonstrueted t 
hon the others. In the dldoetieol

reeursion form, ond then the toil �e:e s�udents eneountered flrst the full
problem solving session we hove o�

rs1on ond t�e eentrol reeursion. The 

effeets of this first leomed model
s
th

erved w111 ollow to onolyse theon e produet1ons of students.
2_ Populatton and metltod

30 mn::. 
el

f�! r��:i�
l
�:

g
:a:�

u
�

ents ore indiYiduolly lnterviewed during
worked in group of two so th

s pro�osed to IS students (4 of them
eomprehenslon tosk is p;oposed 

e;: 
;
s 13 protoeols onolyzed). The 

reeorded ond students· work 
1 students. The interviews ore 

onolyzed os regord to the erite
n�opers ore _ eo�leeted. The protoeols oreon we define in below. 

3_ Taalc: analysls
Two kinds of tosk ore proposed to studentsl .Progrpm orodyetion tpsk· · - . . 

students to write o proeedure t; o
g1v�n �he f1gure.1 ,t is osked to

produee spontoneously o reeurslve
bto1

: 
,t. . lf. the students were not

Write it on. proee ure, ,t is osked explleftely to

TO STICK : length 
FD :length BK: length
ENO 

TOJUMP 
PU RT 90 FO I O L T 90 PO

TO FIG: n 
IF :n = 0 (STOP) 
FIG :n-1 
JUMP STICK: n*IO
ENO 

(o Plousible solution)

.. 

Figure . I 

The obtention of the fig d 
. . 

eoll, it eon be obtoined olso b
ure_ oesn t neeess,tote the use of reeursive

thot spontoneously the studen;::�� 
o step by �tep proeedure. We ossume 

tronsforme it to o reeursive one wi��e

ltls _kini of proeedure ond try lo 

lypes of proewdures eon be used: 
, e o1m o make il short. Three 
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-S S P: step by step proeedure (dlreet mode);
-MP: moduler proeedure In whleh lhe figure ts onolyzed 11s

eomposed by two sub-proeedures: o porometrized proeedure for sticks, 
11nd on lnterf11ee proeedure to move the lurtle to one stick to onother. 

-R P: proeedure with reeursive eoll In whlch the figure Is onolyzed
In terms of invoriont relations between ports ond whole. 

2. Progrom comorehensjon tosk· given the followlng LOGO
proeedure, It Is osked to students to drow the figure obtolned when the 
procedure TRUC 5 Is colled. As o second question tt Is osked to write on 
the list of gr11phicol lnstructions In order In whleh they wfll be exeeuted 
when the TRUC 3 Is eolled. 

TO STICK: I 
FD :I BK :I 
END 

TOTRUC :n 
IF :n :0 (STOP) 

TRUC:n-1 
BK 5 
LT 90 STICK :n*IO RT 180 STICK :n*10 LT 90 
END 

(expeeted solution) 

Accordlng to the level of conceptuollzotlon, thls recurslve procedure eon 
be reod dlfferently. we expect thot mony of students use or o llneor 
model In whlch the itenitlve ospect Is neglected, elther a simple 
repetltlve model In whlch the property of embeddlng Is neglected. 

we ossume thot thls two tasks (productlon and comprehenston) 
don·t tnvolve the same kind of octlvlty. In the productlon tosk, the 
students hove more thon one posslble solutions to obtaln the given figure 
even tf they are not recurstve, and the solution may progress dur1ng the 
problem solYlng session. Whlle In the comprehenslon tosk the number of 
posslble exoct solutions are restr1cted: there Is one posslble draw 
correspondlng to the given procedure. 

4. Protocol Analysts
I Productjon tpsk· Protocols ore analyzed not only as regard to 

thetr correctness but also In terms of evolution dunng the lntervlew 
session.The results may be summanzed as In table. I. 
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SSP 
I 

41 

I 

HP 
I 

41 

• 

6 I 51 

RC 

I I 3 
t11ble. I (N: 13) 

(11 th11tudent1who rece1�1td help from th, obeervtr) 

As seen on the t11ble.1, 4 students st11rt by II step by step procedures 11nd 
construct then modul11r procedure; 6 students st11rt by II moduJ11r 
procedure: 5 of them construct recurslve procedures wlth observers help 
I only do It wlthout help; 3 students st11rt by recurslve. procedure; 
Wlthout PIISSlng by lntermedlllry steps. 

The 11n11Jysls or the verb11J protocols 11110w to notlce the followlng 
polnts: 

• The lde11 of recurslYlty Is evoked by reference to the form of the
control llne: "Ah, I see. the th1ng w1th 1f eque1 and stop .... -. 
However thls evoc11tlon Is qulte rorm11J, bec11use the students 11re not 
11Jw11ys 11ble to ldentlfy the v11rt11ble on whlch they h11ve to construct the 
end-control 11nd the PllrtlcuJ11r Ylllue of thls Yllrfllble hllS to t11ke 

•some of the students m11ke reference to the llne of of · recurslve
eon. !hey h11Ye 11Jso blg dlfffcultfes to ldenttry the new v11Jue of the 
recurs1ve c1111 v11rt11ble, whlch descrtbes II rel11tfon of embeddlng between 
the Pllrts fo�lng �he whole. Thls lde11 Is expJ11lned by one of the 
students: I don t know tf I have to put -I or- + 1 It 
depends, ... thts Is somethtng whtch makes the same thtng getti�u 
btgger- or- getttng smaller'". 

•For some students II recurslve procedure Is II technlc to m11ke
short o modul11r procedure. By uslng thls property, the recurslon Is 
osslmlloted to the repeot lnstructton. Thls intefl)retotlon cre11tes 0 
dlfffcutty In the progr11m productlon, bec11use when the sticks 11re 
structur1111y ldent1c111 thelr Jength Is v11rylng. some of the students 
proposed to 11dd one more Yllrfoble lo ch11nge the length In e11ch executlon 
or repe11t lnstructton. 

2.comoreneas100 tosk: Two crtterton 11re used to 11n111yze the 
students· producttons. The flrst one Is the mode! used In the re11dlng of 
procedure. As we·ve notlced obove, two kinds or 1ntefl)ret11t1on ore 
posslble: 

•lfneor modef In whlch the iter11t1ve 11spect Is neglected. In thls
lntefl)ret11t1on the students execute e11ch llne of the procedure llne by llne 
ond stop ot the end of the procedure wlthout retum b11ck. we conslder 
thot In thls model only synt11ct1c re11tures 11re re11d. 

•the sei:ond mode! corresponds to 11n lterotJve mode) . The 
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students "know· th11t there ts more th11n one execution of the llnes. We 
conslder th11t In thls mode!, 11 sem11ntic underst11ndlng is r11islng. 

The second crlterfon concems the lntefl)ret11tlon of the recursive 
c11ll llne. There is two different interpret11tions: 

•this llne is ignored, bec11use the student h11ve difficulty to assign
a me11ning. Then the execution is realized by the first c11ll-value 

•the recursiYe c111J line is t11ken into 11ccount; the v11Jue in the first
execution is the c111l v11lue -1. 
By comblning lhese two criterion, we obt11in 4 different c11thegories (see 
table.2). As shown by table.2, the m11jority of the students (7 / 11) re11d 
the procedure linearly, only 1/3 of students s11w the ide11 of iter11tion in 
the recursive form. However the full me11ning is not yet constructed, 
bec11use the schem11 used is a t11il recursion schema. 

linear iterative 

c111J llne lgnored I _ 2
2
_ _ � __ �

3 
_ l 

c111l line re11d r 1,...._ ____ ....:_ ____ ..... 

t11ble.2 (N= 11) 

As shown by the t11ble.2, 3 students g11ve II correct recursive 
interpret11tion; 4 of them g11ve 11n iter11tive interpret11tion (without the 
property of embedding); 4 gave II Jinear interpret11tion. 

S.Conluding remarts
As seen by our results the production ond the understonding of 

recursive procedures 11re not 11n e11sy task. In the production t11sk, we see 
th11t the modul11r procedures concem the majorily of the observed 
protocols. Students evoke the idea of iteration but they have still big 
difficullies to tr11nsforme the regul11rities they observe between the 
sub-procedures, lnto a recursive writing. 

In the comprehension t11sk, 11Jso the correct interpret11tion of the 
full recurslon form concems II very restrlcted number of students. The 
m11jorlty interprets the full recursion schem11 11s a line11r procedure or 11s 
a ·go to up· schem11 whlch corresponds to the m11nner th11t the t11il 
recursion c11n be re11d. They have difficulty to represent the order of 
executton 11nd the ide11 of embedded recursive c111Js. The inversa rel11tion 
between the ordre of recurslve c111ls 11nd the order of executton Is very 
h11rd to understand for the students for whom the 11ctu11J mode! Is the 
"f11mili11r 11ctions· mode!. 

It is interesting to notice th11t this schem11 11ppe11rs only in the 
comprehension t11sk. While in the production t11sk, none of the students 
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use this schema whlch ls not leamed. We conclude wlth the hypoth 1 ls easy lo understand and lo const�
s s that lf t�e tall recurslon shema

famlllar procedures of students W 
ct, because tl l_s very close lo lhe

based on the mental executlon of
. 
th 

e argue that lhts schema whlch is
obstacle for the construction by t

e
d
procedures, constltues a hlgh-JeveJs u ents an c,n11J11tj,. h necessary to the conceptualizatio f th 

� se emg whlch is n ° e recurs,on as a concept.
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LOGO AS A CONTEXT FOR LEARNING ABOUT VARIABLE 
Rosamund Sutherland and Celia Hoyles 

University of London lnstitute of Education 
20 Bedford Way, LONDON WC I H OAL 

10.troduction 
for many pupi ls algebra forms a barrier to the understanding and enjoyment of 
secondary school mathematics. Research into children·s understanding of algebra 
has highlighted the problems children have with interpreting the meaning of 
letters and with formalising and symbolising a generalisable method (Kuchemann 
1981, Booth 1984). Given this background of children's misconceptions, it seems 
possible that using variable in a programming context could form a conceptual 
framework for the use of variable in a non program- ming ·paper and pencil' 
context. lf computer programming does offer this potential we believe that the 
Janguage to use for this purpose is Logo for reasons we have detailed elsewhere 
(Holyes, 5utherland & Evans 1985). In an exploratory study with eight pupils (aged 
I O+ l who had learned Logo for eighteen months Noss ( 1985) reports that the 
"children perceived a variable as standing for a range of numbers, a f1nd1ng which 
contrasts with the natural tendency (Booth 1984) of children to view variables in 
mathematics as standing for a spec1f1c value". Other research suggests that the 
use of variables in Logo is not likely to occur ·naturally'. Hillel working with nine 
year old children reports "that aside from difficulties in defining a general 
procedure there is more basically a lack of an 1mmediate sense of the necessity 
(our emphasis) to define such procedures". (Hillel, Samurcay 1985) 

As part of the Logo Maths Project, research is being carried out to: 
• \race \he developmen\ of understanding and use of \he concept of variable in a LoqJ programming

contex\ by reference to the work of four case stu� pairs of pupils during \heir first \hree years of
secondary schoo11ng. ( 11-14 years)

• relate \he pupi ls unders\anding of \he concept of var1able in LoqJ programming to \heir understand1ng
of var1able in troo1t1onal 'paper and penc11' algebra.

• develop and test ou\ materials designad to aid the 'transfer' of \he conception of variable der1ved
within a LoqJ context \o a non LoqJ contex\.

The conceot of variable in Logo 
A useful definition of variable in Logo is given by Hillel and Samurcay: "From a 
cognitive psychology viewpoint, the concept of variable represents , as do the 
concepts of iteration and recursion, an invariant. This invariance is character
ised by the attribution of a name to the variable and by the control of its value." 
(Hillel, Samurcay 1985a). By carrytng out both an apriori and an ongoing analysis 
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of the situations In whlch chlldren use varlabl 1 L have been ldentlfled. They provlde a fr 
e n ogo categorles of varlable use

uncterstandlngs:-
amework for analyslng the pupl Is'

=�ne
tb

r
l
lable lnput to a procedure (not operatedon w1thtn the procedtJre) ar a e lnput as scale factor (to dtstanceor angle). 

. 
Thts type of vartoble tnput ts often uSed by 11 example Flg t.a.) pup s 65 a Wflf of generaltslng a ffxed procedurs (see for

•More than one varlable lnput to a procedure. Puptls often use more than one lnput lo Id a prcx:ooure. ( see for excmple Ftg J b) 
avo expresslng general a relattonshlp between varlall les w1thln

• Varlable lnput operated on wlthln a procedure In th1S C6tE9)ry any general relatlonshl b t operattng on a variabla tnput lo express a� In�:: r����all
(
l
see

es �lthln a prcx:ooure Is mo explicit by 
• Varlable I t t 

· ,or example Flg. Je). 
alongslde. 

n
iT�ls 1:��:��1:�����ocedure whlch ca Ils a general subprocedure

• Varlable used wlthln an asslgnment statement (1.e. MAKE) Because of the problems wlth global tall! the 
· 

MAKE statement. 
vrr 85 C6S8 stuay, pupl Is have not yet been tntNWCed lo the

• Varlable lnput to deflne a mathematlcal functlon In Logo In th1s cat�ry vartallle Is lnput to a rcx:oou operaled on wtthfn the procedure 811d ,l:s resuft
e, �hl�hf 

8Cts like a malhematlcal functtoo, that Is It Isfunctlon or comm8nd. ( See Flg. 31!) 
ou pu rom lhe prooedure lo be USed by another La,J>

TOM :SCALE 
LT 90 
PU 
BK 90 
PD 
FD MUL :SCALE 60 
LT 45 
FD MUL :SCALE 20 
RT 90 
FD MUL :SCALE 20 
RT 90 
FD MUL :SCALE 20 
RT 90 
FD MUL :SCALE 20 
END 

Flg. Ja (see Footnote 2) 

KITE :YT :HT
RT 45 
FD :YT 
RT 90 
FD :YT 
RT 90 
FD :YT 
RT 90 
FD :YT 
6D :YT 
RT 90 
FD :YT 
RT 45 
FD :HT 
END 

Ftg. Jb 
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SOUAN :NUM
LT 135 
REPEAT 4 (FD :NUM RT 90] LT 135 
FD MUL :NUM 3
END 

Flg Je 

f 

In Logo varlables are used as part of procedure definitions. Although not the focus 
or thls paper the lssues or subprocedure, modular1ty and sequenclng are related to
varlable. 

The Need ror Teacher loterventJon. 

It Is obvlous that puplls must be� varlable In thelr Logo programmlng before 
there Is any posslblllty of the Logo experlence enhanclng thelr learnlng of varlable 
In 'tradltlonal' algebra. Analysls of the flrst elghteen months of transcrlpt data
lndlcates that, flrst, puplls rarely chose projects whlch ·needed' the concept of 
varlable and, second, that even when we percelved a need for varlable In a puplls'
project or In a 'teacher-glven' task, and lntervened approprlately, the puplls were
reslstant to uslng It. Thls was the case ror puplls w1th both llttle or no 
experlence of varlable In 'tradltlonal' algebra. It was dec1ded therefore to
lntroduce the concept of varlable to all the pup11s w1th1n a structured task. Thls
structured task was a1med at provok1ng the puplls to USE the concept (a f1rst 
stage or the USING, DISCRIMINATING, GENERALISING and SYNTHESISING model. 
(Hoyles 1986)). Analysls of the data also lnd1cated that pupl ls found worklng on 
goals wh1ch lnvolved designs wlth letters to be mot1vat1ng. The fo11ow1ng task 
was therefore devlsed: 

varta/Jle Letter rask 

The puplls are given a ffxed prcx:8dure to draw the letter L. They are then shown how lo change thelr ffxed
L prcx:8dure to a general L prcx:8dure by multlplylng eech dlstance command by a varlable. They are
encour8g8d to moke sense or thts new general prcx:sdure for the letter L by trylng out a range of lnputs; to 
use decimal lnput In the context of belno askad to draw the smallest and the blggest posslble L; and to
explore neg11ttve lnput. They are then askad lo deffne 8 general prcx:8dure for several letters of thelr
chotce and lo use all these letters to bufld up a design on the screen. 

The puplls found thls task very motlvatlng and extended the task to produce a
range of varlable letter designs (Flg. 2.l 

F lg. 2. Extension of Varlllb le Letter T ask. 
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Over the next twe lve months the case . 
structured tasks for wh!ch varlable could b 

stud
� 

pup1Js were given a range of
worked on projects of their own ch ! 

e
/

se as a tool for solution. They also
research was to re late the pu i Is' 

i ce ur!ng this period. One aim ofthe 
understanding of varlable in tra

�itiona

n

l

d�rstanding of va_rlable in Logo to their
materials which aid transfer between tÅ:

per and penc!l alg_ebra and to develop
materials on the isomorphism between 

. two . . It was dec1ded to base these
and us!ng var!able to define a funct!on i 

u_sing _var1ab_le to define a funt!on in Logo
that helping pupils to make the link be� 

trad1
i10nal algebra. It was hypothesised 

the basis for the transfer of varlable fr
:een hese two contexts would provide

br1ef outl!ne of the function material: 
m Logo to algebra. The following is a

Pupils are show h . . Functlon Materialn ow to define a s1mp le mathematical function in LogJ. ( Fig. 3a). 
ADDFOUR :X 
OUTPUT :X + 4 
END 

Flg. 3a 

IN OUT 
.5 -> 7 

-2-> 2 
1.5-> 5.5

Flg._ 3b 

F(X) = X + 4

or X-> X + 4 

Fig. 3c 
They are then encourtrJ8d to experiment wlth . . 
(e.g. by typing PRINT ADDFOUR 3 PRINT AD�;ic: f\mputs (mcludlng decimal and negative numbers
functions using the operations of s�btractlon . . . , PRIN_T ADDFOUR -2.5) and to def1ne other 
simple f unctions, they are given a game which ���slon and mult1pli�tlon. When they are able to deflne 
guessing the function by trying out a range of input�

lv� one pup11 defmlng a functlon and the other pup11
guessmg is asked to bulld a mapping di ram as

. is an lmportant part of the process that the pupil
some pupils the material is extended to �clude I 

a tool to help work out the function. ( See Fig. 3b). For 
game bemg a moti_veting part of all the new ma��i �

versa and compos1te funct1on , with the guesslng
m LogJ they are given 'paper and pencil' tasks away fr �n pup11s are conf1oont about def1ning functlons
between function as represented by a LogJ ed 

om e computer to provoke them to make the 11nks
( Fig. 3b) and functions as represented by .f;:1•t· 

ure
l
, f

l
unctlo� as represented by a mapping diagram 1ona a gebra notet10n ( Fig. 3c).

g������
io

a

n
n
åfy���jls��n

fh�s�r�n
ing ,0� Varjable in a Logo context. 

programming), structured interv��:P 
dai:ta(after 60 hours of "hands on" Logo

during a ·research day· at the Institut f :�
d spec1f1c tasks given to the pup1ls 

issues: 
e O ucation is highl1ghting the follow1ng 

The Slgnlflcance or the Namlng or the Varlable The case study pupi ls were introd d . . . . . 
SCALE, SIDE, NUM). The transcrip�

c
d

e 
t 

in1t1ally to meaningful variable names (e.g. 
a a a_nd pup11 interviews show ed that pupi ls 
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were attaching undue significance to the naming of the variable. It was decided to 
intervene specifically to show pupi ls that they could use any name and the pupi Is 

were encouraged to make up 'nonsense· names. In addlt!on the function materia ls 

used a range of variable names including single letter names. The majority of 
pupi ls seem to have passed through the stages of using meaningful names, to 
choosing nonsense names and then returning to meaningful names (e.g. SIDE; SIDE2l 
or abstract short names (e.g. X,A). 

The Meaning of the Variable Name. 

Discuss!on with the pupils about the meaning of a variable name elicits respon
ses of the form "the size of what it is going to be", "SIDE stands for how far you 
want to get it to go", "SCALE Jets you know it can make It as big or as small as you 
want it". The pupils however seem to bring their mathematical under- standing of 
number to the Logo situation. This means that the pupils' ldea of 'range of number' 
can be restricted (e.g. to positive integersl. At least half of the case study 
puplls were resistant to using decimals. I n order to extend the pupils' 
understanding of ·any number' structured tasks wil l need to be devised. (Variable 
input as scale factor e.g. can provoke the use of decimal inputl. 

The Critical Nature or the Variable Letter Task 

None of the case study pupils were motivated to take on the idea of variable in 
Logo before they were given the varlable letter task. It is hypothesised that the 
idea of changing a fixed procedure to a general procedure by scaling distance 
commands is conceptually easier for pup1ls to use than making a general 
relationship explicit by operatng on a variable input to express an internal ratio. 
Pupils know that using scaling input will produce variable screen output but are 
not necessarily aware of what exactly is varying. Four months after the 
lntroduction of this variable letter task three out of eight pupils st1ll used this 
technique to draw Fig. 1. Three out of eight pupils perceived the interna ! ratio, 
defined one variable and operated on it (see for example Fig. le). Two pupils 
defined two separate inputs without taking into account the internal ratio (see for 

exampleFig. lb). 

Conclusion 

Our research supports the findings of H1llel and Samurcay< 1985) that without 
specific teacher intervention pupils w1ll not use variable in their Logo 
programming projects. Although the variable letter task has been successful in 
encouraging pupils to begin to use variable in Logo, the research highlights the 
need for pupils to experience variable in many different situations before a 
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synthesis can take place. Structured interviews have still to be administered in 
order to probe the pupils' understanding of variable both 1n Logo and 1n a 
'traditional' algebra context, and to evaluate the 'transfer· materials. The results 
of these wil l be reported at the conference. 

Footnote 1. 
The Logo Maths Project which commenced in Sept. 1983 is monitoring and evaluating how LOl}l can be Used 
within mathematics classrooms. Two computers are placed in the classroom and pairs of pupils take turns 
to work wlth Logo dur1ng their 'normal' mathemat1cs lsssons. The researchers oct as particlpant 
observers. Systematic data is being collected throughout the three years of the project for four pairs of 
case stu(fy pupils (aged 11-14), one boy pair, one girl pair, and two mixed pairs. Pairs where chosen 
taking into occount spread of mathematical attainment and the teachers"s opinions as to construct1ve 
working partnersh1ps. The data includes recordings of the pupils' LOl}l work, all the spoken language of the 
pup1ls while working with LOl}l ( a video recorder is connected between the computer and the monitor), the 
researchers Interventions and a record of all the other mathematical work undertaken by the pupils. The 
video recordings are transcribed and these together with researcher observations and teacher and pupil 
lnterviews provide the basis for the research results. Since 1984 the research has been extended into ten 
further classrooms where the control of the LOl}l work is the responsibility of the teacher rather than the 
researchers. 

Footnote 2. 
The case stu(fy pup1ls worked w1th RML LOl}l which does not possess inflx ar1thmetic operations. The 

procedures in th1s paper are given 1n Apple LOl}l with the add1tional prefix ar1thmetic operations ADD, 
SUB, MUL, DIV. 
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school mathernatics programs and 

The problem_: Recent documents reviewing U. S.

educators to increase the emphasis on 

Change challenge mathematics 

recommending
1982; NCTM, 1980). Same of the cancern 

computational estimation (NSB Commission, 

. d gross estimates in order to 

usage and a need to f1n 

was derived from calculator 
ff d by Edwards 

J·ustification was o ere 
A more basic

evaluate input/ output data. 
f 1 for 

to number sense--a " ee 
. 1 estimation leads 

(1984) who argued that computationa 

numbers" 

Compliance with these 

Computation estimation, 

recommendations is difficult.

d b Reys Rybolt, 
skills, has been define y ' 

a complex interplay or concepts and 

(1980) · "The interaction and/or combination of mental computa-

Bestgen, and Wyatt 
including rounding, place value, 

ts technical arithmetic skills 

tian, number concep ' 
'dl and 

mental compensation that rapi y 

straight-forward processes such as 

and less 
to a correctly computed 

that are reasonably close 

external use of a calculating consistently result in answers 

internally, without the 

This process is done 
1 result. 

model of intellectual deve op-

) Case , in applying his 

or recording tool" (page 6 . 

) hypothesized that although young 

ment (1985) to computational estimation (1986 , 

do not show real under
. · t tasks, they 

school-age children can perform prerequ1s1 e 

Futhermore, it is not 

tasks until about age 12. 

standing of simple estimation 

that students become capable of 

until adolescence 
computational estimation in the 

Reys et al sense.
h was (1) to 

Partially described ere 

The stud_y_. The purpose of the study, 
and (2) to 

computational estimation, 

f proficiency in 
identify factors necessary or 

d 
In the first phase of the stu y, 

development of these factors . 
investigate the 

collectively and individually on 

2 4 6 8 and 10 were tested 
children in grades ' ' ' 
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es timation problems in a 11store" setting, and on number sense problems including 

comparison of numbers, use of powers of ten, and judging relative size of numbers. 

The testing phase provided the groundwork for subsequent hypotheses testing. A 

process-product cornputational estirnation medel which included factors involving 

concepts, direct and indirect skills, and attitudes was forrnulated (see Figure 1). 

For the second phase of the study, test items consistent with data collected 

in the first phase and with Case' s theory of intellectual developrnent were designed. 

These grade-appropriate items covered the factors identified in Figure 1. At each 

of grades 3, 5, 7 and 9, three teachers completed individual student profiles. 

Twelve students at each of the three grade levels who ranked in the rniddle half of 

their classes in mathematics, who portrayed interest in mathematics, and who were 

reflective and willing to explain answers were selected to be individually 

interviewed. 

Procedures and results. During the 45-60 rninute audio-taped interviews, 

students were initially questioned on mental computation and other related skills 

as delineated in Part III of Figure 1. The bulk of the interview was devoted to 

items covering Parts I and II. Approximately half of these items, direct or 

D-problems, consisted of a description of a situation calling for cornputational

estirnation followed by solution-explanations of two or three hypothetical students. 

Interviewees were questioned about the acceptability of the hypothetical explana

tions and the resulting estirnations and requested to contrast the explanations. 

For the other half of the items, open-ended or 0-problerns, students were asked to 

select and describe their efforts when solving a series of computational estirnation 

problems. Finally, attitudinal data to augrnent teacher profiles (Part IV of Figure 

1) was gathered. 

The rernainder of this paper will be restricted to a lirnited analysis of 

several D-problern tasks rneasuring the conceptual and skill level factors identified 
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A BREAICDO'IIN OF FACTORS REI.ATED TO COMPUTATIONAL ESTIMATION 

I. CONCEPTUAL LEVEL FACTORS 

A. 

B. 

Process Factors 

1. Recognition that there is rnore than one appropriate process 

of obtaining a computational estimate. 

2. 

3. 

that estimation processes involve computing with 
Recognition 

approximate numbers. 

Recognition that same processes are more appropriate than 

depending upon the type of problem and degree of accuracy 

by the problem. 

others, 
dernanded 

Product Factors 

1. Recognition that an estimate is an approximation of the value 

obtained through computation. 

f 1 each of which is an 
2. Recognition that there is a range ? va ues 

appropriate estirnate of a computation. 

d 
· s whether or not a 

3. Recognition that problem context etermine 

particular estimate is appropriate. 

II. SKILL LEVEL FACTORS 

III. 

A. Process Factors 

B. 

1. Reformulation 
a. Rounding 
b. Truncation 

c. Averaging 

d. Changing form of number, 

e.g., fraction to decimal 

2. Compensation 

3. Translation 

Product Factors 

1. Determination of the correct order of magnitude of the product 

of a computation. 

bl estimates of a computation. 

2. Determination of the range of accepta e 

RELATED SKILLS VI. ATTITUDES 

Confidence in ability to do math. 

Confidence in ability to estimate. 

Tolerance for error. 
A. 
B. 
c. 
D. 
E. 
F. 
G. 

Working with powers of ten. 

Recognizing place value. 

Comparing numbers. 

Mental computation. 

Basic facts. 

Properties of operations. 

Recognizing effect o� 
computation of modif1cat1on 

A. 
B. 
c. 
D. Estimating seen as useful. 

of numbers. 

Figure 1. Medel of Hypothesized Developmental Factors 
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in Parts I and II of Figure 1. Conceptual factors Al and B2 involve recognition of 
the existence of more than one appropriate process for obtaining an estimate and 

that more than one estimate is appropriate. To test these factors, students were 

shown illustrations where two individuals rounded addends in different ways and/or 

obtained different estimates. In each situation, the rounded addends and the 

estimated sums would be acceptable to individuals satisfying the parameters of the 

Reys et al definition. Depending on the context, students were asked whether the 

rounding processes were acceptable (Al) or whether either sum was "about right" 

(B2). The majority of students at each of the four grade levels found both 

processes acceptable. A majority of the 12 students at each grade level did not 

find both sums acceptable: 1 student in grade 3 found both sums acceptable; 3, 

grade 5; 5, grade 7; 6, grade 9. In grades 5 and 7 students finding the processes 

unacceptable explained their position by referring to the rounding procedure taught 

in their school and/or to whether the resulting numbers were multiples of ten. In 

grade 9, students preferring one sum over the other selected the sum involving a 

fraction (e.g. 10 1/2) because fractions are closer and therefore "better". These 

data suggest that children are more amenable to alternate processes in estimation 

than they are to alternate products and that acceptance of alternate products is 

slower to develop. 

Conceptual factors A2 and Bl involve recognition that computational estimation 

processes involved computing with approximate numbers (A2) and that the product of

an estimation is in itself an estimation (Bl). To test these factors, situations 

involving hypothetical students S and V were used: Student S rounded first, then 

computed an estimate; Student V computed first, then rounded to obtain the same 

estimate. Interviewees were asked to compare, contrast and establish a personal 

preference for the hypothetical situations involving students S-and v. At all 

grade levels, interviewees found it acceptable to use rounded numbers as addends or 
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factors (A2) and agreed that estimated sums or products were acceptable (Bl). 

However, a majority of students at the three upper grades preferred to compute with 

exact numbers and to round the result to obtain an estimate. These students (5 in 

grade 5; 7, grade 7; 8, grade 9) claimed such procedures were "more accurate" or 

"easier because you only have to estimate once11
• It appears that by grade nine, 

young adolescents do not recognize that an essential component of computational 

estimation involves computing with approximate numbers or, at least, do not feel 

comfortable with this procedure. 

Skill level factors (Part Il of Figure 1) were also investigated through the 

When use of D-problem and 0-problem types. Only the former are discussed here. 

presented an addition problem where in one case the addends were truncated and in 

the other case where addends were rounded to the closest hundred, the youngest 

students found both procedures acceptable. Students in grades 5 and 7 resisted the 

tr.uncation methods in preference to rounding methods. Seventh grade students when 

shown a procedure which compensated for truncation errors, agreed that truncation 

with compensation was as good as, perhaps preferable to, rounding methods. This 

pattern held with ninth grade students too. In other situations, with other items, 

half of the third grade students and at least ten of twelve students at the higher 

grade levels recognized that compensation led to closer estimates. An item given 

to seventh and ninth grade described two cases involving decimal multiplication: In 

one case, a hypothetical student incorrectly used a calculator to determine the 

product; in the other, the decimals factors were changed to approximate fractions. 

When asked whether the results were acceptable estimates, interviewees split 

between the two alternatives and lacked confidence in their responses. 

Some items testing skill leve! factors involved estimates with respect to 

order of magnitude and to a range of acceptability. Results show the ability to 

relate order of magnitude to the computed or estimated result is a developmental 
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ability perhaps dependent upon an ability to compute mentally. Generally items requiring identification of a range of acceptable estimates were unsuccessful. Interviewees tended to do the calculations mentally before responding to questions 
concerning whether or not the computed answer was above or below a target number. Imp lications. The results of the analysis indicate clear developmental trends on several of the factors identified in the medel in figure 1, and lend support to Cases ' s hypothesis that pre-adolescent children have not developed the prerequisite 

skills and concepts necessary to be good estimators. This observation should not 
be interpreted as saying that the recommendations for increased emphasis on computtational estimation are inappropriate. Rather, an implication is that instruction 

should be directed toward assisting children develop the prerequisite lower-level 
concepts and skills which form a foundation for later learning of computational 
estimation as both a process and as a product. To expect children to become
proficient at computational estimation prior to the establishment of such a 
foundation is to invite failure and frustration. 
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The Value of the Computer in Learning Algebra Concepta 
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The Background 

secondary schoolchildren have with The problems and difficulties 
a
w
r

h
e

i
::

ll

m
:::.

n and have been the subject of muchb a (generalised arithmetic} alge r  

relate to the conventions of the notation and the investigation. Many of these 
of the use of letters (Booth to interpret the meaning l· n ability of children 

b k their Cognltlve situation, many fall ac on d · h w and daunt ing 1983a}. Face wlt a ne 

k of a one-to-on e correspondence between the . experience and ma e use prev1ous 

f the alphabet (eg Wagner 1977), feeling a strong natura! numbers and the letters o 

. g an . ' ' Booth (1983b} reported encouraging success us1n need for a numerical answer . 

' ' roduce answers. which the children had to program to p l· maginary "Maths Machine" 

d b shown understanding algebra has alrea y een The value of computer programming in 
. l Tall 1983) and the natura! extension o (see, for examp e, f Booth 's work was to 

. 
1 " ths machines" to program. provide the children w1th actua ma 

The psychological research is based on constructivist Piagetian framework of the 

. Ausubel's theory of abstraction from experience, 
. 

theory, with its idea of 

h ies relational understanding of Skemp. All these t eor meaningful learning, and the 

, 
. 

h the individual emphasise the importance of the ' framework of knowledge wh1c 

build on the existin g knowledge area, and the need to constructs in any cognitive 

structures of the child by conceptual rather than rote means. 

The Experiment 

a) Equipment 

mental model for a variable in algebra, and bl th children to construct a 

f 

To ena e e 

odel was provided consisting o the manner in which it is manipulated, a concrete m 

attached value of the variable and an a 'box' containing the current numerical 
. ot fulfil all (f. I) Although th1s model does n with the variable name igure . 

. 
d 

label 

variable (see e.g. Wagner 1981), it prove the mathematical uses of the concept of 

to be of great value to the children . 
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current value 

variable label 

Figure I 

Two "Maths Machines" were devised. The first was a cardboard model consisting of 
two large sheets of card (figure 2), one of which was blank (the 'screen') and the 
other with six rectangular boxes to store the variables. To carry out conmands 
placed on the screen, the children perform.ed individual tasks such as carrying 
messages, looking after variable labels, inserting values an cards inta the stores 

and performing the arithmetic calculations. (See Thomas 1985 for further details.) 

10 X•8 

20 Y•X•l 

30 PRINT X 
40 PRINT Y 
8 

The Screen 

mw□ 
X y 

□□□

The Variables 

The 'Maths. Machine' 

Figure 2 
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A second, problem-solving tool, designed specifically for the programme was a 

50ftware 'Maths Machine' for use on the BBC computer. This program, which allows 

normal algebraic input (with implicit multiplication), was also based on the 

fundamental mental model of a variable discussed above. The screen consists of a 

series of 'boxes', initial ly empty. Some are labelled with variable names and 

contain the current value of the variable under consideration, others are for 

algebraic expressions which can be calculated and compared (figure 3). The two 

'Maths Machines' were designed to enable the children to develop their 

understanding of the general concepts of algebra, through structured exploration 

of practical examples. Each is a 'generic organiser' in the sense of Tall ( 1985). 

Through practical experience, specific examples are seen to be generic examples 

(representatives of a class of examples) from which the general concept may be 

abstracted. Both turned out to be extremely popular and successful. 

URRIRBLES 

a b c j 

__________ C_O_H_S_T_R_·_H_T_S_ --;----!.\ 
' I •, 

. � . 
' 

·'FUHCTIOHS 
2(a+b) 

�'fi;;:�;��;i;;:;F 
, � M�1c_e- ��tfa;f'��chin �· 
l'1: Chang•· va .. 1ables-· 
f:Input va .. iabl• va 

i..t.M.� .. :: :�. : �::.,.'•,�· '!.·��� tY:.�� "!� 

Figure 3 
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b) The Experimental Method 
The subjects of the main experiment were a group of 42 mixed ability 12 year olds from the top year of a middle school, with no previous experience of algebra. They were divided into matched pairs using the results of an algebra pre-test based on the Concepts in Secondary Maths and Science (CSMS) algebra test. The teaching programme given to the experimental group consisted of about twelve hours of work replacing their normal mathematics periods. The module of work consisted of a variety of activities, using the equipment described above. The children were divided into groups of about three and were rotated each session between the computers available (three) and the 'Maths Machines'. The use of small groups was found to have beneficial effects. Peer group interaction, in helping and correcting each other, certainly seemed a valuable means of intelligent learning (Skemp 1985). The pupils started with an introduction to simple programm.ing in BASIC and this was built inte some investigations using short programs. An example of the sort of thing looked at would be a comparison of the outputs of these programs for three different values of each of a and b 

10 INPUT a 

20 INPUT b 

30 c � 2*(a + b) 

40 PRINT c 

50 GOTO 10 

10 INPUT a 

10 INPUT b 

30 c•2*a+2*b 

40 PRINT c 

50 GOTO 10 

In this way concepts such as commutativity, the use of brackets and equivalence·of 

expressions were all investigated unobtrusively and linked to practical experience 

through everyday problems. 

The final part of the programme of activity involved the use of the software "Maths Machine" to find the 'solution' to relatively difficult inequalities such as : 

For what value or values of x is 2x+l>5? 

This was achieved by inputting the formula 2x+J as a function and then choosing 

values of x to input. The 'Machine' displayed the value of the function for this 

value of x and so values giving a result greater than 5 could be recorded. It was 

not expected that many would obtain a result such as x>2 from their lists, 

although some did. 
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The set of five worksheets used in the Programme will be made available at PMEIO. 

A test based on the CSMS Algebra test, but different from the pre-test, was given 

as both post-test and delayed post-test ten weeks later. 

The Results 

The main question under test was whether or not the teaching progranme had 

improved the children's understanding of the use of letters in algebra, with 

1- d numbers and variables. articular reference to their use as genera 1se 

;he results (Table I) showed that both the post-test and delayed post-test 

of the experimental group were significantly better than those of the 

group. 
--------------------------------------

---------------------
----

TEST EXPERIMENTAL CONTROL MEAN S.D. N 
KEAN MEA!1 DIPP. 

t df p 

����:=��!__________________________ -------------------------

POST-TEST 

OELAYED 

POST-TEST 

32.55 

H.70 

19.98 12.57 10.61 21 5.30 20 <0.0005 

25.73 B.'7 11.Bl 20 . 3.13 19 <0.005 

Table I 

results 

control 

of the levels of difficulty The questions involved an understanding of all four 
... . t 1 group were s1gn1f1cantly better identified by Kuchemann (1981). The experimen a 

. f questl·ons requiring an understand1ng of the use o than the central group on 

generalised number or variable (Kuchemann's letters as a specific unknown and as a 

also encouraging to see that in some areas, where levels 3 and 4). It was 

1 results were comparable with or comparison was possible, the experimenta group 

CSMS older on the published better than those of children up to three years 
. examples of great individual results. There were also many very encouraging 

Understanding of the use of letters in algebra. improvements in 

The children enthused over all the work, and were still talking about it a year 

later. The teacher who taught it was equally 

a very worthwhile project which proved ta 

enthusiastic commenting that it "was 

be very pupil orientated. It is 

Provoking between pupils and between enjoyable, interesting and thought/discussion 

pupils and the teacher." 
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It was concluded that the programm.e had been successful in its aim and that work 

of this sort using the computer and presented to secondary school children before 

they do any formal algebra could have wide ranging benefits. 
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INI'RODUCINC III.GEnRA 'fO "[J)\·7-LEVEL" 

OTJI /\IJD 9Tf1GMDERS 

Ger ard VERGNIIUD ancl An iool CORT'r::S, 
* 

r:.N.P.S. 

There has been many stuclies on algebra dur ing the .l..:ist 10 ye.:irs. �Jot many 

of them include experimentation ana observation in the class-room, and 

pr.:ictically n on e  of them is concerner1 with introclucing .:ilgcbril to "low

lcvel" students ; by "low-levcl" wc clont't mcan that thcse students are not 

intelligent, only that they are weak. The problem of ruising the level in 

mathematics of the whole populiltion of young peop.le is a problem for all 

developed countries to-day. It is il difficuJ t chill.J.enge. 

Not only is it interesting to teach algebra to low-Jevel students for 

political, economic�1l and social re.:isons, but ul.so for scienti_fic reasons : 

the sort of difficulties met by this population of stuclents is somehow an 

amplified version of the difficulties met by other students. What we try to 

do in this paper is to approach the problems raisecl by the mean ing, the 

function ancl the concepts of elementary algebrn. Thesc problems are psycho

logical in nature, as they have to do with the cognitive and motivational 

aspects of learning algebra. They are illso epistemological, ilS a crucial 

point in this busin ess is to identiEy to what kind of problems algebra 

brings an an swer thut can be milcle meaningful to students 1-Jhen they a re 

first introcluced to algebra. 

Algebra is a real epistemological shift from arithmetics : in steild of 

handling a natural language problem with intuitive tools (theorems-in

.:iction), stuclents have to manipul.ilte chilins of symools wi.th exrlicit rules. 

So there are sever.:il tlimen!':iorn, of the shift : 

- explicit/implicit 

*This research will be published more extensively i.n "rtecherches en Diclac

tique des Mathematiques". Pierre Favrc-llrtigue, Pierrette Serrano, Jlaymoncl 

Piqucr, Je.:in Gen.:iis anc1 Ying lle collatoratecl uctivcly in this research. 
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symlx>lic language/natural Janguage. 

- algorithmicjheuristic

Moreover the shift cannot l:,e mucle without the introclucti.on and the use of 

powerful concepts such as : unl:nown uncl equation, variuble and function, 

directed, rational and reul numbers, absci.ssa, coorclinute ancl graph, mono

miill and polynomial, system of: equutions ... 

rn1en one introduces algebra ilS a formill part of mathematics, which has to 

be leilrned ilnyhow, there is uncloubtedly a shi.ft from what students have 

done before. nut then, the commun function of algebra ilnd arithmetics, 

whicl1 is the solving of problems, is hidden. 

As we have milde the choice, in this experiment, to introduce illgebril as a 

way to solve arithmetic problems that woulcl not be easily solvabl.e without 

al9ebra, the shift is different : algebril has to clo wi th the same problems 

as arithmetic, but uses clifferent procedures and conceptual tools : it is a 

big shift from arithmetic to put a situution into equations, to use algori

thmic procedures to transform and combine these equations in order to find 

a solution if there is any, or to show that there is no solution; in the 

usual arithmetic proceclures one chooses il sequence of operations (some

times one by one) to calculate intermediary unknowns, until one is able to 

calculate the last one. In an arithmetic solution, intermediilry unknowns 

must be meaningful. ; whereas in an algebraic solution, once the relation

ships of unknowns with data have been expressed and written clown (more or 

less as relations between v.:iriables), one does not have to care about the 

meilning of intermediary expressions until one gets to the solution. 

In that sense, algebra is a "detour" : students must give up the temptation 

to calculate the unknown as quickly as possible, they must accept to ope

rate symbols without paying attention to the me.:ining of these operations in 

the context refered to. They must illso unc!erstand the equali.ty sign c!iffe

rently from what it meilnt before to them, they must operate with brackets 

.:incl clo several other new things like adel and subtruct, multipl.y and divicle 

on both sides, so as to isolate the unlrno,-m on one sicle anc! the numericill 

clilta on the other, or to eliminate one unknmm. 
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CONCEPIUAL PR0!3LE/.1S RAJSED 13Y l\LGEBM 

Different coneptual problems are raised by algebra, that are echoecl in 

stuclents' cogni tive clif f icul.t ies. 

1 - The meuni.ng of the equulity si.gn : c1oes it announce a result, or 

represent il numer icill iclenti ty, or un equivillence bet1-1een two combinations 

of num!Jers, or an iclenti ty of functions ... 

2 - The autonomy of svmbols ilncl sym�)ol.ic operutions : the use and 

manipulation of symbols is essentiill in illgebru. It is very rare in natura] 

language that students manipulate worcls without consicler ing their meaning. 

In algebra, it is both necessary ancl dangerous : exilmples will be given. 

3 - The powerful. and clifficult concePts of variable and function : the 

concepts of unknown and equation are not self-sufficient; there are alge

braic operations that Cilnnot really be conceptualized without some explanil

tion on var iables and funct ions. The example of formulils in geometry, 

physics, or elementary economics, is a goocl way to show some distinctions. 

4 - 'l'he meanin9 of negiltive solutions 

Tlow is it possible to get students solve (linear) equations in the set of 

reill numbers, if they cannot give any meaning to negiltive solutions. In 

orcler to make negative solutions meaningful when expressing algebraically 

concrete situations, unknowns must represent not only magnitudes and quan

ti ties (they ure ah1ilys positive) but also relationships ilnd transforma

tions (they can be J:X)Sitive or negative). 

5 - The manipulation of letters and the notion of system 

Several authors have shown the clifficulty raisecl by the presence of a 

letter insicle expressions (lack of closure : CoJ lis), on both sicles of the 

equation (Filloy and noj,rno, 1984 anc1 1985). This usuull.y hicles the fact 

that there is not only one unknown but two or more. It is also in those 

cases that algebra is a powerful tool, comparatively wi th arithmetic. So it 

may be valuable to introduce rapiclly systems of equiltions, so as to show 

the power of algebra, and its clifficulty ... 

� DID.'\CTIC EXPERH!ENT 

,·le workecl for two ye.:irs wi th a class of 21 students i.n a vocational school. 

The experiment consistec:l of two series of lessons th.:it took pluce during 
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the 8th grade (12 hours in all) ancl during the 9th 9r.:1de (10 hours in all). 

There were a pre test, an intermecliary test uncl a post test, hut the most 
interesting data huve been collectecl in the class-room, by observers wi th 

aucliotapes: there was one observer for three students working either 

indiviclually or together. Tl1e observer wus ulso a pc1rticipant and helped 

the students when necessary. 

The diclactic situations were chosen so as to face the students with the 

alvove-mentionnecl (1 to 5) conceptual problems. 

First vear ..:_ 8th qracle 

- The equilibr ium between weights was usec1 c1s a physical model for same

situutions 

from 

to 

a + x = b (all positive) 

ax + b = ex + a (all posi ti.ve) 

and even a(bx + c) +cl= a'(b'x + c') + cl' (all positive) 

- The medel of additive and subtractive transformations and the mocleJ of 

change in temperature were usecl to introduce negative solutions, and nega-

tive clata .  

- The "unequal sharing" paradigm was usecl t o  introduce simple systems like 

the fol.low ing : 

+ y = a 

y + a or I 
X = a y 

X = z + b 
Z = y - C 

- The diagrams representing the program of calculation (on a pocket 

He1�lett-Packarcl) of the equations obtained were also used. 

Second year ..:_ 9th grade 

- Functions of two variables were systernatically used to introduce two

unlmowns-and-two-equations systerns, ancl Jle1-1lett-Packarcl cal.culation 

programs. 

- Somc v.'ork was c1one on formul expressions 

I
f (x, y) = ax + by 

f(X, C) =cl f incl X 
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or 
I 

f(x, y) =ax+ by 
f (x, y) = c fincl clifferent solutions for x and y 

- The graphic rneoning of such sol.uti.ans 1fös introducecl 

- Muturol l unguage problems were then usecl ugc1i.n, corresponc1ing to the 

at:ove-rnentionnecl formal expressions, before the classicul problem 

I
ax + by = c 
a'x + b'y c' 

was olso introc1ucecJ through a natural lunguage problem wi.th its graphi.c 

representation, and the algor i thm ic solution (l ineur cornbinil tian). 

- Pinc1lly five nc1turc1l. languc1ge problems were presented, the arithrnetic 

solution of which would not likely be in the rec1ch of mast students. 

'I'he protocols that we collected are ric h and vari ecl. They illustrate the 

points raisecJ in the first part of this paper, and we observecl muny diffi

culties that other authors have mentionnecl before; we al.so fincl new facts 

concerning the "detour" through ulgebra und "the cliclact i.c contruct" by 

which students progressively unclerstand whut is required from them by the 

teacher. 

Imrortc1nt objects to be considerecl are the "ser ipts" that students huve to 

lec1rn and master. By "script" we rnean a scriptural scherne which is the 

symt:olic expression of the solving proceclure. C.onceptual difficulties may 

lie ei ther in the valid i ty of the ser ipt or in the progression to the goul. 

'!'hese diffi.culties are clistinct in nature. Examples wi.11 be given. 

Pinally it is interesting to notice that the last problem in the sequence 

was sol.ved by all students. !3ut the tests sh01•1 that the overcorning of 

clifficulties in algebra, especially when negative nurnbers are involvecl, is 
a long term 1 eurning process. 

References : 
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MATHEMATICS BACKGROUND TO TECHNOLOGY 

' Kunle Akinyemi 

THE CASE OF NIGERIA 

University af 1lorin, Nigeria; Visiting Snr. Lecturer, 

BRUMATE, Brunel University, U.K. 

INTRODUCTION 

Nigeria recognised the importance af technology in her development a long time 

aga. The National Policy an Education (1981) provides the operational framework 

for her education. The importance af mathematics in technological development 

is reflected in the statements af the purpose and objectives af education. 

The National Science and Technology Development Agency in Nigeria has estimated 

that by 2000AD the country's population may well exceed 140 million people hence 

proposed a systematic approach ta science and technology for a self-reliant and 

endogenous development (NSTDA , 1979). It had since suggested the 

intensification af education and training relevant ta Nigeria's gradual build up 

af her own internal scientific and technogical capacities since technological 

transfer is a myth. For example, the NSTDA (1979) indicated that the 

importation af ready-made technology stifles national initiative and leads ta a 

heavy commitment af Nigeria's foreign exchange. The mathematics background 

required for developing a viable indigenous technology is enorm ous. 

Technological problems are indeed real life problems which rarely match the 

rigid boundaries, traditionally imposed an mathematics. 

MATHEMATICS TEACHING IN NIGERIAN SCHOOLS 

Nigerian educators are concerned about students' antipathy ta mathematics. 

Lassa (1984 ) devoted his inaugural lecture ta 'the sorry state af mathematics 

education in Nigeria'. A particular section af this lecture succinctly presents 

the current state af mathematics in Nigerian schools as "The performance af 

students in mathematics has been declining, the students' attitude towards 

mathematics tends ta be negative, mast af the teaching staff in mathematics have 

been inadequate and ill prepared for the teaching af mathematics and the society 

had the feeling that mathematics is for those with strange things up in their 

heads. All these have left mathematics teaching and learning in a deplorable 

state of affairs in all institutions af learning." (Lassa, 1984, p.l) 
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There is also abundant evidence on the declining trend in students' performances 

in mathematics in the West African School Certificate Examinations (Fakuade, 

1973; New Nigeria, 1978; Uzoma, 1980; and Lassa, 1984). Poor performances in 

mathematics have far reaching effects on other school subjects of which the 

sciences are very important. Technology, briefly described means the systematic 

application of scientific and other organised knowledge to practical tasks. 

The impact of mathematics on science is great and when students do not develop 

positive attitudes to mathematics, they find it impossible to cope with the 

sciences which invariably are the base for technology. The poor attitudes of 

pupils may be linked with other factors like; 

a. Mathophobia in the classrooms 

b. 
Pygmalion in the classrooms and mathematics teaching 

c. Teacher qualification 

d. 

e. 

f. 

Dearth of instructional resources 

Context of mathematical presentations 

Some myths in Nigeria about mathematics 

a. Mathophobia in the Classroom 

Literature is replete with information on phobia which means fear (Freud, 1909; 

Kristel 1981; Sluckin 1979; and Lewis & Rosenblum, 1974). Mathematics is a 

school subject which is feared by many Nigerian students and in which they take 

avoiding actions. The older generations of Nigerians learnt mathematics under 

duress (in some cases). Teachers in those days held whips in front of the class 

<luring mathematics classes thus the learning of mathematics was more of an

ordeal than a pleasant learning experience for the child. Even today in some

schools, the practice still continues. 

Bowlby (1973) indicated that the cause of fear may be linked with the presence 

or absence of something that provides safety and security. A teacher with a 

whip in his/her hand tn front of a class does not provide safety or security. 

The presence therefore of a 'whip-holding mathematics teacher' often raises the 

state of anxiety of many Nigerian children. The propensity for damage of this 

kind of classroom set-up is incalculable. In Akinyemi (1980) many pupils 

indicated that their fear of mathematics was linked with teachers' threatening 

approach to the teachf'ng of this subject. 
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b. Pygmalion in the Classroom and Mathematics Teaching 

Pygmalion in the classroom is an important aspect of classroom interaction 

which had been espoused by Rosenthal and Jacobson (1968). The theory holrls true 

especially in the teaching of mathematics in Nigeria. In a study to investigate 

classroom interaction (self-fulfilling prophecy) conducted by Akinyemi (1980), 

150 class Il pupils, distributed in four centres of the University of Ilorin 

Summer School Programme (SSP) were used. The syllabus represented a review of 

class I and an introduction to class Il mathematics curriculum of the Nigerian 

secondary schools. All pupils in the four centres took the same pretest and 

posttest. All mathematics teachers used the special syllabus for the four weeks 

programme. Three centres (A,B,&C) were informed about their pupils' pretest 

performances hut were not shown. The fourth centre was used as the control. 

Unobtrusive observations of teacher interactions were conducted <luring the 

second and third weeks of the study. 

Pretest results reflected very close averages (x = 34%) for all four centres 

being homogeneous groups. A deliberate bias was introduced on the second day of 

the study to investigate self-fulfilling prophecy as; 

* 

* 

* 

* 

Teacher in Centre A (Ta) was informed that he had very good pupils in 

his class and that their average score on pretest was Xa = 70%. 

Teacher in Centre B (Tb) was informed that he had extremely weak pupils 

in his class and that their average score on pretest was Xb = 25%. 

Teacher in Centre C (Te) was informed that he had average pupils in his 

class with an average pretest score of Xc = 34% (being also the average 

score for the entire group). 

Teacher in Centre D (Td) was not inforrn ed about his pupils' 

performances and did not bother to ask. However, the average pretest 

score of the group was Xd = 34%. 

Posttest results showed a gain of X =  21% over the pretest with average group 

scores being Xt = 55%, Xa = 57%, Xb = 50%, Xc = 53% and Xd = 56%. The results 

of this study did not show any statistically significant differences. However, 

in terms of numerical value, centre A was best (as expected) followed by centre 

D which was the control. Centre B which was presented as the weakest class in 

mathematics actually performed the poorest. 

Teachers A and D were found to be enthusiastic judging from their presentations, 
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reinforcements methods, class participation and the general classroom atmosphere 

during the second and third weeks' unobtrusive observations. Teachers B & C did 

not show any enthusiasm. Their attitudes were at best lukewarm. The feedback 

receiv ed from these two (Tb & Te) after the study was that "four weeks of 

mathematics teaching along with other subjects was not sufficient to make a 

noticeable impact on pupils who are i.nherently weak". One of the enthusiastic 

teachers(Ta) confessed that he felt like helping the pup ils because he was

delighted to learn that pu pils in his class were the best of the four centres 

and wanted them to maintain their superiority on the posttest. 

c .  Teacher Qualification 

A critical look at the way mathematics is taught in the Nigerian schools reveals 

many shortcomings. In many instances the t eachers are either unqualified or 

underqualified to teach the subject. Adesina (1980) has rev ealed startling

statistics on the state of primary school teachers in Oyo state of Nigeria which 

shows 34.5 per cent as unqual ified and 50.7 per cent as marginally qualified

(qualif ication below Grade Il level which is required to teach in the primary

school). The situation in many secondary schools is equally bad. One can then 

imagine the cumulative effects of poor teaching of mathematics (an intellectual 

problem-solving skill) on the mathematical background and subsequent development

of the child. Towards this end, the government has made it mandatory for all 

teachers to be trained within a short time. 

d. Dearth of lnstruction al Materials 

The scarcity of materials and resources in schools had long been expressed in 

several quarters (Fakuade ,1973; Lassa, 1984; West Africa, 1985; and Harris & 

Akinyemi, 1986). The need to prov ide  m aterials which are relev ant to the

Nigeri an situation was the basis for the set up of the Textbook Development

Agency. A series of curricula c.hanges have occurred in schools since 

Independence in 1960 and the necessity to produce materials in tune with the new 

syllabuses had long been felt since the prev ious materials used (Durell 

mathematics series) had become inappropriate for the Nigerian local conditions. 

e. Contexts of Mathematical Presentations 

The concern for presenting learning materials in meaningful contexts is one that 

psychologists (Ausubel,1968 and Bruner, 1966) had since expressed. Ervynck

(1983) said that the learning difficulties of the African student in mathematics 
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may "relate to some unacquaintance with classical features, materials and 

examples used to describe mathematical concepts". Materials and features 

available in different lea . . rning settings must be d . 

otherwise learners are left confused 

use in presenting concepts 

the use of foreign contexts which are 

either in the abstract presentations or in 

unfamiliar to them. 

f. Same Myths About Mathematics 

In changing the Nigerian students' po or attitude to mathematics certain 

misconceptions and myths need to be 

effort on the part of the teacher to 

corrected in schools. It may take same 

change the situation. Lassa (1984) has

presented one such th " my as mathematics is for those with strange 

their heads". Th 

things in 

e statement that "if you work too 

you may go mad" had been expressed by 

informed by their illiterate parents. 

many mathematical problems, 

same young lea rners who had been so 

The myth that "you must be born with 

be good at it" is one that is popular mathematics to 

second 

among the Nigeri an 

ary school students. Counting, especially for young learners 

skill in mathematics. 

is an early 

·
1 

In situations where you count the number of children in 

rura area, a ser· b an i literate family in a 1 

a myth in same tribes for anyone to coun
;

ous pro lem may arise because it is 

ob i h 

their number of children ! It is 

v ous t at the concept of probability in 

environment because the issue of 'chance' i·s 

statistics will suffer in such an 

left to the •gods'! 

C0NCLUSIONS 

Same inadequacies in the education al systems 

being 

hav e been indentified and are 

corrected. The campaign in schools is 

h 

towards reviving mathematics d 

t e slogan is "Mathematics is a friend and not 

an 

h . . 
a foe" Technology and development 

go and in hand and the N igerian curricula at the secondary

recently been mod. f. d 

school lev el have 

i ie to promote technology. I h 

solutions to child ' . 

n t e continuing search for 

and simul t
· re� s antipathy towards mathematics, resources including 

a ion exerc1ses are bein d . 

games 

g esigned to stimulate children's interest and 

to sharpen their computational abilities in the basic mathematical operati·ons. 

These provide a sound f non to the development of a 

. 

oundation which is sine qua 

receptive attitude to the subject and its application to science and technology. 
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0UTC0MES 0F THE DIAGN0STIC TEACHING PR0JECT 

Alan Bel 1 

Shell Centre for Mathematical Education, University of Nottingham 

Different aspects of our research on diagnostic teaching have been reported at

PME in each of the last years (except 1985). A summary report is now available

(Bell, et al, 1986); this talk will offer a brief account of the main outcomes,

with more detail of some aspects which have not been discussed previously. The

aim has been to develop a way of teaching which contr.ibutes clearly to long term 

learning and which promotes transfer. The key aspects of this method are the

identification and exposure of pupi ls' misconceptions and their resolution:• 

throuoh 'conflict-discussion'. Conceptual diagnostic tests also play a part 

both in helping pupils to become aware of their misconceptions and enabling the 

teacher to observe progress. 

First we shall report experiments which test the effectiveness of the major 

features (focus on misconceptions, conflict and discussion) of the diagnostic 

teach i ng me thodo I ogy, in compa ra t i ve teach i n9 experiments. Second I y, there a re 

smaller scale experiments testing other aspects, such as the use of diagrams, 

substituting easy numbers, and immediate feedback. Thirdly, there are sequences 

of experiments, on each of the three main curriculum topics considered, through 

which the overall conceptual diagnos is, the design of the key types of task and 

their mode of use have been tested and developed, and the general effectiveness 

of the teaching units has been improved. Fourthly, there are experiments in the 

application of the full methodology to further curriculum topics (algebra, 

probabil ity, ratio� measure conversion, the simplest addition and subtraction 

problecrs, shape recognition). The outcomes of these experiments have been 

developments in the methodology of teaching design, knowledge about the value 

and feasibility of different types of pupil task, (such as Making Up Questions, 

Marking Homework, Group Working), and also new information about pupils' 

concepts and common misconceptions in these topics. Fifthly, two larger scale 

tests of understanding have been conducted, covering (a) Multi pi icative Problems 

and (b) Directed Quantities and Numbers, to indicate how widespread in Lhe 

population are the misconceptions we identified in our experiments with smal ler 

numbers of pupils. Final ly, there has been work aimed at the wider dissemination 

of the teaching methodology; packages of materials with teachers' notes have 

been tried with teachers having little or no previous experience of the 
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methodology, and improved versions have been produced. Videotapes of pupils 

i nterv i ews and of teach i ng ep i sodes have been made; and a g rou p of teachers has 

been establ ished to develop the application of the methodology to further 

curriculum topics. 

TESTS OF THE DIAGNOSTIC TEACHING METHODOLOGY 

1. Confl ict vs. Positive-only (Decimals)

2. Amount and lntensity of Discussion (Directed Quantities)

3. Diagnostic vs. Expository (Rates)

The research programme has included three comparative experiments demonstrating 

the greater effectiveness of a teaching sequence containing one or more features 

of the diagnostic method. The first of these showed the superiority of a 

'confl ict' as against a 'positive-only' approach to the teaching of decimal 

place- value; the posi tive-only approach focussed onthe areas which were known 

to cause di ffi cul ty, and correct concepts and procedures were evolved wi thout 

explicit discussion of misconcept1ions , while the conflict method first led the 

pupil s into exposing their misconceptions before holding a discussion lealling to 

their resolution. The second experiment showed that, of seven classes using 

similar teaching material but with varying degrees of confl ict discussion, the 

more vigorous and intensive discussions were associated with greater progress. 

The thi rd exp,�riment showed greater learning in seven diagnostical ly taught 

classes compared with two taught by 'exposition for understanding'. 

TESTS OF PARTICULAR ASPECTS OF THE TEACHING METHOD 

1. Using Diagrams

2. Substituting Easy Numbers 

3. Games 

4. Making Up Ques t i ons 

5. Marking Homework

6. Group Tasks

7. lmmediate Feedback

1. US 11,G DIAGRAMS 
Drawing a diagram is a standard way of trying to solve a problems and is often 

used to help to clarify problems for pupils. Our experiments have shown that 

the use of diagrams is not as straightforward as is general ly assumed. Broadly

speaking, those pupi�s who need a diagram to help them solve the problem are

those who cannot draw a correct one, because they cannot conceptual ise the 
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problem sufficiently clearly . Conversely, those who could draw a correct 

diagram often do not need to, because they have the necessary understanding to 

solve the problem mental ly. Thus the notion of the diagram as a solution

method breaks down. However, teaching which used the construction of a suitable

diagram as the basis of a discussion of the concepts concerned and their

relationships did appear successful. This clarified the understanding of the 
situation and pupils were then often able to sol ve th� problem without needing
to draw any diagram. This provides some confirmation that it is the explicit
discussion of the key concepts which is essential to learning. 

2. SUBST I TJT 11,G EASY NUMBERS

we have studied the substitution of numbers such as 3, 6 in problems containing
numbers such as 28.7, 0.4. In easy number problems the choice of operation
itself is easier, apparently because of the possibi l ity of rapid trials and
checks of eons is tency w i th expec ta t i on. We al so know tha t the pup ils do not 
necessari ly regard the operation as invariant under changes of number in a 
problem. Pupi ls regard the operation as residing in the numbers rather than in 
the problem structure. For example, 8; ¼ may be seen as essentially the 
multipl ication, 8 x 4, which is the calcuation which actually needs to be
performed. Difficulties also arise in making suitable choices of 'easy 
number': 0 and 1, for example, are unhelpful. Our work has shown that it is 

preferable not to regard substituting easy numbers as a solution algorithm, but 
to vary the numbers in a problem as a means of developing the concept of

invariance of the quantity relations under changes of number.the 

3. GAMES

Games which engage the players in choices involving the key concepts and
misconceptions have been developed and are clearly very powerful learning
situations • I f we 11 des i gned, they have the elements of check i ng (e i ther 
inbuilt or by opponent's challenge), self-adjustment to a pupil ' s own level, one
is essentially choosing one's own examples, and of repetition with variety.
Successful games were develope.ä ·in most of the teaching experiments. To 
achieve the potential value of a game it is necessary to fol low it by a 
discussion focussing on the principle to be learned or the misconception to be
overcome, and in which it is expl icitly articulated, by pupils as wel I as by the 
teacher. 
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4. MAKI NG UP QUESTIONS

Making Up Questions includes several ways of reversing the usual teaching order 

of the teacher asking the questions and the pupil providing the answer. One 

type is the generation of questions by the pupils of an initial situation; 

another is the giving of a calculation say 'O.4 � 25' for which the pupils have 

to make up a 'story' possibly in a given context, such as speed. 

5. MARKING HOMEWORK

Marking Homework is another type of reversal of role where the pupils mark 

another's actual or fictitious script, stating the nature of the error and 

offering a possible explanation. 

Both Making Up Questions and Marking Homework have proved good ways of provoking 

reflection and discussion, though they are not easy tasks, and need some 

perseverence for the pupils to get used to them. Examples of the development of 

more successful forms of these tasks wil 1 be found in the reports of the 

of the later teaching units. 

6. GROUP TASKS 

A development of class discussion which has been found successful with many 

teachers and classes is to set the critical problems first to be tackled by 

small groups of pupils. After they have arrived at group conclusions, the 

class is brought together and each group explains its conclusion to the class, 

using the blackboard as appropriate. This can encourage greater will ingness on 

the part of pupi ls to express views about which they are not entirely sure, 

while retaining the opportunity for the teacher to be aware of wrong 

conclusions and to challenge them. One particularly useful type of group task 

is the completion of a table by placing small cards in the appropriate cells. 

Groups discussion focuses naturally the correctness of placing and reconsideration 

is easy. 

7. IMMEDIATE FEEDBACK 

Gelman ( 1969) obtained a striking leve] of success in 

teaching number and length conservation by simple yes/no feedback of correctness. 

We found that this did produce improvements, even after relatively short 

experience. Boxes were provided for recording the chosen operation and calculator 

answer, with additional boxes for further attempts if the first one proved 

incorrect. Test resu_)ts showed modest improvements, particularly en certain 

test items. P.upils did appear to use the feedback intelligently, by 
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reconsidering the question,. but learning was 1 imited because they lacked means

of obtaining a more correct view of the problem. In conjuction with feedback, 

some more positive teaching input is required.

NUMBERS AND NOTATION VERSUS PROBLEMS IN CONTEXT

This sequence of experiments pursues a research question .. The initial

question arose from the observation that choice of operation in problems was 

heavily influenced by numerical misconcpetions. The question was whether 

teaching aimed at removoing these would be more er less effective than teaching 

whose purpose was te establish the general quantity relations in context, e.g. 

weight x price = cost. The first experiment focused directly on this question 

comparing two classes, ene having each of these treatments. Neither class made 

very much progress on a choice of operation test. The second experiment used 

improved teaching material combining the two approaches. This produced 

impvoements en price questions..(the most emphasised context in the teaching) but 

1 ittle else. The third experiment used a much stronger unit of teaching material 

{Numbers and Notation) (NN) aimed at the numerical misconceptions only. This 

produced quite substantial gains on the numerical section of the test, but 

no change en choice of operation. The fourth experiment used a new uni t 

entitled Problems in Context ( PC) aimed at dealing with the numerical misconceptions 

within the context of problems concerning price, and the fifth used Numbers and 

Notation followed by Problems in Context. The results of these showed, in the 

first case, good gains on choice of operation as well as en numerical questions 

from the use of PC only, and in the second case, trivial gains en choice of 

operation and substantial enes on numerical questions at the end of the teaching 

using the NN unit, with further substantial gains on both types of question 

fol lowing the PC teaching. It thus appears that treating the misconcpetions 

in the desired contexts is essential, and that this effect transfers te the 

numerical questions but not vice versa. 

In the talk, there wil 1 be an opportunity for questions te be raised, and for 

further details of these experiments to be given, as required. 
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A Study of the Socialization to Teacbing of a 
Beginning Secondary Mathematics Teacber 

Catberine Ann Brown 
Virginia Tecb, Blacksburg VA 

This study was designed to determine tbe crucial elements 

involved in the socialization to teacbing of one beginning matbematics 

teacher and thus to deepen our understanding of the socialization 

process. Teacbing is a complex activity involving not only the 

teacher but also other persons witb wbom be or she interacts. 

Although tbe process of socialization to teacbing is unique to an 

individual and his or her teaching situation, there are certainly 

elements involved in tbis process that are common to the experiences 

of many teacbers. Tbis report will focus on one element that appeared 

to be crucial to the teacher participant's socialization experience -

his perceptions of tbe students he taugbt. 

The specific questions that guided the study related to the 

influences of the following factors on the actions and thougbts of tbe 

teacber in the classroom: conceptions of matbematics teacbing held by 

students, parents, administrators, and otber teachers; course content; 

the teacher's perceptions of students' maturity and ability levels; 

the teacher's biography, including bis teacher education program and 

student teacbing; and the teacher's plans for the future. 

Data collection began while the teacher was a preservice master's 

degree student in mathematics education and continued to the end of 

his first year of teaching. The teacher was interviewed extensively 

<luring bis final year of teacher training at the university, I wrote a 

case study and the teacher, Fred, reacted to the case study. 

Extensive interviewing and participant observation were used as 
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primary data sources <luring tbe eight weeks I spend with Fred <luring 

bis first year of teaching. Supplemented with questionnaire data and

artifacts such as lesson plans, tests, and school and community

newspapers, the interviews and observations provided a data base from

which I could understand the teacher's classroom actions and how be

and bis students thought about them <luring his first year of teaching. 

Given the variety and the amount of data collected <luring the 

study, and my desire to study those aspects of the situations that 

seemed to be most critical or significant to the participants, some 

analysis had to occur while the data were being collected. Field 

notes and interview transcripts were analyzed for emerging patterns of 

activities and ideas soon after they were generated. This information 

was then used to guide future data collection. Coding categories were 

developed in order to help organize the data, and hypotheses were 

formed and tested concerning the significant forces in Fred's 

socialization process. 

The data suggest tbat the way the teacher thought about his role 

in the classroom and performed that role <luring his first year of 

teaching was most significantly influenced by his university teacher 

educstion program and by his students, that is his perceptions of his 

students' conceptions of mathematics teaching and their maturity and 

ability levels. A f2Df�P1ion of mathematics teaching may be thought 

of as consisting of three components: a conception of mathematics, 

beliefs about appropriate goals and tasks for tbe mathematics 

classroom, and beliefs about the relative responsibilities of teacher 

and students concerning motivation, discipline, and evaluations. The 
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conception of mathematics teaching developed dur-ing bis time at the 

university and bis student teaching contributed to the perspective 

from which Fred initially defined the situation in bis classroom. 

Mathematics and mathematics education courses bad provided him with 

reasons to express the belief that problem solving was the essence of 

mathematics and heuristics were central to problem solving. He seemect 

convinced that problem solving would be the means by which he could 

motivate students to learn mathematics.

Students' conceptions of mathematics teaching interacted with the 

teacher's conception to influence his teaching actions and thoughts. 

Students in general seemed to believe mathematics consisted of rules 

and definitions to be memorized and used to solve assigned exercises. 

They believed that the teacher should define terms and explain 

procedures carefully, working examples to show students how the 

exercises should be solved. Students viewed assignments as a means of

practicing procedures and as a means of indicating what they had 

learned. Some students enjoyed solving the recreational problems that 

the teacher posed occasionally in class but saw little connection 

between those problems and the learning of mathematics. Fred believed 

that his students bad a very instrumental understanding of mathematics 

and very little knowledge of fundamental mathematical concepts and 

skills. 

Thus, the conception of mathematics teaching he believed was held 

by the majority of bis students was in conflict with the teacher's 

conception. Early in the school year, Fred used problems, 

particularly recreational mathematics problems, as a means of 

motivating his students and presenting some of the mathematics they 
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leern, but perceived the responses of students to be negative. 
were to 

d t him that students were attentive only when he wes
It seeme o 

. how something was to be done for an assignment that was to 
discussing

d when that something fit their conception of school 
be graded en 

methemetics. 

Fred wes able to give evidence to support his perceptions of the

students' conceptions. For example, in his general methematics class

he introduced an activity designed to show the relationship of

probebility and mortality tables using dice. This was perceived by

the students as a game, indicating e lack of seriousness on the part

of the teacher. Fred cited a statement made by a student in the class 

as evidence of this attitude: "Mr. Lincoln, we're trying to learn 

some mathemetics here. Why are we playing this game when so meny of 

us are failing? You're supposed to be teaching us."

Even bis better students often disappointed him. Although these 

students seemed to be motivated to learn mathemetics, their conception 

of methematics seemed very limited. For example, Fred presented e 

"proof" that 2 = 1 in his senior class. The students watched quite 

attentively as be worked through the proof, meny copiously taking 

notes. When, efter reaching the conclusion that two did indeed equal 

one, Fred asked the class to find the flaw in the proof, a student 

responded, "Is there something wrong with it?" Even more surprising 

was the lack of reaction from the class to this comment. Students did 

not seem to be disturbed by a "proof" of something contrary to what 

they believed to be true. 

The fact that the conception of mathematics teaching held by most 
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of his students was conflict with Fred's own conceptions had an 

important effect on Fred in the classroom. Early in the school year 

he began to perceive that his students were not, and, he believed, 

perhaps could not be, interested in the same mathematics he found 

interesting. In an interview be complained: 

Even with the caliber of students in the senior class, there are 
none in there who are that inquisitive to ask "Why does tbis 
work?" or "How do I know tbis is true?" So I don't push and try 
to justify everytbing. 

Initially, be was surprised tbat his students were not interested in 

the way he presented mathematics. He bad been told in education 

classes tbat problems could be motivating in the classroom, and be 

bimself enjoyed problem solving, believing it to be tbe essence of 

mathematics. As the scbool year progressed, he developed explanations 

for bis students' lack of interest. He felt that students found it 

"easier to open a book and learn a few sets of rules and procedures 

and bave tbe teacber explain to tbem tbose procedures tbat they can 

then use.'' It seemed to him that students were not accustomed to 

mathematics lessons that included developmental or problem-solving 

segments, that teenagers could not be expected to appreciate 

mathematics, and tbat they just were not that interested in the 

subject matter. 

Rather tban seek ways in wbicb he could change the students' 

conceptions of mathematics teaching, or at least encourage them to be 

open to new possibilities for mathematics , Fred seemed not to make an 

effort beyond that of occasionally presenting what he considered to be 

interesting problems in class. His lack of enthusiasm may be rooted 

in an attitude which the following statement expresses - altbough Fred 
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was 80 avid mathematical problem solver, he had very little interest

in solving pedagogical problems.

In teacbing you can't say "Well, I've solved a problem." Maybe

you can say that, but it's not the same type of problem [as in 

mathematics]. I mean, you bave a problem: How can I reach this

students I haven't been able to before? I can do all these

exciting tbings and maybe that's creative teaching, but that's

not the kind of creativity that I enjoy. Maybe it's because I

enjoy recreational matb problems so mucb; at the end it feels so 

good that I solved this problem. Personally, I don't get that 
same chsrge out of coming up with a dynamite less plan.

As the school year progressed, Fred used fewer problems of any kind in 

clsss; tended to minimize tbe developmental portions of his lessons,

concentrating on explanations of procedures; and gave assignments and

tests requiring only an instrumental understanding of the curriculum.

He expressed the belief tbat it was only in this way his students

would cooperate with him and at least learn the material he presented

in this way, 

There is some indication, then, tbat Fred's perceptions of 

students contributed to a modification of his conception of 

mathematics teaching, altbougb tbe extent and nature of tbe 

modification is unclear. Even at the end of his first year of 

teaching, he continued to express his enjoyment of problem-solving 

activities and the belief that problem solving was the essence of 

mathematics. 

have changed. 

That is, his conception of mathematics did not seem to 

Perhaps other elements of bis conception of mathematics 

teaching also had not changed considerably. However, by tbe end of 

his first year of teaching, his classroom actions were not consistent 

with the conception of mathematics teaching he bad expressed before 

the beginning of the year. 
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Learning Environment Differences in the Mathematics Classroom 

Barbara Fresko and David Ben-Chaim, 

The Weizmann Institute of Science 

The collective approach to forma! instruction, in which children are taught in 

groups of 15-40, has led to an increasing interest in classroom dynamics and the 

resulting learning environment. Despite the amorphous nature of the concept 

"learning environment", many attempts have been made to identify measurable 

properties related to the classroom climate. High-inference measures of this 

construct have tended to take the form of a multi-facet questionnaire on which 

pupils rate what happens in their class (Chavez, 1984). 

Studies concerning the classroom learning climate have generally been of two 

kinds: 1) those which seek to establish the determinants of the environment and 

2) those which focus upon its impact on both cognitive and affective pupil

outcomes. In spite of numerous studies in these areas, much remains to be 

learned about the classroom environment. More importantly, it is still unclear 

how educators can influence, or manipulate, the environment to the pupils' best 

advantage. 

The focus of the present paper is the mathematics classroom. Same 

information already exists regarding student perceptions of learning environments 

in mathematics classes. For instance, compared to classes in other school 

subjects, mathemat1cs c asses ave een oun • 1 h b f d to be more difficult, more 

cohesive, less forma!, and quicker-paced (Anderson, 1973; Welch, 1979). Aspects 

of the environment which have been found to correlate with pupil learning in 
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mathematics, as well as in mast other school subjects, are difficulty, satisfaction, 

cohesiveness (all positive correlations), speed, friction, and cliqueness (all negative 

correlations). Competitiveness, although negatively related to learning in the 

sciences, has been shown to have a positive correlation to mathematics learning 

(Anderson, 1973; Hofstein & Ben-Zvi, 1980). 

In general, research has shown that learning environment variables account

for a significant portion (from 13% to 46%) of the variance in pupil achievement

in various school subjects (Anderson, 1973; Hofstein & Ben-Zvi, 1980). In the 

area of mathematics, O'Reilly (1975) found the learning environment to explain 

67% of the variance in achievement scores! If classroom climate indeed bears 

such a strong influence on pupil learning as this suggests, then it is imperative 

to conduct further research in this area. Not only must the specific factors 

which affect the climate in the mathematics classroom be carefully identified, hut 

possible ways by which desirable changes can be made must be explored. 

The present study was exploratory in nature and was designed to provide 

greater insight inta the learning environment in the junior high school 

mathematics classroom and a better understanding of factors influencing 

perceptions of classroom climate. More specifically, this study was carried out in 

order: 1) to identify the type of classsroom climate characteristic of the junior 

high school mathematics classroom, 2) to determine differences in mathematics 

classroom climates when comparing high ability and low ability classes, and when 

comparing classes studying at different grade levels, 3) to determine whether boys 

and girls manifest different perceptions of the same mathematics classes, and 4) 

to determine the impact of an intensive in-service course for mathematics 

teachers by using the classroom environment measure as an evaluation tool. 
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METHOD 

The Instrument 

A mathematics classroom environment measure was developed which 

examined the following eight properties: competitiveness, goal-direction, 

formality, speed, difficulty, satisfaction, inquiry orientation, and diversity of 

instructional materials. The first 6 areas were adapted from the Learning 

Environment Inventory (Anderson, 1973; Chavez, 1984), while the last 2 sub-scales 

were created specifically because of their relevance to the classroom orientation in 

many modern mathematics programs. 

The original questionnaire contained 39 items, such that each sub-scale was 

composed of at least 4 items. Items appeared in the form of general statements 

referring to the whole class: for example, "In my mathematics class, there is 

strong competition among pupils," "The pupils in my mathematics class feel 

dissatisfied," or "In my mathematics class, questions are presented for 

investigation in class." A 4-point Likkert type scale was attached to each 

statement on which respondents were to rate their class from 1-"it never happens 

in my class" to 4-"it always happens in my class". Individual sub-scale scores 

were calculated by averaging the pupil's responses on all relevant items after 

coding in a unified direction. Class averages were computed from the individual 

means. 

Item-scale analysis was made for the different sub-scales which resulted in 

the decision to exclude 6 items from further data analyses. Cronbach alpha 

reliability coefficients for the final sub-scales ranged from 0.47 for both the 

difficulty and diversity sub-scales to 0.77 for the competitiveness sub-scale. 
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Procedure 

This measure was tried out in 20 classes in 7 junior high schools in Israel 

(N=4g2 pupils) in which the Rehovot Mathematics Program was being taught. 

The teachers of these classes were attending an intensive mathematics in-service 

course held at the Weizmann Institute of Science <luring the 1984-85 school year. 

This course was intended to improve their teaching styles, encourage diversity 

and inquiry in the classroom, and deepen their own comprehension of 

mathematics.

Administration of the questionnaire took place soon after the teachers had 

begun the course. Seven teachers administered the measure to the same classes 

(N=l55 pupils) a second time about 5-6 months later, shortly before completing 

the course. 

RESULTS AND CONCLUSIONS 

Numerical and graphical presentations of the results will be shown at the 

Conference. A summary of findings is given below. 

1. The property of the learning environment which was rated highest on the

average in all classes was goal-direction, while that rated lowest was diversity of 

teaching materials. 

2. General patterns emerged in which certain properties of the mathematics

classroom environment tended to be highly interrelated. First of all, classes 

characterized by an inquiry orientation tended to be high on goal-direction and 

satisfaction, and low on speed and difficulty. Secondly, greater diversity of 

teaching materials tended to exist in classes which were less forma!. Thirdly, 

competitiveness was characteristic of classeS which were low on goal-direction. 
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3. Few differences were found in the learning enviroments of high ability 

classes as opposed to those in low ability classes. In the former classes, however, 

pupils tended to perceive instruction as more diverse and learning was seen as 

more difficult. 

4. Learning environments in Grade 7 classes were perceived very differently

than in Grade 8 classes. In Grade 7 there was more goal-direction, greater 

formality, more inquiry-orientation, a slower pace, less difficulty and less diversity 

of instructional materials. Moreover, Grade 7 pupils perceived a greater general 

sense of satisfaction in their classes than Grade 8 pupils. It is felt that these 

differences can be attributed more to curricular differences rather than to pupil

age differences. 

5. Boys and girls had different perceptions of their mathematics classes:

boys saw their classes as more forma!, difficult and competitive than <lid girls. 

Since these factors have been shown in previous studies to correlate with 

learning, it is suggested here that the sex differences in the perception of the 

classroom environment are probably tied in with sex differences in mathematics 

achievement. 

6. In evaluating the effects of the teacher in-service course on classroom

climates, results were rather disappointing. On only two sub-scales 

(competitiveness and formality) were there changes in the desired direction in the 

majority of classes ( 4 out of 7). 
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Disparities in the Translation 
ofthe Cognitive Tests in the Second International Mathematics Study 

GilaHanna 
The Ontario lnstitule for Studies in Education 

Considerable caution needs to be used when interpreting test results, particularly when the test was 
administered in more than one language. For valid comparisons among countries to be made, it is not 
enough to know whether the students have had the opportunity to learn the material on which they are 
tested and to test all students with the same items. The possibility that the meaning of an item was altered 
in translation must also be examined. 

Two questions must be considered. The lirst is: Were the students really tested with the same test? 
In other words, did the translations of the test into the I O different languages really preserve both the exact 
content of each item and its language leve!? This question can be answered by ha ving qualilied people 
check the translations for accuracy and language leve!. 

If, in a translated item, the leve I of difficulty of the language in which the item is couched is judged to 
differ from that of the original, then a second question must be asked: Did the difference in language leve! 
affect the leve! of difficulty of the item? This question cannot be answered without empirical evidence on 
how different item wordings affect performance. 

This study examined the French version of the cognitive tests administered to students in Grade 8 as 
part of the Second International Mathematics Study by (1) ha ving qualilied people check the accuracy of 
the translation, and (2) performing statistical analyses ofthe achievement results. 

Data Source 

The data used in this study were drawn from the data pool of the Second International Mathematics 
Study (SIMS). The Population A tests (Grade 8) were administered to a random sample of 130 schools in 
Ontario, 115 English and 15 French. There were 180 items divided into a core form and four rotated forms. 
The core form (40 items) was administered to all the students. The rotated forms (35 items each) were 
ramdomly assigned to students within a classroom, with approximately equal number of students 
responding to each form. Thus, each student answered 75 items. For technical reasons 6 of the 180 were 
dropped from the analysis. The remaining 174 items covered live broad topics: (1) Arithmetic (58 items), 
(2) Algebra (3l"items), (3) Geometry (42 items), (4) Probability and Statistics (17 items), and Measurement 
(26 items). All the items were live-alternative multiple choice (one correct response and four distractors). 
Every response to each item was coded into one ofthree categories: correct, wrong, or item omitted. 
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Method and Results 

cy of the Translation 
1· Accura 

4 ·te s were examined by six bilingual mathematics educators, each working independently. 
The 17 1 m . _ . . . was considered biased if at least two Judges thought that it d1ffered in some way from the 

A translated item 
. item in English. The differences were classified in one or more of the following six 

corresponding 

categories: 

a. differences in leve! oflanguage difficulty, 

of mathematical terms that are correct translations, but nevertheless different from 
b presence 

· the terms used in the students' textbooks, 

c. differences in leve I of abstraction due to phrasing, 

d. differences in the intended meaning, 

e. differences in emphasis and/or in clarity of notation, and 

f. minors errors in translation (e.g., typographical errors not affecting meaning) 

1.1. Examples 
The item reproduced below, for example, was answered correctly by 79% of the students responding 

to the English version of the test, hut only by 25% of those responding to the French one. A look at the item 

reveals many differences between the two versions: in the French version there is no mention of pairs of 

figures; the English text makes it clear that there is one correct answer, the French does not; the English 

text uses both re{lection and ({lip) whereas the French text refers to symmetry only. 

In vhich diag�am belov is the 
second figure the image of the 

first figure under a reflection 
(flip) in a line? 

Parmi les figures suivantes, 

quelles sant celles qui sant 
symecriques par rapport a une 
droite? 

E ' 

The following comments on items are additional examples of the kind of disparities in the 
translation: 
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• Item 29 in Form 4. (error category: a, c; percent correct: English 32, French 23) 

The English item includes the familiar words "tum", "flip", and "slide", in addition to th 
techn1cal terms "rotation", "reflection", and "translation". The French item uses technica� 
terms only. 

• Item 7 in Form 0. (error category: c; percent correct: English 70, French 42) 

The English item contains the explicit and detailed sentence "shows a card
.
board cube which 

has been cut a long some edges and folded out flat" versus the very forma! "developpement d'un
cube". Also .. the secm:d sentence "which two comers will touch comer P" is much simpler than 
the French quels pomts seront confondus avec Je point P". 

• Item 11 in Form 3. (error category: d; percent correct: English 31, French 16) 

In this case the meaning was changed completely in the translation. "Tum left and move one 
unit" is not equivalent to "On fait un pas a gauche" (which is more likely to mean simply "ste 
to the left"). The correct answer to the English version is A (1,-2) whereas the correct answer t� 
the French one is C (0,-1). 

• Item 23 in Form 3. (error category: d; percent correct: English 43, French 23) 

Response B in French is entirely different from the English one. B is an incorrect response in 
the Enghsh vers10n of the 1tem, hut a correct one in the French version. Thus the item has two 
correct responses in French, instead of one. 

-

• Item 27 in Form 4. (error category: e; percent correct: English 26, French 14) 

T_he variables a, b, x, and y are in italics in English hut not in French. For this reason it is 
difficul� to understand the French item. Also in the English version the clause "including the 
depos1t 1s underlmed, whereas 1t 1s completely m1Ssing from the French version. 

The above are a few of the striking examples of disparities. In addition, many items used relative ly 

unfamiliar words in their French version: e.g., "consomm€" vs "eaten" in item 4 Form O, "juxtapose's" vs 

"put together" in item 18 Form 2, "se transforme par rotation" vs "can be rotated (tumed)" in item 32 

Form 3. 
In sum, the examination by the six bilingual teachers revealed that in the French translation, a total 

of70 out of 174 items (about 40% ofthe test) differed in some way from the corresponding items in English. 

2. Statistical Analyses 

The achievement data of the two groups were examined in two different ways. The first was an 

investigation of the rate of omitted responses while the second was the use of the transformed item 

difficulty approach to detect biased items. 

2.1. Differences in Rates of Omission 

The mean rate of omission over the 174 items was g reater for the French students than for the 

English students, (7.1% vs. 2.8%). On th.e average, the omission ratio of French to English was 2.5:1. The 

rate of omission in itself is ·not proof of item bias, since students omit items simply because they do not 

know the answer, hut it is consistent with the lack of clarity observed in many ofthe item translations. 
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Table 1 shows the mean omission rates of the French and the English students by test form. The 
. d comparisons indicate that with the exception of Form 2 all the differences between the two 

t-tests paire 

tatistically significant at the .01 leve!. 
groups are s Table 1 

Mean Percent ofOmitted Responses and t-values 
of Differences between English and French Groups 

•p<.01 

Form 

0 
1 
2 
3 
4 

English 

2.37 
3.06 
2.79 
2.61 
3.27 

2.2. Transformed Item Difficulties 

French 

7.80 
8.94 
3.32 
6.66 
8.48 

t-value 

-7.19* 
-5.89* 
-1.13 

-7.20* 
-6.53* 

(dentification of biased items is problematic, since the indices available for this purpose are 

notoriously unreliable (Linn, Levine, Hastings and Wardrop, 1981). It has also been shown that these 

statistical indices of bias are essentially uncorrelated with judgment of item bias (Hoover and Kolen, 

!984). An attempt was nevertheless made to explore item bias in the data through statistical means, using 

the technique ofTransformed Item Difficulty (TID). An item is considered biased when it is comparatively 

more difficult to answer correctly for one Ianguage group than for the other . The two sets of correct 

p-values, one for each group, were transformed to normal deviates (z) by reference to a table of the normal 

curve as suggested by Angoff and Ford (1973), and then to Delta values (13 + 4z). The bi varia te graph ofthe 

sets of Delta values then shows the degree of dispersion of the items. Clearly, the more the correlation 

between the two language groups on their responses to the items deviates from a perfect correlation 

(rFE = I), the greater the dissimilarity of their response pattems in each group. The measure of 

group-by-item interaction, that is, the magnitude of item bias, is represented by the perpendicular distance 

of any particular item from the major axis line (the line that minimizes perpendicular distances). 

Table 2 shows the means and _standard deviations of item deltas for the two groups on each test form. 

The means for the French students are higher than those for the English students, indicating that the tests 

were more difficult for the French students. The evidence that item-by-group interactions are present in 

the data comes from an examination of the correlations between the item deltas. The correlations are well 
below 1, ranging from .93 for the Core test (Form 0) to .81 for Form I .  The interaction of item-by-group 

stems from at least two factors: (a) the rank order of the item difficulty for English students is not the same 

as that for French students, and (bl there are relative differences in item difficulty,independent of rank 

ordering. Either factor would indicate item bias. 
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Table 2 

Mean Delta Values, Correlations, Slopes, and Intercepts 
by Test Form 

Form MeanF StdF MeanE StdE Correl Slope 

0 14.34 2.27 12.32 2.07 .93 1.11 
1 14.86 2.25 12.94 2.33 .81 .96 
2 14.71 1.89 13.48 1.91 .83 .. 99 
3 14.63 1 .65 13.08 1.92 .84 .84 
4 14.56 1.98 12.70 2.09 .89 .94 

2.3. ldentifying Biased ltems 

Figure 1 shows the plot of delta pairs (for English and French students) for test form 1. 
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.71 
2.47 
1.41 
3.67 
2.61 

An examination of the plot reveals that the items are more difficult for the French students. (This in 

itself is not an indication of item bias; it could be due to a difference in ability or curriculum between the 

-352-

) The plot also reveals that some items deviate considerably from the line of best fit, and thus 
two groups. 

.b t a great deal to the lack ofinternal consistency ofthe test. These deviant items may possibly be contri u e 

sensitiv• to externa! factors that do not influence the other items in the test. The statistical analysis 

cannot identify these externa! factors, of course; they could be differences in curricular emphasis, 

curricular content, or translation, among others. 

Far fewer items appear to deviate from the line of best fit than were identified as biased items by the 

. d On the other hand, some ofthese deviant items are clearly not mistranslated, but rather appear not 
JU ges. 

to have been taught to the French group (e.g., item T). Others could in fäet have been deviant because of 

difficulties due to poor translation (e.g., item B shown on page 2) 

In sum, there was a poor correspondence between the biased items detected using the TID method 

and those identified as biased by the judges. This may not be surprising, in view of the known I imitations 

ofthe statistical method. Though limited in its capacity to identify specific items, the TID analysis did give 

an overall indication of item heterogeneity. 

Summary 

A statistical analysis of the achievement data of English and French Ontario students showed that 

disparity of translation might have introduced a systematic error in the measurement process, making a 

valid cross-language comparison of achievement very difficult if not altogether impossible. 

This study has shown differences in leve I of difficulty between the two versions of the SIMS Grade 8 

achievement tests. These differences may have been caused in part by the discrepancies between the 

English and French versions of the tests; any comparison of achievement between these two Ontario 

language groups must take this into account. 

It is reasonable to expect that similar differences among other SIMS countries in the wording of their 

test would also lead to spurious differences in achievement, and thus any international comparisons of 

achievement should be concerned with the possibility that such disparities might be found in the other nine 

translations of this test. 
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PEER INTERACTION IN A PROGRAMMING ENVIRONMENT 
Cel1a Hoyles, Rosamund Sutherland 

Univers1ty of London lnstitute of Education 
20 Bedford Way, LONDON WC I H OAL 

I NTRODUCT I ON 
Mathemat1cs educators have recently turned their attent1on to the role or

discussion and peer collaboration as aids to pupil learning. Although it is 
reasonable to conjecture that 'talking· (in both its cognitive and communicative 
functions) and listening (in an active wayl generate increased understanding and 
facilitate integration of previously fragmented context specific knowledge, actual 
research on peer collaboration effects has been sparse. Such supporting evidence 
that is available tends to be within a Piagetian framework and concerned with the 
notion of cognitive conflict. Another way to achieve a shared task perspective is 
however to assume complementary rather than conflicting roles. It has been 
suggested that the work of Vygotsky offers insights into the intellectual value of 
inter-peer support particularly with regard to ·scaffolding· the learning task 
(Wood, Bruner and Ross 1976) In order that a partner might achieve a 'level of 
potential development' rather than a level of ·actual development·. In any 
exploratlon of these ldeas it is however lmportant not to ignore the possib111ty 
that collaboratlve work (especially over an extended period of time) m1ght 1mpede 
individual acquis1t1on of particular domains of knowledge and skills as pupils 
come to rely on the1r peers to ach1eve part1cular goals. 

While most educators agree that the microcomputer has the potential to promote 
interaction among pup1ls, there has aga1n been little systematlc investigat1on of 
the dynam1cs of the learning groups; that is the individual responsib111ties 
assumed, the kinds of 1nteraction occurring and the effects of these interactions. 
Two of the aims of the Logo Maths ProJect (Hoyles, Sutherland & Evans 1985,see 
footnote to Sutherland & Hoyles in th1s proceedingsl were to invest1gate: 
I the natura and extent of collaboration between pupil pairs learntng L� and differences 1n the 
collaborative patterns between pupil pairs. 
2 the tnfluence of discussion between pupil pairs of on the "efficiency" of the1r problem solving strategies 
and their understanding of programming and/or mathematical ideas. 

OVERVIEW OF RESUL TS IN RELATION TO PEER INTERACTION 

I) There is no doubt that the computer provided an engaging problem solving
context. It was evident that not only were pupi ls provoked to talk but also that a
large proportion of the talk was task related in contrast to other research).
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2J our observations lead us to believe that pupils tend to have a ·natural' style in

their computer work (which seems to be gender related). This varies along the
following dimensions:

careful planning---------------Open ended investigation
Focus on global characteristics -----Focus on local detail and on immediate graphics or text output
oron overall mental plan 
systematic -------------------Not systematic

3J oespite marked variation between the patterns of lnteraction between pupil 
pairs, instances for each pair have been recorded when collaborative exchanges 
have: - provided challengtng ideas for projects

- kept the project gotng In the face of "obstocles"
- changed the leve I of representation of the work ( conceptual to concrete or vice versa)
- provoked reflect ton on the process w tth1 n a procedure to p redict ils outcome.

4) we have found that pupll pairs tend to have lmpllcltly negotlated individual
dominance for particular aspects of the actlvity. Thls negotlatlon of domlnance 
has lmpeded Individual acquisltlon of partlcular understandlngs In some cases. 
SJ For all the case study pairs the amount of pup1l talk has lncreased markedly 
over the three years of the research; there are more exchanges before declslons as 
to the action are taken and the exchanges are longer. Gender related d1fferences In 
the nature of the pupll utterances are observable; In partlcular glrls tend to more 
consistently refer to their partner withln the utterance rather than refer to the 
task. 

COPING OF PUPIL UTTERANCES 
A classificatlon system for the pupll discourse has been developed in order to 
obtain an overall picture of the qualitative nature of the peer interactions, to 
facilitate comparisons between the pupil pairs and to monitor changes in 
lnteraction patterns over tlme. All the verbal "on task" utterances of each pupll 
durlng thelr Logo actlvlty have been coded uslng the categorles given In Table I. A 
pupll utterance was dellmlted by elther an utterance of a partner or a specific 
action on the computer. Random extracts of transcripts were coded independently 
by two researchers and a coefflclent of rellablllty of between 80 and 85% 
obtained. 

For the purposes of thls paper reference is made to the codings of one pupl l pair 
(Sal ly and JanetJ. The data will be presented at the conference. It shows that 
most of the pupil talk was speclflcally action oriented; that Is focussed on 
·getting the task accomplished'. Little attempt partlcularly at the Initial stages
of the Logo work, was made by the puplls to explaln or conv!nce one another of
what was meant or why a proposed course of action should be taken Ca feature
observed for all the case study pairs and particularly marked for boysl. A
qualitative development over time in the language of the pair was observable with
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a general move towards more elaborated argument and explanation. Despite this
overall trend it is apparent that other factors crucia)ly influence the nature of
interaction; in particular:

- the natura of the task ( rea 1 wor Id representation or abstract)
- the extent to whlch the task is locally or globally p lanned 
- the extent of assymetric negotlation and dominance of one partner 
- the extent of explicit (or even Implicit) agreement as to overall strateg,., or plan
- the extent to whlch puplls are 'gettlng on' soclally

A COMPARISON BETWEEN INDIVIDUAL AND COLLABORATIVE WORK 

In addition to the overview analysis as described above, description and analysis
has been undertaken of collaborative interchanges which, together with computer
feedback, have played an important role in the gradual modification or reorient
ation of a pupil's conception of a mathematical or programming idea (as identified
in an individual setting). This analysis is ongoing. One example is given below:

lndMduaJ work 

Each pupil was given individually the "Lollipop" task as shown in Fig. I. This task
was designed to investigate:
a) whether the pup11s lndlvldually were able to bu11d a general procedure w1th variabla input
b) how the pup11 coped with the lnternal relatlonshlps asslgned wlthtn the task 
c) whether the pupll percelved modular1ty wlthtn the task ( l.e. whether a square procedure was 

used). 
For the purposes of this paper we wi 11 focus on aspect bl. We were interested In
whether the pupll's would ignore the Interna! relatfonshlp given, employ an
"additive" strategy for inputs (that Is lntroduce a new lnput for each different 
part of the structure that ·varied' (see Hoyles 1986) ) or make the relationshlp
expllclt by the use of a scalar operation on one input. Sally and Janet, though
working individually, exhlbited very similar programmlng styles; they both wrote
separate start up procedures, worked initially in direct mode recording their
commands and introduced inputs at the point of bui lding a procedures using a
·substitution· strategy (that Is replacing specific inputs to commands by named
varlables). Both girls using an 'additive· strategy for their variable inputs as can
be seen from their final programs (Fig. I). In addition both gir Is experimented
with their procedures chooslng lnputs which did not represent the ratios in the
figure (is thls yet another example of how children seem to clrcumvent the
situations we present to them?!l

conaborative Besponses 

One week later Sally and Janet were given the "Arrow" task (Flg. 2.l to work on
together. Again we shall focus here on how the pupils working collaboratlvely

-356-

oped with the interna! ratios given. The discussion was recorded, coded and
�ranscribed. The coding of the pupil utterances indicates a high overall leve! of
elaborated argument and discussion. (24% of utterances at leve! 2 or 3) .. A more
detalled analysis showing three distinct phases in the pair's work is given in 
Table 2. These phases exemplify the pupils preferred working style. Firstly there
is a qulck ·try out' In dlrect mode (Phase I ). Here utterances tend to be procedural
and there Is a !arge proportion of hands on activtty. The flgure produced in direct
mode by the pair did NOT reflect the ratios given, AB was equal to BE. (It is
interesting to speculate as to whether this is related to the pairs action
orlentation and lack of reflective speech in thls phase.). Phase 2 follows in which
there Is detalled discussion of how a procedure should be built. Utterances
are more elaborated especially when there are disagreements over the plan. We
give some details below of the role of thls discusslon in relation to the way the
pair decide to deal wlth the Interna I ratios in thelr figure.
The gtrls spontaneously see that they can use the same input for AB and BE but want at the outset to use 
another input for DE. 
J Alriglit --- we work 11 ovtcos tliet wi/1 /Jeve to/Jesomet/JingcelledJACK t/Jet JILL endt/Jet JILL ifyo1, 
!)Jt w/Jet I meen ---- el/ t/Je SO's tlien t/Je25's 
They start to bu11d a procedure: 

HILL 'JACK 'JILL 
RT 90 
BD:JACK 
At this point Sal ly intervenes: 
s Wt1Ht1mi11vteyov/Jt1ve toliJ--- no80Mt/L---

She wants to operate on an input and tries to elaborate why. 
s - - - Em yov S8Y for tliis one yov s.7J180 :JACK t111d for tliis one yov mvltiply Il /Jy two cos tlit1ts lit1I, 
Joanna ooes not understand and dlsagrees 
J 8vt yo11 lit1ve to p11t in t111ot/Jer nvm/Jer---
Sally seems to become mora confident in har idea 1n the face of Janet's confllctlng perspective. She 
trles to Justlfy her proposition and in so doing provldes Janet wlth some 'scaffoldtng' 
S 811t we 're not t;Ving to pvt t111y old 1111m/Jer in cos 11 won 't /Je tlie SBme pt1ttern--------t/JtJt '.s 
WlitJt I 'm s.7Yi11g. 
Janet then begins to see the potnt 
J I liJn't know /Jow toliJ it---wecovld!)Jt nöof JACK? 

In Phase 3 the girls enter their procedure definition. Their utterances became
task focussed. Janet made the final decislon to el lmlnate one lnput.

This episode shows how the pair achieved collaboratively a sophistication in
thelr use of varlable that they had not thought to use Individual ly.

A Further Phase 

The screen output in thls case did not provoke Sally and Janet to see that
thelr figure dld not ·match' the ARROW given. A speclflc Intervention was
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po1nt to ask them to check the lengths. The way they coped co11aborat1vely W1th 
th1s new more complex s1tuat1on (to make the lengths 1n the rat1o 6:5:3) w111 be 
d1scussed at the presentat1on. 

FINAL PISCUSSION 
It Is evident from thls paper that the role of peer lnteract1on In a computer 
env1ronment 1nvolves lssues whlch are extremely complex. The partlcular 
eplsode descrlbed here does show a ·move· by both the puplls concerned 1IL1lle 
area predtcted as a result of the peer and computer 1nteractlon and lllustrates 
how the computer envlronment can bu11d ·scaHoldlng' ror the learnlng task as 
well as provoke confl1ct. It seems that Sal ly was helped forward by artlculatlng 
her thoughts, Janet by argulng wlth her and llstenlng to her explanatlons. 
Observation of screen output were also lmportant. 

It Is by no means certaln however that pup11s will make 1eam1ng galns In 
ttght)y specmect cJrcumstances arter collaboratlve work or dlscuss1on. It Is 
d1fflcult therefore for a teacher (or researcher) to pred1ct w1th any precision 
what a pa1r Jo1ntly or 1nd1v1dua11y w111 galn In any co11aborat1ve settlng. We 
have examples of poslt1ve and negative co11aborat1ve eHects whlch were 
completely unpredlcted (and unpredlctableD. Desplte thls we n certa1n that all 
the pupl ls have galned somethlng from the1r partnersh1ps --- at the very least 
1ndependence of the teacherl 
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- The Lo))Joop Task

-358-

A 

50 

_,,, 
m • .,, ... .,. 
.•te--•·
. .. �_ .... 

:r-i.....::-�..., 
C-•� - J 

,.,_• •Ai.u..., .. "r.lla-,,TH,• .5__. 

ills k -. A� .S....1.1. ,- Y-. w� •. 

EJgure 2 
The Arrow Task 

Tab!e I CATEGORIES OF PISCOURSE ANALYSIS 

-� o 
C�1 CJ.T&'.lOB!2 CJ.T&'.lOB! ' CJ.1'SlOIII � 

- a) Dl.notiona, Prmptl a) Direotiona, Prcmpt• • ) DinotiODII' QUHticm81 

0D t.aak 41•ooarN' 9QG9ri1ona, na-at1ona, propolli tiona or a) Speoirioal.17 
di�t• propo■i tiOU vi th e:r.planationa: requa■ti.Dg 
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(1) Jo Suppcrt (1) Support at looal (1) \iltb ref■rco• 
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et action w:l. th et • glo bal plan 
foeua 011 grapbio• 
or tut outpu.t 

(11) .luthorit&rillll (11) Support with (11) Inclwllng a ••cond 
Support nferenc• to • gathud 

�cilie uample propoai tian 

(111) Suppcrt vith (111) Whiob reter to a 
nterenoe to thai general rw.., 
teachor tb.-oZ7 or pattem 
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...,...i Nlo 
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TAl!LE 2. TASK ANALYSIS FOR ARROW (SALLY + JANET). 

N1JMBER OF ll1lMBER OF 
U'l'l'ERANCES COMPUTERC� 

CATE)3()RY CATE)3()RY CATEX;ORY 
1 2 3 

Phase 1 Drawing Shape in 
18 3 2 21 

Direct Mode 

Phase 2 Planning of 
28 6 7 0 

Procedurs Definition 

Phase 3 Entering Variable 
5 2 2 24 

Procedure 
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FACTORS AFFECTING SMALL GROUP PERFORMANCE IN PROBLEM SOLVING 

Lynn Joffe and Derek Fo,anan 

National Foundation for Educational Research in England and Wales, The Mere, Upton 

Park, Slough, SLl 2DQ (NFER) 

There has been considerable interest recently in students learning in groups 

rather than individually. Some of this interest is due to increasing emphasis on 

co-operative rather than competitive learning, but there is also a view that 

group activities have cognitive as well as social benefits. There are, however, 

issues about the efficacy and workability of such groups and how their outcomes 

can be assessed that have not been fully investigated. 

In examining these issues, the authors have attempted to bring together aspects 

of educational-, social-, developmental- and cognitive psychology. Hopefully, 

what will emerge will be a framework which will allow pupils freedom to develop 

their ideas through discussion, negotiation and experimentation, whilst 

providing teachers with an adequate structure within which to evaluate pupils' 

development and progress. 

This study is being undertaken as a new initiative in an established programme -

the Assessment of Performance Unit (APU) Mathematics Monitoring Project - which 

monitors the mathematical performance of 11- and 15 year olds respectively in 

England, Wales and Northern Ireland. From national surveys, we have fairly 

comprehensive data collected using various types of written tests and from 

interviews, during which specially trained teachers asked individual pupils to 
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tasks and give reasons for their methods. Data from the assessment of 

perform 

of pupils are being sought to complement and enrich these findings 

small groups 

for example, providing information an pupils' performance in groups as 
by, 

with performance when working alone. 
compared 

In the above mentioned surveys, we have assessed affective and attitudinal 

f both written and practical work on an individual basis. Now what 
components o 

we 
are 

problem 

seeking 

solving 

to assess 

(with any 

now is the broader interface between 

preconceptions that that engenders) 

interaction (with all that that implies). 

mathematical 

and social 

specific questions centre round the role of language in facilitating (or

otherwise) mathematical problem sol ving, the optimum size and composition of 

groups which mast encourage and rnaximise mathematical performance, the nature of 

mathematical situations that engage pupils' interest, how preconceptions affect 

approaches to the problem and how style of questioning and teacher interaction 

modify behaviour. 

An assessment framework is being developed which attempts to describe group 

behaviour in a useful way. Broadly we are looking at 4 areas - social 

interaction, working on the task, mathematics used and communication of 

outcomes. More specifically, these areas are broken down as follows: 

1. Social interaction - general features of group interaction, 

- are mernbers af the graup competitive ar ca-operative; 

- is there a dominant individual or do all members play 

an equal part? 
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2. Working on the task - how is the problem forrnulated, negotiated, 

resolved, extended? 

3. Mathematics used 

4. Corrununication 

- are pupils involved, enthusiastic, persistent, etc? 

- processes used - conjecturing, generalizing, 

systematic working, etc. 

- content areas - number, measures, etc. 

- explaining and justifying choices to an assessor ar 

other children 

- recording 

- constructing 

At present groups of 2-4 pupils are being asked to work on a variety of 

mathernatical problems - same embedded in familiar contexts, same rnore evidently 

rnathernatical. Different group compositions are being tried - some based on 

friendship, others an teachers' assessrnents of pupils' abili ty and others on 

gender. 

The study is still being developed, so no conclusive evidence can be offered; 

in fact, at this stage, we are raising more questions than we are answering. 

What is clear though is that, for most pupils (and many teachers), this type of 

approach to mathematics is unfamiliar and the conventions need to be negotiated 

and learnt. Once this has been done, initial results suggest that the outcornes 

can be positive and exciting for both parties. 

More specific data on the issues mentioned in this synopsis will be discussed 

during the presentation of this research report. 

-362-

NVCDs ARE STRUCTURING ELEMENTS 

F. LOWENTHAL

University of Mons 

Cognitive psychologists in general, and psychologists interested in 

mathematical education in particular, study the way children solve problems as well 

�e influence of the way these problems are presented to the child. In order to 

do so, they try to communicate with the child. They generally use the classical ver

::,al language and ask questions such as : "Why did you do this ?" or "What do you
think about this situation ?". Unluckily, this verbal language is not appropriate for 
such researches : it is too ambiguous and it is based an logical structures which 
are not obvious. Some researchers use a better technique to present a problem to 

a child and to get a representation of what is happening in the child's mind : they 

restrict themselves to logico-mathematical forma! systems which have a rigid logical 

structure. By doing so, they lose some of the saddle.ty contained in the verbal language, 

but they gain in clarity and their results can thus more easily be interpreted. 

Unluckily again, the mathematical and abstract representations appear to be too 
cumbersome. We thus choose to use sets of tools which can be used as "a concrete 
logico-mathematical representation of (and isomorphic to) a forma! system which 
is sufficient to perform reasonings". Such devices are called "NVCDs". Their properties 
have been described in previous papers. COHORS-FRESENBORG's "Dynamical Mazes" 
(1978) can be used as an NVCD (LOWENTHAL, 1980, 1982). These mazes represent 
the mechanical equivalent of the hardware of a computer. Th-ey are presented to 
the children as railway-networks. Generally speaking, and NVCD is any set of tools 
provided with technical const-raints : these constraints make certain actions possible 

and others impossible, and in turn suggest a Iogical structure. 

Clinical observations were made while using Nvc"iis in classroom settings. 
These observations showed that NVCDs can be used by teachers and researchers to 
present a logico-mathematical problem to a child in such a way that the child under
stands it, while this would not necessarily be the case if the problem had been presen
ted otherwise. NVCDs also enable children to build a solution which the child is 
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often unable to produce otherwise. Teachers can use NVCDs to introduce new 
mathematical concepts (i.e. translations, symmetry, recursion, ... ) and psychologists 
can use NVCDs to observe in an unambiguous way the behaviour of children confronted 
to problem solving activities. 

These clinical observations enabled us to formulate the following hypothesis : 
"Providing children with an NVCD introduces a structuring element in the perception 
of data. One might assume that the introduction of such a device into a child's 
universe serves as a starter for a complex cognitive process". We assume that this 
complex process consists of 6 steps I) structuration of the perceptive field (in 
function of existing pre-concepts) ; 2) discovery of the relevant elements ; 3) building 
of local relations between some of these elements, implicit formulation of the 
relevance of such relations and experimental verification ; 4) shift in the leve! of 
relevance and construction of global relations between all the relevant elements 
implicit formulation of the relevance of such relations and experimental verification'. 
5) verbal formulation and proof of a law concerning the theoretical functioning 0; 
the elements previously considered ; 6) transfer of the knowledge and of the structures 
acquired with NVCDs in a mathematical setting to other domains where NVCDs are 
not used. 

We tried to prove this hypothesis in an experimental setting. As NVCDs 
are mathematically oriented tools, we could not use the progresses made ..!..!:'. mathema
tics as a measure of the usefulness of our devices : this would introduce a systematic 
bias and we would be bound to have interferences between the technique used (NVCDs) 
and the topic which was taught (mathematics). Moreover, as far as our sample of 
1st graders was concerned, they had been more exposed to some mathematical instruc
tion than to any instruction concerning reading before they started to go to school. 
The use of scores concerning reading skills and their acquisition was thus bound to
introduce less bias as far as prior knowledge of the children was concerned. We thus 
choose to use the scores the children obtained for a test concerning reading skills 
as a measurement of a possible transfer of knowledge and structures acquired during 
mathematical activities to other domains. 

-364-

EXPERIMENTAL SETTING 

The Dynamical Mazes were used as NVCD with 6-year olds in a laboratory 

. The children's progress was compared by measuring their progress in reading. 
5etting. 

hildren belonged to two different classes (class A and class 8, both 1st grades) These c 

h Y had two different teachers (teacher A and teacher 8). The children were 
and t e 

b f e treatment using INIZAN's predictive test for reading (BP) : this enabled 
tested �e;:o�r=-"-'==--

us to divide both groups into an experimental group and a control group in such 

that inside a given class, the two subgroups were equivalent as far as INIZAN's 
a way 

predictions concerning reading were concerned ; the two classes were not equivalent : 

the average score of class 8 was significantly better than the average score of 
cJass A (STUDENT t test, p = 0.016). The two teachers did not use the same teaching 
method as far as reading was concerned : teacher 8 asked the pupils to formulate 
hypotheses, to test them and to adapt them while teacher A used a more systematical 

and more conventional method. INIZAN's evaluation test of reading performances 

(BL) was used as post-test. 

TABLE I PRETEST (BP) AND POST-TEST (BL) SCORES 

CLASS A CLASS 8 CLASS A CLASS 8 

BP BL BP BL BP BL BP BL 

C 47 24 54 23 E 50 28 55 55 
40 28 60 32 X 60 32 59 57

0 
50 26 50 24 p 39 34 51 55 
38 25 51 40 E 42 30 46 49 
59 34 59 40 R 47 39 50 52 

T 
45 27 54 38 49 36 60 45
53 37 55 33 M 51 42 54 48 

R 55 46 52 46 E 54 44 60 42 
46 46 58 26 N 49 48 55 42 

0 
58 54 50 44 T 58 49 58 41 
50 52 56 43 A 57 44 53 34 

L 57 53 48 46 L 57 58 57 32 
57 43 
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TREATMENT 

The children of the experimental groups worked by groups of 2 with the 

Dynamical Mazes. During a first session, they freely manipulated the material ; during 

the remaining 6 sessions they were asked first to build a maze with the given 

material corresponding to a small sketch and then to discover its use : "the first 

train will leave the maze through gate A, the next one through gate B, and the 

101st train through gate ••• ". It was thus possible to establish whether these children 

learned to make short, medium or long term prediction. This fact was important 

since the reading method used by the teacher of class B was based on such predictions. 

A child did not work co_nstantly with the same child, but the children of the experi

mental groups A and B never worked together. 

C 

L 

A 

s 

s 

A 

C 

L 

A 

s 

s 

B 

TABLE 2 MEANS AND STANDARD DEVIATIONS 

Predictive Battery (pretest) 

Control Group : M = 49.83 SD 

Experimental Group : M = 51.08 so 

Reading Battery (post-test) 

Control Group : M = 37.66 so 

Experimental Group : M = 40.33 so 

Predictive Battery (pretest) 

Control Group : M = 54.15 so 

Experimental Group : M = 54.83 so 

Reading Battery (post-test) 

Comrol Group : M = 36.77 so 

Ex�erimental Group : M = 46 so 
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= 6.59 

= 6.20 

= 11.37 

= 8.49 

= 3.63 

= 4.14 

= 7.98 

= 7.80 

TABLE 3 : CORRELATION COEFFICIENTS 

(BRA VAIS-PEARSON) 

Class A 

Class A 

Class B 

Class B 

.616 (Significant) 

.430 (Not significant) 

. 237 (Not signi ficant) 

Control group 

Experimental group 

Control group 

Experimental group - 0.245 (Not significant) 

RESULTS 

A between-means STUDENT t test was used to perform inter-classes, 

inter-groups and inter-groups intra-classes comparisons. 

J. Inter-classes. 

Class B is significantly better (p 

at the post-test. 

2. Inter-groups. 

.016) at the pretest. There is no difference 

There is no difference at the pretest, but the experimental group performed signi

ficantly better at the post-test (p = .015). 

3. Inter-groups intra-classes. 

There is no difference between control and experimental group of a given class 

at the pretest. As far as the post-test is concerned, there is no difference inside 

class A but there is a very significant difference in favour of the experimental 

group inside class B (p .005).

4. There is only one case where the correlation between predictive and reading 

battery is significant : the control group of class A.
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DISCUSSION 

I. The results concerning the correlation coefficients suggest that either the teacher 

of class B is unusually good or that the use of logically structured material with 

children aged 6 favours their acquisition of reading skills. The other results show 

that both factors are present in this study. 

2. The data shows that it is important for the pupils to have a good teacher, familiar 

with a method based on the production by children of hypothesis which must be 

tested and adapted. This "mathematical" attitude is clearly useful in domains very 

different from mathematics, since pupils with lower prediction-scores, score as 

well as others for the final reading-test. 

3. The better score of the global experimental group shows that the use of NVCDs 

with very young children seems to favour their cognitive development in general, 

and to structure their learning activities. 

CONCLUSION 

The finer analysis "inter-groups intra-classes" shows that NVCDs are not 

very important when a logically structured teaching method is used, whatever is 

the subject of the lesson. Conversely, when such a logically structured method is 

not used or is not available, or when the children are rather weak, NVCDs constitu

te logically built structuring elements which can serve as excellent complement, 

even for typically non mathematical topics. 
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· the Heuristic Processes of Nine to Twelve-Year 0ld Children Examin1ng 

in Small Group Problem-Solving Sessions 

carolyn A, Maher, Alice Alston, John J. 0'Brien 

Rutgers University 

studies of children's mathematical problem-solving behavior have 

illustrated the effectiveness of student's working in small groups to 

sol ve problems (Al ston & Maher, 1984; Maher & Al ston, 1985; Noddings, 

1985). Results suggest that the processes exhibited by children 

working in small groups are similar to those used by children working 

individually, The interplay among the individuals in small groups 

including the proposal of alternative ideas and their representation

often enhances the effectiveness of the problem solving. In an earlier 

paper (Maher & Alston, 1985) both group and individual behavior were 

the unit of analysis. The study indicated that generally group 

behavior reflected the individual behavior comprising it although some 

individuals never quite became part of the group . 

Goldin (1984, 1985a) has described cognitive representations as 

including the features of planning and executive control, For 

planning, the heuristic process is given as the unit of analysis. In 

another paper (1985b) he defined categories of the subprocesses and 

provided a detailed prototype script as a model for the study of the 

heuristic process, "thin k  of a simpler problem" (TSP). Maher and 

Alston (1985) adapted the prototype designed for use with individual 

children for use by groups in a study of seventeen very able 
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twelve-year old children. This report used the adaptation to include 

younger children and a broader range of mathematical ability. 

PURPOSES 

The study had several purposes: (1) to observe the consequence of 

group work; (2) to determine whether and how homogeneous grouping 

according to grade-level and ability (to the extent possible) 

contribute to successful problem solving; (3) to determine whether anct 

how children working in groups could (a) apply the heuristic TSP, (b) 

recognize a pattern and (c) construct the solution; and (4) to 

determine whether children who had successfully constructed a solution 

could generalize to problems of equivalent structure. 

DESIGN 

Subjects 

The subjects were 61 children: 27 from grade 4; 21 from grade 5; and 

13 from grade 6. All were members of one of four sections of a 

problem-solving analysis class taught by the same instructor. The 

mixed (4-6) class was part of an enrichment program for academically 

talented children. Criteria for admission were: (1) scores in the 

upper 5% of their class and testing in the 95th percentile in an area 

of a locally administered standardized test, or (2) participation in a 

school program for talented children; or (3) having a strong teacher 

recommendation for the potential to achieve (1) or (2). The children 

came from 52 communities in New Jersey and were divided approximately 

equally between boys and girls. 
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Problem Task 
�

group problem-solving task used was the same as in the 1985 
The 

/Alston study. However, information gained from the earlier study Maher 

. ted attention to the behaviors of children that fell into three a1rec 

of the original five parts. These include observing children's

behavior as they (1) addressed the problem posed, (2) responded to the

suggestion in the script that they "make a chart showing the remain

ders in order when 2 to some power is divided by 3", and (3) were

asked to generalize the solution to 244;3, 275/3, and 350/4.

PROCEDURES 

Two consecutive 75 minute periods were provided for completion of the 

task. Five groups of two children and 17 groups of three were formed 

according to grade level and ability to the extent possible. For the 

seventeen three member groups, six were comprised of 4th graders; 

three of 4th/5th graders; three of 5th graders; four of 6th graders. 

For the five two member groups, one was made up of 4th graders, two 

of 5th graders, and one each a mixed 4/5 and 5/6 combination. 

Ability was subjectively determined by the instructor's rating of 

children's performance according to five criteria: (1) participation 

in class, (2) performance of homework assignments, (3) flexibility in 

thinking, (4) verbal statement of ideas, and (5) persistence in 

seeking solutions. Children frequently meeting most of the criteria 

were classified as level A. Those sometimes meeting most were 

classified as level B, and those rarely meeting them were classified 

as level C. 
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Data came from audio and video tapes af the children's behaviors, 

observers notes, and children's written work. 

RESULTS 

A group was designated "successful" if it arrived at a correct 

strategy and reached a correct solution. None af the 22 groups were 

successful initially ar spontaneously generated the pattern in the 

remainders. After responding ta the suggestion that a chart be 

developed for successive powers af 2, nine af the groups successfully 

generated the pattern and used it ta arrive at a correct solution. Of 

the 9 groups, 8 were three-member and one, two-member. Of five two

rnember groups, the successful two-member group had the oldest children 

and the highest teacher rating. Two groups had conflicting solutions 

ta the problem in which one ar more members recognized the pattern and 

generalized the solution but at least one member disagreed. Two 

groups were successful in constructing the solution by recognizing and 

using the pattern af remainders; however in the effort ta generalize 

the mode af solution ta 350/4, the children reverted ta earlier 

misconceptions about the structure af exponents. Nine groups were 

unsuccessful in constructing the solution. 

Age and grade level seemed ta be related ta children's success. Of 

the six three member fourth grade groups, only one was successful in 

constructing and generalizing the solution. The two member fourth 

grade group was also unsuccessful. 

The results were consistent with the instructor's rating af children's 

ability. None af the four groups comprised af children with C ratings 
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was successful.

ieast one child

The five successful three-member groups included at 

rated A and no children rated c. 

The nature af interaction among group members indicated a relationship

to the success af the group effort. Observers noted that in four af 

the successful groups, interaction was critical ta solving the 

problem. In one case, for example, two af the children assisted the 

third in arriving at a solution. The children themselves reported that 

working as a group was the mast important element in solving the 

problem. Active cooperation was particularly important in the group 

analysis af their first solution af two as the remainder when 250;3 

because 210 times 5 divided by 3 gave that remainder. Later, a second 

member reached the same solution af 2 because 25 times 10 divided oy 3 

gave the same remainder. The three girls compared the two solutions

and questioned the result since the value af 250 was not the same in 

both cases. Such critical questioning prepared the group ta analyze 

the information in the chart and conclude that the solution arrived at 

by this analysis was more reliable. 

Qbservers also noted that a principal impediment ta successful group 

action was the incapacity for accepting for consideration the 

proposals af others. In one group af three 4th graders there was a 

child intent upon his own method af direct computation af 250. He did 

not respond ta the effort af one af the girls ta explain the pattern 

and her conclusion from it that the remainder was one. He insisted on 

his method rejecting the logic af the girl's proposal. During the 

disagreement, the third member was silent and inactive. 
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Success appeared to depend on two factors: previous experience with 

exponents and the realization that direct computation of 250 involved 

a long series of multiplications by two. Of the group comprised of 

younger children, all except one were unsuccessful. They had no 

previous experience with exponents. The one successful group had had 

this experience. Yet of the nine successful groups all but one began 

their solutions with attempts to compute 250, which they later 

abandoned. 
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"Illegal Thinking" in Solving Geornetric Proof Problems 

Gerhard Becker 

University of Bremen 

investigations, concerning human learning and thinking, especi
r,1anY 

allY problem solving, have been restricted to deliminated problem

Sses Restrictions of this kind ensure a rather small range of
cla • 

·table strategies, which can easily be overlooked, but do not ex
sul 

clude that modifications will be necessary in order to cover all

strategies occurring in any other special problem field.

A universal approach to describe and analyze human problem solving

within the framework of cognitive psychology is the idea to define a 

class of problems as a set of possible objects and a set of oper

ators being used to transform these objects in successive order, 

starting from an initial object (the givens) and achieving the final

object (the goal) by a sequence of intermediary objects (inte=edi

ary goals).

An operator consists of a premise or a list of premises, and a con

clusion, thus, allowing to preceed from the further to the latter 

after having checked whether the givens ar any already established 

object match the premise(s) of the operator. 

Heuristic strategies select the operators, assess their effective

ness, campare tile inte=ediate goals already achieved with the final 

goal. The model of info=ation processing in human learning and 

thinking basically assumes a well-defined set of operators, but in 

so-called synthesis problems even the means, i.e. the operators, 

have ta be invented, at least partially (Dörner, 1979, p. 14). Thus, 

it is not surprising that human subjects tend to invent new oper

ators even in problem situations where the acquired operator reper

toire would be sufficient. 

Dörner (1973) has established a systern of categories of "illegal 

thinking", based on proofs of theorems in propositional calculus. He 

describes the following types of "illegal thinking", illustrating 

thern by erroneous problem solutions taken from the mentioned topic 

area: 
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(NCON) Non-consideration of the conditions for the application ot an
operator 
(NEX) Non-consideration of the application instructions 
(AN) Invention of new illegal operators by analogy transfer 
(SEM) Invention of new illegal operators by "semantic" considerati
ons 
(PAR) Invention of new illegal operators par force 
(EXT) Search for external causes for the "unsolvability" of a prob
lem. 

The types (PAR) and (EXT) also seem to occur in many other topic 
areas, and so does the random trial-and-error strategy, which is not 
enumerated in the quoted list. 

The author has systematically analyzed seventh and eighth gradera• 
errors in geometric proof problems since 1981, and could ascertain 
the use of the types (PAR) and (EXT), the latter being comparable to 
a haphazard trial-and-error strategy. The type (EXT) in the propos
itional calculus problems is based on algebraic analogies prefer
ably, in other topic areas analogies of logical propositions could 
be observed. 

Since in propositional calculus operators reveal a rather simple 
structure - in comparison f.i. with geometry -, the types (NCON) and 
(NEX) are extremely comprehensive and therefore have to be modified 
and specified when being applied to other topic areas, such as 
proofs in plane geometry, due to the far more complex tasks. 

Solutions of proof problems performed by seventh and eighth graders 
show 

(1) lack of identification or erroneous matching of variables in the
premise of an operator
(2) erroneous application of an operator - which corresponds to
(NCON), above -
(3) incorrect identification of variables in the conclusion
(4) erroneous execution of an operator - which corresponds to (NEX)
in that application of (4) not only omits certain symbols which a
correct application would produce (cf. the original, Dörner 1973),
but generally has as outcome an alteration of the correct conclusion
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(5) confusion of premise and conclusion of an operator.

the following passage one typical example for each category is
rn 

. en The examples are translated from German, without considering
glV • 
roistakes in the German text. The author•s comment is marked by [ ].

(1) Lack of identification or erroneous matching of variables in the

preroise of an operator

context: To prove: If in a triangle L(AC)<L(BC), then W(f)<W(o..). 

B 

Solution: 
Auxiliary line AD, 
by which L(AB) = L(BD). 
Isosceles triangle theorem: 

W(o/) = w(S 2) 

[Notice that in the quoted passage 
the proof is formally correct. But the premise about the equal 
1ength of the sides AB and BD is not kept to. Thus, the correspond
ance between the sides AB and BD in the figure and the denotation 
sides of equal length in an isosceles triangle is not correct.J 

(2) Erroneous application of an operator

Exarople: The well-known application of a congruence theorem which 

actually does not exist, such as "aaa", or - before having dealt 
with it - a congruence theorem running "ssa", without checking, 
whether the mentioned angle is the one opposite to the longer of 
both sides. 

(3) Incorrect identification of variables in the conclusion

Context: To prove: The diagonals of a parallelograrn bisect each 
other. 

Solution: 
Since opposite angles are equal, 
according to theorem 15, 
the triangles ABS and DSC are con
gruent to each other. 
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For they have as corresponding parts 

Q1 = f31 
AB = DC 
and angles S , 

[The quoted theorem is the following: In a parallelogram opposite 
angles (!) have equal measures , Confer the notion "opposite angles 
in a parallelogram" with the meaning in the present context.] 

(4) Erroneous execution of an operator

Context: To prove: If in a triangle L(AC)<L(BC) , then W(f3)�W(a.).

C 

0l /3 

A B 

Solution: 
[The signs in the figure obviously 
indicate equal length of the marked 
sides.] 
W(j1 ) = W(o1 ) [obviously applica

tion of the iso
sceles triangle th.; 
lack of direct quot
ation of applied 
theorems] 

(5) Confusion of premise and conclusion of an operator

Context: To prove: If a point has equal distances from the sides of 
an angle (of measure less than 180°), then it lies on the bisector 
of the angle. 

L 

p 

Solution: 
After having drawn a line through K 
and L, we obtain two isosceles tri
angles SKL and PKL, 
An isosceles triangle always has 
two equal angles and two equal 
sides, 
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"IF ••• , THEN ••• " STATEMENTS REVISITTED 

Nitsa Movshovitz Hadar and Nabi Daher 

TECHNION - Israel Institute of Technology, Dep. of science education. 

Research Goal 

In the previous decade the study of children's logical thinking took a 

major place in educational research. In most cases syllogistic reasoning was 

at the focus of these studies, examining students' ability to judge validity 

of conclusions drawn from simple premises which include a conditional 

statement. This line of research was deserted in the eighties leaving many 

questions unanswered. In particular it was not clear whether non-valid 

conclusions were drawn due to disability to distinguish valid from non-valid 

inferences, or due to misinterpretation of the conditional premise. The main 

goal of this study was to uncover various interpretations, or rather 

misinterpretations students assign to conditional statements. 160 students at 

age 11, 14, and 17, participated in the study. 

The Instrument 

Each student was present.ed with two sets of 16 tasks in a written form. 

The second set was taken a fortnight following the first one. Each one of the 

32 tasks was of the following format: Given 4 pictures related to one verbal 

statement of the form: "If p, then q", identify and cross off the picture or 

pictures which disagree with the statement. The given statement was typed 

verbally and communicated a reasonable content. The 4 pictures related to it 

represented "p and q"; "p and not-q"; "Not-p and q"; "Not-p and not-q". The 

two sets consisted of 16 corresponding tasks. In each pair of corresponding 
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same four 

conditional stat ement s, 

pictures appeared, but the statements were two converse 
yeplaced b:,J · 

i.e. "If p, then q" in one set W-8.SY..If q, then p" in 

the corresponding task in the other set.

for example, here is a pair of two corresponding i tems (!>ee coY-red soltA.ttåi,, 
a.t th€ -e.nd o-f l:-hi:s 
po.pex): 

It ,t v-a,r.t., the."

RLl{h hc.t. her boob er.•

'If Rull-, ha,; her boots 

.l.hen i.t t-otM, . 
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In the rest of this paper ll
"'

tl designates "and"; "-" designates 11not 11; 

11__. 11 designates "lf ... , then ... 11

Main Research Questions 

We analyzed the answers according to the following questions: 

a, To what extent can students at age 11, 14, and 17 recognize the 

picture representing "p and not-q" as the only one which disagrees 

with: "If p, then q"? In other words, what is their ability to 

interpret "p___.q" as logically equivalent to: "-(p A-q)" (namely, 

contrary to "p and not-q1) or to "p Aq Ol' -pAq or -pA-q" (namely, ""p 

and q" or "not-p and q" or "not-p and not-q"")? 

b. Is there a pattern to the wrong answers within age group? In 

particular, do wrong answers tend to fall into one specific category

amongst ?iaget's 16 binary operations? E.g. if students largely tend 

to cross off the two pictures representing "p and not-q" and "not-p 

and q" as disagpeeing with "If p, then q" this would imply that they 

interpret "I f p, then q" as meaning the same as "p Aq or -p A -q", which 

would mean interpreting a conditional statement as a biconditional.

c. If there is a pattern of misinterpl'etations to conditional statements,

does it change thr-ough age, and how?

d. Is sex difference evident in this process?

Main Resul ts 

As expected, analysis of the results revealed a significant increase with 

age of the ability to give the correct answer (mean age-gpoup scope 26.Bj, 

48.5% and 66.6j for age 11, 14, 17 respectively). It is, howevep, noteworthy 

that only the oldest group exhibitted a fair control of the meaning of 

conditional statements. No sex differences were found with this respect. 
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analysis of wrong answers was more surprising. For each age group, 

frequent wrong answer was different, yielding a kind of a 

"developmental path" on the road to the Pight meaning of conditional statement

without evidence to sex differences: 

At age 11 the most fl'equent wrong answer was leaving "p and q" as the 

one and only option whi ch does not disagree wi th "I f p, then q", by 

crossing off as disagl'eeing with "If p, then q" three out of the four 

given pictunes. In other words this age group largely considered a 

conditional statement as logically equivalent to a conjunctive one. (See 

an example at the end). 

At age 14 the two pictunes describing "p and not-q" and "not-p and q" 

were most frequently crossed off as disagreeing with the corresponding 

conditional statement. This means attributing "If p, then q" the same 

meaning as "p if and only if q", not distinguishing between a conditional 

statement and its invense. (See an example at t.he end). 

At age 17, "If p, then q " was interpreted wrongly most frequently as "p 

or q". This was exhibitted by crossing off just one option (unfortunately 

the wrong one): "-p and -q", leaving as equivalent to "If p, then q" the 

pictures: "pAq on -pAq or- pA-q" which is logically equivalent to "p or 

q". (See an example at the end). 

A Brief Discussion 

This study indicates that the under-standing of conditional statement 

develops gnadually through various levels getting "closep and closer" to the 

correct one, through sort of a descending series of misinterpretations. This 

may have an impact on students' performance in processing information of a 

hypothetical-deductive nature such as they ar.e expect.ed to carry out in school 

mathematics and science. 
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An example of a typical wrong answer at age 11 

' 

' ' 

' ' 
' ' 

An example of a typical wrong answen at age 14 

' 

' '

' ' 
' . 

lt ,l:- v-a.iv\s, t\,,en Ruth has her boots OV'I 
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An example of wrong answen at age 17 

The. eon-ed 

-385-



THE CONCEPT OF PR00F HELD BY PRESERVICE ELEKEIITARY TEACHERS: 
Aspects of Induction and Deduction 

Guershon Harel 
Gary Martin 

Northern Illinois University 
DeKalb, IL 60115 

Recent research has appeared exploring the important topic of students' con

cepts of proof. Fischbein and Kedem (1983) focused on the question of whether high 

school students understand that a mathematical proof requires no further empirical 

verification. Vinner (1982) focused on the question: What makes a sequence of 

correct mathematical arguments, a mathematical proof in the eyes of high school 

studnets? We focus on a different population, the prospective elementary school 

teacher. Since proof receives very limited attention in elementary school text 

bocks, the main source of experiences with verification and proof is the classroom 

teacher. It is therefore important to understand the conceptions of proof held by 

elementary school teachers. We further focus on a somewhat unique aspect of proof, 

related to inductive and deductive reasoning. 

Theoretical Frmaework 

Anderson (1980) distinguishes between an "inductively valid argument" (IVA), an 

argument whcse conclusion is not necessarily true, b!-}t only probable, and a 11deduc-

tively valid argument" (DVA), an argument whose conclusion must be certain (if the 

premises are true). One can then view the sequence of mathematical arguments used 

to prove a mathematical statement as a DVA, of which the mathematical statement is 

a certain conclusion. 

The viewpoint that a mathematical proof must be a DVA is certainly held by 

mathematically sophisticated persons. 0n the other hand, our experience suggests 

that lower-level mathematics students often have a different point of view; namely 

that an IVA can be a proof. A psychological rationale supporting our impression 
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follows. People in every-day life form or evaluate hypotheses by estimating the 

probability of the hypotheses with respect to their relevant individual experiences. 

(See hypothesis formation and hypothesis evaluation in Anderson, 1980.) Relevant 

individual experience includes evidence that supports or refutes the statement 

whose validity is in question. It seems likely that this behavior pattern is trans

lated in the mathematics classroom by lower-level students to acceptance and pro

duction of IVAs as proofs for mathematical statements; the students accept and pro

vide examples as a legitimate process of mathematical proof. Furthermore, this 

viewpoint may be reinforced by instruction at lower levels, which frequently uses 

examples to verify mathematical statements. 

As these students encounter higher mathematics, at the high school and univer

sity level, instructors present DVAs as mathematical proofs and stress (at least 

implicitly) that IVAs do not constitute mathematical proof. 0ur question, then, 

is what conclusion the students draw about the role of IVAs and DVAs in mathemati

cal proof. Do students accept the point of view that only DVAs constitute mathe

matical proof? Do they continue to accept IVAs as proof, even of mathematical 

s ta temen ts? 

Methods 

The views of proof held by 101 students enrolled in a □athematics content 

course designed for preservice elementary school students were assessed; two sec-

tions of the course were offered, taught by two different instructors. 0ur assess-

ment was based on responses to a test in which seven verification-types of mathe

matical statements were offered. Verifications of two mathematical statements were 

presented in separate sections; one was discussed within the mathematics course, 

while the other was unfamiliar. Here we discuss only the students• reactions to 

the familiar mathematical staternent, with respect to inductive and deductive rea

soning. The familiar statement follows: 
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"If the sum of the digits of a whole number is divisible by 3, then 
the number is divisible by 3." 

Students were asked to rate each verification on a scale of 1 to 4, where 4 indi

cated that a verification is considered a mathematical proof, and 1 indicated that 

a verification is not considered a mathematical proof at all. A summary of the 

presented verifications follows. 

Example-type Verifications 

Examples. Two particular situations, using small numbers, in which the state

ment was shown to be correct. 

Pattern. A chart giving a sequence of numbers for which the statement is true, 

along with determination of the truth of the condition and conclusion of the state-

ment. 

Big Numbers. A big number for which the statement is shown to be correct. 

Centrapositive. A specific example supporting the centrapositive of the state

ment, and a specific example supporting the original statement. 

Deductive-type Verifications 

General Proof. A correct and general proof of the proposition in the case af 

3-digit numbers, including statements justifying each step. 

False Proof. A fallacious general proof in which none of the steps in the 

inferential chain were correct. 

Particular Proof. A correct proof of the proposition, including statements 

justifying each step. However, the proof is presented as the verification of a 

particular example, rather than as a general praof. 

Results and Discussion 

We now consider our original research questions. 

IVA: We categorize students' views of IVA as follows. lf a student rated � of 

the example verifications highly (i.e., as 3 er 4) then s/he considers some form of 

IVA to be valid verification of the mathematical statement, and we accordingly cate· 
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gorize such a student as High IVA. lf a student rated any of these IVA-based 

verifications as 4, we categorized him/her as Very High IVA. On the other hand, 

we consider a student rating all of these verifications low (i.e., as 1 er 2) as 

being Low IVA; if a student rated all of these IVA-based verifications as 1, we

categorized him/her as Very Low IVA. Note that Very Low IVA and Very High IVA are

subclasses of Low IVA and High IVA respectively. Note also that the classes of Low

IVA and High IVA are disjoint. The distribution of the categories is shown in 

Table 1. High IVA occurred much more often than Low IVA, by a margin of 86% to 15%; 

this difference is significant at the .001 level <x
2 = 24.96, df = 1). The differ

ence is also striking when considering the extreme ratings of IVA; 64% of the stu

dents accepted some sort of IVA at a very high level, while only 4% rated all exam

ple-verifications very low. 

Table 1. Frequencies of IVA levels 

High (Very High) Low (Very Low) 

Percent (N= lOl) 86 64 15 4 

DVA: Students' views of DVA are categorized by considering their ratings of General 

Proof (GP). We categorize students who rated GP as 3 er 4 High DVA; those rating 

it as 4 are categorized as Very High DVA. On the other hand, those rating GP as 1 

or 2 are categorized as Low DVA; those rating it as 1 are categorized as Very Low 

DVA. As with IVA, Very High and Very Low DVA are subclasses of High and Low DVA, 

respectively; High and Low DVA are disjoint. The distribution of categorizations 

of DVA is given in Table 2. Many more students are categorized as High DVA than as 

Low DVA, by a margin of 76% te 25%; this difference is significant at the .001 

level </ 

low, as 1. 

12.88, df = 1). 54% rated GP very high, as 4, while only 3% rated it 
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Table 2. Frequencies of DVA levels. 

High 

Percent (N=lOl) 76 

(Very High) 

54 

Low 

25 

(Very Loi,) 

3 

Relationship of IVA and DVA: In contrasting students' ratings of IVA and DVA, we 

make the following categorizations. Students who rated DVA high and IVA low, We 

call Only DVA; students who rated DVA very high and IVA very low, we label Extr� 

Only DVA. Students who rate IVA high and DVA low, we call Only IVA; students who 

rated IVA very high and DVA very low, we label Extreme Only IVA. Students who 

rated both IVA and DVA high, we label IVA+DVA; the case where both are rated very 

high, we label Extreme IVA+DVA. The remaining case, in which both IVA and DVA 

are rated low, is not of interest in the present study. The distribution of the 

categories is given in Table 3. Note that only 14% can be categorized as Only DVA, 

while 62% are considered IVA+DVA, with 24% Extreme IVA+DVA. 

Table 3. Relationship of IVA and DVA levels. 

Only IVA 

Percent (N=lOl) 14 

Extreme 

Only IVA 

3 

IVA+DVA 

62 

Extreme 
IVA+DVA 

28 

Only IVA 

24 

Extreme 
Only IVA 

We thus summarize our answers to the original research questions as follows: 

1. Most students accept DVA as a means of verifying mathematical statements. 

This is not suprising since they were evaluating a verification which had been 

identified in class as being a proof. The following is more suprising. 

2. Most students hold the IVA and DVA points of view simultaneously. 

do not feel accepting DVA excludes acceptance of IVA. 

Students 

3. Most student� accept IVA as a means of verifying mathematical statements. 

4. Few students accept DVA as the only means of verifying mathematical state· 

rnents-
This is consistent with the findings of Fischbein and Vinner that students 

need more than deductive proof to accept the truth of a mathematical statement; 

theY need empirical verification. 

Additional questions: These results evoke additional questions: 

1. Does the pretense of proof play a role in students' judgment of a verifi

cation? We can address this issue by considering students' responses to the False 

proof verification type. 2. How do students view pcoof presented in a particular 

case? Students responses to the Particular Proof verification type will allow us

to explore this question. 3. Do differentiations take place among the example

verifications with students in the High IVA category? What diffecentiations occur 

in the "IVA + DVA11 viewpoint? 

While this paper deals with verifications of a statement with which the stu

dents were already acquainted, verifications of a statement with which the students 

were not familiar wer also presented. We thus pose: 4. How stable are these 

categorizations in an unfamiliar context? 

Two different instructors taught this course. While the same syllabus was 

followed by each instructor and efforts were made to keep the instruction standard, 

same differences in emphasis with respect to verification and proof occurred. In 

particular, one instructor spent more time on proof within the context of geometry. 

Thus we ask, 5. Are the categorizations effected by amounts of attention to proof? 
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CHI LDRE)l' S APP�CIA'l'IJN Oli' ·rr1i,; SI•'.llHFI�ANCE OlP PR001'' 

KlcHH J'OR'rEOIJS 

N"isWLA'.'ill fIIGH SCHOOL, HULL. 

I. The problem 

What is it that really convinces a pupil of the trulh of sometbing 

mathem::1tical? Of �ou::-se, in pT'actice it is the teacher - if sir says so then 

-';hat• s that. But w':!at cf she has t0 decide for herself, wi thout thP. guidanee 

of an establis':!ed aa-':oho:-i ty? W:iat sort of evidence is then the ·nost convincing? 

Ttlis qJestion arises ou"; ,,f a wish to come to grips wi th what it is to 

unde.,rstand :119.thematics. Much hc\s been wri tted abo:.it und.er,;tan,ling in our 

subject (see, for ex:ample, Si.<e,ap (1979)). For the pu::-pose o:' tb�s study 

unrre-rstanding anrr :,Cnowledge wil 1 be tak,rn to be essent c9.lly the ;3ame thing 

(though not li.terally so), and Knowledge will be taken '.o involve three 

conditions (see, for example, Scheffler (1365)): for a person A to know X 

(i) X must be true; 

(i.i.) A must believe X to be true; 

& (iii) A must have good reason to believe X to be true. 

Teac-�rs want pupils to come to understand many general statements, of 

the fo::-m "all p are Q11 • For a mat�ernati.cia� criterion (ii.i·) :involves _p:-oof, 

and so teache-rs, because o.f th:.s, may wish t:J prove results. On tbe otbP-r hand 

cri terion (ii) demands that ch:'.ldren s':Jo·Jld genuinely believe what they are 

lea-rning, and -:he-re is room for :ioub t as to ho·. much they app-reci.ate the 

significance of 9. proof anrl :iow much more convinci.ng they find other types of 

evirlence. Follow:ing Bell (1976), evidence will be ta'.-c➔n to be of two lcinds: 

(i) One may check a variety o.f particular cases, an:l when sufficient 

eocamples have been checked ·Jecome convinced that the state,aent is unive-rsally 
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true• Tbis is the empirical approach. 

(ii) ,'.)ne may investigate the structure of the mathe11atics involved, 

analyse the relationships with other, already known, mathematics, a:od 

eventually prove the statement. This line, more mature mathemati.cally, will be 

called the logical approach. 

The purpose of the research report.,d ·aelow was to investigate children • s 

autonomous uses of these types of evidence, and so to assess their grasp of 

tbe significance of proof. The rcsearch took the form of a narrative 

questlonnai.re and interviews. In the age-range 11 to 16, 390 boys anrr girls 

completed the questionnaire, and of these 50 participated in a series o;' three

task-based interviews. 

Il• The Questionnaire 

This took the form of a three part narrative wi th q·Je3tions interposed at 

appropriate points. Three different mathematical topics were used. In each 

part Andrew a:od Pet-:,r were arguing about the truth o.f a statement, like "the 

sum of thrce consecutive whole numbers is alw9.ys divisible by th::-ee". (Andrew 

was t':!e one who was right in each case.) After empi.rical evidence W9.S produced, 

the subject was asked whom he though":; w!l.s right, and whether or not he was 

sure abou t this. The reasons for the judgement were also asked for. Tl,e 

st9.tement was tben pro·ved by Andrew, Peter claiming that he still though '. it 

m�ght break down for same very big numbers, and the su'Jject W9.S again asked 

w'Jom he thoug'1� was right. An analysis of the pre-proof a.1d post-proof 

jurrgem�nts gave the following -rcsults:-

(i) The pre-proof judgement. Nearly half of the responses given sho�ed 

t'1at the pu;,il wc<s sure that Anrlrew ,;9.s right. O;' these, though, only 21% gave 

logical evidence for the truth of t'oe statement. Ttius, a'Jout 40% of the 
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responses indicated a complete aGceptance of a p:,-oposi tion ·•i th nothing mo:,-e 
I 

than empirical support, and in only ene case in ten did a pupil produce a 

proof of her own. The proportion of judgements hased Qn logical grounds was 

found to increase with age in a significant way (P< 0,01). 

(ii) 'l'he i.mpact of the proof. If a pupil does not succeed in providing 

logical support for a statement, then the next best thing, mathematically, is 

for him to acknowledge that he is unsure, and to be convinced only after 

reading the proof. Such a person appreciates the relative merits of empirical 

and logical support. 0f those pupils who did not pr0duce a proof of their own 

nearly one quarter fall into this category. Interestingly, while 26% of girls• 

judgements show this sort of appreciation of the significance of proof, the 

figure for boys is only 20%. This gender differencP. is statistically 

significant (P< 0.05). 

III. The Interviews 

It is widely recognised that as a tool for the investigation of the 

thinking patterns of children doing mathematics, the task-based interview can 

be extremely fruitful. Because it is interactive it can be flexible enough to 

allow the interviewer to develop ideas mentioned by the pupil and to probe 

particular points where this is helpful. For this study five boys and five 

girls in each of the five year groups were given three interviews, based on a 

series of related tasks in arithmetic, geometry, and "common-sense". An 

interview co:nprised from 8 to 10 items, each of which was a statement which 

the s!.lbject was to classify as true or false, giving reasons. Tile first three 

were 'dead' items (the subject did not know this) whose function was to 

familiarise the subject with the topic of the interview and :1elp her develop 

confidence in her handling of the materials. There followed two true 
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ralisations, on9 fairly aasy and the other harder. Examples of the items 
58ne 

used are:-

(i) Arithmetic. "Adding 3 to a number and doubling t:ie result alway.,

gives the sa:ne answer as douhling the number and adding 6. 11 

(ii) Geometry. A large square lattice board was u:,ed, the dead items 

that it was to be though� of as extending indefinitely. Difficultiese!lsuring 

,,hich aroae in the pilot study suggested that a games format would be mest

fruitful: for each item a few rounds of the relevant game were played before

the item was presented. In "Hide and Seek" a single lattice point in the middle

of the board was deaignated a tree. The interviewer cbooses a lattice-point at

,,hich to 3tand, and the subject tries to find another lat-tice-point at which

to 3tand where he will be hidden behind the t-ree. The statement to be judged

is, "The second player will always be able to find a place to hide."

(iii) "Common-sense". A large square 1
1 checker-board11 was used (again of 

in'.lefini te extent) to represent the plan'ling board of a landscape gardener. A

supply of rectangular pieces af card, each able to cover two of the squares on 

thA planning board, represented paving-stones. Tne subject was show'1 :c-iow the 

cards could be used to make paths, where the width was always one unit, and 

patios, where the width could be greater than one unit. It was explained that 

paving-sto:ies could no·� overlap o::- be braken inta two. Tne fi rst, easier, 

staternent to be ji.!dged is, "Any square path can be made." 

0f crucial importance to the study was the use o� "particular" i tems 

aftec each true generalisation. It was important to produce an objective test 

o: whether or not the subject really di.d believe the true generalisation. S0, 

the ari thmetic i tem was followed by, "A'.lding 3 to 16 ancl doubling the -resul t 

gives the same answer as doubling 16 and a:iding 6.11 Similar "particulars" 

followed all the true generalisations. In fact, as each "particular" was 
-395-



presented tbe interviewer pointed out that it was a particular case _ the 

;,�:.ras= 11it is j..1st t!la same as the last ana" was used. 

Fo:c- each ite:n the subject was asked to justify her decision to classify 

.a.s true or false, and there was fairly full discussion designed t d 1 o eve op her 

idea.s as fully as possible without actually gi11ing any leads. 

rne following is an outline of the main results:-

(i) It was foc1nd that the justification given fo!' the true generalisation 

was of a logical nature in about 15% of the cases. This is rather more than 

the 10% figure from the interview stuiy, probably because of the su?portive 

role ado?ted by the interviewer. There was again a significant (P< 0.05) 

upward treni o: the proportion af logical responses with age. 

(ii) Subjects were asked, after they had classified the true generalisation, 

whetha:- they were sure, or not q_uite sure, that they were right. It was found 

that b.:,ys were significantly more likely to claim to be sure than girls 

(P<0.05). 

(iii) There were identified three responses to the "particular" items which 

followed their generalisations. They were deducad from the generalisation 

(classified immediately as true), they were checked as an individual case (the 

full working-out was dons for the item, with no reference at all to the 

previous item), or they were checked as an embodiment o: the proof. This last 

option was rare, since it was available only to those who had provad the 

generalisation. It consisted of the re-enactment, or rehearsal, of the proof 

around the data of the "particular" item. It represents a more sophisticated 

approach than simply checking as an individual case, but a less confident, 

more tentativa approach than a straight deduction. 

The important q_uestion is - u:1der what condi tians was the "particular" 

deiueed? For only in this case can it be claimed that the subject really 
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es the generalisation. Does the deduction of the "particular" depend on
bel i ev 

aegree of su:seness of tha gen-,ral, or on the type of justification for the 
tbB 

oera.l? Particular 
Checked Deduced Proof re enacted 

Not quite sure 101 4 
ceneral Sure 139 39 7 

-

General 
Emp. support 228 19 -

Log. support 12 24 7 
-

it ,s clear that being sure of the generalisation is n•J guarantee of the 

deduction of the particular. We see, though, that 56% of logically s�pported 

generalisations are followed by deduced particulars, while a mere 8% of 

empirically supported generalisations lead to deductions. If we consider, 

further, that the se -✓en "proof re-enacted" responses represent a sort of 

b,lf-way stage between checking and deducing, reflecting a desire on the part 

of the pupil "j�.3t to :nake sure" that the proof is correct, then the evidence

of t!le above table is overwhelming. It is the proof which counts. Pupils d:o 

not believe a general statement unless they have proved it. 
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This research explored the mediating functions of solving open-sentence multiplication 
problems of the form X x U = Y (Type 1) and U x X = Y (Type 2) in learning to apply division 
algorithms. The processes that individuals may use in their solution are categorised inte 
three medels: Digital, Network, and Analog. Recent research suggests that the former two 
are more accurate representations of the likely processes employed in solving open-sentence 
multiplication problems. However, in terms of problem solutions by novice learners the 
first, the Digital medel, was found to be the more appropriate explanatory model. Two 
experiments, one based on chronometric analysis the other on manipulation of concrete 
materials, designed to evaluate the use of three solution modes within the Digital model 
are reported. Educational implications which question the sequencing of concepts when 
teaching multiplication and division, multiplication generally being taught prior to 
division in contrast to simultaneous presentation, are discussed. 

Background 

Over the past decade several studies in Mathematics Education have generated 

a number of models which explain how children and adults solve mental addition, 

subtraction and multiplication problems. Little, however, is known about informal 

processes adopted by early primary children in solving simple mental division 

algorithms. Of three competing mo dels, Digital (Parkman, 1971), Network 

(Ashcraft & Battaglia, 1978; Ashcraft & Stazyk, 1981), and analog (Moyer and 

Landauer, 1967), the former two have attracted the greater support as viable 

explanatory sequences for the processes which lead to solutions of mental 

arithmetic problems. 

Early research studies (Parkman & Groen, 1971; Groen & Parkman, 1972; 

Groen & Pall, 1973) with samples of subtraction naive students suggested that for 

children, the digital mode! provided an adequate interpretation of reaction time 

(RT) data (chronometric analysis). The interna! consistency of the Digital mode!, 

however, was questioned when explanations for multiplication problem solutions 

processes were being sought (Parkman, 1972; Stazyk, Ashcraft & Hamann, 1982) 
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d recent research (Miller, Perlmutter & Keating, 1984) suggests that some form 
an 

of retrieval process underlies performance of both tasks. Although this may be 

for adults, it is more probable that such retrieval processes are not fully true 

developed among novice learners. Ashcraft and Fierman (1982) demonstrated that 

the retrieval process is developmental and that in contrast to older children and 

adults, young children displayed significantly greater RTs in solving mental arith

metic problems. 

In previous studies (e.g. Parkman & Groen, 1971) chronometric analysis was 

used to examine whether children solving open-sentence addition problems such as 

� (Type 1) or U + X = Y (Type 2) where � and '!.._ stand for given non

negative integers and .!:!_ for the unknown, tend to do so by using an incrementing 

or decrementing process. Of three solution modes; Z = Y - X, Z = X, and z = 

�), in which � represents the number of steps required for the solution 

of the unknown .!:!_, only the last, known as the MIN mode, has been found to 

produce a significant slope when observed RTs, _!, are fitted to a linear regression 

function of the form T = a + bZ. 

The object of the experiments reported in this paper is to demonstrate that 

in solving multiplication open-sentence problems, children who have not yet 

formally learned how to divide tend to employ the MIN mode as the operational 

process. Use of this mode of the digital mode! may indicate that young children 

have a more sophisticated awareness of division strategies than generally assumed. 

The three modes of the Di_gital mode] may be represented as: Z = Y / X (incremental 

mode); Z = X (decremental mode); and Z = min(X,Y/X) (MIN mode) where � and 

'!._ are the given quantities in multiplication open-sentence problems of the type 

X x U = Y (Type 1) and U x X = Y (Type 2) and .!:!_ is the unknown. 

All three modes were tested for both sentenc� types in two separate experi

ments. The first experiment was based on chronometric analysis and the second 
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involved the use of manipulative materials. For each experiment, the sample 

consisted of fifty Grade 3 children, 26 boys and 24 girls, from two Catholic h se ooJs 

in Sydney, Australia. Each school had two parallel heterogeneous streams of 

students without special groupings to differentiate classes. The average age of the 

sample was 8 years 4 months (SD = 4. 6 months). These children had formally been 

exposed to multiplication but no division. 

Experiment 

In order to present the problems to each child in a random fashion an Apple Ilc 

microcomputer with appropriate software was used. The stimuli consisted of a total 

of 48 problems, 24 each of Type 1 and Type 2 which were presented in the form 

X x [ ] = Y and [ x X = Y respectively. Each subject was required to sol ve onJy 

the first 32 problems to appear on the screen so that each subject solved an equaJ 

number of Type 1 and Type 2 problems. Elapsed time was recorded. 

Results 

A series of regression analysis were performed on the mean reaction times, 

averaged over all subjects, to test the goodness of fit of each of the three 

proposed modes. Fit was determined by the standard f test for the significance of 

the slope parameter �. For Type 1 problems, the fitting of regression lines to the 

mean resulted in a significant slope f(l,22) = 16.33, p_<.001 for the MIN mode. No 

significant slopes were found for the other two modes. For Type 2 problems, the 

fitting of regression lines to the mean resulted in two significant slopes. The MIN 

mode once again displayed a significant slope fO, 22) = 13. 78, p_<. 001. Mode 2 

(Z=X) also fit the data resulting in a significant slope f0,22) = 4.88, E_<.05. 

Discussion 

Of the three modes, the MIN mode best conforms to the hypothesised pattern of 

computational processes that might be undertaken by children who have not been 

formally taught to divide but who are attempting to solve multiplication algorithms 
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ill the form of open-sentence problems. Analysis of the data supports the face that 

the structural variable defined by the MIN mode provides the best account of the 

success latencies. 

The familiarity of the subject with problem types may dictate whether this 

lillearity manifests itself in the subsequent analysis. The fact that we found this 

ta be true only for Type 2 problems was initially puzzling but further investigation 

suggested same viable explanations. Herscovics, Bergeron and Kieran ( 1983) 

i!ldicated that mest teachers tend to perceive a problem in the form of M x N = p 

as the number sentence "� sets of �" which is reinforced by a natural tendency 

to read from left to right (Kieran, 1977). Also, past research (Gunderson, 1953; 

zwellg, 1964, cited in Suydam & Weaver, 1970) has demonstrated the relative ease

of Type 2 problems compared to Type 1 problems. 

Experiment 2 

A set of 24 3"x5" cards, each of which had one open-sentence clearly printed on 

it, were presented in two formats, 12 of each type; X x [ ] = Y (Type 1); and 

[ ] x X = Y (Type 2). Within each type one-half were identified as A-form 

(X<Y/X), the other half as �-form (X>Y/X). A set of "play-group" cards were 

available and used to illustrate problem solutions. Each card had 1, 2, 3, 4 or 5 

11child-symbols" printed on it. The round smiling face symbol was used to depict a 

child. To illustrate their perceived solutions to a problem, the subjects were asked 

to place the relevant play-group cards in the appropriate rooms of a large flat 

cardboard "house" containing six rooms of rectangular shape and of the same 

size as the play-group cards. As the first card was presented, the researcher 

delivered a short story to place the problem in context and help the children in 

proposing solutions. For example, given the problem: 3 x [ ] = 12, the solution 

would be the representation of the number sentence as four play-group cards, 

each with three smiling faces, placed into four rooms or three play-group cards, 
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each with four smiling faces, placed into three rooms. For each open-sentence, /he 

number of play-group cards selected was recorded. 

Results 

To test the assertion that Grade 3 children tend to be MIN or�ented for 

multiplication-division open-sentence problems, an a priori test of the contrast of 

the average proportion of �-responses for A-form sentences and that for �-form 

sentences was performed for the .Type 1 and Type 2 sentence formats separately 

using the Cochran's Q test (Cochran, 1950). Contrast estimates (�) and .e.-values 

were as follows: for Type l, (�)=1.72 (.e. .01); for Type 2, (�)=2.18 (.e.<,001), 

This analysis indicates that the proportions of .2S_-results for �-form sentences 

tend to be much smaller than those for �-form sentences. The frequencies with 

which subjects selected .2S_ play-group cards for the Type 1 open-sentences also 

appear to be generally greater than for Type 2. The significance of this difference 

was tested by means of Wilcoxon's matched pairs signed-ranks test (Wilcoxon, 

1945). The value of the test statistic was _! = 3 (.e.< .001). 

Discussion 

The choice of number of cards was crucial because it was expected that number of 

cards chosen would reflect the known factor (.2S_) for each open-sentence. The 

presence of MIN mode oriented subjects in the sample, however, would disturb 

this homogeneity because such individuals would tend to select X/Y play-group 

cards for �-form sentences. That is, they would choose the least number of 

cards. Given that the unknown was the MIN number exactly 1/2 of the time, then 

the expectation would be that through chance alone they would choose the MIN 

number for approximately 1/2 of the solutions. The results, however, indicated a 

significant and consistent use of the MIN mode. 
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Conclusion 

Whether verified through chronometric analysis or illustrated through the use of 

manipulative materials, this consistent use of the MIN mode suggests some 

informal knowledge and use of division strategies by children untrained in solving 

multiplication open-sentence problems through the use of a division paradigm. It 

sug gests that the subjects are well aware of and familiar with grouping and/ or 

sharing concepts. On the occasions when they implement the reduction mode (.2S_) 

theY are in fact applying a division paradigm. Teachers should exploit this 

understanding by formally introducing the concept of division at the same time as 

theY are introducing multiplication concepts. Intuitively it seems that this double 

edged approach may have benefits in attempting to help children understand the 

intricacies of division problems of a more complex nature. 
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7. PROBLEM SOL VING STRA TEGIES



:rntercultural stwies between Iroanesian and German OriJ.dren 

an Algorithmi.c 'Ihinkin;J 

El.mar Cohors-Fresenborg, Universität Osnabriick, w. Gennany 

Yansen Marpaung, IKIP Sanata I:iJanna, Yogyakarta, Indonesia 

1-�
an 

�tive intercultural studies in mathematics education are an interesting methcxi

to un:i.ers
tan::I deeper the fundaroentals of learnin:J mathematics. We report on a pilot

studY as part of a research project in whic.h the Centre for International Research

in reacher F.ducation at the University of Osnabriick in W.Germany ani the Department

of Mathematics at the IKIP Sanata I:iJanna in Yogyakarta/In:ionesia are involved. As

part of a long term cooperation between our institutions the il'Xionesian colleague

bad the opportunity for a RlD study {1982-86) at the university of Osnabriick inclu

ded experilllental studies in Yogyakarta (MARPAUNG 1986).

'lbe field of our cammon research is the question, how c.hildren at early secondary 

1evel fann algorithmic concepts, whic.h are fundamental for the urrlerstaniing of 

programing computers. 'lherefore the suitable rrethcxiology for our experilllental stu

dies is the use of clinical interviews with non-vertial methods in a starrlardized 

situation. As a consequence the size of the groups is rather small. 

2. RaDarlts to the Imcnesian Requests

Wonesia is a country whic.h makes great efforts in econorny to reac.h the technologi -

cal stan::lard whic.h is necesSaJ:Y to give work for its increasing population. There

fore the educational system must grow, not only in size but in quality • .Mathematics 

education including the urrlerstarrli.ng of computers plays an inportant role in this 

process. 

-:404-



Often it is said that using modern technology needs a specific kind of thinking 

which is rnore found in the western countries than in those of the 'Ihird World. We 

were interested to understand this assumption. A long term research project on the 

structure of algorithmic thinking at the university of Osnabriick was a chance for 

an intercultural comparative study. 

Oloioe of subject 

Important for the choice of our theme for the intercultural study was the following: 

- the inportance of teaching new technologies for our a:iuntries in the next decade 

- the design of a nearly non-veJ:Dal approach to algorithm.s 

- the happening of a s:ilnilar study in Osnabriick. 

Main �ens 

The main questions of our research are the following: 

1. How do indonesian pupils behave, campared with gennan ones when they are working

on algorithmic tasks?

2. Which role play different fonns of representation for the pupils while they are

working on algorithm.s?

3. D:> there exist differences in the thinking of the pupils while they are sol vin;J

constructive or analytic tasks? 

4. Which strategies and cognitive styles develope pupils in working with algorithms. 

5. What is the role of strategies and cognitve styles concerning the perfomance of 

the pupils in solving algorithmic problems?

3. German Part

First pilotstudies on algorithmic thinking began at Osnabriick in 1981. An inportant 

aspect of the design (CX)HORS-FRESENEOffi 1982,1983) was the possibility to represent 

an algorithm in 3 different fonns. A detailed analysis of the relation between ex

ternal representation of the algorithmic concepts and internal concept fonnation 
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procese5 can be found in CX)HORS-FRESENOORG (1986).

eec3use of the fact, that language does not play an inportant role in this design, 

it was very useful for our comparative intercultural study. SOIWANK (1979) had first 

i]J:iicated, that using the networks of Dynamic Mazes enables the researcher to get in 

j_nSight into the process of concept fonnation and problem solving of the pupil, be

cause the sequential constructing of the network plays can be seen as a thinking

aloud protocoll. 

,nie design of the intercultural study was developed by both authors in Osnabriick in 

close connection with the pilot studies, which were done by KAUNE to prepare her 

studY· The indonesian colleague first paticipated in these pilotstudies with the 

gennan pupils, then he investigated the indonesian pupils. The gennan colleague 

vistited him in Indonesia during his main study and they both developed the final 

aesign there. Therefore the comparison between the gennan and indonesian pupils is 

not only based on s:ilnilar tasks but also on personal experiences. The =n design 

of both studies is reported in KAUNE (1985), a short survey see also SCHWA.TIIK (1986). 

4. Experilllental. stulies in Imaiesia

In a first pilot study in Indonesia 1983 we have choosen 12 pupils in the age of 

13,5 - 15 of several Junior Secondary Sc:hools in Yogyakarta. To campare them with 

the gennan pupils in one diinension we did the RAVEN-test. 

'Ihe tasks of the gennan study had been translated to indonesian language, also the 

Registennac:hine-language. The problem solving sessions with the researcher were 

videotaped, so that the behaviour of the indonesian pupils could be analysed toge

ther with the colleagues in Osnabriick. 

An inlportant outcome of this pilotstudy was, that the indonesian pupils had great 

difficulties to play with the material Dynamic Mazes. They take this material in a 

very "stupid" way in their hands. Therefore we invented for the main study with the 
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indonesian pupils one preparatory lesson in which they could become familiar With. 

the material by constructing same autornata-networks as they are des=ibed in COHo�.

FRFSEN:roRG (1978) • 

In the resulting main study in 1984 were investigated 14 pupils in the age of 13,s _

14,7. The results in the RAVEN-test were between 6 and 39, rnean 27,9, deviation a,a,

(The group of KAUNE had the results between 15 and 39, mean 28,4, deviation 7,1. '!lie 

difference is caused by the one extrem result of 6 points.) 

5. Results af the Iroanesian Main stuiy

After only ene hour of trainig with the material Dynamic Mazes the handicap, that 

indonesian children are not familiar ta play with toys at horne and with didacticaJ. 

material in mathematic lessons in school, even not at primary level, had no more 

great relevance. In flagrant oppositon to the pilotstudy the pupils could work With 

the Dynamic Mazes as it is known fram the german ones and even same of them have 

choosen the Dynamic Mazes as the world in which they invented and analysed the algo

rithms. This shows, that the first obsei:ved cultural differences are inportant, but 

only on a very thin surface. 

Contrary ta the prejudice af the indonesian colleague before the experimental stlldy 

has be done in Indonesia the indonesian pupils were as successful as the german ones 

in solving the complex algorithmic problems. There exist indonesian pupils who are 

as bright as german pupils. The kind af brightness during the problem solving pro

cess is very similar between the pupils of both culturs. The difficulties which had 

the indonesian pupils were already known fram the german ones or have been found in 

further studies with german pupils. only one essential difference could be seen in 

the beginning af the series of the 4 problem solving sessions: the indonesian pupils 

were obviously not as used as the german enes to solve problems by themselves an:i 

behave more in a way to wait for the carnments of the researcher who must be very 

-407-

careflll ta let the pupil feel its own liberty for looking for ideas and in its deci

sion5 along the problem solving way. In our intezpretation after long discussions

thiS is the result of the strong authority of the adults and the appropriate teaching

stYle in Indonesia. 

eon� to the results af KAl.lNE (1985) it makes no sense ta distinguish the 

�onesian pupils by their success in constructive or analytic tasks (MARPAUNG 1986,

p
,67). But up to now the investigated group of children is to small for such a 

det;ermination.

'I'he cognitive styles af the indonesian pupils are as different as those of the ger

man ones. For example the first 3 indonesian pupils in the rang scale by the RAVEN

t;est choose 3 different strategies of representing their algorithms (MARPAUNG 1986,

p
,55). The form of representation des=ibes the world in which they form their con

cepts- This preferences for the use of represantation forms is stable: If a problem 

is given in a not prefered world the pupils' first action is to translate it into a 

form which is convenient for himself. Urrler the aspects of different cognitive stra

tegies (CX>HORS-FRFSEN:roRGjKAIJNE 1984) the differences inside the group of german and 

wonesian pupils are more inportant than an intercul tural camparison. 

In the group of the indonesian pupils we could for the first tilne proof the hypothe

sis of SCHWANK (1985), that there exist 2 different cognitive structures in which 

algorithmic concepts are constructed: one is built by predicates (relations) the 

other by functions (operations). It could also be shown that the concepts "predica

tive/functional" in the sense of SCHWANK and "conceptual/sequential" in the sense of 

OOHORS-FRFSEN:roRG/KAUNE (1984) des=ibe different phenarnena. We have found one pupil 

who is working in a conceptual way with functional concepts, one in a sequential way 

using predicative concepts and of course the two other possible cornbinations 

(MARPAUNG 1986, p. 98) 

As a consequence it should be distinguished between the cognitive structure predica
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tive/functional arrl the cognitive strategies conceptual/sequential (SCHWANK
_1986).
I 

6. SUmmacy

In the beginning of our =nparative study we believed, that there must exist CUltu,.

ral differences in algorithmic thinking. But the main result of our intercultutai_

study is that the individual differences in the abserved categories concerning tlie

preferences for the form of external representation, the used internal cognitve

structures arrl the followed cognitive strategies are of m:>re importance insight till!

groups than between the both cultures. 

We have recognized only one difference in the cultur of teaching, concerning the 

amount of educating pupils to creative problem solving behaviour. 
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COMPARATIVE EXPERIMENTAL STUDY OF CHILDREN'S STRATEGIES 
WHEN DERIVING A MATHEMATICAL "LAW" 

Martin Cooper 
University of New South Wales 

Sydney, Australia 

Hizuru Sakane 
Johnam Junior High School 

Kyoto, Japan 

THE PROBLEM 

Eighteen pairs of grade 8 students in Australia and Japan were observed while 

co-uperatively searching for a mathematical "rule" in a geometrical context. The

research was designed to provide answers to the following questions: 

1. What strategies do students adopt when searching for a particular

mathematical rule?

2. 

3. 

4. 

How do students react when they generate an example which contradicts a

conjecture which they have advanced while searching for the rule?

How do Japanese and Australian grade 8 students compare on rule-search

strat
1

egi es and response to counter-exampl es?

To what extent do grade 8 students indulge in global planning when engaged

in such activities?

All subjects were given the following problem: 

A nwnber of points are equally spaced around a circle. These points 

may be joined, in pairs, by line segments. The number of line segments 

depends on how many points there are. Find a method of deteT'mining the 

nwnber of line segments needed to join all points. The method must 

work for any nwnber of points. 

BACKGROUND 

In Science, the justification for a proposition is generally achieved 

"through the accumulation of many supporting instances (or 'failures to 

disconform')" (Kemp, 1985). In Mathematics, however, the accumulation of such 

instances is not sufficient to allow the establishment of a rule. Instead, all 

cases must be considered if an empirical justification for a proposition is 

sought; survival of an empirical test of validity is not sufficient for the 

proposition to be considered 'true'. 

Bell (1975) suggests that generalizing and proving activity among secondary

school children develops in four main stages. The first stage involves the 

recognition, extension and description of patterns or relationships. This is 

followed by empirical checking or attempts at deduction, as a second stage. 
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Awareness of the need to consider all possible cases develops during the thirct; 
stage, while recognition of the 'need for explicit statements of the start of 
arguments and of definitions comes during the final stage. It seems that for 
children to engage in the final of Bell 's stages, they need to be able to operate
at the formal level. Collis (1975) suggests that only a small proportion of 
Australian children in the 13 to 15 age range display consistent formal reasoning
abilities. It follows that most such children would not be expected to operate
at Bell 's final stage. Kemp (19B5) believes that it is not until children have
reached Bell 's third stage that they begin to understand what constitutes a 
mathematical proof. According to Kemp, "[ . .  J it is clear that there is 
widespread misunderstanding about proof among adolescents and that [ . . .  J only 
a minority are able to produce mathematical proofs during their school years". 

Balacheff (1985) identifies two phases which are involved when children 
engage in a law-deriving procedure: "one [ that is] quasi-independent of the 
observer and one with strong observer-pupil interaction", the latter being a 
"rounding-off" phase directed by the observer. This process is similar to the 
classroom "elicitation pattern" described by Voigt (1985), which has three phases: 
a tentative phase, a phase in which the teacher focusses the students' discourse 
on the "official" solution of the problem, and a teacher-directed "rounding-off", 
phase. The approach of Balcheff's pupils may be likened to Voigt's second phase, 
refutations being produced by counter-examples generated by the students 
themse l ves rather than by the teacher. The thi rd, "roundi ng-off" phase occurs 

in both schemes. 
An advantage of studying pairs of children is pointed out by Schoenfeld

(1983), who states that dialogue between subjects tends to encourage the

articulation of managerial decisions, whereas in single-subject protocols such

decisions are rarely overt. Balacheff and Laborde (1978) describe such subjech

as being in a situation of 'social interaction'.

Schoenfeld (1983) points out that the metacognitive, managerial skills that

experts bring to a problem-solving situation allow the entire solution process to

be "watched and controlled, both at the local and global levels''. Larkin,

Dermott, Simon and Simon (1980) speak of pattern recognitions that "guide the

expert in a fraction of a second to relevant parts of the knowledge store ,

[ and which J guide a problem's interpretation and solution". It therefore seems

unlikely that novices would exercise any substantial amount of global control of

the problem-solving activity and would therefore tend to make few strategic,

managerial decisions. 

PROCEDURE 

The sample consisted of 36 grade-eight children, working in pairs. Six pairs 

were from different classes in the same Australian boys' school and six were girls

in the same Australian girls' school. In these cases, the observer was unknown

to the subjects. The six remaining pairs were from the same Japanese class, the 

observer being their regular mathematics teacher. 
Each pair of subjects was examined independently of the other pairs. In each 

case, one pencil and many sheets 

every action taken from the time 
that they had arrived at a final 

off"stage was not recorded. 

TREATMENT OF THE DATA 

of paper were provided. Every word uttered and 
the problem was given until the students stated 
solution was recorded. The ensuing, "rounding-

The observations for each pair of subjects were initially transcribed inte 
a protocol which was then parsed along the lines suggested by Schoenfeld (1983). 

The incidence of tactical and managerial decisions was determined from the parsed 

protocols. The data were then re-organized, flowcharts being constructed 

indicating the bases on which conjectures and predictions were founded and the 

strategies followed when a conjecture was supported or refuted as a result of 
being tested with data. 
DISCUSSION AND FINDINGS 

The protocols considered in this study correspond to Balacheff's (1985) first 
phase: that which is "quasi-independent" of the observer, which we earlier likened 
to Voigt's second phase. Examination of the data indicated that the protocols 
generated may generally be divided into two steps corresponding to Voigt's first 
two phases. Nearly every pair of subjects started with a lengthy phase in which 
they searched for a reliable method of constructing all the chords joining any 
given set of concyclic points. This was followed by a phase in which hypotheses 
were stated and (usually) tested as in Balacheff's (1985) study. The ensuing 
"rounding-off" phase, which invariably took place, was not recorded. In the 
present study, therefore, there were generally three phases which are similar to 
those in Voigt's classroom elicitation pattern. 

Nine of the 16 pairs of subjects never encountered an example which refuted 
a conjecture which they had advanced. Five of the six Japanese pairs belong in 
this class. Four pairs of Australian subjects initially engaged in activities 
which eventually had to abandoned in favour of fresh approaches. During this 
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intial phase, two af the above pairs either modified ar abandoned the relevant ; 
conjecture, a third pair ignoring two refutations and abandoning the conjecture 
an the third occasion. During the successful phase which followed the false 
start, however, the above pairs responded ta all refutations by modifying the data 
which produced them. In contrast, the fourth pair which produced a false start 
responded ta refutations encountered in this initial phase by modifying the data 
which lead ta the refutation. 

The remaining pairs, one Japanese and three Australian, all encountered 
refutations during their rule-search procedures. The general tendency af each af 
these pairs was ta modify the data leading ta a refutation, although one 
Australian pair ignored one af its refutations and another modified the relevant 
conjecture in response ta one af its refutations. 

Many af the decisions made by the subjects were af a local, tactical nature. 
It seems, however, that the executive, managerial decisions made by children 
engaged in rule-search prcedures af the sort examined in this study can be 
divided inta two categories which we label "projective" and "local". It is 
probable that only the former would be categorized as true executive decisions in 
Schoenfeld's scheme. Mast pairs followed the initial reading stage with a 
projective managerial decision ta examine a number af circles. This decision was 
then followed by one ar more local, strategic decisions about which particular 
circle ta examine. Two af the Japanese pairs made no decision that could be 
classified as managerial and one Japanese pair took the projective managerial 
decision ta examine a number af circles only after a wild-goose chase and a second 
reading and assimilation af the problem. Apart from decisions ta organize or 
re-organize the data, all other managerial decisions were af the local kind. Same 
were decisions ta test a conjecture ar a related prediction, followed by a 
tactical decision about how ta do it. Others followed the refutation af a 
conjecture by a counter-example, and were presumably intended ta advance the 
investigation in same way, sometimes by putting it back an the right track. There 
was a general absence af metacognitive, global management skills which experts 
use ta control problem-solving procedures. 

It is clear that none af the pairs af subjects was operating at a fonnal 
cognitive level. Many engaged in "naive empiricism" (Balacheff, 1985, p 18). 
None engaged in a formal proof, nor did any explicitly recognize that all cases 
must be examined if an empirica1 test af the validity af a proposed law is ta be 
established. Same pairs were content ta claim that a pattern, ar a sequence af 
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numbers, from which the number af chords for any particular number af points 

could be detennine, was a sufficient rule. Others were able ta arrive at a more 

generalizable rule. The rules offered by subjects as solutions ta the problem 

provided no evidence that grade-8 children operate at a formal cognitive level. 
General ly, subjects reached Bell's second stage af development for generalizing 
and proving activity, thereby supporting assertions made by Collis and by Kemp. 
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amITIVE AND SOCIAL FACIORS lN PROOIEM fil.VIN; BEHAVIOOR. 

Kathryn Crawford. 
Canberra College of Advarr:ed Fdocation. 

A number of researchers (Das et al.(1975); Hunt (198)); Ransley (1<)31)) ha.ve used Inria's (1973) 

IJDdel of brain function as the theoretic:al h3s:is of foctor analytic studies of cognitive abilities and 

their relationships to edocational achieveient. The studies ha.ve investigated individual differerx:.es in 

cogniti ve abilities as defined by three foctors. The first t.o foctors have been reported as defin:ing 

t.o qualitatively and functionally distinct infornation processing abilities (Soc.cess:ive and 

Sinrultaneous Process:ing) • The third foctor has been reported as defining abilities to regulate 

cognitive pro::esses (Executive abilities). 

Crawford (1S64) reported that initial results of a study of fifth grade students indicated 

significant socio-e:onarri.c (SES) and gender differeoces in sinultaneous processing abilities. There 

>.ffe no significant gender or SES effects associated with either su:cessive processing or executive 

abilities. The results suggest that prolonged differeoces in experience (sociali2ation) are associated 

with differences in perfornance in the visual/ spatial tasks that are used to define the sinultaneous 

factor. 

According to wria (1973), the t.o infornation processing rrodes are qualitatively distinct and 

fulfil different intellectual functions. A consideration of the functions of the two IIIJdes of 

infornation pro::essing suggests SOJE explanations for the apparent relationship ben.een social 

experience and sinultaneous process:ing abilities. 

Successi ve process:ing is used to code infornation when the operational order is important as in 

imi.tative learning or folloong vertal inst:ru:::tions. It is not usually available for conscioos 

introspection. Inria asserts that su:cess:ive processing is irnportant for operational aspects of 

cognition and the develoJIIBl_t of .ell established operational skills. Sinultaneous process:ing is used, 
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.i,en ,unrediate responses are inhibited (by rrmns of executive abilities), to all0w autonOIDus conscious 

ref].a::tion about the relationships between culturally salient attributes of the objective and social 

wrlds- Luria suggests that simultaneous process:ing is used for higher order intellectual activity and 

iS 8vailable for conscious introspection. Further, past experience in sinultaneous processing results 

in corx:ept develo)llE!lt and an internalized frarre of reference that guides future processing. 

Researrh deocribing social interaction in the classroan (Fennem (1<)31); Spender (1<)32); Connell et 

81, (1�2)) indicates gender and SES differences in experience. It seans jXJSSible that such differences 

nay, over a period of time, affect the relative strengths of the two infornation processing abilities. 

,lssertive nale students fran socio-e:onarri.cally advantaged bockgrounds, with IIBlCinun simi.larity between 

the cultures of hare and school, rray be expected to ha.ve high abilities in sinultaneous processing and 

to process rratherratic:al infornation in an autonaoous fashion with reference to internalized frares of 

refere,:e. Low SES, fenale students with least simi.larity between the cultures of hare and school and 

sa::ial expectations for less autonOIDus behaviour, would be expected to ha.ve l0w abilities in 

sinultaneaus process:ing, relative to successive processing. The choice of sinultaneous processing at an 

effective level rray not be available for the latter group. They rray be expected to resort to help 

seeking behaviour and exclusively operational interpretations of rratherratic:al tasks. 

A Wilcox:in test was used to investigate gender and SES differeoces in the relative strengths of 

simJltaneous and successive processing abilities, as defined by foctor scores. The results are sha,n in 

Table 1 bel0w. In eoch case a negative rank indicates that the foctor score for sinultaneous abilities 

"8S rankecl l0wer than the foctor score for successive abilities. The reverse situation is indicated by 

p:mtive ranks. 

The results support the nation that the qualitative and quantitative differences in experience 

des::ribed by researchers investigating classroan interoction are reflected in significant trends tO'wards 

iarticular cognitive profiles. That is, for high SES nales there is a significant tendency for higher 
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abilities for s:i.rrultaneoos process:i.ng and lower abilities for soccessive process:i.ng. For femtles � 

the low SES group, there is a s:ignificant tendeocy for relatively high abilities in su::ces.sive 

processing and low abilities for s:i.rrultaneoos processing. 

GENDER SES --RANKS -tRANKS z 2 tailed prob. 
-- -- ---

---

GIRlS HIQI N=13 N=lO -1.034 .:m 

MFAN 13.2 MFAN 10.4 
-- --- ---

N=52 l(]./ N=l9 N=lO -2.541 .011 
N=29 MFAN 17.6 MEAN=lO.O 

-- -- --- ---

BJYS HIQI N=9 N=25 -2.453 .014 
N,;34 MFAN 17 .1 MFAN 17.6 
-- --- ---

N=70 l(]./ N=l7 N=l9 -.644 .519 
MFAN 17.2 MFAN 19.6 

-- -- --- ---

Table 1. Wilcoxon tests of the relative ranks of factor 
s:ores for the s:i.rrultaneous and soccessive variables. 

For high SES femtles and low SES nales there were no significant trends. Che might speculate !:hat 

the high SES femtle subjects experieoced greater simi.larity between the cultures of hare and sdxiol but 

social expectations for canpliant behaviour. It is likely that low SES nale subjects experierced 

greater social expectations for autonarous behaviour but less simi.larity between the cultures of txue 

and school. 

Observations of classroan interaction indicated that sub jects with differing cogniti ve profiles 

interacted with classrocm tasks in different ways. A nnre detailed anal ysis of problem sol ving 

behaviour was carried out using a subsample of 64 subjects. lfultivariate analysis revealed a 

significant relationship between abilities for s:i.rrultaneous processing and subjects' initial respooses 

<luring the problem sol ving interview ( see Table 2 below) • Sub jects .ere assessed according ta their 

ability ta understand the problem (1), express the problem in their own .ords (2), est:inBte a solutioo 

(3), select appropriate tactics ta achieve a solution (4), and present the correct ans.er (5). 
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'[he univariate F values (not shol.n) for the relationships between the first four dependent 

variJ3bles and levels of ability for s:i.rrultaneous processing were each s:ignificant. The variables were 

� inta the anal ysis in the order in which responses .ere required of sub jects. The

�icant Stepclown F values for variables 2, 3, and 4 indicate that orr:.e damnds on sinD.Jltaneous 

� abilities for initial interpretation of the problem were taken inta account, demnds for 

s:iJllllcaneous processing resulting fran responses required later <luring the interview procedure were not 

�tly greater. 

N=64 

9'.lJRCE (F Wlll'.S APOOX STIPlThN F V AWES 
VARIATICN 1-lJLTI IBI'AND EXPRESS EST. TACTICS CillR. 

F (1) (2) (3) (4) (5) 
-- -- --- - --- --

sur. .ffi2 1.39 l.({) 3.10 .38 1.17 .72 
SIM. .797 2.W 10.26'1'!' 1.14 1.22 .72 .00 
EXEC. .8€il 1.69 2.45 1.12 3.25 1.53 .m 
SU:: X SIM .9({) 0.43 .05 .26 1.01 .22 .65 
SJ: X EXEr:: .975 0.27 .05 .13 .46 .73 .00 
SIM X EXEr:: .955 0.49 .67 1.41 .07 .28 .10 
SIM X sur 
X EXEr:: .870 1.56 2.93 1.21 3.38 .3) .02 

1----1-- --- --- --- - - --- ---
Table 2. Sunnmy Table of lfultivariate Analysis of the 

Relationships lle™'61 Initial Responses and Cognitive 
Abilities. (,:P(.05 ""'P<.01). 

Halliday (1973) suggests that social experierr:e and social contexts influeoce the role taken by 

,wjects anå the fonn and fm::tion of the language usel. Subjects with different cognitive profiles 

dis:ussed vertally fornulated uatharatical problems in different ways. The t.o cases described below 

are typical ei<amples. 

Vidd had high ability for soccessive processing and low ability for s:i.rrultaneous processing and 

exa:uti ve control. She r€13d each problem accuratel y and without inflection. However she was unable ta 

occuratel y express uatheuatical problems in her own .ords sirr:.e the relationships between pieces of data 

.ere usuall y ignored. Simpler absolute stat:aIEnts were often substituted cmµ,rtti ve expressions. For 

eJ<ampl.e, Vidd was asked ta describe the problem: 
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Iebbie has '2f:, peicils. Iavid has 7 rore peicil.s than Iebbie. Jb,r DBllY peicil.s do ili!y ha
ve altogether? 

She said " ••••• '2h peicils, •••••• 7 peicils ••••• you need to add them all up." 

Nesrer et al. (1982) l,QU]_d des:ribe the above problan stnx:ture as involving a static � 

and a simple canbine operation. Subjects with lc,,,r abilities for sinultaneous processing typica]J_y 

ignored the static co:npar:Loon and interpreted the problan in operational tenns. Vidd tren diocussed 

the JIJ20ning of the problan further with the experinelter. Ho,ever, when asked to work out an � 

Vidd ignored earlier reason:ing and wrote: 26 + 7 = 33. 

Jolm had high ability for sinultaneous processing and relatively lc,,,r ability for Sll:Cessive 

processing. 'When asked to des:ribe a problen in his c,,,rn words he, and other subjects with s:i.mil.ar 

cognitive profiles, des:ribed the problan context but not an operational strategy. \,ren aska! to 

des:ribe the above problan he said: 

''Debbie has '2f:, peicils ••••• Iavid has rore •••• 7 rore ••• Jb,r DBllY altogether?" 

When asked to estinate a solution he said pranptl y: 

''It 111 be two lots of 27 (gestures to indicate inagirary sets in different locaticns) and 7 
nore.'' 

In the interview situaticn, subjects with high abilities for sinultaneous processing uruill.y resp:nled 

with reference to the data presented in the problan. In contrast, subjects with lc,,,r abilities in 

sinultaneous processing, and relatively high abilities in su:cessive processing teruied to interpret the 

problan infornation in tenns of the respa,ses required by the experinelter • In Jhlliday's (1973) 

tenns, the responses of the forne:- group we:-e typically "object-oriented" whereas th::>se of ili! latta" 

group ..ere typically "pers:n-<>riented". 
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The research reported above suggests t:hat social factors influerx:e ili, develoJJIEllt and use of 

siJ!lU-taneCJUS proces.sing abilities. Different cognitive profiles are reflected in the different .sys in

i,IJiCh subjects interact with problan sol ving tasks. Regardless of gender, subjects with differing 

e,Jglli-ti ve profiles appear to have differing perceptions of the intellectual goal of tasks. 'Ihese 

differences are evident in the form and functicn of fu! language used as .ell as in problan solving 

pertornarx:e. 
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EYE-MOVEMENTS OF FIRST GRADERS DURING 

WORD PROBLEM SOLVING 

E. De Corte & L. Verschaffel

Center for Instructional Psychology 

University of Leuven, Belgium 

1. Introduction

In our past investigations of young children's problem-solving 

processes with respect to elementary arithmetic word problems we 

collected empirical data mainly using individual interviews and the
analysis of error patterns on paper-and-pencil tests (for an 

overview see De Corte & Verschaffel, in press). These studies have
provided a rich set of specific findings concerning the appropriate
as well as inappropriate information structures formed in 

representing word problems, and the variety and the development in 

the solution strategies used to solve them. However, until now, 

several other aspects of the problem-solving process, such as the 

text-comprehension variables and processes contributing to the 

construction of these information structures and the subject's 

decision-making processes while choosing a specific solution 

strategy, have received almost no attention. 

Recently we have started to apply eye-movement registration as a 

new and complementary technique for generating and/or testing 

specific hypotheses concerning these latter aspects of children's 

solution processes on elementary arithmetic problems. In this 

contribution we present the design and some results of an 

exploratory eye-movement investigation undertaken during the last 

year. 

2. Method

A series of eleven verbal problems were administered individually to 

a group of twenty high-ability (H) and low-ability (L) first graders 

near the end of the school year. The word problems represented eight 

different types from the classification schema of Riley, Greeno & 
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Heller (1983). With respect to each problem we collected 

eye-movement data while the child read and solved the problem, 

together with retrospection data in response to the questiön how 

(s)he arrived at the answer.

The eye-movement data were collected using the Cebic 80

equipment, a German system based on the corneal reflection-pupil 

center principle (De Graef, Van Rensbergen & d'Ydewalle, 1985). The 

child was seating in a chair and the problems were presented on 

slides projected on a screen. While the child read and solved a 

problem, his eye-movements were registered every 20 milliseconds 

represented in two different ways. First, the visual stimulus, 

together with the point the subject is looking at, were recorded 

and 

on 

video; on the monitor the subject's point of regard was represented 

as the intersection of a vertical and a horizontal axes superimposed 

on the slide. Second, the coordinates of these subsequent 

intersections were stored on computer tape. 

In view of analyzing the data, we had to define the elements or 

the areas of the perceptual field we were interested in. Therefore, 

we made a grid for each problem consisting of five horizontal and 

eight vertical zones. 

The analysis was then done in two different ways. First, for each 

solution process we computed the total number of measurements and 

the percentage of the total solution time during which the subject 

was looking at each particular area; these gaze durations per zone 

were related to several task and subject variables using analysis of 

variance. Second, Debic's raw data were reduced to sequences of eye 

fixations on distinct parts of the problem text. 

We will only discuss some main findings of the second analysis. 

For a report of the results of the first analysis and of the non 

eye-movement data collected during this study (problem difficulty, 

typical errors, solution times), we refer to another paper (De Corte 

& Verschaffel, 1986). 

3. Results

The second analysis consisted of two stages. First, graphical 

representations of the raw eye-movement data were made on millimeter 

paper. Because we had to make these drawings by hand, the data of 
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only six children have been analyzed until now (three from each 

ability group). Second, the resulting raw and long diagrams were 

further reduced by aggregating the measurement data in terms of the 
following categories. 

(1) Sentence reading (S1, S2 or S3) : the child reads the first,

the second or the third problem sentence. To be coded in one

of these categories, the child's eye-movements must show the

typical eye-movement pattern of reading behavior, Le. subse·

quent fixations in the distinct zones of that particular sen

tence from left to right. 

(2) Number reading (N1, N2) : the child is looking at the first 

or the second given number in the problem.

(3) Word reading (W1, W2, W3) : one or more words in the first,

the second or the third sentence respectively are viewed. A

piece of an eye-movement diagram was scored in one of these

categories, when it contained fixations that could not be

conceived as sentence or number reading.

The results of this data reduction were again graphically 

represented, using whole boxes, half boxes and small lines referring 
to whole sentence, word and number reading respectively. The 

horizontal location of the boxes and lines refers to the distinct 

sentences, words and numbers. The length of the boxes and the lines 
indicates the duration of that particular category; in this case 

every millimeter represents 200 milliseconds. As an illustration we 

first present two of these diagrams. Afterwards some more general 

findings of our analysis of these reduced eye-movement diagrams will 

be presented. 

Figure 1 shows the eye-movement diagrams of Joelle on the Change 

1 ("Pete had S apples; Ann gave Pete 8 more apples; how many apples 

does Pete have now ?") and the Change 3 problem ("First Pete had 5 

apples; now Pete has 12 apples; how many apples did Pete get 

more ?". This girl from the L-group solved both problems very 

quickly : in 16 and 14 seconds respectively. While the former was 

solved correctly, the latter was answered with a WO error, i.e. an 

addition instead of a subtraction with the two given numbers. 

Interestingly, the eye-movement patterns were very similar for both 

problems : first there was typical reading behavior, involving, 

however, only the first and the second sentence. Afterwards Joelle's 
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eyes jumped 1mmediately towarJ the two given numbers, s�ggesting

that she was "doing something" with them. From her answers ta all

problems we know that Joelle each time added both numbers. For the 

change 1 and the Change 3 problem this strategy yielded the correct

answer and a WO error respectively.

Change 1 Change 3 

Figure s· Joelle's reduced eye-movement protocols for the Change 1 and the 
Change 3 problem 

We examined whether the eleven word problems were completely read 

by the six children involved in our analysis. In 15 of the 66 cases 

- almost 25 % - the problem was not fully read; each time the child

neglected to look at the question. Eleven of these incomplete

readings were coming from one child, namely Joelle (see Figure 1 );

the other four cases were produced by two other children. Based on

the analysis of the gaze durations, we expect the observed frequency

to be representative of all twenty children in this study.

Elsewhere, we have argued that theoretically, very superficial as

well as deep-level processing strategies may account for incomplete

reading (De Corte & Verschaffel, 1986). The regularity in Joelle's
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eye-movement protocols on the distinct problems, together with her 
error and solution time data, point toward the first hypothetical 
explanation. For the other cases further probing questions and the 
presentation of more problems would have been necessary to exclude 
one of the two alternative interpretations. 

We also analyzed what happened during and after the initial 
reading of the problem text. These data suggest some interesting 
hypotheses that need, of course, verification using the data of the 
other children in our ·study. 

First, there seems to be a relationship between problem 

difficulty and children's eye-movement patterns. The two easiest 
problems - Combine 1 and Change 1 - were initially read very 
smoothly, and once the first reading was finished there was almost 
no rereading of the words and sentences in the problem: the 
children almost exclusively looked at the numbers. The more 
difficult problems - Change 5 and Campare 5 - on the other hand 
elicited a lot af rereading of numbers, words and whole sentences

during the initial reading af the problem. But also after having 
read them for the first time, these difficult problems continued to 
elicit more fixations an the words and whole sentences than the easy 
enes. Taking both findings together, this suggests that, especially 
when children are confronted with a real problem the solution 
process does not occur as a linear sequence af sharply distinguished 
stages, namely a representational and a computational stage. On the 
contrary, both aspects seem ta alternate and interact in real 
problem solving. 

Second, the eye-movement data also suggest a relationship between 
children's problem-solving ability on the one hand and their reading 
pattern on the other. We found not only that most rereadings during 
the initial reading af the problem text came from the children of 
the H-group, but there was also a qualitative difference between 
both groups. While rereading of the L-children consisted almost 
exclusively in jumping back and forth ta the numbers in the problem, 
the children from the H-group frequently reviewed words and_ even 
whole sentences too. Moreover, after the first reading of the 

problem, non-numerical aspects (words and sentences) were reviewed 
more frequently by the children in the H-group than by the L-group 
children. Relating this·to the hypothesis specified in the preceding 
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paragraph, it s�ems plausible ta assume that h. h • . ig -ab1l1ty children have a more extensive representational stage consisti·ng af semanticprocessing than their low-ability counterparts.

Literature 

De Corte, E., & Verschaffel, L (1986 • , April). Eve-movement data asaccess to solution processes f 1 - o e ementary addition and subtractionproblem
_
s. Paper presented at the Annual Meeting of the AmericanEducational Research Association San F i , rans sco. 

De Corte, E., & Verschaffel, L. (in press). Children's problem solving skills and processes with respect to elementary arithmeticword problems. In E. De Corte, H. Lodewijks, R. Parmentier & P 5 (Eds), Learning and instruction. A publication of the E 
• pan

. . uropean Association for Research on Learning and Instruction. LeuvenLeuven University Press. 

De Graef, P., Van Rensbergen, J., & d'Ydewalle, G. 11985). User's 
manual for the Leuven eye-movement registration system. (In� 
report). Leuven Laboratory for Experimental Psychology, University 
of Leuven. 

Riley, M.S., Greeno J.G., & Heller J I (1983) D l , • • • eve opment ofchildren's problem-solving ability in arithmetic In H p G' b (Ed) Th 
• • • ins urg , e development of mathematical thinking. New York: AcademicPress. 

-426-



A STUDY 0F CHILDREN'S MATHEMATICAL PROBLEM-SOLVING HEURISTICS 

Gerald A. Goldin and Judith H. Landis 
Graduate School of Education 

Rutgers University 
New Brunswick, New Jersey 08903, USA 

To teach problem solving in mathematics, it is important to understand the 

competencies contributing to "problem solving ability"--how they can best be char

acterized in detail, how they develop in children, and how they are organized inta 

broader cognitive systems. In studying planning and executive control in individ

ual problem solvers, the heuristic process is often taken as a unit for analysis. 

Thus we need a psychologically sound theory of competencies associated with heu

ristic processes which includes their measurement, their developmental sequences, 

and their pedagogy. This paper reports observations roade during the first part of 

a study of children's heuristic process usage. 

The study as a whole envisions the investigation of three major heuristic 

plans: "think of a simpler problem" (TSP), "trial and error" (TE), and "special 

cases" (SC). The design of a script for conducting structured clinical problem

solving interviews with children based on TSP has been described elsewhere (Gold-

in, 1985a). The script itself, 19 pages in length, is also available (Goldin, 

1985b). Organization of the script is based in part on earlier work by Goldin 

Germain (1983). Following the script nearly verbatim, the clinician guides the 

and 

subject through a complex plan for solving the problem, "What is the remainder 

when two to the 50th power is divided by three?" The major script sections are: 

(I) Explanation of prerequisites for understanding the problem; (Il) Presentation 

of the main problem; (III) Guided use of the heuristic process TSP, without "cor-
. m1.·sconceptions·, (IV) Presentation of simpler recting" any prior concept1.ons ar 

problems in sequence, as appropriate; (V) Guided detection of the pattern in the 

sequence of remainders; (VI) Guided conjectured solution to the main problem; 

(VII) Depth of understanding; (VIII) Looking back. The script provides for vari

ous response alternatives. Whenever the clinician asks a question or makes a sug

gestion, the child is permitted to work freely until a conclusion or impasse is 

reached. The next question or suggestion follows without correcting the previous 

work. For each subpr-e,cess encountered, the intent is to assess competence: (i) Is 

h h · ld · t d or not at all? the subprocess used spontaneously, or when t e  c 1. 1.s promp e , 

(ii) Is the child's spontaneous or prompted use of the subprocess successful? 
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In the fall of 1984, pilot interviews with academically talented children in 

grades 4-6 were conducted during the development of the script. In an earlier pa

per (Goldin and Landis, 1985a), excerpts from one such interview are discussed and 

the proposed scoring system described. The complete transcript of this child's 

interview is also available (Goldin and Landis, 1985b). In the spring of 1985, 

after completion of training sessions for the clinicians, 28 children were inter

viewed. Subjects were grade 4-6 students enrolled in a Saturday morning program 

for academically talented children at Montclair State College in New Jersey. As

this is written transcripts have been completed for 22 tapes, and scoring is in 

progress. The goal is to create a profile of competencies for each subject, as 

well as a composite profile describing the development of subprocesses. 

To illustrate, Table 1 shows the competency scoring for Linda (L), age 9, 

grade 4, and James (J), age 11, grade 5 (not their real names). Neither had seen 

exponents before. The following are some highlights from the interviews. 

L proposes (2 x 50) + 3 as a way to solve the main problem, and seems satis

fied. When asked to think of a simpler related problem, she first tries to sim

plify the division process, then proposes 4
4 

+ 4, and next 2
30 

+ 3, R = (when 

prompted). 
0

She calculates (2 x 30) .;. 3. Af ter being presented with 2
2 

7 3, R = , 

she is able when prompted to think of 2
5 .,. 3, R = and 2

6 + 3, R Having found 

that 2
5 

= 32, she realizes, "two fifty times ... well that would be a hundred ••• 

no ..• wait a second •.• here ••• giggle, giggle •.• wait •.. okay ... two fifty 

times wouldn't be a hundred because .•. I think it would be too .•. umm .•. that 

would be a hard problem to sol ve .•• " 

I would think. Because even 

She continues, " two fifty times would 

two times five [referring to 25 
= 32 ] be a lot. 

is a lat." When presented with 2
7 + 3, R = ,  L spontaneously states, " ... if you 

get, if you do two six times you would get a 64, and the next time if you wanted 

to do seven times, all you would have to do is times it by two one more time." She 

spontaneously finds a pattern in the reviewed sequence of problems, and extends it 

ta the original problem: " .•• if you keep on going one two one two for like 50 

times, then you would get to one ... " and " ... well it seems here like if it' s an 

even number on the top, you get the odd remainder " and " ... so it would seem 

that when you got to 50 the remainder of 50 would be umm ... well 50 is an even 

number so it would be one." 

J also calculates (2 x 50) + 3. When asked to think of a simpler related 

problem, he suggests 2
40 

+ 3 because 80 + 3 would be easier than 100 -;- 3. He does 

not think this would help with the original problem, " ... because you may not get 
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Table 1. Competency Scoring for Linda (L), Subject //6, and James (J), Subject 1125. 

Uses indicated process • .

Section of script and process or sub
process in which competence is scored 

I. Explanation of prerequisites for 

understanding the problem 

a. explains meaning of 3
4 

· · · · · · · · · · · · · · · · · · · · · · · · ·

b. calculates value of 3
4 

first trial (1) . . . .

second trial (2) . . . .

c. calculates value of 5
3 

· · · · · · · · · · · · · · · · · · · · · · · · ·

d. calculates value of R for 17 5, R = . . . . . . . . . .

e. explains meaning of 17 5, R = · · · · · · · · · · · · · · · ·  

f. calculates i 5, R = first trial ( 1) . . . .  

calculates i (2) . . . .

explains meaning of i (3) . . . .

calculates 3
3 

(4) . . ..

calculates 4
3 

(5) . . . .

explains meaning of 4
3 

(6) . . . .

calculates 4
3 

(7) . . . .  

calculates i (8) . . . .

calculates i (9) . . . .

calculates 9 5, R = (10) . . . .

calculates 9 5, R = (11) . . . .

g. calculates 5
2 

6, R = · · · · · · · · · · · · · · · · · · · · · · · · ·

h. explains meaning of 5
2 

6, R = · · · · · · · · · · · · · · · ·  

i. calculates 6
2 

5, R = · · · · · · · · · · · · · · · · · · · · · · · · ·

j. explains meaning of 6
2 

5, R = · · · · · · · · · · · · · · · · 

II. Presentation of the m.ain problem 

a. employs a simpler method or rule · · · · · · · · · · · · · · ·

b. calculates (2 X SO) 3, R = · · · · · · · · · · · · · · · · · · ·

c. monitors for correttness of method or rule · · · · ·

d. decides to think of a simpler related problem . .
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not 
at 
all 

L 

/ 

* 

* 

* 

* 

* 

* 

* 

* 

* 

* 

* 

* 

* 

* 

L 

✓ 

✓ 

J 

/ 

* 

J 

✓ 

✓ 

when 
promp-

ted 

L J 

/ / 

/ * 

✓ I

I 

* 

* ✓ 

* 

* 

* ✓

* 

* 

* ✓

* 

* / 

* 

* I 

* 

* ✓ 

L J 

sponta- suc
neous- cess 

ly fully 

L J L J 

no / 

* / * 

/ / / ✓ 

/ ✓ I I 

✓ ✓ 

✓ ✓ no 

* ✓ * no 

* * no 

* ✓ * I

* ✓ * no 

* * ✓

* ✓ * ✓

* ✓ * no 

* * ✓

* ✓ * no 

* * ✓

* ✓ * ✓

* * ✓

* ✓ * ./

* * ✓

L J L J 

✓ I no no 

✓ ✓ J ✓ 

* = not applicable 

fable 1 (continued).

Ill• Guided use of the heuristic process TSP 

a. 

b-

c. 

d. 

e. 

decides to think of a simpler related problem 
first trial (1) 

second trial (2) 

third trial (3) 

monitors for relatedness to original problem 

solves simpler related 

genera tes sequence of 

problem · · · · · · · · · · · · · · · · ·

related problems . . . . . . . . .

conjectures solution to original problem · · · · · · ·

IV. Presentation of simpler problems 

a. calculates z
2 

3, R = (presented) . . . . . . . . . . . . .

b. draws inferences for original problem · · · · · · · · · ·  

c. decides to think of another simpler problem 

d. solves simpler related problem 
first trial (1) 

second trial (2) 

e. draws inferences for original problem · · · · · · · · · ·  

f. decides to think of another simpler problem . . . .

g. solves simpler related problem · · · · · · · · · · · · · · · · ·

h. draws inferences for original problem . . . . . . . . . .

i. calculates 2
3 

3 , R = (presented) .............. 

j. draws inferences for original problem . . . . . . . . . .

k. decides to think of another simpler problem . . . .

1. solves simpler related problem · · · · · · · · · · · · · · · · ·

m. draws inferences for original problem . . . . . . . . . .

n. calculates z
4 

3, R = (presented) · · · · · · · · · · · · ·

o. draws inferences for original problem · · · · · · · · · ·  

p. conjectures solution to original problem . . . . . . .

q. monitors for correctness of conjecture · · · · · · · · ·

r. decides to think of another simpler problem 
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not when sponta- suc-

at promp- neous- cess-

all ted ly fully 

L J L J L J L J 

✓ ✓ no no 

✓ ✓ no ✓ 

✓ ✓ ✓ 

✓ ✓ 

✓ ✓ no 

✓ J

✓ ✓ 

L J L J L J L J 

✓ ✓ ✓ 

✓ ✓ no no 

✓ ✓ ✓ ✓ 

✓ ✓ no no 

✓ ✓ ✓ no 

✓ J ✓ 

✓ ✓ ✓ no 

* ✓ * * ✓ * 

* ✓ * * / 

* * * ✓ * ✓ 

* ✓ * * * 

* * ✓ * * ✓ 

* * * ✓ * no 

* ✓ * * * 

* * * ✓ * ✓

* * ✓ * * ✓

* * ,, ✓ * no 

* ✓ * * * 

,, * ✓ * * ✓ 



Table 1 (continued). 

s. solves simpler related problem . ................

t. draws inferences for original problem ..........

u. calculates 25 
3, R = (presented) . ............

v. draws inferences for original problem . .........

w. calculates 26 
3, R = (presented) 

first trial (1) ....

second trial (2) ....

x. draws inferences for original problem . .........

y. calculates 27 
3, R = (presented) . ............

z. draws inferences for original problem . .........

a. conjectures solution to original problem . ......

b. genera tes sequence of related problems .........

c. looks for pattern in the sequence of problems ..

V. Guided detection of pattern in re�inders 

a. finds pattern in reviewed sequence of problems 

b. monitors for correctness of pattern ............

c. conjectures solution to original problem based
on pattern .....................................

d. recognizes conjectured solution as conjecture, 

seeks reason behind pattern ....................

VI. Guided solution of the original problem .....

VII. Depth of understanding 

a. applies pattern to 244 3, R = ...............

b. applies pattern to 275 
3, R = ...............

c. recognizes conjectured solution as conjecture 

d. describes application of TSP to 350 
4, R = ..

e. seeks reason behind pattern . ..................
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not 
at 
all 

* 

* 

* 

* 

* 

* 

* ✓ 

* 

✓ *

✓ ✓ 

✓ ✓ 

L J 

✓ 

✓ ✓ 

* * 

L J 

✓ 

✓ 

✓ ✓ 

when 
promp

ted 

* 

* 

* 

* ✓ 

* 

* ✓ 
* 

✓ 
* 

* 

L J 

✓ 

* * 

L J 

sponta
neous-

ly 

* ✓ 
* ✓ 
* ✓ 
* 

* ✓ 
* 

* 

✓ 

✓ * 

* 

L J 

✓ ✓ 

✓ 

✓ 

* * 

L J 

✓ ✓ 

✓ ✓ 

? 

✓ 

suc
cess-
full 

y 

* no
* no
* ✓ 
* no

* no
* ✓ 
* 

✓ ✓ 

✓ *

* 

L J 

✓ ✓ 

✓ 

✓ ✓ 

* * 

L J 

✓ ✓ 

✓ ✓ 

✓ 

Table 1 (continued). 

VIII. Looking back 

a. identifies related problem ...••.•.•••••.....•.. 

b. identifies reason for relationship as TSP or
pattern identification .......••....•••.....••.• 

c. expresses interest in looking back and does so 

d. gives coherent retrospective account ..•.••...•. 

e. corrects own conceptual misunderstanding(s) •... 

not 
at 
all 

L J 

✓ 

✓ * 

✓ 

* 

when sponta- suc

promp- neous- cess-
ted ly fully 

L J 

✓ 

* 

✓ 

* ✓ 
* 

L J 

* 

* 

* ✓ 

L J 

✓ 

* 

✓ 

* no 

* ✓ 

the same remainder and you probably won't get the same answer." After being pre-

sented with 22 
'° 3, R , 23 

T 3, R and 24 
'° 3, R = , J observes, "I tried two 

times 50, but I guess that's not the same, so what I have to do is 50 times 50 

He also realizes that 27 is 26 times 2. He spontaneously and successfully 

detects the pattern in the reviewed sequence of problems: "If it's an even number 

and you put divided by three the remainder is one; if it' s the odd nurnber it' s 2." 

In both interviews what seem to be chaotic, disorganized problem-solving pro

cesses, based on major misconceptions, rapidly change inta organized processes in 

which patterns are detected and solutions to the original problem found. Certain 

processes (such as the pattern recognition and extrapolation) occur spontaneously 

and are used competently; while others (such as deciding to think of sirnpler rela� 

ted problems) occur only when prornpted and with but intermittent success. We hope 

that such observations, if generalizable across a wider population, will provide 

the beginning of a developmental theory of heuristic processes in children. 

Goldin, G.A. (1985a) "Studying Children' s Use of Heuristic Processes for Mathema
tical Problem Solving through Structured Clinical Interviews." In Procs. of the 
7th Ann. Mtg. of PME-NA, ed. by S.K. Damarin and M. Shelton, Colurnbus, OH, 94-99. 
(1985b) "Script for Studying Children's Use of Heuristic Processes ... ," available 
from the author. Goldin, G.A. and Germain, Y. (1983) "The Analysis of a Heuristic 
Process: 'Think of a Simpler Problem'." In Procs. of the 5th Ann. Mtg. of PME-NA, 
ed. by J.C. Bergeron and N. Herscovics, Montreal (Vol. 2), 121-128. Goldin, G.A. 
and Landis, J .H. (1985a) "A Problem Sol ving Interview with Stan (Age 11)." In 
Procs. of the 7th Ann. Mtg. of PME-NA, ed. by S.K. Damarin and M. Shelton, Colum
bus, OH, 100-105. (1985b) "Transcript of a Problem Solving Interview with Stan 
(Age 11)," available from the authors. 
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'PROCE:DURAL THINKING' BY CHILDR!l:N AGED 8 - 12 USING TURTLE-GEOME!TRY 

Dr. J.Hillel, Mathematics Department, Concordia University, Montreal, Quebec 

INTRODUCTION 

One of the attractive features of LOGO is the ease by which it!ö basic voca.bulary can be 

e>:tended. Thus, any LOGO production of a geometric or numeric object can be turned into a 

procedure simply by naming it (with the prefi>: TO ... ), The na.me becomes a new LOGO word and 

the production ca.n be evoKed simply by typing the name. In this paper, we shall restrict 

ourselves to Turtle Geometry and to the production of geometric figures. 

We ca.n distinguish three uses of procedures: 

il as a. mean of sa.ving a production of a figure so as to be able to reproduce the figure on the 

computer screen 

iil as a mean of editinq (e.g. debugging,modifying,genera.lizing) a production 

iiil as a progra.mming technigue with its a.vaila.ble procedura.l mechanisms such as ca.lling 

subprocedures, iteration, variable and recursion (Abelson and diSessa.,1981) 

we sha.11 focus ma.inly on the la.tter use of procedures and, in particular, on the use of 

subprocl!dUrl!s in the productions of complex figures. 

MATHE!MATICAL-PRORAMMING LINKAGES 

Turtle Geometry ca.n be considered, first of all, a.s a. pa.rticula.r type of geometry with its 

underlying concepts, methods and cha.racterization of geometric sha.pes. Its abvious 

mathematical-geometrical nature is actua.lly independent of the use of computers. However, the 

fact that it is embedded within a computer language not only provides for a very different way 

of "doing ma.thematics" but also brings inte play some interesting linKs between programming 

concepts and geometric ones. Among these we include relations such as those of: 

procedure to figure: Figures on the computer screen ha.ve pa.rticular position a.nd orientation 

viz-a-viz the (implicit) centre and the vertical-horizonta.l axes. On the other ha.nd, due to the 

na.ture of Turtle Geometry, productions of figures a.re intrinsic descriptions and hence the 

invariants of a. procedure is a class of congruent screen figures (or, possibly a la.rger class if 
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variables are used in the procedure). It is this relation that allows for the easy use of a 

procedure in the production of complex patterns of transla.ted and rota.ted figures. 

fiqure to procedure: ll:ven when using only the commands FD, BK, RT, L T (hence viewing a figure 

as being composed of line segments only>, there a.re many possible productions of a figure. 

These may va.ry grea.tly to the extent in which they reflect inherent ma.thematica.l properties of 

the figure they describe (properties such as symmetry, proportionality relations among 

different lengths, supplementa.rity of angles, etc.). But the availability of procedural 

mecha.nisms suggests the possibility of quite different perceptua.l organisations of a. figure. 

For example, the figure 

initia.lly percieved as 8 line segments, may now be decoposed in terms of a. triangle and 6 line 

segments (i.e. ca.lling a. single procedure) or 6 embedded tria.ngles (i.e. ca.lling a procedure with 

a va.ria.blel. More dyna.mically, it may be thought of as a.n itera.tive construct (using Rll:Pll:AT and 

incrementing the va.riable) or a. recursive one. Thus, different programming ideas provide for 

different conceptions of the structure of geometr-ic figures. 

subprocedure to subfigure: When a figure is identified as a component of a.nother figure, its 

procedure now becomes a subprocedure in a new production. Such use of procedures brings into 

play the nations of ti.rtle state and interface, i.e. a procedure now ha.s to be understood in 

terms of changes in 'turtle state' and not simply identified with its output on the screen. 

Some aspects of 'state' 1.re, in a sense, programming artifa.cts which do not always relate to 

any mathematical property of the figure involved. For exa.mple, in a. procedure TO TRIANGL!l: 

the initial and final 'turtle sta.tes' might be arranged as follows L1 (A = initial state, A 
I o = fina.l statel : , 
' '

beca.use one wa.s intending to use it a.s a subprocedure in the production of 
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Clearly, though TRIANGLE will produce a triangle on the screen, it is in no way a 'canonical' 

intrinsic description af a triangle since it incorporates some extraneous interface component. 

lt's utility lies in its use as a subprocedure. 

There are many situations in which the 'interface problem' bears directly on important 

mathematical ideas. One example of the fruitful Jinl<age with mathematics is the relation af 

state transparency to the notion of total turn and the role of 360 IThe Total Turn Theorem). 

Another is the 'angle interface' necessary to produce n-fold rotational symmetry. 

CHILDREN'S TURTLE GEOMETRY; THE 'DRAWING SCHEMA' 

Our above analysis of the use af procedures in Turtle Geometry points to some rather subtle 

notions. We shall try to address the question af the extent to which children come fo 

understand these nations, based on our observations of four children for sixty hours <started 

in January 19E:4). However, in order to describe children's 'procedural thinl<ing', it is important 

to describe their conception of what Turtle Geometry is about. Young children (age 8-12) are 

often introduced to programming in LOGO through the use of the 'drawing with the turtle' 

metaphor, i.e. the computer screen is the drawing surface and the turtle is an ob.iect to draw 

with. The success of this metaphor is attested by the evidence of a strong drawing schem& 

underlying the children's choices of goals, productions and planning strategies, as well as, 

their criterion for success <Mendelsohn,! 985; Hillel and Samursay,19BS). Thus, children often 

set themselves 'concrete' pro,iects of 'drawing' a figure in some specific screen location and 

orientation and their productions resemble the sequence of actions in paper-and-pencil 

drawing. Their planning is local in nature and the choices of inputs ta commands are based on 

perceptual cues rather than on inherent mathematical relations, 'More-or-less' solutions can 

be perfectly acceptable <Hillel et al.,1986) 

There are no conflicts within the 'drawing schema' if the child is engaged in 'naive 

programming mode' !Kieren,1985) in which the use of procedures is mainly for saving and 

editing. However, we shall give evidence below that such schema is not compatible with 

'planned programing mode' and the fluent use of different 'procedural mechanisms'. 
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perceptual organisation of figures: One of the prequisites for using subprocedures in a 

production of a figure is to identify a relevant subfigure (whether a procedure for such 

subfigure e>:ists or is still to be definedl. This calls for a particular perceptual organisation 

of, what is often, a connected figure or one with embedded subfigures. Our evidence points to a 

strong resonance between the 'drawing schema' and the perceptual organisation of a figure into 

'prim&ry contour structures' <Vurpillot,1972), Characteristic of such organisation is the 

avoidance of overlapping line segments (i.e. no two structu_res share the same line segment> and 

the treatment of line segments as undivided units (i,e. no structure contains only a part of a 

line segment), 

The children we have observed, have spontaneously organised figures as follows: 

as O+/\ rather than □ +D_

EB as D++ rather than 00
□□

§. 
as D+ rather than 

�
even when they had procedures such as TO SQUARE :X and TO TRIANGLE :X at their disposal. 

It appears that a fluent use of subprocedures requires the perceptual organisation of a 

figure into either 'secondary contour structures' or 'area structures' (see Vurpillotl. We are 

not suggesting here that children of such age are not capable of this l<ind af organisation, but 

only that their 'drawing schema' favours a simpler organisation. 

awareness of 'turtle-state': When a procedure is used simply as a mean to reproduce a 

particular 'drawing' on the screen, it can be identified with the figure. In a sense, naming a 

production <TO ... ) serves precisely as a way to supress it, by attributing something static (a 

name) to a dynamic process, It is only when procedures are used as subprocedures that the 

underlying process becomes important again. Our evidence suggests that children have 
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cognitive difficulties to maKe the necessary changes to their mental representation of 

procedures. 

Ma.ny research reports on LOGO ha.ve documented the persistence of interface bugs by 

children. However, a. ca.reful differentia.tion has not been ma.de between bugs which are 

computa.tional in nature and those tha.t stem out a conceptua.l difficulties in understanding a 

procedure as more tha.n just the figure. We have a.lready alluded to the fact that figuring out 

the correct interfa.ce ma.y require some mathematical Knowledge not yet available to the child, 

using TO TR! ( REPEAT 3[FD 30 RT 120J). Some of the attempted solutions were: 

i) TRI FD 30 RT 45 TRI ii> TR! TR! iii> TRJ FD 30 TRI 

The first a.ttempt clea.rly indicates a.wa.renss of the relevant 'sta.tes'. It failed either 

because the child could not figure out the angle oc. in 

or because she assumed that it is 45 beca.use "it looKs liKe a 45". On the other hand, attempts 

ii) and iii> point to, at best, only a partial representation by the child of the actual production 

of the tria.ngle. 

The interface bug exemplified by iii) is the type that we ha.ve observed mest often. In this 

case, direct-mode activity provides visual cues as to the final turtle sta.te ,1.fter a procedure 

has been executed and there is a pa.rtia.l resolution of the interface. The bugs are often related 

to the initial state of the next ca.lled procedure. 

Aga.in, we ue suggesting tha.t the 'dra.wing schema' favours a. pa.rticularly sta.tic conception 

of procedures. The one discerna.ble cha.nge in the chilren's behaviour is their ability, in time, to 

more quicKly identify the source of bugs as being related to interface. 

avoidance of the use of procedures: The children's final project (after 55 hours of LOGO 

experience> was the drawing of an elaborate castle. Their initial preplanned productions, which 
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v,1ere quite lengthy, were entirely 'spaghetti style', They neither broKe up the figure into 

modules nor did they use any of their av,1.ilable procedures to produce some of the ,1.bvious 

parts of their castle such as windows and doors. 11 would be easy to explain this behaviour 

Jimply as a lacK of the concept of procedures. Yet, the same children have used1 on occasion and 

unprompted, some very sophisticated procedural mechanisms. We feel that the explanation for 

thiS resides partially in the affective doma.in, and that there are several related issues at 

5taKe: 

i) 'drawing with the turtle' is a way of being in control, i.e. mentally guiding the turtle around a 

picture. Calling subprocedures is, in a sense, relinquishing the control to the computer. 

ii> experience with subprocedures has a.lerted the children to the frequ1tnt difficulties with 

interface and subsequent debugging. From their perspective their approach is easier and more 

efficient lthe length of a procedure is not a factor since the production 'disappears' cnce it is 

named>. 

1 I 1) children seem to behave differently with 'picture tasKs' such as the ca.stle one mentioned 

above than with 'abstract tasKs' consisting of patterns .nd designs. Sutherland and Hoyles 

(1985) have made this observation when lool<lng at the children's use of varia.bles and the same 

seems to hold for the use of procedures. When a particular figure is repeated often within a 

design, there appears to be more willingness to abandon the 'drawing schema.' in fa.vour of 

procedures since the 'payoff' is more a.pparent. 
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VALIDATION OF THE HIERARCHICAL STRUCTURE OF A SYSTEM 
OF SOLUTION STRATEGIES FOR SPEED PROBLEMS 

Ron Hoz and Malka Gorodetsky 
Ben-Gurion University of the Negev, Beer-Sheva 84120, ISRAEL 

BACKGROUND AND RESEARCH PROBLEM 

Israeli high school students in all grade levels are being taught to solve 

speed problems algebraically. However, in a previous study (Gorodetsky, Hoz and 

Vinner, in press) we have found that Israeli high school students have various 

difficulties in solving speed problems. From the students' solutions a 

hierarchical system consisting of 6 solution strategies was constructed, The 

system incorporates two dimensions involved in the solution of speed problems. 

The physical representation, is an elaboration of Paige and Simon's (1966) 

"physical intuition". It is the semantics of the solution, i.e., the use of the 

physical referents of the involved concepts, their features and their 

relationships. Specifically, these concepts are speed, time, and distance, whose 

relationship can include either two or three concepts. The mathematical 

modeling, which is the procedural mathematical knowledge that is necessary to 

solve the problem, namely, the mathematical symbols by which the involved 

concepts, their features and their relationship were represented, and the 

procedures for their manipulation. The degree of coordination of these two 

dimensions served to hierarchically order the six solution strategies from the 

highest ("forma!") to the lowest ("confusion"), The hierarchical system of 

solution strategies is depicted in Figure 1, and a more detailed description is 

given in Gorodetsky, Hoz and Vinner (in press). 
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figure 1. The hierarchy of solution strategies and their description

=
-=

------------------------------------------------------------------======

solution 

strategy 

forma! 

Intuitive 

Rote 

Compen-
5ation 

Numerical 

Confusion 

Leve! of 
physical 

representation 

Complete 

Complete 

Intuitive 

Intuitive 

Intuitive 

None 

Leve! of 
mathematical 

modeling 

Forma! 

Intuitive 

Intuitive 

Intuitive 

None 

None 

Short description 

Comparison of total times of the 
vehicles, derived by either the 
correct formulas or other. 
nonstandard (original) procedures 
Comparison of total times of the 
vehicles, derived by implicit 
use of the formula. 
Compari son of "total times" of 
the vehicles, derived from 
substituition of incorrect 
concept values in the formula. 
Numerical or semi-numerical 
comparison of ''time'', ''distance '' 

or "speed" gaps between the 
vehicles which were combinations 
of the given speed values. 
Comparison of "total speeds", 
11average speeds'', ''total 

distances11
, or ''total times'' of 

the vehicles which were numerical 
combinations of the given speed 
values. 
Comparison of "total times" which 
were nonsensical combinations of 
both given and not given values. 

=------------------------------------------=-------========----=======---==

The hiernrchical nature of the system of solution strategies was derived by 

theoretical analysis of the obtained solutions. This presentation is an attempt 

to validate empirically the hierarchical nature of the system. From the 

hierarchical nature of the system, two predictions regarding expected shifts of 

solution strategies were derived : Increased problem difficulty would produce 

greater use of lower strategies and decreased problem difficulty would produce 

greater use of higher strategies. 

The research hypotheses were that students presented with two problems of 

different difficulty will exhibit the following behaviors. 
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1. Students will shift from the strategies used to solve a first more difficult 

problem to higher strategies when attempting to solve the second easier problem. 

2. Students will shift from the strategies used to solve a first easier problem 

to lower strategies when attempting to solve the second more difficult problem. 

METH0D 

1. The participants The participants were 563 students from 1 2  high schools in 

the Negev (the southern region of Israel). 270 students were from 11 ninth grade 

classes, 205 were from 10 tenth grade classes, and 88 were from 7 eleventh grade 

classes. The classes were selected by 18 mathematics teachers in these schools to 

represent grade levels (9 to 11) and ability levels (average and up). These 

students were exposed to instruction of algebra word problems (including speed 

problems) for several periods during their studies. 

� The test The test included the two following questions. 

(i) "Two cars start at the same time from city A. They go to city B and return to 

city A without delay. The distance between the cities is 300 km. Car goes to 

city B at the speed of 30 km/h and back at 50 km/h, and Car 2 goes both ways at 

the speed of 40 km/h. Which car returned first to city A?" 

(ii) "Two ships start at the same time from port A. They go to port B and return 

to port A without delay. Ship 1 goes to port B at the speed of 30 km/h and back 

at 60 km/h, and Ship 2 goes both ways at the speed of 50 km/h. Which ship 

returned first to port A?" 

Both problems are equivalent in every respect except for the presence or 

absence of the value for the distance. This makes problem (i) easier than problem 

(ii). Two test forms differing in the presentation order of the problems were 

constructed. In form· A the easier problem (i) 
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was the first and the more 

difficult problem (ii) was second. In form B the more difficult problem (ii) was 

the first and the easier problem was second. Therefore each test can be viewed as 

being composed of one problem to which the distance magnitude either was added 

( in form Bl or was d eleted from ( in form A). 

RESULTS 

The solution strategies employed by the students in each problem were 

classified according to the hierarchy of solution strategies. The solution 

strategies employed in the first and second problems were tabulated in Table 1. 

The cells 

combination 

of 

of 

this table depict the persentage of solutions included under every 

the 6 solution strategies, and two addi tional solution types 

(which are not considered strategies), St t h · ra egy s 1fts are idetified by the 

figures off-diagonal cells of Table 1: shifts to lower strategies in the 

the upper right region and to higher strategies in the lower left region. The 

in the 

diagonal (boxed) cells indicate no strategy shift. 

To test 

to solve the 

the nature of strategic shifts we compared the strategies employed 

second problem with those used to solve the first one. The results 

general ly 

findings. 

magnitude) 

confirm the research hypotheses, as evidenced by the following 

When problem difficulty decreased (Form B--addition of distance 

it was observed that (1) the majority of shifts were made towards the 

two correct strategies, and (2) t d s u ents who employed the correct strategies 

tended to reemploy them. When problem difficulty increased (Form A--deletion of 

distance magnitude) it was observed that ( ) 1 mast students reemployed their 

incorrect strategies, and (2) relatively few strategic shifts were made, mest of 

them towards lower strategies (including shifts from correct 

producing no solution or to using only partial data). 

strategies to 
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The theoretical analys is was empirically val idated by our find ings. It gains

additional support from its similarity to Biggs and Collis' (1982) SOLO taxonomy, 

which was based on Piaget's theory. 

The hierarchy of solution strategies may be used to add new per spec ti v es to 

the qualitative differences that were found in several domains between novice and 

expert problem solvers (e.g. • McKloskey, Caramazza and Green, 1980; Chi, Glaser 

and Rees, 1982). 
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Consistency of Strategy Usage in 

Structurally Equivalent Problems 

Murad Jurdak 

American University of Beirut 

The purpose of the present study is fourfold. First, it attempts to 

identify and classify strategies used in solving structurally equivalent 

problems in as much as these strategies are indentifiable from the written 

solutions of the students. Secondly, it investigates the extent to which 

consistency in strategy usage is exhibited in solving structurally equivalent 

problems. Thirdly, it investigates the difference in strategy consistency 

between structurally equivalent problem in different and similar contexts. 

Fourthly, it investigates whether reflective intelligence is related to 

strategy consistency in structurally equivalent problems. 

Definitions 

After consulting two standard sources (Kilpatric!,,1978; Goldin and 

McClintoch, 1980), the following definitions were formulated and adapted to 

the specific requirements of the present study: 

Structurally equivalent problems. Two problems are structurally 

equivalent if the algorithms for their solutions are isomorphic. 

Strategy. The algorithmic approach followed by a particular student to 

solve a particular problem. 

Context. The embodiment of a particular mathematical problem as well as 

the language in which the latter is stated. 

Consistency. For a pair of problems, two solutions (or two students) 

are consistent if the same strategy is used in solving each of the two problems. 
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Reflective intelligence. Reflective intelligence is the functioning of 

a second order system which: a) can perceive and act on the concepts and 

operations of sensori--rrotor system; b) can act on them in ways which take 

account of these relationships and of other information from marory and from the 

external environment; and, c) can perceive relationships between these concepts 

and operations (Skemp, 1961, p, 49). 

Procedure 

A sample of 120 students from grades six (11-year old), seven (12-year 

old), nine (14-year old), and 10 (15-year old) was drawn from three private 

schools (two for girls and one coeducational) serving a predominantly middle 

class community in Beirut. Twelve responses were nonusable and consequently 

were eliminated from the sample of the 108 students, 83 were girls and 25 were 

boys. 

Problems 

Two problems T1 and T2, each in two contextual settings (mathematical and 

real world), were constructed and written in English which is a second language 

for the subjects and the language of instruction for mathematics in their 

schools. Two equivalent problems were constructed for each of T
1 

and T
2
. The 

problems were the following: 

A
1M 

How many line segments do you have in the figure? 

• • • • • • • 

A C O E F G B  
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T1M How rrany rectangles are there in this figure?

1-J L 

LJ L 

--' L 

--' I... 

� � 

T
1R  

In a district there are 7 towns. There is a road between each two 

towns. How roa.ny such roads are in the district? 

A
2R There is a total of 18 girls and boys. Teams consisting of 2 girls and 

4 boys are to be fonred. How rrany of the 18 should be girls and how 

rrany should be boys to form the largest number of separate teams? 

T
2M The figure shown is rrade up of 4 srrall segments and two large segments.

We have a total of 18 segments of both. How rrany of the 18 should be 

srrall and how rrany should be large to construct the largest number of 

figures like the given one? 

<±-L.------H----:: __,t

T
2R The total number of tables and chairs is 18. Each table can take

exactly 4 chairs. How rrany of the 18 should be chairs and how rrany 

should be tables to form the largest number of tables with 4 chairs 

each? 

The ni.unerical answers for A
1M and A

2R were given. For all the problems,

the instructions to student were to solve the problem and write all their work. 

In addition each student was given Parts I and II of Skemp Test (Skemp, 1961). 

The students were divided on the basis of the total score into an upper and 

lower groups. 
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Analysis and Results 

The written solution of each version of the two problems was analyzed in 

an attempt to identify the strategy used in solving the problem. In rrany cases 

interpretation and /or inference have to be used. The strategies which were 

identified for T
1 

were: (a) Writing and solving a rratherratical sentence;

(b) non-canbinatory counting; (c) unsystematic canbinatory counting; and

(d) systematic combinatory counting. For T2 the strategies were: (a) focussing

on one variable; (b) approximation - verification; and, (d) construction -

verification

The distributions of strategies used in solving each of the versions of 

T1 
and T2 were constructed. The percentage of unidentifiable strategies ranged

fran 9.2% to 20.4% for T
1 and 17.9% to 20.8% for T

2
. It is felt that with more 

strict and specific test instructions the percentage of unidentifiable 

strategies could be reduced further. 

The proportion of consistent students for each problem pair was compared 

with a proportion of 0.5. All the �-values were not significant (E. <. .05) 

with the exception of the pair (T2R, T2M) for which the proportion of consistent

students was significantly higher than the proportion of nonconsistent students. 

Consequently it seems that with the exception of (T
2R, T

2M) students were as

likely to be consistent as not consistent in solving structurally equivalent 

problems. 

To investigate the relationship of context to consistency, the consistency 

variable for each pair of problems having different contexts was cross-tabulated 

with the consistency variable for the pair of structurally equivalent problems 

having the same context. The �-test for correlated proportions was used to 

canpare statistically the proportion of consistent students in one pair of 
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problEillS having different contexts to the porportion of consistent students in 

one pair of structurally equivalent problEillS having the same context. Only tWQ 

�-values were significant (E <. .05) indicating differences opposite to the 

expected direction. Thus, the results do not provide evidence to support the 

hypothesis that students tend to be rnore consistent in strategy usage when they 

solve structurally equivalent problems with the srure context than with different

contexts. 

To investigate the relationship between consistency and reflective 

intelligence, the two variables were cross-tabulated for each problem. � 2

was significant (E <. .01) only for the two pairs \�M , T1M) and(A2R , T2R).

It seems that the upper reflective intelligence group used rnore often consistent 

strategies than the lower reflective intelligence only for pairs of problems, 

which have the srure context and for which the goal was well-defined i.e. the 

numerical answer was given. 

Discussion 

The expected high degree of consistency in strategy usage in solving 

structurally equivalent problems was not substantiated. There was even partial 

evidence against the expectation that consistency in strategy usage was higher 

for structurally equivalent problEillS having the srure context than for 

structurally equivalent problEillS having different contexts. Two rival 

hypotheses rmy be presented to explain these results. One is that the expected 

consistency was confounded by the way the variables were defined. In particular, 

the context variable was defined to include both the ernbodiment of the problem 

and the language in which the latter is stated. The confounding might have 

rnasked the consistency in strategy usage for problems T2R and �R which are
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structurally equivalent and have the same context according to the definition; 

but they are syntactically different. However, this hypothesis does not explain 

the lack of consistency in strategy usage for problems A1M and T1M which are

structurally, contextually, and syntactically equivalent. The second hypothesis 

is that structural equivalence is not sufficient for consistency in strategy 

usage and that the critical factor in this respect is the inforrmtion processing 

deimnds of the task. The second hypothesis rmy explain the lack of consistency 

for problems A1M and T1M where T1M is judged to demand processing rnore chunks of

inforrmtion simultaneously than AlM" The second hypothesis would explain the

discrepancy in the same way that the inforrmtion-processing theories explain the 

decalage in Piagetian tasks (Baylor et al. 1973). Further research is needed 

to test both hypotheses. 

The transfer of strategy for the upper reflective intelligence group, 

although limited, suggests its potential as a cognitive rneasure in problem 

solving tasks which require high-order processing. 

At last, the use of written solutions to identify strategies should not 

be dismissed. There is roan for improving its potential not only as a research 

tool but as a diagnostic tool in instruction. 
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STUDENTS' STRATEGIES AND REASCJ,lING PROCESSES 

IN COMPUTER EDUCATIONAL GAMES 

Jos� Manuel Matos 

Escola Superior de 
Educa��o de Santar�m 

Jo�o Ponte 

Faculdade de Ci�ncias 
Universidade de Lisboa

Children usually enjoy all kinds of games and tend to view 
microcomputers as friendly gaming machines (Greenfield, 1984). 
Traditionally, games were not regarded as suitable educational 
activities. However, a gradual change in this respect occurred in the 
last decades, mainly as a consequence of the emergence of new 
societal values. 

A number of quite interesting and challenging educational games 
have been developed. It is necessary to assess the educational value 
of these programs and to consider their cognitive, affective, and 
social implications <Ponte, 1986). 

The most important feature in a game is the existence of a 
defined goal, which is opposed in a systematic or random way by one 
or more adversaries, according to some well defined set of rules. To 
be considered educational, a game must be able to make a specific or 
general contribution to the process of children's growth, either in 
terms of learning, motivation, or development of self-confidence. 

This study is concerned with the use of concepts by children and 
their thinking strategies playing educational games. It used four 
computer games, all deal ing with number concepts (factor, prime, 
negative number, order relation, and approximation> but requiring 
distinct strategies. These games were either developed or adapted at 
the Departamento de Educa��o da Faculdade de Ci�ncias da Universidade 
de Lisboa. 

Pilot work was conducted with 12 elementary and middle school 
children yielding minor modifications in the games and suggesting 
strategies of data collection. In the formal study, subjects were 16 
fifth- and sixth-graders at a school in a suburban area, not far way 
from Lisbon. Host of the students had worked with computers before, 
either at home or in school extra-curricular activities. 

Every game was played for about 30 minutes . The students worked 
in pairs or in groups of three, allowing the researchers to follow 
their discussion as they went through each game. In one game, data 
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was also collected by the computer, recording students' critical 
moves. 

The games were played in the order in which the main 
observations and results are reported below. The researchers 

introduced each
_

game with a brief demonstration, explaining its 

rules, but keep'.ng themselves of giving any clues concerning possible 

w1nn1ng strateg1es, except in a few cases that will be specifically 

commented. 

Observations and Results 

WHERE IS TRAQUINAS HIDDEN? This game is a modification of thewell-known HURKLE. The character, Traquinas, jumps around a few places and f1nally hiddens in a number line marked from -10 to +10 The student is asked to guess the place were Traquinas is hidden a�dfollow,ng each erroneous guess a clue is given (larger number,smal ler number>. Wrong guesses yield scores that increase quadractically with the number of attempts. 
Since students had not been taught about negative numbers before and some of them were not completely famil iar with the 

Keyboard, there was a brief informal 
numbers on the computer. 

Observations : 

computer 
introduction on how to get these 

. 
<I) All students understood the gaming situation: Traquinas is h1dden in one and just one place. They readily accepted that negativenumbers we�e some sort of an " extension• of the natural numbers. Someof them sa1d to know these numbers, mostly in connection with temperatures. Others did not immediately understood that each mark the number 1 ine corresponded to one number. However, this kind of 

in 

d1ff1culty seemed to be easily overcome. Scores did not attract the attention of the students. 
(2) There were marked differences in the facil ity with which students grasped how to extend the relationship •greater than• to thenew number context. Some of them thought that the number immediatelyleft to O was -9. After a few trials some students appeared to have understood pretty well this relationship, while even in the end of the game others seemed still quite confused. 

Some students interpreted the clue, "it is in a larger number•as "it is in a positive number,• and the clue "it is in a smaller number• as "it
_ 

is in a negative number.• This is a good exampl e of a tendency to th1nk about relative entities in absolute terms. In these 

-452-



cases they were helped to clarify the notion of larger and smal ler, 

to be able to properly interpret the clues given by the computer. In 
most instances these explanations were understood, at least as could 

be observed in subsequent trials of the game. 

(3) A number of strategies were identified:

(a) "Jump around." If the computer says that the number is
larger, jump to a much larger number. In most cases only the 

information conveyed by the last trial was taken into account, 

leading some students to guess for more than once in the same number.
(b) "Go up or down just one number.• This is a "safety

strategy,• which in general yields high scores. 

(c) "Systematic division.• Start with zero. Then proceed

dividing in two equal parts the intervals were Traquinas is said to 

be. 

(d) Search for a "smart strategy.• He may be hidden in the 
last place he showed up ••• , or, perhaps, in the place where he 

glanced for the first time ••• 

The game was useful in providing a context for the introduction 

of the number line representation of integer numbers. Even when the 

concepts were not immediately grasped, a brief discussion seemed to 

provide enough basis for understanding. 

MULTIPLICATI!l'-1 CCNrEST. This game is a competition among two to 
four players, requiring the execution of single or multidigit 

multipl ications. In each question each player is allowed at most 

three guesses. The score is a function of the number of guesses and 

the time required to give the correct answer. The player that first 

reaches a predetermined score wins the game. 

Students were suggested to play in a way such that all 

multipl ication questions involved numbers below 15. This game induced 

an easy involvement of all the children and its general features and 

purpose were immediately understood. 

Observations: 

(1) Some students consistently failed in some multipl ication

facts (6x7, 9x7, 6x8, ••• ). Several students never used fast 

strategies of multiplication by 10. Again, some students did not pay 

much attention to the time counting features of the game. 

(2) At least in some trials all students used some mental repre

sentation of the multiplication algorithm. Some students accompanied 

this representation with the figuration of the algorithm using their 

fingers. To several students this mental representation was not 

effective as they failed consistently to multiply by the second 

figure ("twelve times three, ••• six, carry one, ••• sixteen"; •twelve 
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times nine •.. two times nine is eighteen, carry one, ... twenty 

eight"). 

(3) Some students used the commutative property to remember some

multiplication facts ("five times six ••• six times five is thirty"). 

OnlY two students were noted using distributivity to remember a 

multiplication fact ("seven times five ••• six times five is thirty ••. 

thirty five"). 

With an encouraging presence of the teacher, this game appeared 

to provide an enjoyable setting to recall some basic arithmetic and 

to practice mental computation. 

BIG ESTIMATI!l'-1 CCNrEST. In this game each player is asked an 

estimation of a multidigit multiplication. As the previous game, it 

is a  competition among two to four players, with three guesses to 

each question. The score is a function of the number of guesses, the 

accuracy of the response, and the time required to give an acceptable 

estimation. 

The game was introduced with a brief demonstration in which 

students were explained the concept of approximation. 

Observations: 

(I) Some students refused completely the concept of

approximation, and played the game as if it required precise 

responses. Others, although seemingly understanding the general idea, 

had no tolerance for errors and preferred to give exact answers 

("more or less is not good"), spending a lot of time in each 

question. 

(2) Several strategies were noted: 

(a) Rounding. Just round one of the numbers to the nearest

tenth. Example: l9xl3 --> 20xl3. 

(b) Double rounding. Round both numbers to their nearest 

tenths. Example: l9xl2 --> 20x10. 

(c) Rounding with compensation. Use one of the above

strategies and add or subtract a compensanting quantity. Ex. 97x72 

--> 100x72 - something. 

(3) Rounding and double rounding strategies were explained in 

the beginning and were most commonly used. 

(4) For some students the idea of rounding was difficult to

grasp and they preferred to truncate the numbers. Example: 17x12 -->

10x12. 

(5) Most students had no idea of the size of the numbers they

were going to obtain. For example, the double rounding strategy led 

one student to reason that: 4x39 --> lx40, and 2x17 --> 17. 

This game was acceptably understood by part of the students and 
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poorly by others. It required a big conceptual leap from students, 

prev i ous exper i ence. To be usefu 1 in the c 1 assroom the game needs a 

lot of teacher involvement and support and the articulation with 

other estimation oriented activities. 

TRINCA-ESPINHAS. This game is a Portuguese adaptation of the 
popular TAXMAN. From a given 1 ist of numbers we pick up numbers and 
the computer picks its divisors. Only numbers with divisors on the
1 ist may be picked by us and in the end the numbers left are taken by
the computer. 

The game was introduced with a demonstration trial, using a 1 ist
of 12 numbers. The first number picked was 10, and that was used to 
explain the rules. Students were then encouraged to play by 

themselves in a few trials with 1 ists of 12 numbers. If they did not 
succeed in winning the computer, they were further suggested to corne 
down to 1 ists of 7 or even of 5 numbers. From a winning point, 

students were then encouraged to play with larger lists of numbers. 
Observations: 

(I) Almost all students succeeded in understanding the game. The 
fifth year students who had not been formally introduced to the 

mathematical notions of divisor and multiple, involved in the game, 

showed easiness in using these concepts. 

(2) Strategies:

(a) What is the first number to take? After several trials
most students real ized that it was the largest prime. 

(b) What are the next numbers to taKe? Some students tried

numbers with just one factor, beginning in the smal ler numbers on the 

list. This is a sort of a "safety strategy• leading to poor results. 

Some others seemed to follow a similar strategy, but beginning in the 

higher numbers on the 1 ist. This strategy was not always strictly 

appl ied, probably because some of the possible candidates were 

overlooked, but generally conducted to good results. 

(3) The largest number may conduct to two almost opposite

situations. Either the desire of taKing it immediately, regardless of 

its divisors, and some students took first 12 in the 12 number 1 ist, 

or the desire of not taking it at all, and some students disregarded 

it in the 7 number 1 ist. Also, numbers with many divisors (1 ike 12, 

8, and 6) are a temptation for an early collection, almost always 

with very poor results. 

This was the most enjoyed game, despite the fact that no student 

was able to get better than a win with a 1 ist of 25 numbers. Fun 

seems to be higher when children perceive a real challenge from the 

computer but feel able to .overcome it. 
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Conclusions 

Overall the students enjoyed the two-hour session in which they 

pJayed these four games. They were becoming somehow tired with the

sequence multiplication-estimation, but wellcame the last game, 

,RINCA. To end the sessions it was necessary to declare them over, 

since students would not leave just by themselves. 

was 

The requirement of mathematical concepts not previously studied 

not a barrier to students' involvement in the games. They 

provided a stimulating environment for the introduction of these 

concepts, on which formal teaching could build. This supports Bright 

et al. (1985) contention that games can be used in pre-instructional 

settings. The first contact of young children with computers induces 

usually lots of excitement <Malone, 1982). This early enthusiasm does 

not stand for a long time, but can be used to foster an initial 

positive contact with modern technology. 

Besides providing a stimulating learning environment <Kraus, 

1984), educational games also allow teachers to obtain a more global 

view of their students' processes and difficulties. However, one 

should be remainded that the use of computer educational games should 

always be well planned. To be of real educational value, games should 

be components of a more general set of activities to be performed in 

articulation with them. 
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THE 'LEAST NUMBER WINS' GAME DNA LARGE SAMPLE 

Laszl6 Mera 

Eötvös Lorand University, Budapest 

Department of Experimental Psychology 

The readers of the Hungarian puzzle magazine FUles were invited to

take part in the following game. Every player had to choose one

integer number and enter it in the entry form cut out from the

journal. The winner was the player who sent in the smallest number

which has not been chosen by any other player. 

The idea of this game stems from the paper of H0FSTADTER (1982) 

which contains several game ideas in this style. However, this game is

much simpler than the games described in Hofstadter's paper. Before 

the announcement of this game in FUles we had secondary school 

students gifted in mathematics play this game. The game proved very 

suitable to make the basic nations of mathematical game theory clear 

for the students. Nevertheless, the students were not able to adopt 

anything like an optimal mixed strategy when they were playing. This 

finding is consistent with the well known results in the psychological 

literature that people are usually not able to adopt random strategies 

even if they intend to do so. (See TVERSKY and KAHNEMAN (1974) or 

DIENER and TH0MPS0N (19B5)). 

We have definitely observed that in playing the game in fairly 

small groups for several rounds the students use different playing 

strategies. However, the small size of the groups did not allow to 

identify these strategies. We hoped that by having the game played by 

a !arge sample we would have a chance to identify same playing 
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strategies, even if the possibility of only one round might bias the 

,esults. It was also a great challange for us that we had not been

able to give even a rough estimate to same of the mast simple

questions: how many l's would be entered, how many percent of the

entered numbers would be below 100, etc.

Deeply influenced by the buok 'The selfish gene' by DAWKINS 

(1976), we have supposed that many independent players might quite 

well approximate an optimal mixed strategy in the game-theoretical

5ense even if the individual players are not aware of what it is. As

we shall see, this hypothesis proved to be true at a fairly good leve!

of approximation. This finding may shed same light on the naturs of 

the difficulties of teaching mathematics: normative, rational aspects 

maY be incorporated in same much deeper strata of behaviour than the 

apparent, everyday thinking. In the light of the selfish gene theory 

the possibility arises that this rational distribution of several 

irrational behaviour strategies might be determined at a genetic 

leve!. However, instead of speculating on such vague and far-reaching 

consequences, let us see the findings of the experiment. 

The basic data 

There were 8192 entries to the game. Beside the numbers, sex and 

dwelling place data were available from the addresses of the players. 

(Inquiring about other data might have spoiled the game). 55% of the 

players were men. In contrast, usually only about 35% of the solvers 

of other prize puzzles in this magazine (e.g. crossword puzzles) are 

men. The dwelling place data roughly agreed with 

statistical expectation. 
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Several hundred aspects of the distribution of the entered numbers

and their digits have been analyzed for sex and dwelling Place
differences. Surprizingly, no significant difference was found except

600000 andone. There were 275 players who wrote numbers between 

650000, 60.2% of them were women. The frequent occurence of this range

has a special reason. In the announcement of the game it was pointed

out that it might happen that the small numbers all hit each other and

so a very large number might be the winner. The number of copies of 

the Fules was also given as 640000 and it was explained that therefore

among the first 640000 numbers there must be a potential winning 

number. Choosing a number about 640000 may display either a misunder

standing of this message or a false enchoring mechanism, in the sense

of TVERSKY and KAHNEMAN (1974). Anyway, this trap has attracted 

significantly more women then men. 170 numbers were entered over 

1000000, but in this range no significant sex difference was found. 

A surprizing diversity of numbers was received: 2730 different 

numbers were entered. There were 2068 numbers that were entered by 

only one player (25%!). The significance of this diversity will be 

revisited when the game-theoretical aspects will be analyzed. The most 

frequent number was 1, entered by 387 players (4.7%). Number 1 was a 

great challange and it was pointed out in the announcement of the game 

that this is a sure winning number if you choose it and no one else. 

The second most frequent number was the 13, chosen by 164 players 

(2%). This and some other numbers may display a kind of magic 

thinking. Furthermore, there were several numbers that sticked out af 

their neighbours, such as 1111 (37 entries), 333 (17 entries), 1234 

(15 entries), etc. Another typical kind of magic thinking may be 
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displayed by the date of year numbers (1900 to 1985). There were 256 

5uch entries. However, all the patterns that could be suspected as the

results of magic thinking did not involve more than 8% of the players.

(Not all of the 13's were considered as the result of magic thinking, 

as its neighbours had also several entries: e.g. 12 had 44 entries and 

14 had 42 entries. Thus only e.g. for 13 only 121 entries were

considered as results of magic thinking.) 

66% of the entered numbers were odd numbers. 22% of the numbers 

ended to 1. It is very surprizing that digit 7 was fairly frequent as 

a last digit (13%), but it was very rare at all other places: only 

2.8% of the non-ending digits were 7. It is possible that people feel 

digi t 7 as a "hidden" digi t that does not occur to them, and it really 

is so. 8ut if they want to avoid the numbers of other people, they 

like to end up with a 7. 

120 turned out to be the winning number. It is interesting, that 

119 and 121 had 16 and 15 entries, respectively. People liked to avoid 

round numbers. All the numbers below 120 were covered at least four 

times but 94, which had only 2 entries. The first three numbers that 

have not been entered at all were 165, 180 and 200. 

Game-theoretical analysis 

The existence of an optimal mixed strategy depends on same model 

assumptions on the game. However, we have proved, that if an optimal 

mixed strategy exists, it must consist of strictly 

probabili ties. 

decreasing 

We did not succeed in determining the optimal mixed strategy in an 

analytic way. A computer simulation was done in the following manner. 
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We supposed that the number af players is N and the 

that may be played is N. (This might bias the original 

greatest number 

rules af the

game, but knowing that the probabilities are strictly decreasing this

bias must be very small). If coalition is impossible game theory t ells

us that the optimal mixed strategy for all the players is the 

The assumption that coalition is impossible is very reasonable in 

case af our game. 

same_ 

the 

At the first game all the players choose each number between 1 and

N at a probability af 1/N. Suppose now that in this game the winning

number is k. At the second game all the players choose all the numbers

at a probability af 1/(N+l), except the number k which is chosen at a

probability af 2/(N+l). The choice probabilities are changed from game

ta game in a similar way: if the probability af number m was t/(N+n-1)

in the n-th game, then a.) if m is the winning number in the n-th 

game, then its choosing probability changes ta (t+l)/(N+n) for the 

next game, b.) if m is not a winning number in the n-th game, its 

choosing probability changes ta t/(N+n). 

We did not succeed in giving a formal convergence proof of the 

above procedure, but our experiences were quite favourable: the 

probability distributions after 10000 games were almost strictly 

monotonically decreasing for several different N-s. 

In the next step the empirical choice frequencies were compared 

with the theoretical probabilities of the optimal mixed strategy. 

There were two problems with the comparison: number N of the players 

in the optimal mixed strategy should have been determined and the 

empirical distribution should have been smoothed some way. Smoothing 

was necessary because the digits of the numbers were not symmetrical 
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in meaning (e.g. 22% of the numbers had ended to 1). 

The smoothing of the entered number distribution was done in three 

5teps. First, the numbers which may be considered as results of magic

thinking were eliminated. Second, the numbers 1 and 600000 to 650000

were also eliminated as results af well tangible thinking strategies

were divided into of clearly different kind. Third, the numbers 

categories as follows: 2--10, 11--20, 91--100, 101--200, 

901--1000, 1001--2000, ... , 9001-10000, 10000--. 

After this a chi-square test was performed to campare 

29

the 

distribution of the theoretical probabilities with the empirical

distribution. In the case of N=l5000 and N=20000 the test did not show 

a significant difference between the theoretical and the empirical 

distributions at a p 0.1 significance level. 

This result seems to justify that the sum of the thinking of many 

independent persons is quite rational in a normative, game-theoret

ical sense even if separate individuals may be irrational. Is it 

possible that the 'selfish gene tr,eory' still works at such a high 

level of mental performance? 
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CHILDREN'S COGNITIVE STRATEGIES IN TWO-SPINNER TASKS
Roland W. Scholz & Riidiger Waschescio 

IDM, University of Bielefeld, FRG
Abstract. An experiment aimed at the identification of cognitive strategies and auxiliary strategies that are specific probability problems was run with 30 children of three age groups; S - 6, 9 - 10, and 12 - 14 ye:ed in 
experimental tasks consisted of roulette tasks with two spinners. Pair comparisons were so coostructed that a 

8: The 

strategies or decision heuristics could be identified. The results show that developmental theories on p,:���: _of
reasomng (e.g. PIAGET, NOELTING, SIEGLER) have to be supplemented 1f probability reasomng in the com hty 
geometrical probability is conceptualized. ext ar 
In two -spinner tasks, one has to choose the more favorable roulette disk from two disks different odds; that means, different proportions of favorable and unfavorable wedges. As oddsW•tb 
operationalized by proportions of wedges, the geometrical probability concept may be appli:e 
whereas by equal sized wedges the problem may be solved via Laplace probability. 

We define the concept of cognitive strategy when referring to the game theoretical strate concept (for games in extensive from, cf. OWEN, 1972). A cognitive strategy is a compI:dec1s1on plan wbich generates a dec1S1on through the use of knowledge elements, heuristics, goaJ and evaluative operators for each state or situation within the cognitive system (cf. SCHOLZ, 1986;• Two-spinner tasks with equal sized wedges may be represented by proportions. Hence th� development of cognitive abilities in two -spinner tasks is closely linked to the development ofproportional reasoning. We will briefly sketch two approaches to a conceptualization of cognitive strategies in this domain. 
The basis assumption underlying SIEGLER's (1981) so-called rule assessment approach is that cognitive development can be characterized as the acquisition of increasingly powerful rules for solving problems. The developmental stage, and hence the repertoire of strategies that may be used at a certain stage, is determined by the degree of complexity of the rules. Within an application ofbis approach to an urn like probability apparatus, he distinguishes between a dominant dimension by gambling tasks the favorable events, and a subordinate dimension, that are the unfavorabl� events. The subsequent rules define strategies for two -spinner tasks within the above meaning: 
1. Only the dominant dimension is considered, the urn or disk with a higher number of favorable events is choosen. 2. Rule I is applied, however by an equal number of favorable and unfavorable events the urn (disk) with the smaller number of unfavorable events is selected. 3. The difference between the number of favorable and unfavorable events is calculated for each urn (disk) and the one with the greater difference is selected. 4. The ratio between favorable and unfavorable events is the choice criterion. 

Another classical stage theoretical approach for proportional reasoning, wbich may be applied to 
two-spinner tasks, is provided by NOELTING (1980). In bis experiments he used the so-called 
orange -juice-paradigm in wbich the task consists of selecting the mixture with the more intense 
orange taste out of two mixtures of water and orange juice concentrate. Following Piagets 
terminology and denoting a mixture with J parts of juice and W parts of water by (J, W), the
developmental stages are labeled as follows:

Stage Name Characteristics 0 Symbolic Identification of elements I Intuitive IA, low; comparison of first terms IB, middle; equal first terms, comparison of second terms IC, higher; more versus less 
-463-

typical item 
(1, 0) vs (0, 1) 

(4, l) vs (1, 4) 

(l, 2) (3, 4) 
vs (1, 5) 
VS (2, l) 

II 

III 

Concrete lower; equivalence class of (l , 1) (l, 1) vs operational higher; equivalence class of any ratio (2, 3) vsFormal low; ratios with one pair of (1, 3) vs operational corresponding term multiples of or 

(2 , 2) (4 , 6)(2, 5) 
one another (2, 3) vs (3, 6) high; any ratio (4, 5) vs (5, 6) 

The objective of the study. When analyzing cbildrens' choice behavior in two-spinner tasks 
we w1sh to demonstrate that the strategy space is more encompassing than the introduced theories 
propose. In particular, we want to prove that even cbildren aged between 5 and 10 are able to sol ve 
task� wbich according to SIEGLER and NOELTING may only be solved in the bighest stage via the 
apphcanon of various auxiliary strategies. By auxiliary strategies we mean strategies that are applied 
instead of the formal-operational strategies wbich result in the normative solution in all tasks. 

Perceptual auxiliary strategies. In many tasks in wbich the geometrical probability concept may 
be applied (such as urn or spinner tasks) optical stimuli are present. In such tasks, we call a 
strategy a perceptual auxiliary strategy if the choice is based on the intensity of the visual stimuli 
and the direct perceptual impressions. We suppose that young cbildren who are not able to multiply 
or to _ calculate ratios may cope with tasks and produce a significant number of correct responses 
even m NOELTINGs stage III type tasks. In particular we expect more normative responses when
the odds difference between the disks increases. 

Fifty-fifty comparisons. Many definitions of probability include the equally likely concept as a 
nondefined or circularily defined concept. We suppose that the equally likely or the fifty - fifty
concept is used within reasoning processes on two -spinner tasks. Disks will be denoted as
favorable (F), neutral (N), or unfavorable (U), if the chance for a gain is above, equal, or less than 
.5. If the order of representation is ignored, one may construct tasks for the following five 
favorability-combinations: F vs F, F vs N, F vs U, U vs U, and U vs N. We hypothesize that the 
fifty-fifty concept is an element of the individual's strategy space which is available early in the 
course of development. As a consequence we presume that tasks wbich contain one neutral disk will 
more frequently be solved correctly than a task in wbich both disks are of the same favorability
type. Clearly tasks of the F vs U type may also be solved by either applying the equally likely
concept as a comparison measure or by directly referring to the more vs less concept. Hence we
suppose that tasks of the latter favorability type provide the lowest error rate. 

_ Multivariate analysis for strategy exploration. Besides testing the effects of the independent
vanables as an indicator of certain strategies we will investigate the strategies wbich were used with
an exploratory duster analysis. 

EXPERIMENT 

Subjects. - The subjects numbered I to 10 were preschool (M = 5, 10 years), Il to 20 third 
formers (M = 9, 4 years), and 21 to 30 seventh formers (M = 13, 10 years). For each age leve!, 
the sex was balanced and the heterogeneity of social status, acbievement and school type was 
controlled as far as possible. 

Design and rationale. - Twenty two-spinner tasks werP presented. On each spinner disk 
there were _equal -sized wedges of red and blue wbich were separated by lines. The winning color 
was determmed and fixed for each twenty trial run. 

_ There were five introductory tasks followed by 15 tasks that were subsequently analyzed. These 
disk_ pairs were constructed in such a way that the number of favorable and unfavorable wedges 
prov1ded conflicting decisions. For each disk, the number of favorable and unfavorable events were 

...:464-



relatively prime. Thus according to the above theories, by one of the two winning colors the could only be solved at the highest developmental stage. For each favorability combination ;;sk 
pairs were constructed with the odds differences dl = .05, d2 = .10, and d3 = .20. The ee 
variable, the favorability combination, and the age group constitute the experimental design. Odds
Table 1: Item matrix ordered according to odds differe nce and favorability type (4, 7) vs (3, 4) (3, 7) vs (2, 3) (3, 11) vs (2, 3) (4, 5) vs (2, 2) (5, 7) vs (2, 2) (3, 7) vs (2, 2) (8, 9) VS (7, 6) (5, 6) VS (4, 3) (5, 7) VS (3, 2) (6, 7) VS (2, 3) (5, 8) VS (2, 5) (7, 8) VS (2, 5) (5, 4) vs (2, 2) (5, 5) vs (2, 2) (7, 3) vs (7, 3) 

Apparatus and procedure. The data were collected in individual sessions at Bielefeld Universi Each Subject participated in a game in which a toy figure had to dimb a ladder. The Subjects h
ty.

to choose between a blue and a red figure the color of which determined the winning color in �d 

first run of a roulette -like game. In the second run, which took place on another day, the winni e 
color was reversed. In each trial of a run the Experimenter displayed two disks. The Subject w ng 
asked to choose the more favorable disk which was then inserted into a spinning wheel which w as usually spun by the Subject. If the outcome was the winning color, the toy figure was mov: upwards, otherwise it remained on its place. When the fifth step was reached, the subjects receivect gains (i.e. a choice between sweets or money). After the five introductory tasks the above items were presented m a random order.

RESULTS 

As can be seen from Table 2, the age variable yielded a significant main effect upon the error rate (H = 21.6, p < .01), but the odds variable also produced significant effects (dl: H = 15.3, p
< .01, d2: H = 18.1, p < .01; d3: H = 14.7, p < .01). 
Table 2: Pe rce ntage s of normative correct solutions separated for age and odds di fference 

Odds Diffe re nce dl .05d2 = .10 d2 = .20 all tasks 

5 - 654 61 66 60.3 

Age 9 - 1064 69 91 
74.6 

level 13 - 14 all 85 67.6 95 75.0 97 85.692.3 75.l 
The odds difference hypothesis could also be confirmed. An appropriate test is provided by

KENDALL's tau (computed via the ranks of the individuals' solution frequencies for the different 
difference levels). Across all Subjects and all groups the effect was highly significant. In agreement 
with our theoretical considerations, the preschool children's error rate was above chance leve! eveo 
for tasks of the highest stage that may only be solved via ratio comparisons or multiplication. Table 3: Pe rce ntage of normative solutions separated by age and favorability combination 
Favorability combination A vs A or Dvs D AVS N or Dvs NG VS D 

5 - 6
57.560.865.0 

Age le ve l 9 - 10 13 - 14 all Subjects72. 2 88.3 72 .8 76.6 95.0 77 .575.0 95.0 78.3 
Tasks with the same favorability type for both disks show the highest error rate. Across all 

Subjects KENDALL' s tau indicated a significant trend through the different favorability 
combinations ( p < .001), whereas we want to note that for the preschool children this trend was
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only of marginal significance (p < .10) and that there was no significant effect if only the third
graders are considered. 

Clusteranalysis for strategy identification. Clusteranalyses are descriptive methods for grouping
multivariate attribute vectors. We supplied this method to the Subjects solution vectors. Subjects of a 
certain duster thus show sirnilarity with respect to their response behavior. Figure 1 presents the
dendrogram of a hierarchical duster analysis. Based on the eudidian distance measure, 
W ARD's -Method was applied as an agglomeration procedure with five interpretable dusters to 
extract (cf. WISHART, 1978). These dusters are labelled from the left to the right by A, B, C, D,
and E and contain the Subjects with the numbers at the base of the tree. We will introduce two 
further specific strategies, first the so -called counter strategy in which the decision is based on the
absolute number of favorable events, and the denominator strategy, in which the decision is only
based on the absolute number of unfavorable events. 
Figure 1: Dendrogram of solution vector dustering, y-axis minimal values of group variance
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The identification of the duster characteristics is based on the following parameters: (1) all

over relative error frequency (x), (2) error frequency for all items which may be solved correctly 
by comparing counter (xc) or denominator (xd) strategy, (3) error frequency for tasks with odds 
difference of dl (xdl), d2 (xd2), or d3 (xd3), and (4) error frequency for tasks with favorability
combination F vs F or U vs U (tied to xFF), F vs N or U vs N (tied to xN), and F vs U (xFU).
In addition, specifities or the dusters' solution vectors are controlled in an exploratory manner.

Cluster A: In terms of duster analysis, this duster in which preschoolers predominate is an extreme one which differs strongly from otber clusters shows tbe highest error rate x = .47, and its members clearly exclusively used the counter strategy, as a value of xc = .04 is contrasted witb a value of xd = .91. Cluster B: This duster shows an intriguing characteristic. For the counter tasks (i.e. tasks in which the counterstrategy yields tbe correct solution), it presents an approximately equal to slightly raised error rate
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xc = .38 vs. xd = .33, showing a minor improvemeot with in_creasing_ odds differ:oces, and a marked effect of favorablity combioatioo, xFF = .SO, xN = .37, xFU = .08, particularly 10 the cluster s core. . · 
Clusters C and D are relatively heterogenous dusters in which we were unable to _recog�e any marked andcoosisteot structural similarities. Also, these dusters proved to be uostable, because they clissolve,. 1f other methOds Of agglomeration (such as the group average method) are applied. Heoce, we shall skip their detaJled descnption and merely oote that the Cluster C in which preschool kids domioate is marked by _a high oumber of errors for counter tasks (xc = .32) and deoominator tasks (xd = .40), while Cluster D in which third formers dommate 1s marked by a relatively high oumber of errors for couoter tasks (xc = .32), a relatively small error rate for deoomioator lasks (xd = .14), and an evident mastery of tasks with the highest odds cliffereoce (xd = .26, xd2 = .36, and xd3 = .06). 
Cluster E: This cluster contains a total of 13 subjects, including all but one of the se_ve_nth grades._ Thus it is 001 surprising that this cluster shows an error percentage of only x = .10. Its other charactenstics are similar to those of 

the overall population, with the exception of the performance in counter and denominator strategies. Her�, this group 
commits approximately an equal number of errors for the two types of tasks (xc = .09 vs. xd = .10), while these two 
values are markedly clifferent for the total population (xc = .18 and xd = .31). 

Within Cluster E, there are three (relatively stable) subclusters that show some clifferences in strategy. They wiU be 
briefly described, despite the fact that they leod themselves only to a reslricted interpretation. 

Cluster El contains the best of all subjects with x = .06. These subjects made errors almost exclusively in 
denominator tasks; xc = .01 vs. xd = .10, and no errors occured in tasks of the more-less type. (xFU = .00). 

Cluster E2 provided x = .11 errors, whereas no errors occured in tasks with a high odds cliffereoce. Curiously 
enough, this cluster features by a higher error rate in tasks with an easier favorability type, xFF = .08, xN = . 10, 
and xFU = .17. 

Cluster E3 with x = .14 shows performance by increasing odds cliffereoce, whereas the error rate dropped 
stroogly by favorability combination; xFF = .25, xN = .08, and xFU = .00. 

INTERPRETATIONS AND CONCLUSIONS 

In our opinion, the results permit the following interpretations: 
-Perceptive aux.iliar strategies are obviously already applied by preschoolers, and lead to a

significant rate of normatively correct answers by two-spinner roulette tasks. Using the 
terminology of FISCHBEIN, 1975, and SCHOLZ, 1986, these auxiliar strategies represent intuitive 
strategies of stochastic thinking. 

. . 
-By equal forma! -operative difficulty and equal odds differences, tasks m which a favorable 

or unfavorable roulette disk is compared to a "neutral" one, or tasks in which one disk is favorable 
and the other unfavorable, are more frequently solved correctly than tasks in which both disks are 
either favorable or unfavorable. This is a clear indication of an equally likely concept as a strategy 
component, a phenomenon we have called fifty-fifty comparison. We should like _to _interpret this 
result in the sense, that a conceptualization of both stochastic and proportional thinking must not 
only take into account, the procedural rule-governed (cf. SIEGLER, 1981), and the operative 
aspect (cf. NOELTING, 1980), but also consider the semantical-conceptual aspect (cf. SCHOLZ & 
W ALLER, 1983), as well as the structual, contextual of the task features. 

It is well known that formally operative heuristics or analytical strategies are not generally 
superior to intuitive strategies (as operationally defined by SCHOLZ,

. 
1986). Th�s, i� may seem 

almost trivial that the so-called counter strategy is, by certam tasks, 1nfenor to the 
visual -perceptive auxiliary strategy identified in this paper. .

Cluster analysis served to identify groups of subjects who showed typ1cal patterns of strategtes. 
Cluster A consisted predominantly of preschoolers who resorted to just one strategy, the 

counter strategy. Another duster which predominantly contains younger subjects is apparently . 001 
oriented toward the nurnber of winning wedg-�, but is marked, by the use of percepnve aUXIhary 
strategies, and the ability to solve more-less tasks. 
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For one group of subjects (Cluster D), the analysis of the solution vectors indicated that the 
subjects used a variety of strategies in a more or less systematic way. This duster contains half of 
the third formers. The error rate of 22 percent reveals the partial success but also the uncertainties 
connected with the change of strategy. 

Cluster E, which mainly consists of seventh formers, contains those subjects who show mastery 
of the tasks presented. The characteristics of visual and conceptual-numerical orientation partially 
developed in Clusters B and C can also be found in this duster. Thus, the high rate of success in 
Cluster E2 is probably due to an elaborated, highly sensitive perceptive strategy which is almost 
error-free by odds differences above either .10. Conceptual components operating with the equally 
likely or the more-less concept are apparently unimportant. Cluster E3, however, seems to be 
strongly dependent on conceptual -numerical patterns, as the counter tasks and denominator tasks 
have been processed with noticeably different success rates and as a trend towards the favorability 
combination can be identified. 

These results reveal, on the one hand, that applying SIEGLER's or NOELTING's theories to 
two-disk roulette tasks seems to require the addition of a visual component of strategy, and, on the 
other hand, that comparisons using the equally likely concept play a part in development. 

The problem of the flexible use of auxiliary strategies or of other strategies is by no means 
trivial from an educational or developmental point of view, particular as this problem is linked, in 
the field of stochastic thinking, to the difficult problems of the various foundations or facettes of the 
concept of probability. Geometrical probabilities and perceptual auxiliary strategies which may be 
appropliate for two-spinner tasks, can be systematically misleading in other tasks. 

To close, we should like to note that the strategies described can also be identified in content 
analyses of thinking aloud protocols. The study of protocols, however, also yields that the list of 
auxiliary strategies is by no means exhausted by those represented in this paper. A further strategy 
typically used by several indi vi duals is the strategy of preferring the disk with the larger winning 
sectors; and another perceptually operative strategy is that using reasoning processes to visually 
form blocks of winning and losing sectors. Our further investigations will be airned at listing and 
formulating these strategies within the terms of the frarnework for the structure and processing of 
stochastic decision making as sketched by SCHOLZ (1986). 
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srRATEGIES CHIWRF.N USE IN SOLVING PRORLF.!•1S 

Larry Sowder 

Northern Illinois University 

Results in an earlier project led to the question, How do children 

choose the arithmetic operations they use in solving routine story 

problems in rnat.hematics? ene would naturally hope to find 

considerable evidence that choices depend on the children's having 

meanings for the operations--e.g., that one can use multiplication 

when several sets, each with the same nurrber, are put together--and 

that these 11'€anings are used to model the set.tings of story problems. 

Such an approach might be called a concept-<lriven strategy. 

131\CKGROOND 

Results on nation-wide testings in the U.S.A. have led comrrentators 

to note that, while performance on one-step story problems may be 

acceptable, performanc� on multistep problems or problen,s involving 

extraneous data is relatively poor (Carpenter, Corbitt, Kepner, 

Lindquist, & Reys, 1980). Thus one might conclude that children in 

t.he u.s.A. have meanings for the operations but have difficulty in 

matching their schemata for the operations to settings nore 

complicated than those of the usual one-step problem. 

Several recent European studies have noted the surprisingly weak 

performance of learners on story problen,s using decimals and 

multiplication or division (e.g., Bell, Fischbein, & Greer, 1984; 

Bell, Swan, & •raylor, 1981; Ekenstam & Greger, 1983; Fiscbbein, Deri, 

N<>llo, & 11ilrino, 1985; Greer & ManrJan, ]984; Grcer, to appear). 
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/\ppanml:ly tlie unintemlecl curriculuin wi.th 1,hole 11u11LPrs cstal>lisl,es 

so well the false-in--<3eneral "multiplication makes bigger, division 

makes smaller" that a change from whole numbers to decimals less than 

one often results in the learner's choosing a different operation to 

answer the smre question in the same context. This "nonconservation 

of operation" (to use Greer's la.bel) is sy111ptomatic of a failure to 

use a rreaning for multiplication or division in at least one of the 

problenis and, perhaps, in both. 

Farlier paper-and-pencil testings had suggestec1 that ·learners clid not 

have concepts for operations (Sowder, 1984). The test of that study 

has dubious validity however, depending as it does on simple story 

problens. Although the !imitations of interview studies are 

well-knm·m, only interviews seemed capable of determining whether 

learners cJo have concepts for the operations and whether these 

concppts are the basis for the learners' choices of operations in 

sol ving story problems. • 

THE INTERVIE.W STUDY 

Group tests of story problems, nost recently in grades 6 and 7 but 

earlier in grades 4-8, were used to iclentify learners for individual 

interviews. I,earners with at least average group test r.erforniancP 

were selectecl, with teacher input, for the interviews. Selected 

group-test iten,s, with ac1clitional problens, servea as the basis for 

each interview. The recent focus hc,s been on multiplication and 

division situations. In Anerican curricula, students in grades 6 a11<1 

7 have l,ecn e�posecl to multiplication and division since grade 3. 
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TIIE S'l'P/\Tff;U:S 

Following are the strategies that have been observed. The excerpts 

from selected interviews give the flavor of the dialogue judged to 

signal the strategy. 

Strategy 1 Find the nwrl:lers and add. 

Strategy 2 Guess at the operation to be used. 

Strategy 3 Look at the numbers; they will "tell" you 1vhat operation 

to use. 

Exarr[Jle: (Grade 7 student. s = student; I = interviewer) 
S: "Yeah, it looks like a division •••• It's the nwrl:lers, I 
guess." 

I: "Oh, the numbers, huh?" . . 
s: "3 tirnes, 3 goes into 78, that' s what 1t mostly. 1s.
if it's like, 78 and maybe 54, then I'd probably e1ther 
or multiply. But 3, it looks like a division. Because 
the size of the numbers." 

C'.ause 
add 
of 

Strateqy 4 Try all, +, -, x, .,-, and choose the answer that is rnost 

reasonable. 

Exarr,ple J.: (Grade 6 student, about a problem involving x) 
I: (After s discusses rejecting + for the problem) "Did you 
even think about adding, a couple of weeks ago (<luring a group 
test)?" 

s: "Yeah. I go through every one to see if it would work." 
I: "Oh, you do? ••• " 
S: "And I went through adding, and I saw that that wasn't a 
good choice, and then I went into subtraction ••• " 

Example 2: (Grade 6 student) 
I: " ••• what made you think you should di vide?" 
s: "Well, the addition, subtr acting, and multiplying didn 't 
look r ight • " 

Strategy 5 Look for isolated "key" words to tel1 what operation to 

use. (E.g., "all together" would rnean add, "left" would mean 

subtract, "of" would rnean multiply.) 

Strategy 6 Decide whether the answer should be larger or smaller 

than the given nunbers. If larger, try bolh + ar,d x, arnJ choose 

the 1rore reasonable answer. If smaller, try both - and.,-, and 
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choose the 11ore reaso11aLle. 

f:xample 1: (Grade 7 student) 
S: " ••• that (problem) was adding, multiplying. I didn't even 
bother wi.th them, subtracting or clividing." 

Example 2: (Grade 6 student) 
S: "l·/eJl, I would think that you have lo subtract, because, 
er, it'd either be a subtract or, um, divjsion, and then the 
one that sounds rigbt woulcl be the subtraction ••• " 

strategy 7 Choose the operation whose neaning fits the story. 

Exan,ple 1: (Grade 6 student) 
S: " ••• There's 24 in each ro11, and there's 12 rows. And you 
want to know how many there were, so you'd tirnes." 

Example 2: (Grade 7 student) 
S: " ••• I'd probably multiply it. •• I would multiply it but you 
could also add it. But it would take you, you would have to 
add 2. 46 three tines." 

The last strategy is the desired strategy, of course, but it was 

rarely evident. Even apparently capable J.earners bad difficulty 

articulating their reasons for choosing a particular operation. 

iweng (1979) has pointed out that curricula in the u.s.A. typically 

do not provide the learners with vocabulary with which to link 

operations and story problem situations. 

I�IPLICATIONS 

It should be noted that rnany of the immature strategies QQ give 

correct cboices of operation for many one-step story problems. 

flence, the opparentJy satisfactory perforn1once on one-step problems 

in such testings as the National Assessrrent of F:ducational Progress 

in the u.s.A. is put under a cloud. If students Bre succeeding 

primarily by use of the imn,ature str,,tegies, the resuJ.ts are tuintecJ. 

Indeed, an irn]j rect confj n11ation of this possibj J i ty is the far worse 

perforn,ance on mu) tj step story problems, for v,hich the i1m:ature 

strat-.e')ies are likely to break down. 
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Use of Strategy 6 may complement the incomplete "multiplication makes 

bigger, division makes smaller" as the approach used by many 

nonconservers of operation. Multiplication might be correctly cbosen 

for a whole number problem not bec;ause it models the situation but 

because it gives an answer of the correct magnitude, and 

multiplication might be rejected for a similar problem with a.decimal 

less than or,e because the anticipated product would not be srnall 

enough. The anticipated size of the answer, not any meaning for an 

operation, may dri.ve the choice of operation in each-probl em. 

If the immature strategies are indeed in cornrron use, the 

instructional implications are clear: They must be discouraged, 

perhaps by rrore frequent use of multistep problems or probleIT's with 

extraneoL1s inforniation, or better yet, supplanted with concept�riven 

strategies. 
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Calculators and Realistic Arilhmetic lnstruction 

Developing the calculating automaton 

Jan van den Brink 

I. Tllree kinds of J:now!a:p, sround ca/cu/ators 
a. Antllmetica/ J:now!a:p, is ntt:=r,v for an exploration af the calculator that eventually 

leads lo knowledge on calculators. 
b. Knowl$obout (variO/ls) ca/culotors ,:� n=sary for acquiring a mental object af 

calculator _ a mental object which ( such as that af number) even increases with the 
variety af calculators available. 
Th1s knowledge af calculators 1ncludes general and specific w� af operating. 

c. Knowl$obout t1pp/ying calculators in context situations is the next step. 
Besides knowledge about operating it includes a kind af ·action algebra', for instance 
knowing how ta f1gure out 3� af f 27. - whlle using the calculator _ there are several 
ways lo do it. 

Only the latter instructional situation is usually experienced as typically 'realistic' because 
wntexts are explicitely involved. But the abilities a and b fil as well inta the reulistic 
framework (Treffers & Goffree, 1985), since calculators represen! part af a reulity 
worth explor1ng. 

Il. Knowl$ofCtJlcult1tors 
Though seemtngly in controo1ct1on ta common thought calculators in action can exhib1t 
strange discrepancies af behaviour. To 4 x 5 - 4 x 5 = one calculator answers 80 
whereas the other says 0. 
Children don't care. The one calculator works straight linearly whereas the other respects 
the Algebraic Operating System (AOS). Both answers are eccepted Not before the end af 
the first lesson did the s1xth-grooers become wary _ the start af a crisis. The problem 
arose when bt1re arithmetic was put info t1conlext. 

4x5 -4x5 = 
Mohammed (6tll grade): Thal is nou g hl. Ono can hear il.' 
But surprisingly his calculalor showed 80. Thanks lo tlle inslruclion.1/ conlexl he had expecled 
sometlling e lse. 
Michael (6tll grade): 'lsn'l il a shame , Mister, tllese have different results?' 
I: Why?' 
M.: You never know whal is correcl. The leacher·s calculalor can g ive anotller resull. And tllen 
you g el • red mark . 

Lateron the c/11/dren tllemselves discover various remedies against the AOS illness: 
o splitting the calculator process, 
o 1nsert1ng somewhere an equallty s1gn 

( 4 x 5 -4 = x 5 = 80 is unambiguous) 
o using parentheses 
o using the memory 
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It should be emphasised that the children tllemse/ves fel\ the necess!ly ta find out such 
remedies _ necessity as a source of mathematising. 

3x3x3=81 or9 
Another aberration of the calculator due ta the speed of pressing keys. 
For instance, with Casio  -f x 80 it happens that 3 x 3 x 3 pressed slowly gives 27. 
But done hastily, it becomes 81 , and al full speed, it can be 9. 

Aberra!iOfls, diagnosis. and remed,I. 
There are a host af aberrations, which usually are discounled as side-effects. 
lndeed they derange calculations. 
However, a few striking facts are worth mentioning: 

o rather than from adults I learnt this kind of aberrations from c/11/dren. Same children 
keep their knowledge secret !est they should buy another calculator. 

o lf one calculator deviates from another one or from itself or from what the user 
expects, the first react ion is ta ask Wllt1! is wr011g? Wllich t1re //Je CtJuses? 

Then they tryta 'diagnose· the 'disease'. 
Example: 
How comes 3 x 3 x 3 = 8 I ar 9? 
The calculator did not read 
* the last 3 of 3 x 3 x 3 = 

* the second 3 
* the equality sign in 3 x 3 x 3 = 
Or: 
* The reading and the calculating department are not in step with each other. 
Mast often several diagnoses are proposed. 
In order lo find the true cause, so-called 'differential diagnosis' is needed. By changing the 
numbers involved same possible causes can be eliminated: 
Example: 

3 x 3 x 3 = (quick) 8 I or (rapid) 9. 
3 x 3 x = also gives 81 _ the last 3 be1ng dropped such as in 
2 x 3 x 5 = (quick) 36 _ the 5 being dropped. 

3 x x 3 = gives 9 _ the second 3 being dropped such as in 
3 x 6 x 3 = ( rapid) 9 _ the 6 being dropped. 
We noticed that 
- Galculator aberrat1ons are better known by chlldren than by adults 
- the aberrations illicil looking for causes and remedies. 

Syndromes 
We display a few syndromes, which orten occur if chlldren use calculators 
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a. the pressing syndrome 
o slow ar lasting pressi

7 
prcxluces , I 333333.! an the display, 

o saft pressing prcxluces _ oJ 

b. the stress syndrome 
3 x 3 x 3 = slowly pressed, prcxluces 27. 
3 x 3 x 3 = quickly pressoo, proouces 81. 
3 x 3 x 3 = rapidly pressed, prcxluces 9. 

c. the amfinement syndrome 

50000000 x 2 = I 1. ar I 1.0000000 l ar 1. E 8 I 
( seven noughts) 

or even "°LiQQ]�.,..1 o""'o
,.....

_ if 50.000.000 x 2= is pressec1. 
( Notice that in continental Europe the role af the oocimal point and comma 

are interchanged) 
The calculators tend to confine numbers ta the display, which causes 
strange results if large numbers are concerned. 

d. the form syndrome 
Example: 
the long division form 1 09/ 11009\ gives 1 O 1 but it can also be 0.0099009 
(by way af 109 + 11009=). 

e. the big shot syndrome. 
Parts af small numbers, right af the oocimal point ( for instance) might succumb to the occurrence af !arge numbers. 
Example: 
Q3333333+4444444-4444444/Q3333333 

f. the perststence syndrome 
Former commands may persist. 
Example 

1: 2 = @j] arcsin[ifil = �. 

The result 30 is divided by 2 as though there were no ·arc sin'. 
In particular if trigonometric functions are involved one should be careful ta distinguish 
argument and its function value. 

g. the A O S syndrome 
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Combining the various arithmetical operations can cause problems: 
Examples: 

4:< 5 - 4x 5 = CQJ as \-tell a,; I BO.! 

1 ;: 3 = + 3 = �r,,j 1 � 3 = X 3 = 

can •Jield differ·ent results. 

1111 lnstrvctiont1/ PrtJCtice 
The approach towar<ls calcu lators as ( aberrant) micro wor lds, which can be exp lored and 
compared. influences instrvcti011el prtJCtice.
There are many ways ta use calculators in this sense in mathematics instruction. 
* having menvels written by the pupils for their kind af calculator in orcilr to register 

their dfscoveries ('pupils' own procluctions·). 
* stimulating c/Jeinsofexpertise in the class room ('interactive learning from each 

other') 
* wllixtive c!tJSY invest,�tion about the use of calculators ( starting from real 

phenomena; developing interactivity), 
* which can result in syndrome ti!scriptions, etiolq;y, and remedietion af calculators _ 

children as calculator physicians an a medical board. (Tools of vertical mathematisation 
are available: A OS, arrows langua;ie). 

* design, exchange and ne(Jltiation af celcvletor problems, that is, af the kind af sums that 
yield different results an different calculators ('interactivity', 'ne(Jltiations'). 
Notice: Diverging results af equal procedures are motivating investigation more than do 
equal results by different procedures. 

* making gcxxl use af the opportunity offered by calculators with a view an transfer af 
procedures to each other is investigated ( Pimm 198 1) (horizontal mathematisation). 
One calculator can sit as a mcxlel for other ones. 
(Cp. the use af contexts as mcxlels, Treffers & cil Moor 1984) 

* lnvestigatlng celcvletor /Jovnd nvm/Jersend operet,ons such as the scfentific notation, 
prcxlucts by partial multiplications, and so an. 

Much more can be said on the consequences for instruction, both with regard ta subject 
matter contents and ways af teaching, but this would lead us too far ffflay. 

IV lnstrvction TilfJoryRemt1rks 
While taking in mind a course on peculiarities of various kinds af calculators, I feel inclined 
ta reflect on it in terms af instruction theory and ta propose some theses of global character 
as well as ones on micro leve I. Let us start with the last kind. 
1. Each calculator represents a pitre ofreBlt!Y, a micro-world, a context, which should 

be investigated and compared with sim ilar ones ( notations, operational rules). 
2. When comparing calculators each pupil uses his own calculator as a mcwl in orcilr to 

invest igate the other ones _ polnts af �reement and of d1vergence. 
It looks a bit like the use of mcxlels as happens if the buses mcxlel is used in other contexts. 

3. This involves mathematising both in the /Jorizontel ( various calculators) and in the 
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ver\ical sense. Knowledge abou\ one's own calcula\or ex\ends \o \hat on o\her ones 
( horizontally ). F irst the chi ldren knew about the existence of differences, \hen they learn 
abou\ their character ( keys, rules). They placidly occepted the differences because they 

had \o. The development is sim ilar lo that of the number concept, which presents i\self in 
different mental objects ( numerosity. ordinal number. number concept of the Papuas, and 
so on). Similarily there are various kinds of calculators. 

4. There are, however, striking contrasts between the development of the number concept 
and \he calculator·s one: 
o The number concept develops gr8dua//y. 

Moreover it is a means of 8du// description rather \han a subject of use by the learner. 
o The need for developing a general understanding of calculators is suli:JJn/y experienced 

by lllec/Jildren: calculators are reckoning differently, which should not be allowed. 
The compulsory school contexts (ordinary arithmetic, social rules in the classroom) 
effectuate a crisis leading to vertical mathematisation. 

5. By the pupils the development of a general calculator concept ( the calculating 
automaton in the sense of the theory of automata) is experienced as a necessity. k'> an 
idea it is not vague since it is practically elaborated by letting different calculators 
work in the same wey. 

6. Summarisingly we can distinguish four phases in the course we have in mind: 
A. isolation 
No attention is ( yet) paid to d1fferences between the computing of the calculator and 
ordinary arithme\ic. 

B. xceptation 
The various compu\ing me\hods of calcula\ors are iden\ified and accep\ed es equally 
justified: they are mere procedures among which there is no preference. One is not 
astonished. This phase can last quite long. 

C. crisis or mnfrontation. 
In order to overcome \he accepta\ion of various procedures, calculators must be p loced 
in\o a context. 
Only in a context can the crisis or contrast between two bare calculating methods arise. 

D. restoration 
Means are crea\ed to have all calculators in question calculating according \o the 
children's wishes. 
By this wey a lc:gical systematic was developed by the children. 

7. We refrain from tackling more consequences of considering calculators es mental 
objects representing the calculating automaton. They are related to questions like the 
following ones: 

Is the calculator real ly a didactical aid? 
lsn·t the choice of calcula\ing activities determined by the context? 
In which wey does calculating depend on material bound properties? 
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Finally we consider the development towards the calcula\ing automaton in terms of 
instruction theories like Van Hiele's ( 1957) and Treffers· ( Treffers and Goffree 
1985) 

8. The course we have in mind about various calculators can illustra\e the Van Hiele 
levets. 
A\ level 1 subjective sensory perceptible objects are investigated, in the present case
the various calculators with their specific peculiarities. 
Al levet 2 the relations be\ween them are rocused an: the one calculating linearly from 
\he lef\ ta the right, the other according to AOS; there are corresponding differences 
of notation. 
At leve] 3 \he li:y1a,l.sy.,temot1cconnection is a\ issue: the children discover all kind 
af means to manipulate the calculators and in this wey create the first mental object of 
the calculating automaten. 
One can also distinguish \he five phases leading from one level to the next: 
Information ( via non-curricular calculators), bound orientation ( per calculator, with 
various calculators), explicitation ( by emphasising the divergence and finding 
solutions), free orientation (by exchanging calculator problems), integration by 
extending regular arithmetic concepts like positional system, decimal numbers, 
multiplying). 

9. Treffers' five tenets of realistic ari\hme\ic instruc\ion according ta Wiskobes 
apply: 
1. Start from real phenomena ( various calculators in oction). 
2. Means of vertical ma\hematisation are made available by specific arithmetical 

knowledge (calcula\ing according to AOS; arrows language; consulting each other ). 
3. Large contribu\ions made by \he children themselves: each has his own calcula\or 

and investigates the other ones with his own as a mcxlel. 
4. lnteractivity is both compulsory ( by need for finding solutions of the problems) and 

optional ( in \he transaction wi\h calculator problems). 
5. Learning strands are intertwined: \he calculators represen\ numbers and operations 

in a strangely extending way ( scientific notation and decimals, mul\iplying bo\h es 
iterated adding and straightforwardly). 
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